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Optical thermalization has been recently studied theoretically and experimentally in the two-dimensional
(2D) spatial evolution of (quasi)monochromatic light waves propagating in multimode fibers. In this work,
we investigate the spatiotemporal equilibrium properties of incoherent multimode optical waves through the
analysis of the (2 + 1)D Bose-Einstein thermal distribution and the corresponding classical Rayleigh-Jeans
approximation. In the classical regime, we perform numerical simulations of the nonlinear Schrödinger equa-
tion and demonstrate relaxation toward the spatiotemporal Rayleigh-Jeans equilibrium state, as described by
the corresponding wave turbulence kinetic equation. Remarkable adiabatic cooling phenomena stemming from
the high-frequency tails of the Rayleigh-Jeans distribution are discussed and the consequent limitations of the
classical approximation are highlighted. To overcome these issues and properly include quantum effects, we
make use of a quantum version of the nonlinear Schrödinger equation that is obtained from the general quantum
theory of light propagating in nonlinear waveguides. The associated kinetic equation describes relaxation toward
the spatiotemporal Bose-Einstein equilibrium distribution with a fully regular ultraviolet behavior. The analysis
of thermodynamic equilibrium properties reveals a strong dependence on the specific dispersion regime under
consideration. In the anomalous dispersion regime, the system relaxes to positive-temperature equilibrium states:
as the number of modes of the waveguide increases, the fundamental spatial mode becomes macroscopically
populated, while its temporal spectrum undergoes significant narrowing, ultimately leading to complete (2 + 1)D
spatiotemporal condensation in the thermodynamic limit. By contrast, in the normal dispersion regime the
system evolves toward negative-temperature equilibrium states characterized by a hybrid structure: the spatial
equilibrium displays an inverted modal population, whereas the temporal spectrum remains peaked around the
fundamental (carrier) optical frequency. In this regime, we predict that spatiotemporal light waves exhibit a phase
transition to Bose-Einstein condensation at negative temperatures, which occurs by increasing the temperature
above a negative critical value. Our work opens new avenues for future research, including the possibility for a
dual spatiotemporal beam cleaning through full spatiotemporal light condensation, and lay the groundwork for
the development of spatiotemporal optical thermodynamics.

DOI: 10.1103/bf7m-chkd

I. INTRODUCTION

There is a growing interest in studying quantum fluids of
light with effective photon-photon interactions, which may
be viewed as the photonic counterpart to atomic Bose gases
[1–6]. The concept of fluid of light emerges from a mathemat-
ical mapping between the propagation of a light field through
a nonlinear medium and the conservative temporal evolution
of a quantum fluid of interacting photons [7]. Such propagat-
ing fluids of light have been used to explore a wide range
of intriguing phenomena, e.g., the generation of superfluid
Bogoliubov sound waves [8,9], complex vortex dynamics
[10–14], binary fluids [15], spin-orbit coupled fluids [16,17],
analog gravity and cosmology [18–23], turbulence cascades

regimes [12,24], or the dynamical formation of prethermal-
ized equilibrium states [25–28].

Among the physical phenomena associated with the
propagation of fluids of light, full three-dimensional (3D)
quantum thermalization to a Bose-Einstein (BE) distri-
bution and photon condensation have been predicted for
bulk Kerr media since 2016 [29]. However, because col-
lisional scattering processes between single photons are
exceedingly rare in standard media, these effects were also
anticipated to typically require prohibitively long propaga-
tion lengths. The situation is much different for classical
fields, for which thermalization and condensation are antic-
ipated to be dramatically accelerated by bosonic stimulation
effects [30–35].
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In this context, the thermalization of classical optical waves
toward the Rayleigh-Jeans (RJ) equilibrium distribution has
attracted considerable attention in recent years. In particu-
lar, when restricting the analysis to purely monochromatic
optical beams, thereby neglecting temporal dynamics and
focusing exclusively on the transverse spatial degrees of free-
dom, the problem reduces to a two-dimensional (2D) spatial
thermalization process. Within this framework, 2D thermal-
ization toward the classical RJ distribution has been predicted
for optical waves propagating in multimode fibers [36], on
the basis of the wave turbulence theory [34,35,37–40]. The
finite number of modes of an optical beam in guided con-
figuration accelerates the rate of thermalization to the RJ
equilibrium, and also regularizes the ultraviolet (UV) catas-
trophe inherent to classical waves. It is in this guided-wave
configuration that RJ thermalization has recently been ex-
perimentally studied in the transverse 2D spatial dynamics
of a quasimonochromatic speckle beam that propagates in
a multimode fiber [41–46]. This process is associated with
the spatial beam self-cleaning effect [47,48], whose physi-
cal mechanism has been investigated in different theoretical
works [40,49–55] (see also the reviews [6,56]). From a
broader perspective, this intense activity has given rise to the
emerging topical area of optical thermodynamics [5,51,57–
62]. In this context, different important achievements have
been obtained, among which we may highlight the prediction
[51] and experimental observation of negative-temperature
equilibrium states [63–65], the calorimetry of photon gases
[66], their Joule-Thomson expansion [67], and the de-
velopment of nonequilibrium thermodynamic approaches
[68–72].

Going beyond these works on monochromatic beams,
increasing attention is now being devoted to the complex
spatiotemporal (ST) dynamics of optical beams propagating in
multimode fibers (see, e.g., [47,73–81]). The one-dimensional
turbulent dynamics of purely temporal incoherent optical
waves was originally investigated in single-mode fibers within
the framework of the wave turbulence theory [82–90]. In
this context, temporally incoherent sources, such as ampli-
fied spontaneous emission (ASE), are commonly employed
in optical experiments (e.g., [84,86,87,90]). This is in con-
trast with spatial beam cleaning experiments, where pulsed
coherent laser sources are used [6,56], in particular to in-
vestigate the role of temporal effects in that phenomenon
[44,91–93].

Our general objective is to lay a groundwork for studying
the spatiotemporal (ST) thermodynamic equilibrium prop-
erties of guided light waves. Within the broad context of
optical thermalization, the general form of ST RJ equi-
librium distribution [94] was derived from first principles
in Ref. [45] for multimode fibers, based on the con-
servation laws governing optical wave propagation. In a
recent work [95], the nonequilibrium process of ST ther-
malization in a multimode waveguide was investigated,
showing that spatial discrete modes and continuous tempo-
ral frequencies cooperate in a joint manner, leading to a
significant acceleration of light thermalization towards ST
equilibrium.

In this article, we specifically investigate the ST equi-
librium properties of incoherent multimode optical waves,

building on recent advances in the study of purely spatial
2D equilibrium systems [96]. By extending this framework
to the (2 + 1)D spatiotemporal setting, we establish a unified
description of equilibrium dynamics in multimode guided
waves and reveal qualitatively distinct behaviors governed by
different dispersion regimes.

We start by investigating the classical regime within the
framework of the ST nonlinear Schrödinger (NLS) equation.
Numerical simulations reveal thermalization toward the ST RJ
equilibrium state, in agreement with the predictions of the
associated kinetic equation. Peculiar phenomena stemming
from the UV behavior of the classical RJ distribution are illus-
trated and the limitations of the classical theory are discussed.
To overcome these, we then start from the general quantum
theory of light propagation in nonlinear media developed in
[7] to derive a quantum version of the NLS formalism. In this
way, we show that in the quantum regime the corresponding
kinetic equation naturally describes relaxation toward the ST
BE equilibrium distribution.

The analysis of the equilibrium distributions reveals dif-
ferent properties depending on the nature of the dispersion
regime. In the anomalous dispersion regime we show that, as
the waveguide becomes highly multimode, the fundamental
mode becomes macroscopically populated while its spectrum
undergoes significant spectral narrowing, ultimately leading
to a complete (2 + 1)D spatiotemporal condensation in the
thermodynamic limit. On the other hand, in the normal dis-
persion regime we show that negative temperatures emerge as
natural equilibrium states of ST thermalization. These states
are characterized by a crossed hybrid nature: in the spatial
domain the distribution is inverted, with high-order modes
more populated than low-order modes, whereas in the time
domain the low-frequency components (relative to the car-
rier frequency) are more populated than the high-frequency
components. By increasing the optical temperature above a
negative critical value, we show that the ST equilibrium dis-
tribution undergoes a phase transition to BE condensation at
negative temperatures.

This article is structured as follows. In Sec. II, we in-
troduce the ST NLS equation and the corresponding wave
turbulence kinetic equation, which describes nonequilibrium
thermalization toward the ST RJ equilibrium distribution.
We corroborate this relaxation dynamics through numeri-
cal simulations of the NLS equation, for both positive- and
negative-temperature regimes. In Sec. III, we extend the
analysis to the quantum regime by considering a quantum
version of the NLS formalism, whose associated kinetic
equation describes thermalization to the ST BE equilibrium
distribution. In the subsequent sections, we investigate the
thermodynamic equilibrium properties. Section IV focuses
on the case of positive temperatures through the analysis
of the transition to light condensation in the spatial and ST
cases. In doing so, we show that the ST configuration pro-
vides a natural distinction between the classical RJ regime
and the quantum BE regime. The analysis is extended to
negative temperatures in Sec. V, which is essentially de-
voted to examining the phase transition to BE condensation
at negative temperatures. Finally, the concluding section dis-
cusses possible perspectives and future directions for this
work.
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FIG. 1. Truncated trapping potentials. Schematic illustration of
the transverse potential V (x, y) in the NLS equation (1), which
confines the optical field in the plane transverse to the propagation
direction z. In the waveguide configurations considered here, the
potential is truncated at V0: (a) step-index waveguide; (b) parabolic
(graded-index) waveguide.

II. CLASSICAL NONLINEAR SCHRÖDINGER MODEL:
THERMALIZATION TO A SPATIOTEMPORAL

RAYLEIGH-JEANS DISTRIBUTION

We start by considering a classical description of light
propagation in a multimode waveguide. This approach is
justified when the waveguide modes are highly occupied, a
condition that will be made precise below and that allows to
formulate the light propagation in terms of a classical field
equation for the field amplitude.

A. NLS model

We consider a continuous spatiotemporally (ST) inco-
herent optical wave with central (carrier) frequency ω̃0,
propagating along the z axis of a waveguide, which confines
the field in the transverse plane through a trapping potential
V (r⊥), with r⊥ = (x, y) (see Fig. 1). Within a paraxial and
narrow-band approximation, we describe light propagation in
terms of the NLS equation [4,7,29], a classical model that is
known to provide a general framework for the spatiotemporal
evolution of the slowly varying field envelope ψ (t, r⊥, z):

i∂zψ = −α⊥∇2
⊥ψ + V (r⊥)ψ + κ∂2

t ψ − γ |ψ |2ψ, (1)

where the ∇⊥ operator refers to the transverse (x, y) direc-
tions.

In this framework, the propagation distance z then plays
the role of an evolution “time” variable, while t plays the role
of a spatial variable in the reference frame that propagates
with group velocity v−1

g = ∂ω̃k(ω̃0), where k(ω̃) is the dis-
persion relation as a function of the frequency ω̃, with k0 =
k(ω̃0) = ω̃0/c0, c0 = c/nwg being the light speed with nwg

the waveguide refractive index. The parameter κ = 1
2∂2

ω̃k(ω̃0)
denotes the dispersion coefficient, γ the nonlinear coefficient,
and α⊥ = 1/(2k0) the diffraction coefficient.

In the following, we consider an incoherent guided beam
that exhibits fluctuations that are statistically stationary along
the longitudinal temporal axis. Denoting by 〈·〉 an aver-
age over the realizations of the random initial conditions
ψ (t, r⊥, z = 0), the power P defined by

P =
∫

dr⊥〈|ψ |2〉 (2)

is a conserved quantity: it is independent of t by stationarity
and independent of z by the NLS (1). Similarly, the Hamilto-
nian H = E + U is conserved, which has a linear contribution

E =
∫

dr⊥α⊥〈|∇⊥ψ |2〉 − κ〈|∂tψ |2〉 + V (r⊥)〈|ψ |2〉, (3)

and a nonlinear contribution

U = −γ

2

∫
dr⊥〈|ψ |4〉. (4)

If we consider a time window T0 that is much larger than the
correlation time of light τc, then time-averaged quantities are
equivalent to statistical averages, so that we also have

1

T0

∫ T0

0
dt

∫
dr⊥|ψ |2 � P, (5)

when T0 � τc, and similarly for E and U .
By introducing the real-valued orthonormal basis um(r⊥),

with eigenvalues βm, which are solutions of

βmum(r⊥) = −α⊥∇2
⊥um(r⊥) + V (r⊥)um(r⊥), (6)

and performing a Fourier transform to frequency space, we
can expand the field on the waveguide modes

ψ (t, r⊥, z) = 1

2π

∑
m

um(r⊥)
∫

bm(ω, z) exp(−iωt )dω, (7)

where the frequency-space modal amplitudes are given by

bm(ω, z) =
∫∫

ψ (t, r⊥, z) exp(iωt )dt um(r⊥)dr⊥, (8)

and ω = ω̃ − ω̃0 is the frequency offset relative to the carrier
frequency ω̃0. We refer the reader to the note [97] for relevant
examples of the eigenvalues {βm} involving a homogeneous
step-index waveguide and a parabolic waveguide.

The modal amplitudes bm(ω, z) satisfy the modal NLS
equation:

i∂zbm = β̃m(ω)bm − γ Qm(b), (9)

with the nonlinear term

Qm(b) = 1

(2π )2

∑
pqr

Wmpqr

∫
bp(ω1, z)b∗

q(ω2, z)br (ω3, z)

× δ(ω − ω1 + ω2 − ω3)dω1dω2dω3, (10)

and the spatiotemporal modal dispersion relation

β̃m(ω) = βm − κω2. (11)

The tensor in Eq. (10),

Wmpqr =
∫

um(r⊥)up(r⊥)uq(r⊥)ur (r⊥)dr⊥, (12)

takes into account for the spatial overlap among the eigen-
modes. In a multimode waveguide, the potential is truncated
V (r⊥) � V0 as depicted in Fig. 1, and guides a finite number
M of modes, labeled by the indices m, p, q, r = 0, . . . , M −
1, where M is the total number of propagative modes sup-
ported by the waveguide. The parameter V0 = max(βm) then
denotes the depth of the waveguide trapping potential in the
transverse dimension.
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B. Spatiotemporal RJ equilibrium distribution

The irreversible process of thermalization to equilibrium
can be described in detail by the wave turbulence theory in
the weakly nonlinear regime |U/E | 	 1, which is the regime
studied in the experiments of optical thermalization [41–46].

In a recent work [95], a ST kinetic equation has been de-
rived from the NLS equation (9) by using the wave turbulence
theory. For the sake of completeness and to facilitate com-
parison with the corresponding quantum version discussed in
Sec. III, we report here the classical kinetic equation derived
in Ref. [95]. The averaged modal components ñm(ω, z) are
defined by

〈bm(ω, z)b∗
p(ω′, z)〉 = ñm(ω, z)δmpδ(ω − ω′), (13)

where δmp is the Kronecker symbol. The kinetic equation de-
scribes their nonequilibrium evolution in z:

∂zñm(ω, z) = 4πγ 2
∑
pqr

∫
dω1−3|Wmpqr |2M̃mpqr (ñ)

× δ(ω − ω1 + ω2 − ω3)δ
(
�β̃ω123

mpqr

)
, (14)

where

M̃mpqr (ñ) = (ñm(ω) + ñq(ω2))ñp(ω1)ñr (ω3)

− ñm(ω)ñq(ω2)(ñp(ω1) + ñr (ω3))

and

�β̃ω123
mpqr = β̃m(ω) − β̃p(ω1) + β̃q(ω2) − β̃r (ω3)

is the four-mode spatiotemporal frequency resonance. The
kinetic equation (14) conserves the power

P =
∑

m

1

(2π )2

∫
ñm(ω, z)dω, (15)

and the linear contribution to the energy

E =
∑

m

1

(2π )2

∫
β̃m(ω)ñm(ω, z)dω. (16)

Note that E � H in the considered weakly nonlinear regime
|U/E | 	 1. Also note that the factor 1/(2π )2 comes from the
adopted Fourier transform convention [see Eq. (7)].

Furthermore, the ST kinetic equation is formally irre-
versible in the evolution (“time”) variable z, as expressed
by an H theorem of entropy growth ∂zS̃ (z) � 0, where the
nonequilibrium entropy is

S̃ (z) =
∑

m

1

(2π )2

∫
log(ñm(ω, z))dω. (17)

Then in contrast to the NLS equation (9) that is formally
reversible (Hamiltonian), the ST kinetic equation describes
the actual irreversible process of thermalization toward the RJ
equilibrium.

The ST RJ distribution is obtained by maximizing the
entropy S̃ , under the constraints imposed by the conservation
of the energy E and the power P, leading to

ñRJ
m (ω) = T̃

β̃m(ω) − μ̃
, (18)

where T̃ and μ̃ are the temperature and the chemical potential,
i.e., the Lagrange multipliers associated to the conservation
of (E , P). We recall here that we are dealing with a closed
Hamiltonian system (i.e., microcanonical statistical ensemble
without a thermostat), so that T̃ and μ̃ are not externally
imposed parameters but are fully determined by the conserved
quantities (E , P) [95].

The physical condition ñRJ
m (ω) > 0 in Eq. (18) yields the

following conditions on the thermodynamic parameters. If
κ < 0 (anomalous dispersion), temporal dispersion and spa-
tial diffraction operate in the same way, and the equilibrium is
characterized by a positive temperature T̃ > 0 with μ̃ < β0.
Conversely, if κ > 0 (normal dispersion), temporal dispersion
and spatial diffraction operate in opposite ways, and the equi-
librium is characterized by a negative temperature T̃ < 0 with
μ̃ > V0, where we recall that V0 = max(βm) denotes the depth
of the waveguide trapping potential. This simple observation
shows that negative-temperature equilibria emerge as natural
equilibrium states of ST thermalization in the normal dis-
persion regime. Note that this conclusion is not modified by
accounting for a group-velocity difference among the modal
components (see Appendix B).

To summarize, we have

κ < 0 → T̃ > 0, μ̃ < β0, (19)

κ > 0 → T̃ < 0, μ̃ > V0. (20)

We anticipate that negative-temperature ST equilibria are
characterized by a crossed hybrid nature: while in the spa-
tial domain the population is inverted (the highest waveguide
mode βmax being the most populated), in the temporal domain
the fundamental frequency component (ω = 0) is the most
populated.

C. NLS simulations

We confirm the equilibrium properties (19) and (20) at
positive and negative dispersion regimes by direct numeri-
cal simulations of the NLS equation with periodic boundary
conditions in time over a time window T0 much larger than
the correlation time of light, τc 	 T0. For this purpose, we
have considered step-index waveguides with different charac-
teristics [e.g., waveguide radius, or depth of trapping potential
V0 (see Fig. 1)] since the normal and anomalous dispersion
regimes typically occur at different wavelengths, which in
turn modify the waveguide characteristics and corresponding
propagation constants. For instance, this is the case for silica
fibers, where the zero-dispersion wavelength is around λ0 �
1.3 µm, the dispersion regime being anomalous (normal) for
λ > λ0 (λ < λ0). It is worth noting that, beyond multimode
optical fibers, different alternative waveguide configurations
and experimental platforms are available, including, e.g., opti-
cally induced waveguides in photorefractive crystals [98] and
atomic vapors [28]. In photorefractive SBN crystals, the zero-
dispersion wavelength is also around λ0 � 1.3 µm, dispersion
being normal (anomalous) for λ < λ0 (λ > λ0) [99]. In atomic
vapors, the dispersion can be tuned from positive to negative
in the vicinity of an atomic resonance [100], and its magnitude
can greatly exceed that encountered in standard optical fibers
[4].
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FIG. 2. Spatiotemporal thermalization to positive temperatures.
Simulation of the NLS equation (9) in the anomalous dispersion
regime κ < 0. (a) Evolution of spatial modal occupation Pm(z)/P,
showing the relaxation to the equilibrium RJ distribution [Eq.
(18)] (dashed black line). (b) Evolution of the distance D(z) to
equilibrium, whose decrease to zero evidences attraction to the
RJ equilibrium. (c) This irreversible process is characterized by
a monotonous growth of entropy, as described by the H theorem
of the wave turbulence kinetic equation (14). Temporal spectrum
|bm(ω, z)|2 of the fundamental mode m = 0 (d), intermediate mode
m = 7 (e), highest mode (m = 13) (f), at z = 0 (dark blue) and
z = 6000L0 (red), showing thermalization to RJ spectra (dashed light
blue). Parameters are given in the text.

We have performed simulations of the NLS equation (9)
in the anomalous and the normal dispersion regimes, whose
results are reported in Figs. 2 and 3, respectively. We consid-
ered step-index waveguides supporting M = 14 modes at λ =
0.5 µm in the normal dispersion regime (V0 = 5654.00 m−1

and cross-sectional waveguide surface S = 8.0 × 10−10 m2),
and λ = 2.4 µm in the anomalous dispersion regime (V0 =
1177.91 m−1, S = 2.0 × 10−8 m2). The initial condition is
a spatiotemporally incoherent field, in which the different
modal components bm(ω, z = 0) are independent complex-
valued Gaussian random variables of zero mean; each spatial
mode m has a Gaussian spectrum ∼ exp(−ω2/σ 2

ω ), with the
same width σω = 1/τ0 for all modes, and different amplitudes
[see Figs. 2(a) and 3(a)]. The parameter τ0 = √|κ|L0 denotes
the “healing time”, where L0 = 1/(|γ |I0) is the nonlinear
length when all the power is confined in the fundamental
mode, with intensity I0 = P/S0, S0 = 1/W0000 being the ef-
fective area of the fundamental mode. The eigenvalues {βm}
are computed by solving numerically Eq. (6). We consider
the weakly nonlinear regime |U/E | 	 1 so as to avoid the
formation of strongly nonlinear coherent structures, which can
freeze the thermalization process [34,35] (also see the discus-
sion in the Conclusion). Specifically, we consider a weakly

FIG. 3. Spatiotemporal thermalization to negative temperatures.
Simulation of the NLS equation (9) in the normal dispersion regime,
κ > 0. (a) Evolution of spatial modal occupation Pm(z)/P, show-
ing the relaxation to the equilibrium RJ distribution equation (18)
(dashed black line). Note that, in contrast to positive temperatures
[Fig. 2(a)], at negative temperatures the equilibrium spatial spectrum
is inverted, with high-order modes more populated than low-order
modes. (b) Evolution of the distance D(z) to equilibrium, whose
decrease to zero evidences attraction to the RJ equilibrium. (c) This
irreversible process is characterized by a monotonous growth of
entropy, as described by the H theorem of the wave turbulence
kinetic equation (14). Temporal spectrum |bm(ω, z)|2 of the funda-
mental mode m = 0 (d), intermediate mode m = 7 (e), highest mode
(m = 13) (f), at z = 0 (dark blue) and z = 19 000L0 (red), showing
thermalization to RJ spectra (dashed light blue). Parameters are given
in the text.

nonlinear spatial mode dynamics βmL0 � 1 with L0 = 0.3 m
in the anomalous dispersion regime and L0 = 0.05 m in the
normal dispersion regime (the eigenvalues lie within the in-
terval β0 = 28.70/L0 and βM−1 � 338.81/L0 for κ < 0, and
between β0 = 23.90/L0 and βM−1 � 277.61/L0 for κ > 0).
We also consider a weakly nonlinear temporal dynamics,
which is characterized by a correlation time τc of the field
typically much smaller than the healing time τ0. In particular,
in this regime, the formation of temporal solitons is expected
to be suppressed. This is important because the presence of
solitons is known to slow, or even arrest, the thermalization
process. To further ensure the absence of soliton generation,
we consider a defocusing nonlinearity (γ < 0) in the anoma-
lous dispersion regime, and a focusing nonlinearity (γ > 0) in
the normal dispersion regime, so that γ κ > 0 in both Figs. 2
and 3. We refer the reader to the Supplemental Material of
Ref. [95] for further details about the method employed to
numerically integrate the modal NLS equation (9).

Thermalization toward the ST RJ equilibrium [Eq. (18)]
is illustrated in Figs. 2 and 3. According to the analysis
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discussed through (19) and (20), the system relaxes toward a
positive-temperature equilibrium in the anomalous dispersion
regime (Fig. 2), whereas it relaxes to a negative-temperature
equilibrium in the normal dispersion regime (Fig. 3). The ther-
malization process is first characterized in the spatial domain
through the modal population Pm(z) = 1

(2π )2

∫
ñm(ω, z)dω,

obtained by integrating over temporal frequencies, with P =∑
m Pm(z) the conserved power. A key distinction between

the normal and anomalous dispersion regimes in Figs. 2 and
3 is the inversion of the spatial modal population, which is
peaked on the highest spatial mode at negative temperatures,
as predicted above through (19) and (20). Thermalization
is also evidenced in the temporal domain by the conver-
gence of the spectra toward the RJ prediction, as illustrated
in Figs. 2(d)–2(f) and 3(d)–3(f) for the spatial modes m =
0, 7, 13. A quantitative measure of thermalization is provided
by the distance to equilibrium

D(z) =
∑

m

∣∣Pm(z) − PRJ
m

∣∣∑
m

(
Pm(z) + PRJ

m

) , (21)

where PRJ
m = 1

(2π )2

∫
ñRJ

m (ω)dω denotes the spatial RJ modal
distribution. By construction, D is bounded as 0 � D � 1.
As shown in Figs. 2(b) and 3(b), D(z) decreases toward
zero along propagation, indicating convergence to equilib-
rium. Thermalization is further corroborated by the growth of
entropy, which saturates as the field approaches the RJ state
[see Figs. 2(c) and 3(c).

The parameters (T̃ , μ̃) in Eq. (18) are evaluated by ac-
counting for the spectral cutoff ωcτ0 = 25 imposed by the
numerical grid (see Ref. [95] for details). Thus, the finite
spectral cutoff arising from the numerical discretization of
the temporal grid regularizes the UV divergence inherent to
classical waves, as discussed further in the next section.

D. Local-equilibrium route to ST RJ thermalization
and UV catastrophe

A well-known limitation of classical field theories is
the emergence of UV divergences in a thermal equilibrium
state, commonly referred to as the black-body catastrophe
[32,34,37]. For our specific problem of ST thermalization in
a guided configuration, this issue has been discussed in the
recent work [95], where a quasiequilibrium process of ST
thermalization and adiabatic cooling has been identified.

In our setup, UV divergences are naturally regularized in
the transverse direction by the finite number of guided modes,
whereas in the temporal (frequency) domain they give rise to
nontrivial physical behaviors. In the numerical simulations,
we consider an initial condition that is strongly nonthermal,
characterized by a short-tailed Gaussian spectral distribution.
Following an initial transient, it was shown in Ref. [95] that
the optical field evolves toward a local quasiequilibrium state
at each propagation distance z. This state is accurately de-
scribed by a truncated RJ equilibrium distribution, established
within a finite-frequency window [−ωloc

c (z), ωloc
c (z)]. Outside

this window, the spectral density rapidly decays to zero.
During the propagation in z, the bounded window

[−ωloc
c (z), ωloc

c (z)] of the local RJ equilibrium expands,
and the corresponding local thermodynamic parameters also

display a z dependence. In particular, the local temperature
T̃ loc(z) was shown to undergo an adiabatic decrease due to the
continuous transfer of incoherent beam fluctuations into the
high-energy tails of the spectral distribution at constant energy
(E = const). This mechanism motivates the term adiabatic
cooling used to describe the process in Ref. [95]. Making use
of the wave turbulence kinetic equation (14), the following
scaling law was obtained for the spectral expansion and cor-
responding temperature decay: ωloc

c (z) ∼ 1/T̃ loc(z) ∼ z1/7, a
theoretical prediction that has been confirmed by NLS simu-
lations [95].

Provided the numerical frequency cutoff ωc imposed by the
spectral grid is chosen sufficiently large to accommodate the
truncated local RJ distribution, i.e., ωloc

c (z) < ωc, the optical-
field spectrum is free to evolve without numerical constraints.
This is illustrated in Fig. 4 that shows the evolution during
propagation of the mode-integrated temporal spectrum of the
field,

∑
m |bm(ω, z)|2, in both the anomalous dispersion [κ <

0, Fig. 4(a)] and the normal dispersion [κ > 0, Fig. 4(b)].
In the simulation presented in Fig. 4, the number of modes
has been reduced to 5, so as to track the evolution over
longer propagation lengths within a larger frequency window
(ωc = 50/τ0 in Fig. 4, instead of ωc = 25/τ0 in Figs. 2 and 3).
Accordingly, the spectrum progressively broadens as propaga-
tion proceeds, and is locally well described by a truncated RJ
distribution (dashed and dotted black lines), in agreement with
the quasiequilibrium process of adiabatic cooling described in
Ref. [95]. Of course, the spectral distribution stops broadening
when the RJ window ωloc

c (z) hits the numerical cutoff ωc.
At this point, the distribution stabilizes into a complete RJ
distribution covering the whole numerical spectral grid.

While this is a numerical feature, this classical thermaliza-
tion and cooling dynamics has an intrinsic limitation imposed
by the range of validity of the classical field model employed
here. This classical model in fact fails when the mode oc-
cupation drops below unity and the discreteness of the field
quanta starts to matter. At this very long propagation length, a
full quantum description of the field is then needed, whose
equilibrium state has the form of a BE distribution. This
automatically cuts the UV tails of the distribution and can
be seen as an effective high-frequency cutoff, approximately
at the frequency for which the mode occupation predicted by
the RJ distribution drops below unity [30,32]. As soon as the
edge ωloc

c (z) of the truncated RJ distribution hits this physical
cutoff, the adiabatic cooling stops and light stabilizes into a
true thermal equilibrium state.

A theoretical description of thermalization towards a BE
distribution and of the equilibrium state was first proposed in
[29] for an untrapped field propagating in a spatially homo-
geneous, bulk medium. A detailed study of its consequences
for our specific multimode waveguide geometry will be the
subject of the next section.

III. QUANTUM THEORY: THERMALIZATION TO A
SPATIOTEMPORAL BOSE-EINSTEIN DISTRIBUTION

A. Quantum Hamiltonian in the t-z mapping

A fully quantum description of our light propagation prob-
lem can be obtained by applying the general quantization
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FIG. 4. Spectral broadening following a quasiequilibrium pro-
cess of ST thermalization in anomalous and normal dispersion
regimes. Temporal spectra [summed over the individual modal spec-
tra

∑
m |bm(ω, z)|2] obtained from simulations of the NLS equation

(9) in the anomalous dispersion regime κ < 0 (a), and in the normal
dispersion regime κ > 0 (b), for several propagation distances. The
simulations were performed considering the first 5 spatial modes of
the respective 14-mode fiber from Figs. 2 and 3. The two insets
display the same spectra in semilogarithmic representation, with the
initial spectrum at z = 0 (red line). After an initial transient, spectral
broadening is characterized by a front that propagates in frequency
space, leaving a local RJ distribution in its wake, i.e., the spectra
are well described by a truncated RJ distribution (dotted and dashed
dark lines), in agreement with the quasiequilibrium process of ST
thermalization reported in Ref. [95]. Note that despite the similar
behavior between the two dispersion regimes in (a) and (b), normal
dispersion leads to equilibria with negative temperatures T̃ < 0, as
discussed through (19) and (20) and the Figs. 2 and 3. The parameters
are specified in the text.

formalism developed in [7] and based on the so-called t-z
mapping to a waveguide geometry. In this formalism, light
propagation along z is described in terms of a many-body
Hamiltonian for a quantum Bose field living in a three-
dimensional space spanned by the two-dimensional transverse
coordinates r⊥ and the (renormalized) physical time ζ = vg t ,
and evolving during the temporal variable τ = z/vg propor-
tional to the propagation direction z.

In formulas, the evolution along τ = z/vg is set by a
Schrödinger-type equation

ih̄
d

dτ
|ψ〉 = Ĥ |ψ〉 (22)

for the many-body wave function |ψ〉 living in the many-body
Fock space, where the Hamiltonian Ĥ has the form of an
interacting Bose field

Ĥ = 1

ω̃0

∫
d3R

[
α⊥∇⊥ψ̂†∇⊥ψ̂ − κv2

g

∂ψ̂†

∂ζ

∂ψ̂

∂ζ

+ V ψ̂† ψ̂ − γ

2
ψ̂† ψ̂† ψ̂ ψ̂

]
(23)

in the three-dimensional space R = (x, y, ζ ) and the field
commutation rules inherit the exchanged roles of the spatial
propagation direction z and time t ,

[ψ̂ (r⊥, ζ ; τ ), ψ̂†(r′
⊥, ζ ′; τ )] = h̄ω̃0 vg δ(2)(r⊥ − r′

⊥) δ(ζ − ζ ′).
(24)

It immediately follows that the Heisenberg equation for the
quantum field ψ̂ recovers a quantum version of the propaga-
tion equation (1), namely, a quantum nonlinear Schrödinger
equation

i
dψ̂

dτ
= 1

h̄
[ψ̂, Ĥ ] = vg

[
−α⊥∇2

⊥ψ̂ + κv2
g

∂2ψ̂

∂ζ 2

+ V ψ̂ − γ ψ̂†ψ̂ψ̂

]
, (25)

where the vg factors on the right-hand side account for the
z = vgτ and t = ζ/vg relations of the t ↔ z mapping.

B. Relaxation to a quantum ST BE distribution

This formalism based on the quantum nonlinear
Schrödinger equations is naturally able to encode in an
ab initio way the discreteness of the photons without
any heuristic assumption and without any restriction to
finite-duration pulses. However, an exact solution of the
many-body problem (23)–(25) in the general case is beyond
the reach of theoretical tools.

For the systems under consideration here, the interactions
are weak enough for a quantum kinetic approach to be viable
[37,101,102]. As in the classical wave turbulence theory of
Sec. II B, the evolution is described here in terms of a kinetic
equation for the mode occupations, with the difference that
the classical occupation number is replaced by the quantum
expectation value of the photon-number operator.

From the quantum formalism, we can define a photon-
number distribution nm in the mode m per unit effective
length ζ = vgt at effective conjugate momentum kζ = ω/vg.
Straightforward manipulations summarized in Appendix A
show that nm is related to the classical wave distribution
ñm(ω) by

nm(kζ ) = ñm(ω)/(2π h̄ω̃0) (26)
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and that this quantity can be equivalently interpreted as
a frequency-space photon-number distribution nm(ω) in the
mode m per unit time t .

Going from the classical kinetic equations to the quan-
tum ones, the collision integrals are modified to account for
spontaneous events [37,101,102], which introduces the usual
bosonic enhancement factor in the scattering terms nm →
nm + 1. Then starting from the classical kinetic equation (14),
we can write the quantum version of the kinetic equation for
nm(ω) in the form

∂znm(ω, z) = �
∑
pqr

∫
dω1−3|Wmpqr |2Mmpqr (n)

× δ(ω − ω1 + ω2 − ω3)δ
(
�β̃ω123

mpqr

)
, (27)

where � = 4πγ 2(2π h̄ω̃0)2 and

Mmpqr (n) = (nm(ω) + nq(ω2) + 1)np(ω1)nr (ω3)

− nm(ω)nq(ω2)(np(ω1) + nr (ω3) + 1).

The quantum kinetic equation (27) conserves the power

P = h̄ω̃0

∑
m

∫
dω

2π
nm(ω), (28)

and the energy

E = h̄ω̃0

∑
m

∫
dω

2π
β̃m(ω)nm(ω). (29)

In addition, the kinetic equation exhibits an H theorem of
entropy growth ∂zS (z) � 0 for the nonequilibrium entropy

S (z) = h̄ω̃0

∑
m

∫
dω

2π
[(nm(ω) + 1) log(nm(ω) + 1)

− nm(ω) log(nm(ω))]. (30)

The kinetic equation (27) then describes an irreversible pro-
cess of thermalization to equilibrium.

The equilibrium distribution is obtained by maximizing the
entropy under the constraints imposed by the conservation of
P and E . Using the method of the Lagrange multipliers, we
obtain the ST BE equilibrium distribution:

nBE
m (ω) = 1

exp
(

β̃m (ω)−μ

T

) − 1
. (31)

We remark that, as for the classical case discussed above
through the RJ distribution (18), the temperature T , and the
chemical potential μ in (31), are not externally imposed by a
thermostat, but are fully determined by the conserved quanti-
ties (E , P). Note how our formalism and our predictions are
distinct from other recent works on BE statistics in the beam-
cleaning context: for higher-order modes, the output mode
power distribution that accompanies the beam self-cleaning
experiments of [43,44] can be fitted by the BE law [103],
as it was confirmed by experiments in relatively long spans
of graded-index (GRIN) multimode fibers [103,104]; further-
more, recent experiments have indicated that beam cleaning in
a dissipative double-clad fiber can be understood in analogy to
BE condensation [105].

In the limit where the modes are highly populated
nBE

m (ω) � 1, the BE distribution (31) can be approximated by
the photon-number RJ distribution

nRJ
m (ω) = T

β̃m(ω) − μ
. (32)

This equilibrium distribution is connected to the RJ equi-
librium for classical waves ñRJ

m (ω) [see Eq. (18)] through
(26)], which yield the relation between the corresponding
temperatures T = T̃ /(2π h̄ω̃0). On the other hand, the chem-
ical potential in the RJ distribution for classical waves (18)
coincides with that entering the photon-number equilibrium
distribution (32), that is μ = μ̃. While the RJ distribution well
approximates the low-energy part of the BE distribution for
which nm(ω) � 1, it overestimates the high-energy tails of the
distribution. The power law instead of exponential decay of
nRJ

m (ω) at large ω is responsible for the UV divergence issues
mentioned in Sec. II D.

In the remainder of this article, we analyze the equilibrium
behavior of the ST BE distribution. Before enetering into de-
tails, we note that the distribution (31) satisfies the properties
(19) and (20) of the RJ equilibrium discussed above through
NLS simulations in Figs. 2 and 3. We illustrate such properties
in Fig. 5, for positive and negative temperatures, respec-
tively. In the examples shown in Fig. 5, we have considered
for T > 0 (left column) a step-index waveguide with V0 =
52 726 m−1 and a waveguide surface S = 1.26 × 10−7 m2,
while for T < 0 (right column) V0 = 126 093 m−1 with S =
3.14 × 10−8 m2. In both cases, the optical power is fixed to
P = 1 W, whose relation with the photon-number distribution
nm(ω) is discussed in Appendix A. Note that, for the partic-
ular case of standard silica fibers, the above examples would
correspond to nwg = 1.4516, n0 = 1.4316 at λ = 2.4 µm for
T > 0, and nwg = 1.4723, n0 = 1.4623 at λ = 0.5 µm for
T < 0, where nwg and n0 are the refractive indices of the
waveguide and the surrounding medium, respectively, with
V0 = π (n2

wg − n2
0)/(λnwg).

In Figs. 5(b)–5(e), the temporal spectra are plotted as a
function of

√|κ|ω to show that the typical spectral widths
scale as ∼1/

√|κ|. In this respect, it is important to note that,
by an appropriate change of variables [106], the dispersion
parameter can be rescaled out of the equilibrium distribution
(31), thereby eliminating |κ| from all subsequent analysis
presented in this work. Consequently, apart from its sign, the
exact magnitude of the dispersion parameter |κ| has no quali-
tative impact on the thermodynamic equilibrium properties of
the system.

IV. POSITIVE TEMPERATURES

A. Spatial analysis in a step-index waveguide

When considering the basic features of BE condensation
in low-dimensional systems [107], we may recall that a phase
transition to BE (or RJ) condensation can occur in a 2D
parabolic shaped trapping potential, such as a multimode
GRIN fiber [96], but not in a 2D homogeneous step-index
waveguide. Here there is no phase transition to BE or RJ
condensation in the thermodynamic limit and any macro-
scopic population of the fundamental mode in a step-index
waveguide stems from a finite-size effect, which eventually
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FIG. 5. ST equilibria at positive and negative temperatures. Equi-
librium distribution (31) for a step-index multimode waveguide, in
the anomalous dispersion regime (κ < 0) leading to positive tem-
peratures T > 0 (left column), and in the normal dispersion regime
(κ > 0) leading to negative temperatures T < 0 (right column). At
variance with T > 0 where the spatial and temporal spectra are
peaked in the fundamental spatial mode m = 0 at frequency ω = 0,
for T < 0 the equilibrium is featured by an inverted population of
spatial modes, with temporal spectra still peaked at ω = 0. The equi-
librium distributions are plotted at T = 1.3Tc [left column: (a)–(c)],
and T = −2|Tc| [right column: (d)–(f)], where Tc denote the critical
temperatures to BE condensation, defined in Eqs. (38) and (50) at
positive and negative temperatures, respectively. The plots on the first
row report the ST distribution nBE

m (ω) from Eq. (31), the plots on the
second and third rows display cross sections of the corresponding
distributions in the top row: temporal spectra nBE

m (ω) for different
modes with eigenvalues βm (2nd row); spatial mode distribution
integrated in frequency, NBE

m = (2πvg)−1
∫

nBE
m (ω)dω (3rd row). Pa-

rameters are given in the text.

disappears when the system size is increased (see, e.g., Fig. 5
in [96]).

While these works have dealt with a two-dimensional
spatial-only dynamics, in the following we address the is-
sue of three-dimensional, spatiotemporal light condensation
in a step-index waveguide in the full (2 + 1)D ST config-
uration. This investigation takes inspiration from a number
of studies on the coherence properties of an atomic beam
evaporatively cooled in a magnetic guide [108–112]. In this
context, it was shown that the atomic beam experiences two-
dimensional (2D) transverse BE condensation, rather than a
full 3D condensation. Because of the very elongated geom-
etry of the magnetic guide [108], the system was shown to

exhibit a macroscopic population of the fundamental mode
in the transverse 2D spatial dimensions, while preserving
long-wavelength fluctuation that destroy long-range order in
the longitudinal direction. A full condensation can only be
recovered in the limit of a shallow transverse confinement.

Here, we revisit this problem in the context of multimode
optical waveguides, where the transverse waveguide supports
a finite number of spatial modes, i.e., the potential that con-
fines the optical field in the transverse spatial dimension is
truncated, V0 < ∞. We first study the thermal equilibrium
properties of the transverse spatial mode distribution, and then
show that, by increasing the number of spatial modes M, the
temporal spectrum exhibits significant narrowing, until full
(2 + 1)D ST condensation is achieved in the thermodynamic
limit.

1. Finite number of spatial modes

Let us recall that we consider a continuous temporal in-
coherent optical wave, characterized by fluctuations that are
statistically stationary in time. Then the relevant quantity for
characterizing the field is not the number of photons N , but the
longitudinal density of photons ρ = N/L (in m−1). Following
[29], the longitudinal photon density takes the form

ρ =
M−1∑
m=0

∫
dω

2πvg

1

e(βm+|κ|ω2−μ)/T − 1
(33)

=
√

π

2πvg

√
T

|κ|
M−1∑
m=0

g1/2(e(μ−βm )/T ), (34)

where gp(z) = 1
�(p)

∫ ∞
0 dx xp−1

z−1ex−1 = ∑∞
l=1

zl

l p is the Bose func-
tion, and ζ (p) = gp(1) is the Riemann function [107]. In
other terms, in (34) we have considered the continuous (ther-
modynamic) limit in the time domain because there is no
confinement along the temporal dimension, whereas we keep
a discrete sum over the transverse spatial modes of the waveg-
uide. We recall that the longitudinal photon density is related
to the optical power of the beam by ρ = P/(vgh̄ω̃0).

Denoting by ρ0 the photon density in the fundamental
spatial mode m = 0 (i.e., integrated along the frequency ω),
the fraction of photon density that populates the fundamental
transverse mode is

ρ0

ρ
= 1 −

√
π

2πvgρ

√
T

|κ|
M−1∑
m �=0

g1/2(e(μ−βm )/T ). (35)

Consequently, ρ0/ρ can be viewed, in a loose sense, as the
“spatial condensate” fraction of the ST system for a finite
transverse size of the waveguide, i.e., for finite number of
modes M.

2. Toward the continuous thermodynamic limit

In the following, we consider highly multimode waveg-
uides, and extend the procedure described in [96] for the pure
2D spatial case to the ST (2 + 1)D problem under considera-
tion. More precisely, we study how the system approaches the
thermodynamic limit, that is the limit where the waveguide
surface tends to infinity S → ∞, while keeping constant the
three-dimensional photon density ρ/S = N/(SL) = const (in
m−3) and the potential depth V0 = const [96]. Note that the
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FIG. 6. Condensation at positive temperatures. Convergence to
the thermodynamic limit for T > 0 in a step-index waveguide:
(a) chemical potential vs temperature, μ(T ); (b) spatial conden-
sate fraction vs temperature, ρ0(T )/ρ. The solid lines refer to the
computation of the discrete sums beyond the thermodynamic limit,
from Eq. (34) for (a), and from Eq. (35) for (b). By increasing the
number of modes M (or the waveguide surface S) while keeping
the photon density ρ/S = const and V0 = const, the curves approach
the thermodynamic limit (dashed blue line), which are obtained from
Eq. (37) for (a), and from Eq. (39) for (b). In the thermodynamic
limit, μ(T ) in (a), and ρ0(T )/ρ in (b), correspond to the (2 + 1)D
ST condensation: both curves display a singular cusped behavior at
T = Tc, where μ = β0 for 0 < T � Tc and ρ0 = 0 for T > Tc, where
the critical temperature Tc is given by Eq. (38). Parameters are given
in the text.

photon density ρ/S is proportional to the optical intensity I =
P/S because ρ = P/(vgh̄ω̃0), where P is the optical power.
In this way, for a given beam intensity I (or equivalently
ρ/S), Eq. (34) provides a closed relation between the chem-
ical potential and the temperature μ(T ), which is reported
in Fig. 6 for different values of S (i.e., different number
of modes M). As evidenced in Fig. 6, as the system size
S increases (or equivalently M increases), the curves μ(T )
converge to the continuous limit (dashed blue line), where
the chemical potential reaches the fundamental eigenvalue
μ = β0, below a certain critical temperature Tc (which will
be defined below). In the example of Fig. 6, we considered
a step-index waveguide with V0 = 52 726 m−1, κ = −5.3 ×
10−24 s2 m−1, while the number of modes M (or the surface S)
is increased by keeping constant the three-dimensional pho-
ton density ρ/S = 2.07 × 1016 m−3 (or intensity I = P/S =
3.54 × 105 W m−2).

Analyzing the thermodynamic limit is essential. It is in
this limit that phase transitions are usually recognized and
characterized by a singular (discontinuous) behavior of the
thermodynamic quantities when the control parameter (e.g.,
the temperature) is varied across the transition point. In addi-
tion, the advantage of the continuous limit is that it enables us
to derive thermodynamic relations in explicit analytical form.
In the continuous approach, the discrete sum over the spatial
modes can be converted to continuous integrals

M−1∑
m=0

→
∫ V0

0
dβ �(β ), (36)

where �(β ) is the density of states (DOS) [107]. The contin-
uous approach is justified when the equilibrium distribution
populates a large number of modes, that is, the optical temper-
ature is much higher than the typical spacing between mode
eigenvalues T � δβ [107]. We recall that, as commented

above through Eqs. (33) and (34), we have considered the
continuous thermodynamic limit in the temporal dimension,
along which there is no confinement.

Referring to the step-index waveguide under consideration
in Fig. 6, the DOS does not depend on the propagation con-
stant �(β ) = �0 = k0S/(2π ), as typical for 2D systems with
no confinement potential. In the continuous thermodynamic
limit, the longitudinal photon density is obtained from Eq.
(34) by converting the discrete sum over the transverse m
modes into a continuous integral [see (36)], which gives

ρ = �0
√

π

2πvg

T 3/2

√|κ| [g3/2(z) − g3/2(ze−V0/T )], (37)

where z = e(μ−β0 )/T is the fugacity. Note that the second term
in the square brackets in (37) is specific to our waveguide ge-
ometry featured by a truncated potential V0 < ∞. The analysis
of Eq. (37) reveals that, by decreasing the temperature, the
chemical potential reaches the fundamental mode eigenvalue
μ → β−

0 (i.e., z → 1−) for a nonvanishing critical tempera-
ture Tc > 0, which is solution of

ρ = �0
√

π

2πvg

T 3/2
c√|κ| [ζ (3/2) − g3/2(e−V0/Tc )]. (38)

For lower temperatures T < Tc, a macroscopic fraction ρ0/ρ

of the density is concentrated in the m = 0 transverse mode
[108]. A plot of the chemical potential vs temperature is
reported in Fig. 6(a): as the number of modes increases, the
curves tend to the thermodynamic limit curve indicated by the
dashed blue line.

An explicit formula for the spatial condensate fraction for
T � Tc can be obtained by considering Eq. (35) in the contin-
uous limit and setting μ = β0,

ρ0

ρ
= 1 −

(
T

Tc

)3/2
ζ (3/2) − g3/2(e−V0/T )

ζ (3/2) − g3/2(e−V0/Tc )
. (39)

A plot of the spatial condensate fraction is reported in
Fig. 6(b): once again, as the number M of modes increases, the
curve tends to the thermodynamic limit result (39) indicated
by the dashed blue line.

B. ST condensation in a step-index waveguide

Let us now analyze the phase transition to full ST con-
densation in the lowest ω = 0 state of the fundamental mode
m = 0. We follow the usual treatment of BE condensation
in the thermodynamic limit [107]. For T < Tc, we split
the contribution of the singularity of the BE distribution at
ω = 0 and m = 0, and the thermal contribution ρ = ρ00 +∫ V0

0 dβ�0
∫

dω
2πvg

(e(β+|κ|ω2 )/T − 1)
−1

in all other states.
According to the standard theory of BE condensation

[107], the photon gas then undergoes a phase transition to ST
condensation, characterized by a macroscopic population of
the ω = 0 state of the fundamental spatial mode m = 0,

ρ00

ρ
= 1 −

(
T

Tc

)3/2
ζ (3/2) − g3/2(e−V0/T )

ζ (3/2) − g3/2(e−V0/Tc )
, (40)

where the critical temperature Tc is still given by Eq. (38).
Accordingly, the ST condensate fraction ρ00/ρ vanishes for
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T > Tc, while it increases to 1 when the temperature decreases
below Tc and tends to 0.

It is important to stress that, in the thermodynamical limit,
the condensate fractions for the spatial case in Eq. (39) and
the ST case in Eq. (40) are identical: the total population ρ0

in the fundamental spatial mode m = 0 (i.e., integrated along
the frequency ω) is in fact dominated by the population ρ00 of
the fundamental mode m = 0 at ω = 0, while the contribution
to the photon density at m = 0 provided by the ω �= 0 states is
negligible. This is expected in the continuous approximation
in the ST domain. Indeed, the expression (31) shows that
only m = 0, ω = 0 may present a singularity. Therefore, in
the continuous approximation in the ST domain the pho-
ton distribution presents a singular (Dirac-δ) contribution at
β = 0, ω = 0 with weight ρ00 and a continuous contribution
with density with respect to the 2D Lebesgue measure in β

and ω and with total weight ρ − ρ00. We remind the reader
that the 2D Lebesgue measure of a line is zero and that any
measure that has a density with respect to the 2D Lebesgue
measure satisfies the same property (because any measure that
admits a density with respect to the 2D Lebesgue measure
automatically assigns measure zero to any set that has 2D
Lebesgue measure zero). Thus, the integral with respect to
ω at β = 0 (that gives ρ0) is equal to the weight ρ00 of the
singular contribution at β = 0, ω = 0.

We finally remark that Eq. (37) encompasses the stan-
dard criterion for BE condensation of a dilute 3D Bose
gas in the thermodynamic limit [107]. Indeed, in the ab-
sence of a cutoff waveguide (V0 → ∞), we can follow [29]
by introducing the thermal wavelengths in the transverse
and longitudinal dimensions λ⊥,‖ = (2π h̄2/(m⊥,‖kBT ))

1/2 =
(4πα⊥,‖/T )

1/2
, with the effective masses m⊥ = h̄k0/vg, m‖ =

h̄/(2v3
g |κ|), and corresponding spatial (diffraction) and tem-

poral (dispersion) coefficients α⊥ = 1/(2k0) and α‖ = κv2
g ,

respectively. In this way, Eq. (37) can be written at T =
Tc in the form λ‖λ2

⊥ρ/S = ζ (3/2). This expression recovers
the standard criterion for BE condensation in 3D: conden-
sation arises at λ‖λ2

⊥ρ/S ∼ 1, which can be reached either
by increasing the photon density ρ/S or by decreasing the
temperature T , i.e., by increasing the thermal wavelengths.

C. Spectral narrowing by increasing the number of modes

We have seen that 2D spatial condensation tends to evolve
into full (2 + 1)D ST condensation by increasing the trans-
verse surface size of the waveguide. This suggests that the
temporal spectrum of the fundamental mode should exhibit
significant spectral narrowing as the waveguide becomes
wider. We illustrate this remarkable property in Fig. 7, which
reports the ST equilibrium distribution nBE

m (ω) given in Eq.
(31) for a small waveguide (M = 17 modes, left column)
and a large waveguide (M = 954 modes, right column). In
this figure, we have considered a partially condensed case
where T = 0.6Tc. Note that although T < Tc, we have μ �= β0

because the waveguides have a finite size and the system is
not in the thermodynamic limit. Accordingly, the value of the
chemical potential μ is obtained by solving Eq. (34). In the ex-
ample of Fig. 7 we have considered the following parameters:
ρ/S = 2.1 × 1016 m−3, P = 0.1 W, V0 = 52 725 m−1, with

FIG. 7. Spatial mode distribution and temporal spectra in the
condensed regime at positive temperatures. Equilibrium distribution
(31) for a step-index waveguide at T = 0.6Tc for M = 17 [left col-
umn: (a)–(c)], and M = 954 [right column: (d)–(f)]. The plots on the
first row report the ST distribution nBE

m (ω) from Eq. (31), the plots on
the second and third rows display cross sections of the corresponding
distributions in the top row: temporal spectra nBE

m (ω) for different
modes m (2nd row); spatial mode distribution integrated in frequency
NBE

m = (2πvg)−1
∫

nBE
m (ω)dω (3rd row). By increasing the number

of modes M, we observe a significant spectral narrowing of the
fundamental mode [compare (b) and (e)], as well as a macroscopic
population of the fundamental spatial mode m = 0 [compare (c) and
(f)]. Parameters are given in the text.

waveguide radius R = 14 µm for M = 17 and R = 100 µm for
M = 954.

The comparison of Figs. 7(b) and 7(e) reveals the occur-
rence of a significant spectral narrowing of the fundamental
mode as the waveguide size (or number of modes M) in-
creases. At the same time, the fundamental spatial mode gets
macroscopically populated, as can be seen by the comparison
of Figs. 7(c) and 7(f).

D. BE vs RJ regimes

The BE distribution is known to recover the classical RJ
distribution in the limit of highly occupied modes. However,
as discussed above in Sec. II D, the RJ distribution leads to the
well-known UV catastrophe (signaled, e.g., by a divergence
of the energy E ) in the absence of a high-frequency cutoff.
Nonetheless, it is worth noting that the one-dimensional in-
tegral over temporal frequencies appearing in the expression
of the photon density (33) remains convergent for the RJ law.
Based on this observation, we proceed to assess the validity
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(�m)

FIG. 8. BE vs RJ regimes. Relation between the optical power
P and the critical temperature Tc to condensation, from Eq. (41)
(blue line), for a parabolic multimode waveguide. For large pow-
ers P � 0.1 W, the photon density can be approximated by the
RJ limit (dashed orange line, Tc ∼ P). By decreasing the power,
the photon density follows the BE expression (41) with V0 → ∞
(dashed green line, Tc ∼ P2/5). Transverse 2D intensity distribution
ρ̃(r) (with r = |r⊥|) (b), spatial mode distribution ρ̃S (β ) (c), and tem-
poral spectrum ρ̃T (ω) (d), computed with the BE law (solid lines),
and the corresponding RJ approximation (dotted lines), at T = Tc.
As seen in (b)–(d), at large power (P = 3 W), the distributions are
well approximated by the RJ law, while at small power (P = 0.1 W)
noticeable deviations emerge. Parameters are given in the text.

of the RJ approximation by formally substituting the BE law
with the RJ law, while keeping in mind that the RJ regime is
prone to UV divergences in the ST context.

Estimating the number of photons N in usual beam-
cleaning experiments using optical pulses with a finite tempo-
ral duration is not immediate because N � Pτ/(h̄ω̃0) depends
on the temporal duration τ of the (quasi)monochromatic op-
tical pulse. This would lead to the inconsistent conclusion
that an experiment performed with a continuous wave (cw)
laser beam would involve an infinite number of photons. As
previously mentioned, the natural relevant parameter to study
(2 + 1)D ST thermalization is not the total number of photons,
but the longitudinal photon density ρ.

We illustrate this in Fig. 8(a), which reports the tran-
sition from the BE to the RJ regime by increasing the
optical power, which is related to the photon density by
ρ = P/(vgh̄ω̃0), as previously discussed. In this example, we
considered a parabolic waveguide (with radius R = 300 µm,
V0 = 52 726 m−1, κ = −5.3 × 10−24 s2 m−1). The DOS for a
truncated parabolic waveguide is �(β ) = β/β2

0 for β � V0,
and �(β ) = 0 for β > V0 [36,96]. Accordingly, the photon
density in the continuous limit at T = Tc reads as

ρ = 1

2vgβ
2
0

T 5/2
c√
π |κ|

[
ζ

(
5

2

)
− g5/2

(
e− V0

Tc

) − V0

Tc
g3/2

(
e− V0

Tc

)]
.

(41)

For large powers, all modes are highly occupied, and the
photon density is well approximated by the RJ limit ρRJ =

V 3/2
0

3vgβ
2
0

√|κ|Tc [see the dashed orange line in Fig. 8(a)]. By

decreasing the power, quantum effects associated to the ex-
ponential decay of the BE distribution at high energy play
a role, and the photon density follows the behavior ρ �

ζ (5/2)
2vgβ

2
0

√
π |κ|T

5/2
c , which is obtained from Eq. (41) without spa-

tial frequency cutoff (V0 → ∞) [see the dashed green line
in Fig. 8(a)]. More precisely, in the example of Fig. 8, we
considered a parabolic waveguide with G = 94 groups of
degenerate modes, where the number of guided modes is
M = G(G + 1)/2 � G2/2 for G � 1.

1. Spatial mode distribution and temporal spectra

The validity of the RJ approximation can be assessed
through the analysis of the spatial mode distribution ρ̃S (β ) and
the temporal spectrum ρ̃T (ω) of the field, defined as the two
marginal distributions of n(β, ω):

ρ̃S (β ) =
∫

dω

2πvg
nBE(β, ω), (42)

ρ̃T (ω) =
∫ V0

0
dβ�(β )nBE(β, ω). (43)

We report in Figs. 8(c) and 8(d) plots of such marginal
distributions at T = Tc, which are computed with the BE
law n(β, ω) = (e(β+|κ|ω2 )/Tc − 1)

−1
(solid lines), and the cor-

responding RJ approximation nRJ(β, ω) = Tc/(β + |κ|ω2)
(dotted lines). We note in Figs. 8(c) and 8(d) that for high
power, the distributions closely follow the RJ approximation,
whereas for low powers a clear deviation is observed.

2. Spatial intensity distribution

The measurement of the modal distribution in an optical
fiber experiment is known to be quite complicated, see, e.g.,
[43,44,81,113]. Here, we discuss another important quantity
that is experimentally accessible and that can be exploited
to discriminate between the classical and quantum regimes.
This quantity refers to the spatial intensity distribution of the
optical field in the transverse spatial dimension r⊥. It can be
calculated from the semiclassical approximation by writing
the equilibrium distribution in the form [107]

nBE(k⊥, r⊥, ω) =
(

e
α⊥k2⊥+|κ|ω2+V (r⊥ )−μ

T − 1
)−1

, (44)

where V (r⊥) is the waveguide trapping potential in the trans-
verse dimension, k⊥ the corresponding wave vector, and recall
that α⊥ = 1/(2k0) is the diffraction coefficient. The spatial
density distribution is obtained by integration in both spatial
and temporal frequency space, which gives

ρ̃(r⊥) =
∫

d2k⊥
(2π )2

∫
dω

2πvg
nBE(k⊥, r⊥, ω)

= 1

8π3/2vg

T 3/2

α⊥
√|κ|

[
g3/2

(
e− V (r⊥ )−μ

T
)

− g3/2
(
e− V0−μ

T
)]

. (45)
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The corresponding intensity distribution in the RJ approxima-
tion reads as ρ̃RJ(r⊥) = T

4πvgα⊥
√|κ| (

√
V0 − μ − √

V (r⊥) − μ),

which is obtained from nRJ(k⊥, r⊥, ω) = T/(α⊥k2
⊥ + |κ|ω2 +

V (r⊥) − μ). Considering the example of a parabolic waveg-
uide, we report in Fig. 8(b) the intensity distribution (solid
lines), and the corresponding RJ approximation (dotted lines),
at T = Tc. As for Figs. 8(c) and 8(d), a good agreement is ob-
tained with the RJ approximation at high power. Conversely,
at low power a pronounced, cusplike deviation from the RJ
distribution appears near the center of the trapping potential.

We finally note that, by integrating the density distribu-
tion ρ̃(r⊥) in the 2D transverse spatial domain over |r⊥| � R
[R being the waveguide radius with V (|r⊥| = R) = V0], we
recover the total density of photons discussed above in the
continuous limit

ρ =
∫

|r⊥|�R
ρ̃(r⊥)dr⊥ =

∫
dω

2πvg

∫ V0

0
dβ�(β )nBE(β, ω).

(46)

V. BOSE-EINSTEIN CONDENSATION
AT NEGATIVE TEMPERATURES

The idea of negative temperatures was originally proposed
in the seminal works by Onsager [114] and Ramsey [115].
Significant efforts have been devoted to the theoretical under-
standing of these unusual thermodynamic equilibrium states.
The concept of negative temperatures is now broadly ac-
cepted, as it has been the subject of different experimental
observations [116–122]. As a matter of fact, negative temper-
atures were originally experimentally observed in the context
of nuclear spin systems [123], and more recently with cold
atoms in optical lattices [124], and in 2D quantum superfluids
[125,126]. More recently, negative temperatures have been
predicted for classical multimode optical wave systems in
Ref. [51], and subsequently observed in these systems with
light waves in Refs. [63–65]. In particular, in the experiments
reported in Ref. [65], negative temperatures were associated
to the strongly nonlinear regime of a dense photon gas.

As anticipated above, negative temperatures emerge as nat-
ural equilibrium states in ST thermalization, whenever one
considers the normal dispersion regime (see Fig. 5). We will
now show that negative-temperature ST equilibrium states
exhibit a phase transition to BE condensation at β = βmax

and ω = 0. We recall that in the purely 2D spatial domain,
BE condensation at negative temperatures does not exist, as
discussed in [96].

A. Spatial analysis

ST condensation at negative temperatures can take place
in a parabolic multimode waveguide or in a homogeneous
step-index waveguide, as discussed in Appendix C. In the
following, we consider the case of a parabolic waveguide
(e.g., GRIN multimode fiber) because the highest-energy level
is highly degenerate, which makes the transition to BE con-
densation of a different nature with respect to conventional
condensation in the (nondegenerate) fundamental mode for
T > 0. We recall that the mode eigenvalues read as βm =
β0(mx + my + 1), where m = (mx, my) labels the two integers

FIG. 9. Condensation at negative temperatures. Convergence to
the thermodynamic limit for T < 0 in a parabolic waveguide:
(a) chemical potential vs temperature, μ(T ); (b) condensate fraction
in the highest mode group vs temperature, ρG(T )/ρ. The solid lines
refer to the computation of the discrete sums beyond the thermody-
namic limit, from Eq. (47) (a), and from Eq. (48) (b). By increasing
the number of modes M (or the waveguide surface S) while keep-
ing the photon density ρ/S = const and V0 = const, the curves
approach the thermodynamic limit (dashed blue lines), which are
obtained from Eq. (53) for (a) and from Eq. (51) for (b). In the
thermodynamic limit, μ(T ) in (a), and ρG(T )/ρ in (b), correspond to
the (2 + 1)D ST condensation: both curves display a singular cusped
behavior at T = Tc < 0, where μ = βmax = V0 for Tc � T � 0, and
ρG = 0 for T < Tc < 0. Parameters are given in the text.

that specify a mode [97], and that the waveguide supports G
groups of degenerate modes, with M � G2/2 the number of
modes (G � 1).

Considering the normal dispersion regime κ > 0 (T < 0
and μ > V0), the photon density integrated along the fre-
quency ω reads as

ρ =
√

π

2πvg

√
−T̃

κ

∑
m

g1/2(e(βm−μ)/(−T ) ). (47)

Denoting by ρG the photon density that populates the highest
transverse modes with eigenvalue β = βmax = V0, we have

ρG

ρ
= 1 −

√
π

2πvgρ

√
−T̃

κ

∑
m

′
g1/2(e(βm−μ)/(−T ) ), (48)

where
∑′

m denotes a sum over all modes except the highest
mode group βmax.

We now study how the system approaches the thermo-
dynamic limit by following the procedure of Sec. IV A. By
keeping fixed the beam intensity I = P/S (or equivalently
the photon density ρ/S = const), Eq. (47) provides a closed
relation between μ and T , which is reported in Fig. 9 for
different values of the surface S (i.e., different G), while keep-
ing constant ρ/S and V0. Note that the waveguide surface is
S = πR2, where we recall that the waveguide radius is defined
by V (|r⊥| = R) = V0. Consequently, the surface scales as S ∼
V0/β

2
0 , and the thermodynamic limit for the parabolic waveg-

uide is taken by keeping fixed ρβ2
0 = const and V0 = const. In

the example of Fig. 9, we considered a parabolic waveguide
with V0 = 126 093 m−1, κ = 3.6 × 10−25 s2 m−1, with ρ/S =
4.4 × 1016 m−3 (or I = P/S = 3.5 × 106 W m−2). We note in
Fig. 9(a) that, as the transverse waveguide surface S increases,
the curves μ(T ) converge to the continuous limit, which will
be discussed in the next section.
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B. ST condensation in the highest-energy level

Following the analysis of Sec. IV, the spatial conden-
sate fraction of the photon density (48) converges to the ST
condensate fraction by increasing the size of the waveguide
toward the thermodynamic limit. We now analyze the phase
transition to ST condensation in the highest mode group βmax

at ω = 0. In a way akin to the case of positive temperatures,
condensation at negative temperatures originates in the sin-
gularity of the BE equilibrium distribution. By increasing the
negative temperature, the chemical potential decreases, and
reaches the highest-energy level μ = βmax = V0 at a nonva-
nishing negative critical temperature Tc < 0 [see Fig. 9(a)].
Considering the continuous limit, the longitudinal photon den-
sity reads as ρ = ∫

dω
2πvg

∫ V0

0 dβ�(β )n(β, ω), where we recall
that the DOS for a parabolic waveguide is given by �(β ) =
β/β2

0 for β � V0 and �(β ) = 0 for β > V0. At the critical
temperature T = Tc, we set μ = V0, and the integration over
β gives

ρ = V 2
0

2πvgβ
2
0

∫ ∞

−∞
dω

[
Tc

V0
ln

(
1 − e

κω2

Tc

) − T 2
c

V 2
0

g2
(
e

κω2

Tc

)

+ T 2
c

V 2
0

g2
(
e

κω2+V0
Tc

)]
. (49)

We remark that the first term of the integrand diverges for a
vanishing dispersion coefficient κ = 0. This reflects the fact
that there is no BE condensation in the pure 2D spatial domain
for negative temperatures [96]. Here, thanks to the longitu-
dinal temporal dimension, the photon density ρ converges,
which defines a nonvanishing negative critical temperature Tc

for inverted BE condensation:

ρ = |Tc|5/2

2vg
√

πκβ2
0

[
− V0

Tc
ζ

(
3

2

)
− ζ

(
5

2

)
+ g5/2

(
e

V0
Tc

)]
. (50)

For T > |Tc| and μ = V0, the singularity of the BE distri-
bution is regularized by a macroscopic population of the
highest-energy level βmax at the frequency ω = 0. The frac-
tion of particle density condensed in the highest-energy level
βmax = V0 at ω = 0 is

ρG0

ρ
= 1 −

(
T

Tc

)5/2 g5/2(eV0/T ) − ζ (5/2) − V0
T ζ (3/2)

g5/2(eV0/Tc ) − ζ (5/2) − V0
Tc

ζ (3/2)
.

(51)

We recall that ρG0 denotes the total population of the G-fold
degenerate energy level associated with the eigenvalue βmax

(at ω = 0), so that the corresponding population of each indi-
vidual degenerate mode is reduced by a factor G. According
to (51), the condensate vanishes at the negative critical tem-
perature, ρG0 = 0 at T = Tc < 0, and the condensate fraction
increases toward one as the temperature increases to zero,
ρG0/ρ → 1 as T → 0−. As compared to (40), note that the
different value 5

2 of the exponent (instead of 3
2 ) in (51) and the

presence of different gp(z) functions is due to the parabolic
waveguide geometry under consideration (the case of a homo-
geneous step-index waveguide is considered in Appendix C).

Using the same argument as in Sec. IV B, ρG0 is also the
particle density in the highest-energy level βmax integrated
along the frequency ω, that is ρG. This is because the con-
tribution of the density at βmax and ω �= 0 is negligible in the

ST continuum limit. Accordingly, in the thermodynamic limit,
the ST condensate given by Eq. (51) coincides with the spatial
condensate that populates the highest-energy level

ρG0(T ) = ρG(T ). (52)

We finally note that, for T < Tc < 0, the photon density reads
as

ρ = |T |5/2

2vgβ
2
0

√
πκ

[
− V0

T
g3/2(e(μ−V0 )/T ) − g5/2(e(μ−V0 )/T )

+ g5/2(eμ/T )

]
. (53)

As expected, this expression well recovers Eq. (50) when the
critical point is approached, that is in the limit T → T −

c and
μ → V +

0 .

C. Spectral narrowing by increasing the number of modes

We have seen that 2D spatial condensation tends to evolve
into a fully (2 + 1)D ST condensation by increasing the
transverse size of the waveguide. This suggests that also in
the negative-temperature case, the temporal spectrum of the
highest-energy level should exhibit significant spectral nar-
rowing as the waveguide becomes wider. We illustrate this
property in Fig. 10, which reports the ST equilibrium distri-
bution nBE

m (ω) given in Eq. (31) for a parabolic multimode
waveguide with G = 17 (left column) and G = 108 (right
column), groups of degenerate modes. Here, we have consid-
ered a partially condensed case where T = −0.4|Tc|, while
the corresponding value of the chemical potential is obtained
by solving Eq. (47) for a given value of ρ/S. We consid-
ered in Fig. 10 the following parameters: V0 = 126 093 m−1,
P = 1 W, i.e., ρ/S = 4.4 × 1016 m−3 or I = P/S = 3.5 ×
106 W m−2. We remark that spectral narrowing in Fig. 10
occurs for the highest mode group at β = βmax. Note that the
less pronounced peak around ω = 0 in Figs. 10(b) and 10(e)
compared to the corresponding plots in Fig. 7 is related to the
strong degeneracy of the highest-order mode for the parabolic
waveguide under consideration.

VI. CONCLUSIONS

In this work, we have developed a unified theoretical
framework of spatiotemporal (ST) thermalization of light
propagating in multimode optical fibers. On the classi-
cal side, extensive numerical simulations of the nonlinear
Schrödinger (NLS) equation demonstrate thermalization to
a ST Rayleigh-Jeans (RJ) equilibrium state in agreement
with the corresponding wave turbulence kinetic equation.
Peculiar adiabatic cooling phenomena associated to the UV
behavior of classical RJ thermalization are pointed out and
the consequent limitations of the classical approximation are
highlighted.

To go beyond and properly include quantum effects, we
start from the general theory of light propagation in nonlinear
media to derive a quantum NLS equation. This is used to show
that the corresponding kinetic equation governs relaxation
toward a Bose-Einstein (BE) equilibrium distribution with a
fully regular UV behavior. All together, this analysis provides
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FIG. 10. Spatial mode distribution and temporal spectra in the
condensed regime at negative temperatures. Equilibrium distribution
(31) for a parabolic multimode waveguide (e.g., GRIN mutimode
fiber) in the normal dispersion regime (κ > 0) leading to negative
temperatures T = −0.4|Tc|: for G = 16 groups of degenerate modes
(M = 136 modes) see the left column, and for G = 107 groups of
degenerate modes (M = 5 778 modes) see the right column. The
plots on the first row report the ST distribution nBE

m (ω) from Eq.
(31), the plots on the second and third rows display cross sections of
the corresponding distributions in the top row: temporal spectra
nBE

m (ω) for different mode groups g (2nd row); spatial mode dis-
tribution integrated in frequency, NBE

m = (2πvg)−1
∫

nBE
m (ω)dω (3rd

row). In (b) the curves refer (from top to bottom) to the mode
group g = 1, 3, 6, 10, 16; while in (e) they refer to the mode group
g = 5, 15, 30, 60, 80, 107. Remark the significant spectral narrowing
in the highest mode group [top curve in (b) and (e)] when the number
of modes increases. Parameters are given in the text.

a general understanding of the ST equilibrium properties of
optical waves propagating in multimode waveguides.

In analogy with atomic beams evaporatively cooled in a
magnetic guide [108–112], our approach led us to predict that
ST incoherent light waves exhibit a transition to condensa-
tion when the transverse size (i.e., the number of transverse
modes) of the waveguide is increased for a fixed power per
unit surface, eventually leading to complete (2 + 1)D ST
condensation in the thermodynamic limit. The transition to
condensation is characterized by different properties depend-
ing on the dispersion regime of the waveguide.

For anomalous dispersion, the condensed state is char-
acterized by a macroscopic occupation of the fundamental
spatial mode, accompanied by a dramatic spectral narrowing
of light carried in the same mode. Conversely, in the normal

dispersion regime the ST equilibrium distribution is charac-
terized by negative temperatures, whereby high-order spatial
modes are more populated than low-order modes, while the
temporal spectrum remains peaked at the fundamental (car-
rier) frequency. In this way, ST incoherent light exhibits an
inverted transition to BE condensation at negative tempera-
tures, which occurs by increasing the temperature above a
negative critical value. The ST condensed state is character-
ized by a macroscopic population of the highest-energy level
β = βmax, accompanied by a dramatic spectral narrowing of
light for that propagation constant. In addition, we have shown
that the ST configuration allows one to discriminate the classi-
cal RJ equilibrium from the quantum BE equilibrium: this can
be done through the analysis of the spatial mode distribution
and temporal spectrum, but also through the transverse spatial
near-field intensity distribution, a quantity that can easily be
measured in an optical experiment.

Work is in progress to extend the present analysis to non-
trivial ST coupling by considering a general model of light
propagation that goes beyond the paraxial and slowly varying
envelope approximations. Along this line, ST thermalization
can be investigated by considering temporally incoherent
(ASE) sources, which may exploit ST instabilities [74,75] or
supercontinuum generation [47,77,79] in multimode fibers.
The observation of ST thermalization requires minimizing the
detrimental impact of the dissipative Raman effect [127,128]:
as an alternative to optical fibers, other experimental platforms
may be considered to suppress this effect, such as optically
induced waveguides in atomic vapors [3,28] photorefractive
crystals [98], or gas-filled hollow-core photonic crystal fibers
[129].

In the recent work [95], it has been shown that the temporal
degrees of freedom can dramatically accelerate the rate of
thermalization to thermal equilibrium. On the other hand, dif-
ferent studies based on wave turbulence theory [40,50,56,68]
have revealed that a significant acceleration of the nonequi-
librium process of thermalization in multimode fibers is
also provided by the structural disorder and the random
mode coupling due to refractive index fluctuations introduced
by inherent imperfections and environmental perturbations
[130–135]. Since the aforementioned studies [40,50,56,68]
have been carried out within the framework of purely spa-
tial dynamics, a natural and important extension will be to
incorporate structural disorder into the ST wave turbulence
theory developed in Ref. [95]. This would allow for a more
comprehensive understanding of how disorder influences the
nonequilibrium dynamics of ST thermalization in multimode
optical systems.

It would also be interesting to extend this study to in-
vestigate the onset of condensation in regimes beyond the
weakly nonlinear limit, where linear dispersion effects no
longer dominate over the nonlinear Kerr contribution. The
stronger nonlinearities in this regime hold the potential to
reveal a wealth of new physical phenomena. In this regime,
the condensate no longer simply coexists with the uncon-
densed thermal background, but instead emerges as a distinct
phase characterized by remarkable physical behaviors that are
absent in the weakly nonlinear case. For instance, its superflu-
idity properties and the emergence of collective Bogoliubov
sound waves [8,9,11] may have a significant impact on the
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thermalization process. Moreover, the dynamics can become
highly complex and turbulent, exhibiting phenomena such
as the formation and interaction of quantized vortices, i.e.,
quantum turbulence [136]. The prospect of investigating ST
superfluidity and ST quantum turbulence at positive, or even
negative, temperatures within an optical multimode waveg-
uide represents a compelling and largely unexplored frontier,
open for future research.

We finally recall that we have considered in this work the
purely conservative propagation geometry of the optical beam
through a Kerr nonlinear material. It would be interesting to
extend the notion of ST thermalization to cavity configura-
tions, where nonequilibrium processes of condensation have
been studied [2], either in the genuine quantum BE regime
[137–144] or in the classical regime [89,90,145–150]. Ex-
tending the analysis to optical cavities could therefore open
qualitatively new perspectives, allowing one to investigate
how thermalization mechanisms are reshaped by the interplay
of driving, dissipation, and confinement, and to probe novel
regimes of nonequilibrium optical self-organization.
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APPENDIX A: RELATION BETWEEN THE CLASSICAL
WAVE DISTRIBUTION AND THE

PHOTON-NUMBER DISTRIBUTION

In this appendix, we derive the relation between the dis-
tribution ñm(ω) discussed in the classical wave limit through
the kinetic equation (14) (see Sec. II) and the photon-number
distribution nm(ω) used in the quantum kinetic formalism of
Eq. (27) (see Sec. III).

In the classical wave limit described by the NLS equation
(1), the optical power reads as

P =
∫

dr⊥〈|ψ |2〉 = 1

(2π )2

M−1∑
m=0

∫
ñm(ω)dω, (A1)

where the factor 1/(2π )2 comes from the adopted Fourier
transform convention [see Eq. (7)].

On the other hand, the (temporally constant) optical power
can be related to the homogeneous longitudinal photon den-
sity along the spatial direction ζ by

ρ = P/(vgh̄ω̃0), (A2)

where ω̃0 is the carrier optical frequency. The longitudinal
photon density can be related by

ρ =
M−1∑
m=0

∫
dkζ

2π
nm(kζ ) (A3)

to the kζ -space photon-number distribution nm(ζ ) in the mode
m per unit effective length ζ = vgt at effective conjugate mo-
mentum kζ = ω/vg defined via

〈φ̂†
m(kζ ) φ̂n(k′

ζ )〉 = 2π δmn δ(kζ − k′
ζ ) nm(kζ ), (A4)

where φ̂m(kζ ) is the Fourier transform

φ̂n(kζ ) =
∫

dζ e−ikζ ζ φ̂n(ζ ) (A5)

of the renormalized field operator φ̂m(ζ ) = ψ̂m(ζ )/
√

h̄ω̃0vg

satisfying standard Bose commutation rules,

[φ̂m(ζ ; τ ), φ̂†
n (ζ ′; τ )] = δmn δ(ζ − ζ ′) (A6)

and thus referring to the photon number. Note that nm(ω) can
be equivalently understood as the frequency-space photon-
number distribution nm(ω) in the mode m per unit time.

By comparing Eqs. (A1) and (A3), we obtain from (A2) the
following relation between the distribution ñm(ω) for classical
waves and the quantum photon-number distribution nm(ω):

nm(ω) = ñm(ω)/(2π h̄ω̃0). (A7)

Note that this relation is also valid out of equilibrium, i.e., the
modal populations nm(ω) and ñm(ω) do not necessarily refer
to the equilibrium distributions.

APPENDIX B: INFLUENCE OF FIRST-ORDER
DISPERSION

The analysis presented in Sec. II is based on the general
form of the ST NLS equation (1), which implicitly neglects
the group-velocity mismatch between the different modal
components [the modal components bm(ω) in Eq. (9) prop-
agate with the same group velocity]. In this appendix, we
demonstrate that explicitly accounting for the group-velocity
difference does not modify the conclusions of Sec. II, as
discussed through Eqs. (19) and (20).

The group-velocity difference modifies the modal dis-
persion relation in the form β̃m(ω) = βm − wmω − κω2,
where wm denote the inverse group velocities of the
modal components at the carrier frequency ω̃0. The group-
velocity difference leads to a spectral shift of the modal
components. The derivation of the equilibrium distribu-
tion therefore requires imposing the constraint of momen-
tum conservation M = 1

(2π )2

∑
m

∫
ωñm(ω)dω (see Sec. II

of the Supplemental Material in [95]), in addition to
the energy E = 1

(2π )2

∑
m

∫
β̃m(ω)ñm(ω)dω and the power
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P = 1
(2π )2

∑
m

∫
ñm(ω)dω. Maximizing the entropy under the

constraints imposed by the conservation of (E , P,M) then
leads to a generalized form of the ST RJ distribution [95]:

ñRJ
m (ω) = T̃

β̃m(ω) + λω − μ̃
, (B1)

where λ is the Lagrange multiplier associated to the conserva-
tion of the momentum M. Considering an initial condition
characterized by M = 0 [e.g., all spectra ñm(ω, z = 0) are
symmetric and centered at ω = 0], gives

λ =
∑

m

wmPeq
m /P, (B2)

where Peq
m = 1

(2π )2

∫
ñRJ

m (ω)dω is the power in the mode m at
equilibrium. The parameter λ then denotes an average inverse
group velocity of the field [84,85]. Note in particular that
neglecting first-order dispersion wm = 0, then λ = 0, and the
ST equilibrium distribution (B1) recovers the distribution (18)
discussed in Sec. II.

The RJ distribution (B1) can be written in the following
Lorentzian form:

ñRJ
m (ω) = −T̃ /κ(

ω − λ−wm
2κ

)2 − (
λ−wm

2κ

)2 − βm−μ̃

κ

. (B3)

It becomes apparent that the physical condition ñRJ
m (ω) > 0

imposes the following constraints on the thermodynamic pa-
rameters:

κ < 0 → T̃ > 0, μ̃ < βm − (λ − wm)2/(4|κ|), (B4)

κ > 0 → T̃ < 0, μ̃ > βm + (λ − wm)2/(4|κ|). (B5)

The constraints on the thermodynamic parameters (μ̃, λ)
then depend on the specific values of the modal group ve-
locities wm. In practice, however, one generally has (λ −
wm)2/(4|κ|) 	 βm. This can be seen by considering the non-
linear envelope equation, which provides a more general
description of light propagation beyond the NLS equation,
in particular by including modal group-velocity matching.
Within this framework, the group velocity scales as wm ∼
βm/ω̃0, where we recall that ω̃0 is the central carrier frequency.
According to Eq. (B2), the Lagrange multiplier scales as
λ ∼ wm. As a consequence, the last term in Eqs. (B4) and
(B5) may be neglected when βm 	 |κ|ω̃2

0, a condition that is
well satisfied in standard multimode optical fibers. Under this

assumption, the constraints on the thermodynamic parameters
in Eqs. (B4) and (B5) reduce to those obtained in the absence
of first-order dispersion (19) and (20). The conclusions then
remain unchanged: in the anomalous dispersion regime, the
spatial equilibrium distribution is peaked on the fundamental
mode at positive temperature, whereas in the normal disper-
sion regime the distribution is inverted and corresponds to
negative temperatures. We finally note that the analysis can be
extended by considering the impact of high-order dispersion
properties [95] (also see [151,152]).

APPENDIX C: BOSE-EINSTEIN CONDENSATION AT
NEGATIVE TEMPERATURES IN A STEP-INDEX

MULTIMODE WAVEGUIDE

To complete our discussion in Sec. V, we show that BE
condensation at negative temperatures also occurs in step-
index multimode waveguides. We consider Eq. (47) in the
continuous thermodynamic limit [see (36)], with the DOS
�(β ) = �0 = k0S/(2π ). The longitudinal photon density ρ =∫

dω
2πvg

∫ V0

0 dβ �(β ) n(β, ω) reads as

ρ = �0(−T )3/2

2vg
√

πκ

[
g3/2(e(μ−V0 )/T ) − g3/2(eμ/T )

]
, (C1)

where we recall that κ > 0 and μ � V0 = βmax. We remark
that μ → V +

0 for a nonvanishing negative critical temperature
Tc:

ρ = �0(−Tc)3/2

2vg
√

πκ

[
ζ (3/2) − g3/2(eV0/Tc )

]
. (C2)

To provide a complementary perspective to the previous
parabolic waveguide analysis in Sec. V (where the highest-
energy level was degenerate), here we consider a step-index
waveguide with a nondegenerate highest-energy level. By in-
creasing the negative temperature above Tc, the photon gas
undergoes a transition to BE condensation characterized by a
macroscopic population of the highest mode M with propaga-
tion constant βmax = V0 at ω = 0:

ρM0

ρ
= 1 −

(
T

Tc

)3/2
ζ (3/2) − g3/2(eV0/T )

ζ (3/2) − g3/2(eV0/Tc )
. (C3)

The condensate vanishes at and below the negative critical
temperature, ρM0/ρ = 0 at T � Tc < 0, and increases to one
as the temperature increases to zero, ρM0/ρ → 1 as T → 0−.
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