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Predicting fuel assembly bow in pressurized water reactors requires solving tightly coupled fluid-structure interaction
problems, whose direct simulations can be computationally prohibitive, making large-scale uncertainty quantification
very challenging. This work introduces a general mathematical framework for coupling Gaussian process surrogate
models representing distinct physical solvers, aimed at enabling rigorous uncertainty quantification in coupled mul-
tiphysics systems. A theoretical analysis establishes that the predictive variance of the coupled GP system remains
bounded under mild regularity and stability assumptions, ensuring that uncertainty does not grow uncontrollably
through the iterative coupling process. The methodology is then applied to the coupled hydraulic-structural simulation
of the fuel assembly bow, enabling global sensitivity analysis and full uncertainty quantification at a fraction of the
computational cost of direct code coupling. The results demonstrate accurate uncertainty propagation and stable pre-
dictions, establishing a solid mathematical basis for surrogate-based coupling in large-scale multiphysics simulations.

KEY WORDS: uncertainty quantification, Gaussian process regression, fuel assembly bow, fluid-
structure interaction

1. INTRODUCTION

Many multiphysics problems require coupling distinct computational codes, each solving a specific physical subsys-
tem. Such partitioned code-coupling schemes iterate between the solvers, exchanging boundary data until a global
equilibrium is reached. While conceptually flexible, this approach becomes computationally demanding when high-
fidelity solvers are involved and many iterations are needed. This challenge is magnified in uncertainty quantification
and global sensitivity analysis, where thousands of coupled evaluations are typically required. The goal is no longer
just to compute a coupled state but to quantify how input uncertainties propagate through an iterative multicode cou-
pling. To make this tractable, high-fidelity solvers can be replaced by probabilistic surrogate models, notably Gaussian
process surrogates [1], which provide both predictions and associated uncertainty estimates. Integrating these surro-
gates in a coupled system yields a Gaussian process-based coupled model, where the outputs of one Gaussian process
feed the inputs of another until convergence. This raises fundamental mathematical questions: how to propagate un-
certainty consistently through the coupled system, under what conditions the predictive variance remains bounded,
and how to ensure stability and consistency of the coupled predictions. This work addresses these issues by formulat-
ing Gaussian process coupling as a fixed-point iteration and by proving variance-control results under mild regularity
assumptions. The methodology is first illustrated on an analytical test case with a known reference solution and is
then applied to a realistic fluid—structure interaction (FSI) problem involving the deformation of fuel assemblies in
pressurized water reactors [2,3].
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The main contributions of this work are as follows:

e A Monte Carlo strategy tailored to coupled fixed-point solvers, based on a deterministic mean-path run and
constant-offset perturbations of Gaussian process posterior means, enabling scalable uncertainty quantification
without sampling full Gaussian process realizations over continuous input spaces.

e Atheoretical analysis that links Gaussian processes posterior variances to design fill distances [including a lift
to multioutput Gaussian process through a linear model of coregionalization (LMC) kernel representation] and
combines this with Lipschitz stability of the coupled solution map to obtain finite-sample, high-probability
bounds on the coupled outputs.

e An analytical benchmark validation comparing the proposed scheme against a rigorous but computationally
heavy trajectory-conditioned sampling procedure.

e An application to fuel-assembly bow in pressurized-water-reactor simulations through a coupled fluid—struc-
ture interaction workflow (hydraulic and mechanical surrogates), illustrating the practical impact of the method
on predictive uncertainty assessment and sensitivity analysis.

2. GENERAL METHODOLOGY

This section investigates the propagation of uncertainty arising from the coupling of two independently constructed
surrogate models, each representing a distinct physical code. Building on the Bayesian framework of Gaussian pro-
cess, which inherently provides uncertainty estimates, we develop and analyze a strategy to quantify how these un-
certainties interact through the coupling. A combination of theoretical analysis and Monte Carlo simulations is used
to validate the approach, culminating in an application to the modeling of fuel assembly bow phenomena in the next
section.

2.1 Coupling of Two Computational Codes as a Fixed-Point Problem

Before addressing uncertainty quantification in the context of coupled surrogate models, it is necessary to give a
precise mathematical formulation of the deterministic coupling problem. We present here the abstract framework,
introduce the operators involved, and establish that the coupled solution is well defined and that its approximation
can be characterized through finitely many evaluations of the solvers.

We consider the coupling of a finite numhb@r> 2 of computational solvers. For readability, Sections 2.1 and
2.2 focus on the practical caéeé= 2. The general cas€ is treated in Section 2.3 for the theoretical analysis.

Interface spaceThe interaction between the two solvers is mediated through a set of interface variables. These
variables are collected in a vectorbelonging to the interface spaté In theory,l{ may be viewed as a Banach
space, but in practice we only work with finite-dimensional subspacesR<. By construction{/ is distinct from
the input spaceq, (¢ = 1,2) of the individual solvers: it contains only the quantities that are communicated be-
tween subsystems. Similarly, the input and output spated). are finite-dimensional subsets Bf and RP-,
respectively.

Definition 1 (Computational solvers)Forc = 1,2, letS,. : X, — ). be a deterministic solver associated with
subsystem. The spacet, denotes admissible inputs, apid the corresponding outputs.

In practice, each solver can only be accessed through a single evaluation at each iteration.
Definition 2 (Transfer operators)The solvers exchange data through transfer operators,
F1:U—>X1, F12:y1—>.)(2, Fz:y2—>u. (1)

The operatoi’; maps the interface state into input data for solvgrl';, transfers the output &; to an admissible
input for solversS,, andI'; updates the interface state from the outpufgf
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Definition 3 (Coupling operator) The global coupling operator is defined as
T::FZOSZOFJQOS]_OFJ_:U—)U. (2)

Given an interface state € U, one application of/” consists of: mapping into an input for solvekS; via I'y,
runningS; once, transferring its output &, usingI'i,, runningS, once, and mapping the result back idtovith
I',. A coupled solution is a fixed point* = 7 (u*), i.e., an interface state consistent with both solvers.

Proposition 1 (Banach fixed-point theorem [4])AssumeT is a contraction on a Banach spa¢#, || - ||.sz). Then,
for any initial u(®) € /, the sequence

um*) .= T(u(m)), m >0, 3

converges to the unique fixed poirtt

Definition 4 (lterative termination) In computations, the iteration is stopped at indéx< oo when the criterion
oo -], < 2
u

is satisfied for a prescribed tolerance- 0.

Finite evaluations. Since each solves, is called exactly once per iteration, we denoteﬂég) € X, the input
passed to solves$, at iterationm, for ¢ = 1,2. After M iterations, the total number of evaluations of each solver is
therefore)M . Thus the approximation™) is entirely determined by the finite sets of evaluations,

{Sc(x(c)> m=1...,M, c:l,Z}. (5)

m

Finite characterization of the coupled approximatidie computed approximatiari’) depends only on these
finitely many evaluations. Moreover, by Proposition)?) — «* asM — oo, so the fixed point.* is approximated
by iteratesu(™), each of which involves only finitely many evaluations.

Proof of Eq. (5)We proceed by induction om. At m = 0, (% is prescribed. The first update is

(vl (1(00)) g

which requires one evaluation 8f atz{") = T';(u(®¥) € X; and one evaluation &, atz\? = I'y, (81 (:cgl))) € Xp.
Suppose now that("™) depends only on the finite collection of evaluations

{81(905713) :m/ = 1,...,m}7 {82<:L‘f,212) ‘m/ = L...,m}. 7

Then computing.(™+ = T (u("™)) requires evaluating, at a new inputrfqﬂrl determined fromu(™), and subse-

quentlyS, at a new inputzzgﬂl = Flz(Sl (Tfi)—i-l)) Thusu(™+% depends only on the previous evaluations together
with these two new ones.

By induction, for eachn the interface variable™ is determined by finitely many evaluations of the form
Sc(gm(ﬁ)). Since the algorithm terminates afteéf < oo iterations,u(*) depends only on finitely many such evalua-
tions.

The coupled solution is well defined as a fixed point of the opefAt@nd its approximation reduces to a finite
set of evaluations of the solvers at poimfé). This finite characterization is the foundation for introducing surrogate
models in place o0&, and for developing uncertainty quantification in the next subsection.
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2.2 Uncertainty Quantification in Coupled Gaussian Process Surrogates

In the context of coupling physical codes, replacing computationally expensive numerical solvers with surrogate
models—typically Gaussian processes—offers significant performance gains. In general cases, if the surrogates show
strong predictive capabilities, it can justify the use of their mean predictions to replace the original codes for uncer-
tainty quantification methodology. However, these Gaussian process surrogates provide a model-based representation
of surrogate uncertainty through the posterior variance, conditional on the chosen prior, kernel family, and hyper-
parameter estimation. Assuming that the mean prediction alone is sufficient in coupled multiphysics systems via
Gaussian process neglects this uncertainty, which may propagate through the coupled simulation workflow and im-
pact the accuracy and robustness of the final results. To study the propagation of this uncertainty in this context we
describe a Monte Carlo strategy below.

Notation.For ¢ = 1,2, f(°) denotes the surrogate of solugr with input spacet¥(© ¢ R?. The outputs of
£ may be vector-valued iR, in which case the covariance kernel is matrix-valued gfitlis a (vector-valued)
multioutput Gaussian process [5,6]. lsetlenote the vector of coupled outputs returned by the fixed-point algorithm
(it may be equal to the interface variahleor be a function of it; we keep the notatignto stress vector-valued
guantities).

Throughout, we assume an isotopic design for each surred#te same input set is used for all output coordi-
nates).

Correlation structures for multioutput Gaussian process&anultioutput (vector-valued) Gaussian process
(MOGP) is a random field € X(©) — £(©)(z) € RP= with meanu(®) (z) € RP-. Writing

1@ = (£7@), ... 15 @), (®)

the proces%féc) (:c)}z ) is Gaussian if and only if, for any > 1, any inputszy, ..., z, € X(9), and any indices

... ln €{1,..., D}, the linear combinatiod~’_; A; fe(:)(xj) has a univariate normal distribution. Defining the
cross-covariance functions

ki) (z,a') = COV( @), e(f)(x’))» ;

we can collect them into a matrix-valued covariance kernel:

€O 70 % 2O L RDXDe Oy 47y = [Kgfg,(x,m}f;_l. (10)
For any finite design seX = {z;}7,, stacking(f(®(z1)",..., f© (:cn)T)T € R"P- yields a block covariance
matrix K (°)(X, X) with entries
K o = <0 (@i a)). (11)
The matrixK (9) (X, X) is symmetric and positive semidefinite (PSD), i.e.,
v KO(X, X)v>0 forall veR"Pe, (12)

Thus, specifying a MOGP amounts to choosing cross-covariance fun@ﬁ?’jnsuch that the associated block co-
variance matrices are PSD for all finite sets of inputs. Two standard choices are

e Independent output¥ake a diagonal kernel,
kO (z,2') = diag(Kgc)(x,x’), el K%i(x,x’)), (13)

so theD,. coordinates are a priori uncorrelated, ueﬁ (x,2") = Ofor £ # (. For an isotopic design (same
inputs for all outputs), the joint covariance is block diagonal:

= (g, ). (14)

]

K<C>(X,X)=dia9(Kfc)~--’Kgf) with [K‘SC)}
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e Structured correlations [linear model of coregionalization (LMQ)gt Q > 1 and set

c)xx ZBC)KC)xx) (15)

where eackBéC) € RP<xDe is a PSD coregionalization matrix antéc) is a scalar covariance oti(®) [5,7].
T
Equivalently, WritingB(gc) = A,(f) (Afﬂ) shows that outputs are linear mixtures@findependent latent

Gaussian processes with kernei%), which guarantees PSD of the full block covariance. In the isotopic case,
the joint covariance over all outputs and all inputs reads

KX, X) ZB oK, [KP] =P @iay), (16)

ij a

making explicit the separation between output-output dependencBﬁDaand input-input dependence (via

Kéc)). In our application we adopt independent outputs (diagﬁié%?l), but we emphasize that the methodol-
ogy accommodates LMC without further changes.

Surrogate modelsEach surrogate(®) is trained on evaluations &, from a space-filling design (e.g., Latin
hypercube or low-discrepancy sampling [3)priori we have

19 @) ~ gP (1 (@), xO(,2')).

whereu(®)(z) € RP< and, in the multioutput case® (z,2') € RP*P< is matrix-valued. Ifi(¢) denotes the
posterior mean and(®) denotes the posterior kernel, then for eaclve have0 < &) (z,z) < k() (z, ), with
=< the Loewner order on symmetric PSD matrices. In the independent-output case, this reduces componentwise to
0< Eéc) (x,2) < Kéc)(x,m).

Monte Carlo framework for uncertainty quantification of the coupled Gaussian prodesertainty quantifi-
cation is performed by a standard Monte Carlo procedure. An outer loop generates i.i.d. realizations of the coupled
solution: for each iteratiop = 1,..., N, independent realiza’[ior{sf(Cvj)}C of the Gaussian process surrogates are
drawn, the coupling algorithm is executed with these surrogates starting from a prescribed initial interfac® state
and the corresponding coupled solutipfi) is obtained. We denote by/(/) the number of fixed-point iterations
performed for simulationi before the stopping criterioffu. (") — u(m=19)|| < ¢ is met. In general)/ ") depends

on the Monte Carlo realization The samplc-,{y(-j)};v=1 is then used to compute empirical statistics such as mean,
variance, and empirical uncertainty intervals (from Monte Carlo samples). Unless stated otherwise, any 95% interval
reported from Monte Carlo outputs refers to a central empirical quantile interval, and should not be interpreted as a
frequentist confidence interval.

Three approaches can in principle be used to generate the surrogate realizations inside the coupling loop:

e Ideal but infeasibleFor each Monte Carlo replicatiofy a full realization f(7) of the Gaussian process
surrogatef(©) over the entire input spack, is drawn. The coupling algorithm is then run wif*7). This
would provide exact i.i.d. samples of the coupled solution, but it is computationally impossibleisinse
infinite.

e Rigorous but computationally heawor each Monte Carlo replicatigin the coupled solver is run with a fully
stochastic surrogate familyf (<)}, that is sampled consistently with the posterior Gaussian process laws.
More precisely, at iteratiom of replicationj, when the coupling algorithm queries surrogatt a new input
29 e X Jet

x(e7) .= (x§’> 5;;])1) 7(e9) = (f<c,j> (xgcﬂ')),...,f(c )( fn”l))
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denote the locations and values already sampled of the surrog#iag the trajectory of replication By
consistency of the Gaussian process posterior, the conditional distribution of the ﬁ@é:(argﬁ’”) given

m—1

£ (X(C’j)) = Zf,iji is multivariate Gaussian with explicitly computable mean and variance. The value
fled) 2% is then drawn from this conditional law and appendecfﬁ@f), and the coupled fixed-point

iteration is updated using these sampled values. This construction ensures that, fprteactandom tra-
jectory{f(w‘) (azfﬁ”) } is exactly distributed according to the joint Gaussian process posterior along the
m,c

(random) coupling path, so that the output® are rigorous samples of the coupled Gaussian process-based
model. However, at each new query the conditional Gaussian formulas involve covariance matrices of size
m X m built at Iocatlons{:c(”) xm”} which depend on botin andj, so that repeated inversions of
growing matrices are required. The resulting cost is very high, but the procedure is fully coherent with the
Gaussian process prior and posterior, and can serve, at least on moderate grids, as a reference method for the
example of Section 2.4.

Proposed method-he proposed method is a practical compromise described below, which fixes the input sets
after one deterministic coupling run and reuses them for all MC iterations, thereby greatly reducing the cost
while retaining a nontrivial description of uncertainty.

We first fix an initial interface state(®) and run the deterministic coupling using the Gaussian process pos-
terior meangi(®). This fixed-point iteration produces a sequel(mé”))m>o and, by the stopping criterion,
converges afteM iterations. The points called during this deterministic computation attheiteration are

denoted
2Dex@ m=1.. M c=12

HL

M
These same point%rﬁf;)} are reused for all Monte Carlo replications, which keeps the sampling cost low

and fixes a unique reference path starting frdf.
For each Monte Carlo replicatigh= 1, ..., N and for each, we draw the Gaussian vector

( f(c’j)(xﬁ,i))):ﬂ N N(g@ (:M), K<c>)7

Heren® () = (1 (+f))) " andK( is the

block covariance matrix whosen, m’) block is |’<<C)(x5§), :cf,?) € RPexDe,

that is, a realization of the vect rf(c)( C)))

m=1

We then define the errors,

5(ed) = fled) ( ) — (:,;5,3) m=1,...,M, (17)
and, at simulatiory and iterationm, we use the perturbed surrogate:
flema (@) = p (z) + 857, (18)

Running the coupling with{ f(¢™7)}, starting from the same initial staté?, yields a vector outpuy (/).
We can anticipate that the i.i.d. fami{)y(J')};.V:l obtained by this procedure has the same distribution as the

one of the rigorous but computationally heavy procedures described above, provided the sampleéﬁﬁ?)ints
stay close enough (relative to the correlation radiua)fib This will be quantified in the next subsection.

From the family{y?) }].Vzl, we compute

PO VR ol ) R R
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When needed, componentwise summaries [mean, variance, and empirical intervals / Gaussian intervals (de-
pending on the estimator used)] are obtained ffoemd the diagonal c€ov(y]; these quantities describe the
uncertainty on the coupled outputs

2.3 Theoretical Control of Predictive Variance

Objective and strategy-he purpose of this subsection is to provide a theoretical justification for the Monte Carlo per-
turbation scheme of Section 2.2, which is used to propagate Gaussian process uncertainty through coupled surrogate
models. More precisely, the aim is to show that the random coupled outputs produced by the practical algorithm are
concentrated around the deterministic fixed point obtained with the Gaussian process mean surrogate, and that their
dispersion is explicitly controlled by the Gaussian process posterior variances via finite-sample bounds on the effect
of surrogate uncertainty on the coupled solution.

The argument proceeds in three steps: First, relate the posterior variances of scalar and multioutput Gaussian
processes to the fill distance of the design points, by exploiting the kernel-based approximation results of Kanagawa
et al. [9], which connect Gaussian process posterior variance to worst-case interpolation error in the associated re-
producing kernel Hilbert space (RKHS). In particular, Etat kernels induce Sobolev RKHSs, so that the variance
can be controlled through the fill distance of a representative input set. Second, establish a Lipschitz stability result
for the coupled fixed point with respect to perturbations of the surrogates. And finally, combine these two ingredients
to obtain a finite-sample, high-probability bound (Proposition 4), which constitutes the main theoretical result of this
section and quantifies the uncertainty of the Monte Carlo outputs.

Number of coupled solverk Sections 2.1 and 2.2, the presentation focused on the case of two coupled solvers
(C = 2), which corresponds to the application considered in this work. In the present subsection, the notation is
slightly generalized and the analysis is carried out for a generic finite nufbel of coupled surrogates; the case
C = 2isrecovered by specializing the formulas to two components.

Vector-valued conventioin coherence with the previous subsection, outputs (inclugjrage vectors and Gaus-
sian process kernels may be matrix-valued. Accordingly, covariance inequalities are to be understood in Loewner
(PSD) order and pointwise deviations are measured with the Euclidean norm. When we write a sup-norm for vector-
valued functiong : X — R”, we mean the sup-Euclidean nofig| . 2 := sup,c y [|g()]|2-

A first ingredient is a geometric quantity that characterizes how well a desigovers the input domain and
will later control the decay of the Gaussian process posterior variance.

Definition 5 (Fill distance) The fill distance of a point seX C & with respect to a domai&’ c R is defined as
hx x = sup min ||z — x|, (20)
rEX Ti eX
which measures the largest gap between any point in the dothaimd its nearest representativeXn

The following result recalls the standard multioutput Gaussian process regression formulas and fixes notation for
the block covariance matrices used in the subsequent bounds.

Theorem 1 (Posterior mean and covariance for multioutput Gaussian process regressionl[tg]): X — R”
have a Gaussian process pripr~ GP(u, k) with mean functionn : X — RP and matrix-valued kernek :
X x X — RP*P (positive semidefinite in the sense of Loewner order). Given inputs (x4, ..., z,) € X" and
noisy vector-valued observatio®s = (z(z1)",.. .,z(acn)T)T € R Z = f(X) + ¢, ¢ ~ N(0,0%L,p), the
posterior isf | Z ~ GP (g, K) with

_ -1

i(z) = W) + Kox (Kxx +0°L,p) " (Z — px), (21)

K(z,2") = k(z,2") — Kox (Kxx + sznD)_l Kxgr, (22)
wherepy = (p(z1) ', ..., u(:cn)T)T € R"P, Ky x € R"P*"Djsthe block covariance witft, j)-block[K x x];; =
K(z;,x;) € RP*P K, x = [k(z,21) -+ k(z,2,)] € RP*"P and K x,» = K . In the noise-free case, replace

Kxx + 0?I,p by Kxx.
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In order to relate Gaussian process posterior variances to approximation properties in Sobolev spaces, a classical
characterization of M&trn kernels in terms of their associated RKHS is recalled next.

Proposition 2 (RKHS of Magérn kernels [9]) Let k., be the Magrn kernel ont C R4 with smoothness > 0
and scalingh > 0. If s = « + d./2 is an integer, the RKH& is norm-equivalent to the Sobolev spa®g (X'):

Ko, h

W3 (X) =4 f € LX) : Z IDP f11Z,x) < 00

IBl<s

ThusH,, , = W3 (X) as sets of functions, and there exist constants, > 0 with c1|| flw;x) < [If|l%.
call fllws xys Vf € Hecy -

Under these regularity assumptions, the next result of Kanagawa et al. [9] links the posterior variance of a scalar
Gaussian process to the local fill distance of the design.

«x,h T

Theorem 2 (Scalarfill-distance bound, Kanagawa et al. [9])et k be a scalar kernel oiR? whose RKHS is norm-
equivalent to the Sobolev spaldg (R%) with s > d../2. For p > 0 and any finite set of point& = {z1,...,2,} C
R?, define the (local) fill distance at € R% by

he x(x) == sup min ||z" — 2] (23)
2’ €R%e T, €X
=" —z]I<p

Then, for anyp > 0, there existy > 0andC > 0 such that for al: € R% and all point setsX with he x(z) < ho,
the posterior variance satisfies
R(z,x) < Chpyx(x)2 . (24)

This scalar variance bound can be extended to the multioutput setting by exploiting the LMC representation of
the matrix-valued kernel.

Theorem 3 (Using LMC representation a lift of Kanagawa'’s scalar bound to multioutput Gaussian procdsses)
the matrix-valued kernel be of LMC forriz, 2’) = Zqul B, kq(z,z"), with B, = 0 and each scalak, satisfying
Theorem 2 with paramete(s,, C,, ho ). Then, for every with h, x (x) < min, ho 4,

Q Q
kK(z,z) < [ D Cohpx(@)® % | | Y B, |. (25)
q=1 q=1

Proof. Fix z € X andv € RP. The scalar projectiog, () := v f(x) is a Gaussian process with kerrel(z, »') =
v k(z, 2 )v = Z(?:l aq Kq(z,2'), wherea, := v' B,v > 0[10,11]. By Gaussian conditioning monotonicity
v Rz, z)v = Var(va(x) | f(X)) < Var(va(x) | va(X)) =Ky (x, x). (26)
Let ¢, be feature maps for the, so thatk,(z,z') = (@,(z), (pq(:c’)>Hq. A feature map fork, is ¢ =
(\/@@q)q into the Hilbert direct sungp,, H, [11,12], since

Q Q

(0(2), @& )g 0, = S (VAr0a(2), Va0 (x'))y, = 3 g ky(w.2') =, (a2,

q=1 q=1

For this scalar Gaussian process with kemglthe posterior variance admits the usual RKHS interpretation as the
squared distance from(z) to the sparf := spad ¢(x;)} in feature space [9]:

Q
Viy(z,z) = dist(@(z),5) < Z\/@dist((pq(x),Sq) = Z\/@\/KTI(J:J),
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where S, := spaf ¢4(z;)} and we used the triangle inequality in the direct sum. Squaring and applying Cauchy-
Schwarz yields

Q

2
Q Q
Ko(z,2) < | Y Vag/Ke(za) | < (D ag | [ D ®elz, )
q=1 q=1

q=1

By Theorem 2k, (x,x) < C, by x ()29~ wheneverh,, x(x) < hg 4. Therefore,

Ky(z,z) < Zaq Zcq hox(z)Zade | = T ZBQ v - ZC‘J hox (2) 20
7=1 q=1 q=1 q=1

Combining with Eq. (26), for alt, gives

Q Q
v k(z, )0 < v ZB‘I v - Zcq hpx ()%= |
q=1 q=1

which is equivalent to the stated Loewner bound. O

Remarkl (Interpretation of Theorem 3)Theorem 3 states that, for a multioutput Gaussian process with an LMC
kernel, the posterior covariance at any poinis bounded above by a scalar factor depending on the fill distance
ho,x (), times a fixed output-output matrEq By. In other words, as the design becomes denser (the fill distance
decreases), the posterior uncertainty on all outputs decays at a rate determined by the smoothness pardimisters
result lifts the scalar bound of Kanagawa et al. [9] to the multioutput setting relevant for our coupled surrogates.

After controlling the posterior variances of the individual surrogates, the second ingredient concerns the stability
of the coupled fixed point with respect to perturbations of these surrogates.

Coupling operator and solution mapet i/ be the interface space atifl : &/ — ) the post-processing map to
outputs. Fix an integef > 2, and letf = (..., f(©)) be aC-tuple of surrogates, with fixed interface operators

Fl:uHlerT,T-‘rl:yr—) r+1, 7’21,...,0—1,
andl'¢ : Yo — U; define the coupling operator
’]—f = I‘Cof(c)oI‘C,LCon-of(l)OFl U —-U.

We then define the solution mdp: A — Y, ®(f) := H(u*(f)),u*(f) € Fix(7y), whereA is an admissible class
of surrogate tuples on which the fixed point exists and is unique.

This stability analysis is based on a uniform contraction property of the coupling operator together with a Lips-
chitz condition on the post-processing mdp

Assumption 1 (Uniform contraction) There existp < (0, 1) such that for allf € A, the operatof; is a contrac-

tion on a Banach spad@/, || - |s) with modulus at mosp, andH is Ly-Lipschitz. Moreover, there are constants

Ly, ..., Lo (depending only on the interface operators and uniform Lipschitz bounds of the admissible surrogates)
such that for anyf, g € A and anyu € U,

C
175 (w) = Ty, < D Le|If =99 - (27)
c=1

Under the above contraction assumption, the following proposition shows that the coupled solution depends on
Lipschitz continuously on the underlying surrogates.
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Proposition 3 (Lipschitz stability of the solution map)Under Assumption 1, the mapis Lipschitz onA:

12(f) =29y < ZL 159 =g 9., forall f,gc A (28)

Proof. For anyf, g € A,
[w*(f) = w(9)llee = T (w*(f)) = Tg(w* (9w < 175 (" (f)) = Tp(w*(9) [l + 175 (w"(g)) — Tg(u"(9))lus-

By contraction, the first term is p [|u*(f) — u*(g)|lu; by Eq. (27), the second term# 3", L.||f(©) — g9 0.2
Therefore,u*(f) —u*(g)u < (1/(1—p)) Sy Le I/ = 9|2
Finally, we apply thel ;-Lipschitzness off and we obtain

C

[2(f) = (9)lly = [H(w"(f)) = Hu"(9)lly < Laullu™(f) —u*(g)ll, < 1L7H D oLlF =99
c=1

O

Remark2 (Interpretation of Proposition 3)Proposition 3 shows that the final coupled outg\tf) is Lipschitz-
continuous with respect to the surrogates. Small uniform perturbations of the surrégat@seasured in| - || 2)
produce controlled changes in the fixed-point solution and thus in the observable output. The ptEfagtar— p))
>-. L. can be interpreted as a global “sensitivity” constant of the coupled system with respect to surrogate errors.

The next corollary applies this general Lipschitz bound to the specific form of perturbations used in the Monte
Carlo scheme, namely, constant ginoffsets of the Gaussian process means at each iteration.

Corollary 1 (Constant-offset perturbations used in our MC schenepur Monte Carlo replication(m, j), we use
perturbed surrogates of the forfit®) (z) = (9 (z) + 55;‘2. with 67(7% € RP- independent of. Thean(C) —

00,2

‘ and the contraction modulysof 7; is unchanged. Hence

EOEIGIN (29)

Note that® and7; are different7; : &/ — U is the one-step iteration map (dependsfoand acts on the interface
variableu), whereasb maps the surrogate tupféto the final observable = H(u*(f)) obtained at the fixed point
of 7.

Remark3 (Connection to the Monte Carlo schem&orollary 1 shows that the specific form of perturbation used in
our Monte Carlo scheme@nstantoffsets with respect ta at each iteration) preserves the contraction property of
the coupling operator and turns the Lipschitz bound of Proposition 3 into a simple bound in terms of the Euclidean

normsHéﬁfb?J . This makes it possible to link the Gaussian process-based perturbations to a global control on the
deviation of the coupled solution.

Combining the Gaussian process posterior variance bounds from the first part of this subsection with the stability
result above leads to the following finite-sample, high-probability control on the Monte Carlo outputs, which forms
the main theoretical result of this section.

Proposition 4 (Finite-sample high-probability uncertainty quantification bouri@r eachc € {1,...,C}, let the
surrogate be a multioutput Gaussian process with the matrix-valued kernel of LMC«fétm, ') = ZQC B(C

Kff)(a:,x’) WhereBc(f) ~ 0, and each scalar latent kerneflk) satisfies the scalar fill-distance bound (Theorem 2)
with parameterss,. 4, Ce. 4, ho,c.q), With ., > d./2. Leth() denote the (local) fill distance of the design used for
9, and assumé(®) < hg,. := min, ho,.
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In our Monte Carlo scheme, the perturbed surrogates are constant offsets,
FO@) =a9@)+8€, 8 ~N(0,2.)in RP:, independent af,

with the covariance matrices dominated (in spectral norm) by the posterior margifalg(X.) < sup,cy
Amax(K'€) (z, 2)). Then, for anyB € (0, 1), with probability at leastl. — B,

Qe Qe
8} )=}, = 25 S5 20558 Sy

X Iog(zc;sDc) :

Proof. By Theorem 3, for alk, k(9 (z,z) < (Z?;‘l Ce,q (M) 25““’_d“> (fo:“l Béc)). Taking the largest eigen-
values and using the homogeneityAaf,« for non-negative scalars gives

Qc Qc 25c.q7dc
sup?\max(ﬁ(c) (:m)) < Amax| 3 B ch,q(h@)) T
TeEX =1 q=1
By the assumption ok, it follows that
Qc Qc 280 q*dc
Ama(Ze) < 0%, where o2 :=Amax| Y B | D Ceyg (h(c)> .
q=1 q=1

Letd(©) ~ N(0,%,) in RP<. For anyt. > 0, using|| - |2 < v/D¢|| - ||, @ union bound over coordinates, and the
one-dimensional Gaussian tail bound,

RIS X
D, )
< Zﬂ[P’(’zséC) >t0/m) < 2Dcexp(—2DC)\]:n:X(EC))

2
§2Dcexp(— £ )

With the choice

2cD, & S 28c,q—d 2ch)
tc = \/TDCUC |Og<6(> = 2Dc )\max ZB(SC) ch,q (h(C)) Sc,q c Iog(ﬁc)7
q=1 g=1

we getP([|5(°)||, > t.) < B/c. A union bound over = 1,...,c yields that, with probability at least — 3,
simultaneously for alt, ||5(°)||, < t.. Since the offsets are constantin|| f(©) — [i(9)|| o, 2 = [|5(|,.
By Proposition 3,

£c —(c LH ¢ Me (¢ LH <
[o({7},) —2({s}) ’y <1, ;Lc e e ;Lctc,
and substituting the expressiontgfgives the asserted bounds. O
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Remark4 (Interpretation and role of Proposition. 4Proposition 4 is the main theoretical result of this section. It
provides a finite-sample, high-probability bound on the deviation between the output obtained by running the coupling
algorithm with the mean surrogatég( }. and the random outputs produced by our practical Monte Carlo scheme
based on perturbed surrogatgs'® + 5(“)}.. In words, it shows that, with probability at leakt- 3, the random
outputs®({i{®) + 5(9},.) lie in a neighborhood of the deterministic fixed-point out@f i(*)}.) whose radius is
explicitly controlled by the Lipschitz sensitivity constants of the coupled soligr, @, L.), the posterior variances

of the Gaussian process surrogates (through the eigenval@;BéC) and the constants, ,), and the fill distances

h(©) of the designs used to train the surrogates. As the design becomes denser £$8 thatO and the posterior
variances decrease), the bound shrinks and the Monte Carlo outputs concentrate around the deterministic fixed point.

2.4 Analytical Validation on a Multidimensional Benchmark Example

This subsection considers an explicit multidimensional set@gifiput /3D coupled output) in order to assess, in a
controlled case, the behavior of Method 2 (trajectory-conditioned sampling) and Method 3 (mean-path constant-offset
scheme) introduced in Section 2.2.

Benchmark and reference solutidret/ = [0, 1]° and consider two smooth analytical functian¥, ¢ : U/ —
RR® defined componentwise by

0.30+ 0.08cog7z1) + 0.06¢:3 + 0.04x3 + 0.03z12;
g (21, 22, 23) = | 0.34+ 0.07sin(rz2) + 0.0523 — 0.04z123 + 0.02z; |,
0.32+ 0.06cog7x3) + 0.05¢2 + 0.03x; + 0.02z52:3

0.36+ 0.07sin(7x1) — 0.05z; + 0.04z3 + 0.02z12:3
9P (21,2, 23) = | 0.31+ 0.08cogwxy) + 0.05z2 + 0.04x3 — 0.022125
0.35+ 0.06sin(7x3) + 0.0423 — 0.03z1 + 0.02z17

We define the deterministic coupling map by relaxation,

1
— (@ )
T(2) = 5(9V @) +9?@)).
and the coupled reference solution is the unique fixed pdirt Fix(7), numerically found as
z* = (0.385949 0.386257 0.383437 .

Clarification. Following the notation of Section 2.1, we rewrite the relaxation coupling as the composition of two
mapsl’; : R® — R8 andT’, : R® — RS, We set

Fl(‘r) = (:Ua g(l)(x))v
and, fory = (y1,...,56) € RS,

1 1 o _
T23(y) = 5 Y35 + égj(- N(yodey), §=123.

Then7 = TI'; o I'; and the coupled solution satisfies = 7 (z*). We also verified numerically th&t (i) C U on
U = [0,1]3 and that sup,, | D7 (z)||» < p with p ~ 0.2079< 1, which supports the contractive characteobn
the considered domain and ensures uniqueness of the fixed pbint in

Surrogates and coupled fixed-point solW&e build twostructuredGP surrogateg™ and f(2 consistent with
the above decompositiori{Y) emulated’; and f(? emulated",. More precisely,f (Y has mean functiom® (z) =
(21,2, 23,0, 0,0) and diagonal covariance with diagonal ent(i@s0, 0, k, k, k), wherek is a Maérn covariance on
RS, while £ has the mean functiom® (y) = (ya/2, ys/2, ye/2) and diagonal covariandg:, k, k) acting on
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the first three coordinat€g, vz, y3). In practice, each random component is modeled by an independent GP with
Matérnb,/2 kernel,fixedisotropic length-scalé = 0.80 (no hyperparameter optimization), and a very small nugget
(jitter) o« = 10~12 added for numerical stability only (it is not interpreted as observation noise).

For each Monte Carlo replicatign the coupled surrogate solution is obtained as the fixed point of

=T (x), Tpo = f@D o f&I

starting fromz(® = (0.5,0.5,0.5) and stopped whej:("+1 — 2(™)||, < ¢ with tolerances = 107,

Table 1 reports the deterministic prediction accuracy of the uncertain GP blocks associated with the two analytical
functionsg® andg(®. In the structured implementation, the uncertain blockoforresponds tgV), whereas the
uncertain block off» corresponds t1/2)¢(?; the indicators associated wigk?) are therefore reported after rescaling
the posterior mean to the original functigf?). The table includes the predictive coeffici€f, the root mean square
error (RMSE), and the mean absolute error (MAE), all computed on an independent validation set.

Benchmark results (small DOE versus large DOB)o DOE sizes are considered: small DOE £ 20) and
large DOE {. = 500 training points per function. In both case¥,= 500 Monte Carlo replications are performed
for each method.

For small DOE, the empirical means armz— (0.3793720.3733060.388249", my3 = (0.3860910.385796
0.380067 ", with componentwise variancary, = (2.1222x 10-2,1.9478 x 10~2,1.8086 x 10727, Vargs =
(4.680 x 103 4.754 x 1072,3.930 x 107%)T. The mean difference gy, — myz = (—0.006719 —0.01249Q
0.008181 ". The componentwise Kolmogorov—Smirnov statistics are (0.100, 0.092, 0.142pwithues (0.0134,
0.0290, 0.0001), while the Welch tests give= (—0.933 —1.794, 1.233) with p-values (0.3509, 0.0732, 0.2180).
For||y||2, the Kolmogorov—Smirnov statistic 3118(p = 0.0019 and the Welch test gives= 3.437(p = 0.0008.

For large DOE, the empirical means mz = (0.3857190.3867740. 383345T ﬁlMg_ (0.3858630.386027
0.383166 ", with componentwise vanance&er = (5.89026.5133 7.7506) x 107° ,Varuz = (5.5739 6.406Q
6.8686) x 107°. The mean difference iy, — mys = (—0.0001440.0007470. 000179T The componentwise
Kolmogorov—Smirnov statistics are (0.034, 0.072, 0.060) witvalues (0.9351, 0.1497, 0.3294), and the Welch
tests givet = (—0.301, 1.469, 0.332) with p-values (0.7636, 0.1421, 0.7402). Hor||2, we obtain a Kolmogorov—
Smirnov statistic 0.058) = 0.3699 and a Welch test = 0.877 (p = 0.3806). Figure 1 reports the corresponding
empirical distributions.

TABLE 1: Deterministic prediction accuracy of the multidimensional GP
metamodels, reported on the scale of the original analytical functigh®RMSE,
and MAE are computed on an independent validation set

DOE/Function  Component Q? RMSE MAE

small DOEg™® m 0.9493 1.31x 102 8.61x 103
small DOEg Yo 0.6654 1.38< 102 9.63x 1073
small DOEg Y3 0.9149 127 102 8.33x10°3
small DOEg(® m 0.8663 1.11x 102 6.82x 1073
small DOEg(® Yo 0.9463 1.44< 102 9.30x 1073
small DOEg(® Y3 0.7947 112102 7.40x 1073
large DOEg™® U1 1.0000 3.69< 10* 9.82x 10°°
large DOEg™® Yo 0.9999 1.88 10* 6.18x 10°°
large DOEg™® Y3 1.0000 3.02¢< 10* 8.64x 10°°
large DOEg(® U1 0.9999 2.37% 10* 6.85x 10°°
large DOEg(® Yo 1.0000 3.13x 104 8.57x10°°
large DOEg(® Y3 0.9999 2.15<10* 6.82x 10°°
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FIG. 1: Empirical distributions of the coupled output= (y1, y2, y3) for Methods 2 and 3. Vertical dashed lines indicate the true
reference solution, and dotted lines indicate the deterministic GP-mean fixed point. Histograms are plotted as probability densities
using common bin edges within each panel.

DiscussionFor small DOE, Method 3 remains reasonably close to Method 2 in terms of empirical means, but
the Kolmogorov—-Smirnov tests detect statistically significant differences in distribution shape (componentwise and
for ||y||2), reflecting the limited informativeness of the design. For large DOE, the two methods become statistically
consistent in practice: empirical means and variances are very close and both the Kolmogorov—Smirnov and Welch
tests no longer indicate significant discrepancies (componentwise afigt|for. This behavior is coherent with the
rationale of Section 2.3: as the design becomes denser (smaller fill distance), posterior variances decrease and the
effect of GP perturbations on the coupled fixed point is better controlled, so the fixed-path constant-offset scheme
provides a reliable approximation of the trajectory-conditioned reference method.

3. APPLICATION: UNCERTAINTY QUANTIFICATION OF FUEL ASSEMBLY BOW USING THE
SURROGATE MODELS

3.1 Physical Context and Coupled Model

Fuel assembly (see Fig. 2) bow is a long-standing safety and operational concern in pressurized water reactor (PWR)
cores, first highlighted in the 1990s through cases of incomplete rod cluster insertion [13,14]. The deformation of
fuel assemblies results from the combined action of neutronic, mechanical, and hydraulic phenomena [15-17]. In
industrial practice, fuel assembly bow is evaluated over successive irradiation cycles, each cycle corresponding to
about 12-18 months of operation (see Fig. 3) and represented in computations by a sequence of quasistatic time
steps. At each time step, hydraulic and mechanical conditions are updated and coupled through a fluid-structure
interaction (FSI) loop: the hydraulic code Phorcys computes grid-level forces from the current deformed geometry
[3], while the thermomechanical code DACC updates the assembly deformation using a beam-type model of the
rod bundle and skeleton [18], including nonlinear rod-grid contact, thermal expansion, irradiation growth, creep,
variable grid clamping, and hold-down forces [19]. This partitioned Phorcys-DACC coupling is uncertain and can be
computationally demanding (slower solving, more iterations) for large systems.

To reduce this cost while retaining predictive accuracy, surrogate models based on Gaussian processes have
been developed in previous works. In [21], Gaussian process hydraulic surrogate models were constructed to predict
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FIG. 2: Schematic view of a fuel assembly (around 4 m high) with spacer grids (based on the results of [20])
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FIG. 3: Hydraulic network model for a row of 15 fuel assemblies under reactor operation (inlet and outlet) conditions (based on
the results of [3])
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spacer-grid forces from uncertain inputs, and in [19], Gaussian process mechanical surrogates were built to predict
assembly deformation. In both cases, dtatkernels were adopted to provide flexible but regularized representations

of the underlying physics. Their coupling was then formalized and validated in [22], enabling full-cycle simulations
via chained mechanical surrogate models, a nonlinear penalization to prevent interassembly penetration, and a robust
dual-loop FSI algorithm. Comparisons with the Phorcys-DACC reference chain showed that the coupled surrogates
reproduce fuel assembly bow with sufficient accuracy while reducing computational time by nearly two orders of
magnitude.

The present work builds on this surrogate-based coupling and extends it to a fully probabilistic, uncertainty-aware
framework. The objective is to quantify the epistemic uncertainty induced by the coupled Gaussian process surrogates
and to assess, on the realistic fuel assembly bow application, the practical relevance of the variance-control results
established in Section 2.3 and, finally, to illustrate uncertainty quantification on an example of FA simulation using
the surrogate models.

3.2 Uncertainty Quantification of the Surrogate Models in the Context of Fuel Assembly Bow

In this application, the two coupled surrogates play the rolg(®f (hydraulic GP surrogate model, one output per
spacer grid) ang® (mechanical GP surrogate model, one output per deformation principal mode). Both are mul-
tioutput Gaussian processes with Kat-based kernels. At each irradiation time stejhe coupled Phorcys—DACC
solver follows the abstract setting of Section 2.3 with= 2: given a surrogate pajf = (f, f?)), the coupling
operatorZ; acts on an interface spatg admits a unique fixed point; (f), and the observable bow field at step
is obtained ag; = ®(f) := H(u;(f)), with @, satisfying the Lipschitz stability property of Proposition 3. The
full-cycle output is obtained by composing these stepwise solution maps evér. .., T. For notational simplicity
we denote byP.c(f) the resulting full-cycle bow field.

Deterministic reference coupled simulatidrhroughout this subsection, we take as deterministic reference the
coupled solution obtained by using Gaussian process posterior meang'dnie (i, 1@), y* := ®¢yc(fH),
which corresponds to the operational surrogate-based simulator used in practice.

Deterministic mean-path rutuncertainty is propagated with the simplified Monte Carlo strategy (Method 3) of
Section 2.2, adapted to a multistep irradiation cycle. Starting from the initial core geometry, we first run the coupled
simulation with the Gaussian process posterior me{aﬁ@}izl. For each irradiation step=1,...,T, the inner

fixed-point solver produces interface itera(aét m))m>o and stops aftel, iterations. The surrogate inputs queried

at inner iterationm of stept are denoted:'°) e X t=1...T,m=1,...,M, ¢ = 1,2. We define the

t,m
deterministic cycle path

X(C)

W1{ﬁ%sz”#ﬂm:L”qM}Cﬂqc:LZ

This set is the cycle-level analog of the pou@tsﬁ,i)} , used in Method 3. It is computed once from the mean-only
run and then reused, unchanged, for all Monte Carlo replications.

Monte Carlo perturbations along the deterministic pafter each Monte Carlo replication= 1,..., N and
each surrogate € {1, 2}, we sample one joint posterior Gaussian process realization restricted to the deterministic

cycle path:(f(cxi) (;rg‘?n»t o~ /\/(u(c ( (C)) K(C)), wherefi(®) (X(;)) (u(c)( (k) ))t N andK(© is the

block posterior covariance matrix who&e, m), (t',m’)) block isk(¢) (x,E o, xif) ) € RP<xD< \We then define the
pathwise offsets,

59 . ﬂww )) MO(@) t=1...T, m=1,...,M,, j=1,....N,

and, at irradiation step and inner iterationn, we use the constant-offset perturbed surroqgfévm’j)(az) =
i@ () + 5{%9 For fixed(t, m, j, c), the quantityégf,’fb) is constant inc; i.e., it acts as an additive shift of the mean

t,m
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predictor. It is updated only when the algorithm advances to the next inner iteration(inde) which matches the
constant-offset construction of Method 3 and the setting analyzed in Section 2.3.

Cycle solve under perturbed surrogatésr each replicatiory, we rerun the full-cycle coupled solver from
the same initial state as in the mean-path run, replagiti by f(¢*m) at each step and inner iterationn.

This produces the Monte Carlo output’) = @cyc({f(cvtvmvj)} ) The sample{y(j)}j.\i1 then provides a
c,t,m -

Monte Carlo approximation of the epistemic uncertainty on the coupled cycle output induced by the Gaussian process
surrogates, in direct correspondence with Method 3. We estimate the mean and covariance of the cycle output by

yn = (YN) TN, y@, Covy] = (1/(N = 1)) SN, (y9) —yn) (y) — y~) . When needed, componentwise
summaries (variances, Gaussian uncertainty intervals) are obtaineg frand the diagonal ofa/[y].

Results and interpretation in light of the theoRigure 4 shows the standard deviation of the coupled Gaussian
process predictions of fuel assembly bow over a row of 15 assemblies and across the irradiation cycle, obtained by
running the coupled solver with the Gaussian process surrogates. The largest epistemic uncertainty induced by the
surrogates reaches 0.26 mm. This remains small compared with the displacement scale of about 10 mm. (In the fig-
ure, the actual height of the fuel assembly is around 4 m. However, the diagram is intended to represent the spacing
between two assemblies, therefore, the vertical dimension is not to scale and does not reflect the real length of the
fuel assembly. Each small square in the figure has a width equivalent to 2 mm, i.e., the nominal water gap between
two grids for undeformed fuel assemblies.) This behavior is consistent with the theoretical results of Section 2.3:
the training designs for the hydraulic and mechanical surrogates are dense (small fill digt&hceghich keeps
posterior variances low along the mean path (Theorem 3). In addition, the Lipschitz stability of the coupled solution
map® (Proposition 3) limits the amplification of these local surrogate errors through the surrogate-based FSI cou-
pling. Overall, the surrogates capture the fuel assembly bow response with sufficient accuracy: epistemic uncertainty
remains negligible at the coupled-output level, supporting the use of the posterior mean predictors alone in large-scale
reactor simulations.

Coupled Surrogate Models Final Uncertainty (mean * 2 std)

Maximal Standard Deviation in [mm] = 0.26

10

Grids
w =S (8] [«)] ~J [os] w

N

[y

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Assemblies

FIG. 4: Uncertainty of the coupled Gaussian process in a simulation of a row of 15 fuel assemblies
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3.3 Sensitivity Analysis for the Fluid-Structure Coupling

Based on the results above, we use only the surrogate-model posterior means as predictors in this section and through-
out the rest of the paper. We perform a global sensitivity analysis of the coupled fuel assembly bow simulation using
Sobol indices [23], leveraging the fast evaluation and predictive accuracy of the Gaussian process surrogate models
established in [19,21].

Coupled model with uncertain parameteirs addition to the interface variabte € I/ updated by the fixed-point
coupling (Section 2.1), the two deterministic solvers depend on a vector of uncertainnputs C R? (hydraulic
boundary conditions, mechanical parameters, and initial deformationsy. €of1, 2} we write S, : X. x © —

Ve, (2,0) — S.(,0), and for a fixedd we defineS?(x) := S.(x,0). For each sampl@ used for Sobol’ index
estimation, the coupling algorithm is run wihkept fixed throughout all fixed-point iterations. The coupled solution
therefore depends dhthrough the fixed point*(0) € Fix(7g), T := I'20 89 0 I'1p0 8P o 'y, and the quantity of
interest is the coupled outpyt (8) = H (u*(0)).

Gaussian process surrogates used in the sensitivity sfialynake the Sobol’ analysis tractable, we replace
each solveiS, by a Gaussian process surrogate model trained on the joint iGpLd3, and we run the coupling
using only its posterior meaf(®) (z, 8) (Section 2.2). Accordingly, the sensitivity analysis targets the variability of
y*(0) induced by the uncertain inpus which include both aleatory and epistemic physical parameters through their
prescribed probability distributions (see Table 2).

High-dimensional input spacé direct Sobol’ analysis is challenging becawsis high-dimensional: it includes
45 = 3 x 15modal coefficients describing the thrée S, andW deformation modes for 15 assemblies (see Fig. 5),
five hydraulic boundary-condition parameters, and additional uncertain quantities from the hydraulic and mechanical
models.

MethodologyTo make this analysis computationally feasible and scientifically meaningful, a structured reduction
of the input space is applied. This reduction is guided by earlier sensitivity analyses carried out separately for the
mechanical and hydraulic models in [19,21]. The input parameters are organized into coherent groups to reflect the
underlying physical processes: Initial modal deformations are aggregated into three representative vectars for the
S, andW modes; hydraulic boundary conditions are grouped into a distinct set of corresponding parameters; the
results of the sensitivity analyses on both the hydraulic and mechanical models allowed us to identify and neglect

TABLE 2: Uncertain input parameters, their names, and associated probability distributions

Symbol Name Probability distribution
C; Modal coefficient” N(0,0%) (oc depends on irradiation cycle
S Modal coefficientS N(0,0%) (o5 depends on irradiation cycle
W; Modal coefficienti?’ N(0,02,) (oW depends on irradiation cycle
Hydraulic boundary conditions
1% Average axial velocity N(p =5,0% = 0.05)
M; Maximum deviation (inlet) N (u = 0.05, 62 = 0.005)
LI s e Inlet lateral offset N(p=0,0%=0.2?)
Mo Maximum deviation (outlet) N(u = 0.04, 62 = 0.004)
Lo o Outlet lateral offset N(p=0,0%=0.1?
Epistemic parameter
hy Epistemic parameter (hydraulic modél) 4(0.01,0.03)
Mechanical parameters
MSI Holddown interaction of the system 14(0.01,0.025)
grid_clamping Grid clamping force N (u, 02) (1, o® depend on irradiation cycle
Coreep Creep constant N(p=10%=03?
Cyrowth Growth constant N(p=1,0%=03?)
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FIG.5: C, S, andW deformation modes of a fuel assembly

the variability of certain parameters that exhibited negligible influence on the simulation outputs. These include the
inlet temperature in both simulations, the axial resistance of spacer grids in the hydraulic model, and the fast neutron
flux. It is important to note that these parameters were not entirely removed from the models but rather fixed at their
mean values, because these parameters originally served as input variables for the surrogate models. This structured
reformulation reduces redundancy, simplifies interpretation, and enhances the clarity of the resulting Sobol’ indices.

The choice of the initial configuration and the uncertain input parametased on a prescribed neutronic
configuration, each fuel assembly is positioned within the core according to its irradiation cycle (an assembly of
cyclej has already experiencgd- 1 full irradiation cycles). Assemblies of cycle 3 are placed in the central region,
assemblies of cycle 2 are placed at the periphery, and assemblies of cycle 1 are placed in intermediate positions. This
influences the input parameters of the mechanical surrogate models, especially the modal coefficients which are used
to generate the initial deformations as a function of the age of each assembly. Additionally, the grid clamping force
is determined individually for each assembly. Table 2 summarizes the uncertain input parameters used in the coupled
simulations, along with their associated probability distributions. All input parameters in this study are supposed to
be independent.

Quantities of interest and sensitivity analysiie primary quantities of interest in this study are the modal
coefficientsC, S, and W, which characterize the mechanical deformation state of each fuel assembly. A global
sensitivity analysis has been conducted using Sobol’ indices, which quantify the contribution of each uncertain input
parameter to the variance of these outputs. In this study, the number of simulations isiggtiign = 11,000
which corresponds to the number required to compute the Sobol’ sensitivity indices using the Saltelli method [24]
implemented in th&Jranie platform [25]. The Saltelli approach requires a totahQfn, + 2) simulations, where
ns = 1000denotes the base sample size, apd= 9 represents the number of input variables: three vector inputs
(C, S, andWW), one vector for the hydraulic boundary conditions, and the five scalar inputs. The analysis has been
performed at three key stages of the reactor cycle: prior to irradiation, at the end of the irradiation phase, and after
irradiation during the opening of the upper core plate (see Fig. 6).

This temporal segmentation allows the evolution of sensitivities to be captured throughout the operational cycle.
In addition, a detailed Sobol’ analysis has been conducted by grouping fuel assemblies according to their irradiation
age (cycle) and spatial location in the core.

Old assemblies of cycle 3 are located at the center of the core, assemblies of cycle 2 are placed near the core
shroud, and new assemblies of cycle 1 are positioned in the intermediate regions. This classification enables a more
precise interpretation of how age and radial position influence mechanical behavior. To further enhance interpretabil-
ity, we have computed aggregated Sobol’ indices [26], which quantify the relative contribution of groups of input pa-
rameters to the total output variance. For clarity of presentation, these aggregated indices are displayed as normalized
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Evolution of the Lateral Displacement of a Fuel Assembly Grid Over a Reactor Cycle
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FIG. 6: Schematic of the fuel assembly grid’s lateral displacement across reactor cycle stages

pie charts, thereby providing a compact visual summary of the dominant sources of uncertainty across assemblies and
time points. It is worth emphasizing that the sum of the aggregated first-order Sobol’ indices has been found to be
close to unity, indicating that higher-order interactions among input parameters contribute negligibly to the variance.
This property justifies both the normalization step for visualization and the use of aggregated first-order indices as a
reliable measure of parameter importance in this context.

Results before irradiation phasBuring the pre-irradiation phase, the simulation considers the insertion force
of control rods in the grids, closure of the core, activation of primary circulation pumps, and the thermal ramp-up
to operational temperature. This phase corresponds to the initial mechanical stabilization of the reactor core under
thermal and hydraulic loads, in the absence of irradiation-driven phenomena such as creep or growth. Figure 7 shows
that the initial geometric deformation of fuel assemblies is the dominant factor influencing the final deformation state
across all cycles (1, 2, and 3) before irradiation. These initial deformations determine the contact distribution between
assemblies and thus govern the mechanical equilibrium at the early stages.

Results at the end of irradiation phas&t the end of irradiation, deformation is governed by both irradiation-
driven effects and the legacy of initial conditions (Fig. 8). Overall, hydraulic boundary conditions and the epistemic
parameter; seem to dominate the variance across cycles, especially regarding 6i@heS81 . For assemblies of
cycle 1, where initial deformations are small, the response is mainly controlled by B&; anidh creep acting as a
secondary contributor, especially for moSleFor assemblies of cycle 2, BC ahgdremain dominant foC and W/
modes, and creep remains a notable second-order effect; while regardgite, larger initial deformations play
a stronger role; influence is shared between initial deformationshB@nd creep. For assemblies of cycle 3, initial
deformations become the leading driver in several modes (nafgbsurpassing the hydraulic influence, while creep
has only marginal impact. Growth- and hold-down-related parameters remain negligible throughout.

Results after irradiation phaseit the post-irradiation stage—typically following upper core plate lift-off—
assemblies undergo elastic relaxation and retain residual deformation shaped by their irradiation history and boundary
conditions (Fig. 9). For assemblies of cycle 1 with low burnup in the intermediate regions, modal deformation variance
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Aggregated First Order Sobol Indices Before Irradiation Phase
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FIG. 7: Aggregated first-order Sobol’ indices before irradiation phase ofihe, andW deformation modes

Aggregated First Order Sobol Indices End Of Irradiation Phase
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FIG. 8: Aggregated first-order Sobol’ indices at the end of irradiation phase ofi tls¢ and1W deformation modes
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Aggregated First Order Sobol Indices After Irradiation Phase
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FIG. 9: Aggregated first order Sobol’ indices after the irradiation phase o&'thg and¥ deformation modes

is governed mainly by hydraulic boundary conditions (BC) and the epistemic paralmetéth creep contributing

only second-order effects. For assemblies of cycle 2, regarding ntbded ¥/, one can argue initial deformations;

BC andh; remain influent. However, no input really stands out in méd&or assemblies of cycle 3 at the core center

with highest burnup, while BC anb; remain influent regarding th€ andW modes (along wittC' and W initial
deformations), the&S mode is almost only driven by legacy geometric deformations (inttidode), confirming the
persistence of accumulated deformations. Overall, results for cycle 3 are similar to the ones in the end-of-irradiation
phase, highlighting that phenomena occurring after this phase only have little impact on input for these assemblies.
In this regime, creep becomes negligible compared to geometric effects.

3.4 Predictive Accuracy of the Simulation Codes

In simulations involving coupled mechanical and hydraulic models of fuel assemblies, initial deformation data are
subject to measurement uncertainty. Though these uncertainties are often overlooked, it has been demonstrated that
they play a significant role in the variance of the final outcomes [19]. It is therefore crucial to investigate how such
uncertainties propagate through the computational model and influence the resulting physical quantities. This section
primarily aims to evaluate the predictive capability of the coupled model for a given configuration—referred to as
the “calculation of the day”—by quantifying the confidence that can be placed in its results, assuming the input
measurements (including initial deformations) are known up to a certain measurement error. A secondary objective
is to analyze the contribution of initial deformation uncertainty to the overall result variability, in order to better
understand the dominant sources of uncertainty.

MethodologyRunning high-fidelity coupled simulations that account for both the mechanical and hydraulic be-
havior of nuclear fuel assemblies can become time consuming for large systems, especially when such simulations
must be repeated numerous times for uncertainty quantification. To overcome this limitation, we use the surrogate
models coupling strategy. These tools offer an efficient and reasonably accurate alternative to direct numerical simula-
tions, significantly reducing computation time while preserving the essential characteristics of the physical response.
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It is important to note that, in this simulation, we use the mean values of the Gaussian processes as predictors, and
we do not account for the uncertainty associated with the surrogate model itself. The approach adopted in this study
relies on a combination of physical assumptions and data inspired by realistic reactor operating conditions.

Hydraulic modelingThe parabolic velocity profile introduced in [22] is assumed. The uncertainty in these bound-
ary conditions is considered to be small. The hydraulic epistemic parameter, dépotedreated as a uniformly
distributed variable within the range [10 mm, 30 mm], with a nominal reference value of 20 mm.

Geometrical DeformatiorThe initial deformation is applied to a row of 15 fuel assemblies, as described in Sec-
tion 3.3). In this study, we do not explore the full space of possible deformation patterns; rather, we focus specifically
on the measurement uncertainty surrounding the known (measured) bow shapes. To this end, random variations are
introduced in the modal coefficients, S, and¥ to simulate the expected variability due to measurement errors.

Material and structural uncertaintie®eyond geometric variability, the model incorporates uncertainties in sev-
eral material and structural properties. Parameters such as creep behavior, fuel rod growth, and the stiffness of grid
spacers—particularly those related to clamping forces—are included in the analysis, as their uncertainties cannot be
neglected. The probability distributions used for these parameters are those listed in Table 2.

Propagation of measurement uncertainty on modal coefficiamthe fuel assembly bow application, the initial
deformation is measured at ten axial levels (typically at the spacer grids) and represented in a reduced modal basis.
Let U e R denote the true displacement vector and wiite= Z?:l Cju; = MC, where{us, up, us} is an

orthonormal family of deformation modes] € R1%%3 collects these modes as columns, &he- (Cy, Cp, C3) " are
the modal coefficients. The measured displacement is mode®ghas= U + ¢, ¢ ~ N(0, 0%I30), 0 = 0.3mm.
Since the modes are orthonormal, the least-squares estim@tésof§imply the projection olUn,es ONto this basis.
The projection is linear and the measurement noise is Gaussian, so the estimated modal coefficients are themselves
Gaussian, mutually uncorrelated, with variam@eénherited from the measurement noise. This justifies modeling the
uncertainties oit’;, S;, andW; as independent Gaussian variables with variarfce

Representation of the uncertainty in the initial configuratién. assumed measurement uncertainty of approx-
imately 0.3 mm is therefore applied on the modal coefficients to represent variability in the initial deformation of
fuel assemblies. Figure 10 illustrates the resulting uncertainty in the initial deformation field of the reference simu-
lation, showing 95% uncertainty intervals (Gaussian bands under the assumed normal model) associated with each

Initial Deformation Uncertainty for All Assemblies due to Measurement Uncertainty
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FIG. 10: Uncertainty in the initial deformation field with the 95% uncertainty intervals associated with each assembly [dark
blue (far left and far right): assemblies of cycle 2; red (middle left and middle right): assemblies of cycle 1; light blue (center):
assemblies of cycle 3]
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assembly. In this study, the same uncertainty le@& fhm) is applied regardless of the fuel cycle stage. This is likely
conservative at the beginning of cycle 1: factory measurements, performed in air on controlled metrology benches
with unirradiated assemblies, generally exhibit smaller uncertainties, and assemblies can be straightened if necessary.
In contrast, measurements taken later in the cycle (after cycles 1-3) are made under water on irradiated assemblies
and are typically less precise. Throughout this section, the nominal water-gap thickness (distance between two grids,
corresponding to one square in Fig. 10) is taken as 2 mm at full power.

Uncertainty on the parabolic velocity profil&@he axial velocity distribution is represented by a quadratic law
v(x) = az? + br + ¢ wherex is the spatial coordinate in the core and the coefficiénts, c) are uncertain. They
are inferred from three Gaussian random inputs: the mean axial velocity V'(i,, 02), the maximum devia-
tion M ~ N (uur, 0'%4), and the lateral offset, ;s ~ N(uLO”, choff). Algebraic constraints link these inputs to
(a, b, c), defining the parabolic shape. Uncertainty propagation is performed by Monte Carlo simulation: géherate
realizations ofv, M, L, ), compute coefficientéu;, b;, ¢;) and evaluate; (x) = a;2? + b;z + ¢;, and estimate the
empirical mean and variance at eachi(z) = (1/N) S0, vi(z), 0% = (1/(N = 1)) SN (vi(x) - 17(1;))2.

This procedure guantifies the variability @fz) induced by uncertainty in the input parameters. Figure 11 illus-
trates the resulting dispersion of velocity profiles consistent with the prescribed probability laws.

Reference simulation and uncertainty quantificatidhe reference simulation corresponds to a fully coupled
thermomechanical and hydraulic computation performed under nominal conditions. In this context, all uncertain in-
put parameters are fixed at their respective mean values. The geometric configuration considered is that of a row of 15
fuel assemblies. The simulation covers a complete irradiation period of 18 months, during which the evolution of me-
chanical deformation is tracked. The primary quantity of interest is the final deformation of each assembly in the row.

To assess the impact of parameter uncertainties on the simulation output, a forward uncertainty quantification
procedure is conducted using a Monte Carlo approach. A total of 2000 simulations are performed, each corresponding
to a distinct realization of the input parameters sampled from their associated probability density function. These
uncertain inputs include the uncertainty of the measurements of the initial geometry (the measured value, assumed to
be read from the instrument, has been fixed), material behavior parameters (e.g., creep and growth coefficients), and

Velocity profiles with uncertainty (injection and withdrawal)

5.4
5.2
E 5.0
E
he]
(W]
Q
,% 4.8
4.6
—— Mean injection profile
—— Mean withdrawal profile
Injection 95% CI
447 Withdrawal 95% CI

0.0 0.2 0:4 0.‘6 0.8 1.0
Adimensional length

FIG. 11: Uncertainty in the boundary condition profiles with 95% pointwise uncertainty band (injection profile = inlet conditions
and withdrawal profile = outlet conditions in Fig. 3)
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the hydraulic parameters. The empirical variance and uncertainty intervals of the output deformation fields are then
estimated from the simulation results.

In parallel, a modal decomposition is employed to represent the deformatiolr fie)dlong the axial coordinate
z. This representation is expressedrds) = Z?:l Cyu;i(2), where{u;(z)}2_, are deterministic modal shapes, and
{C;}3_, are the corresponding random modal coefficients. These coefficients encapsulate the uncertainties arising
from measurement errors of the initial geometry. Assuming the modal shapes are fixed and known, the variance of
the deformation field”(z) at each axial location can be computed using the following expressio(lY' \ay) =
Zijzl ui(2)u;(z) Cov(C;, C;j), where CoyC;, C;) denotes the covariance between modal coeffici€htandC;,
which is estimated from the sampled data set. This formulation allows the construction of a spatial uncertainty map of
the deformation field. Moreover, it facilitates the derivation of local variances and empirical (Monte Carlo) intervals
at each position.

Such analysis provides a detailed and probabilistically rigorous characterization of the possible variations in the
final deformation profiles, enhancing the interpretability and reliability of the simulation results under uncertainty.

ResultsFigure 12 shows the reference final deformation after 18 months of irradiation and removal of the upper
plate. The results are now presented in three figures to facilitate analysis by grouping them according to the type of
fuel assembly and their spatial location within the row. Figure 13 corresponds to assemblies of cycle 2 positioned at
the periphery of the reactor vessel. Figure 14 shows the results for assemblies of cycle 1 located in the intermediate
region, and Fig. 15 presents the results for assemblies of cycle 3 placed at the center of the core. In each figure,
the standard deviation of the grid displacement is computed. This provides an indicator of the maximum uncertainty
associated with each type of assembly across the three figures.

After presenting the uncertainty estimates in the previous figures, we now show the full distributions of 2000
calculations for assemblie$s and A1p in Fig. 16, using the sample mean as a summary statistic. The distributions
clearly deviate from Gaussian, which can be attributed to nonlinear effects and interactions between complex physical
phenomena.

The uncertainty in the simulation results seems primarily influenced by two key factors: the spatial position of the
assemblies within the core and their irradiation age. Our interpretation is that assemblies located near the core center
are more free to deform due to fewer mechanical constraints of their neighbors, which leads to higher variability
in their displacement responses. In contrast, peripheral assemblies are restricted by the reactor vessel, limiting their
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FIG. 12: Reference simulation results after an 18-month irradiation cycle
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FIG. 13: Uncertainty in the final deformation of fuel assemblies of cycle 2
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FIG. 14: Uncertainty in the final deformation of fuel assemblies of cycle 1

movement and consequently reducing the associated uncertainty. Additionally, the age of the assemblies plays a
significant role. Older assemblies deform more under the same loading, which in turn increases the uncertainty linked
to their mechanical behavior. With increasing irradiation cycles, fuel assemblies undergo stress relaxation of the tiny
springs retaining the rods and, as a consequence, tend to loose stiffness. As a result, older assemblies are more prone
to bowing than newly loaded, straight assemblies under identical loading conditions. These two parameters—position
and age—must therefore be carefully considered when interpreting results given by the coupled codes.
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Deformation and 2o confidence interval for the fuel assemblies Cycle 3
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FIG. 15: Uncertainty in the final deformation of fuel assemblies of cycle 3
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FIG. 16: A sample of size 2000 of deformation curves for assembligand A1 of cycle 3 (see Fig. 15)

Synthesis of the practical impadio summarize the main outcomes of the fuel-assembly bow application and
highlight the practical contribution of the proposed surrogate-based coupling framework, we report in Tables 3 and
4 the key quantitative indicators: computational cost, feasible UQ sample sizes (Sobol’ and Monte Carlo), resulting
uncertainty levels, and the dominant parameters’ contributors across the reactor-cycle stages.

Volume 16, Issue 4, 2026



80 Abboud et al.

TABLE 3: Summary of the practical contribution of the proposed surrogate-based coupling framework

. Direct coupled simulation Surrogate-based coupled
Quantity . .
(reference codes) simulation
Time to smul;‘;glg full irradiation ~ 4 h (one coupled run) ~ 2 min (one coupled run)
Sobol sensitivity analysis sample 11,000 coupled evaluations is 11,000 coupled evaluations
size impractical performed
MC smulaﬂons f‘?T fln_al Impractical 2000 simulations performed
uncertainty quantification
MaX|mum.totaI output gngertalnty Impractical using reference codes Quantified: 1.03 mm
(from input uncertainties)
MaX|mum epistemic uncerta_lnty N/A 0.26 mm
induced by surrogate coupling

TABLE 4: Main contributors to the variance of fuel-assembly bow across the three reactor-cycle stages
(aggregated first-order Sobol’ indices)

Sobol’s results: Dominant parameters influencing the final fuel assembly
deformation (by assembly irradiation cycle)

Before irradiation phase All cycles: Initial geometric deformations (modal coefficieritssS, IW).
Cycle 1: BC andh; dominate; creep is secondary (notably for m&ge
Cycle 2:ModesC/W: BC andh; dominate (creep secondary); magle
End of irradiation phase shared influence (initial deformations, B&, creep).

Cycle 3: Initial deformations become leading (notalsly, BC andh; remain
influential forC'/W; creep is marginal.

Cycle 1: BC andh; dominate; creep remains second-order.

Cycle 2: ModesS/W': initial deformations + BC +;; modeC'" no single
After irradiation phase| dominant contributor.

Cycle 3:ModesC/W: BC andh; + initial C'/TV; modeS: driven almost
exclusively by legacy geometry (initidgl); creep negligible.

Note: Cycle 1/2/3 denotes the assembly irradiation cycle (i.e., its age/burnup class in the core).

Cycle stage

4. CONCLUSION

This work has introduced a general framework for incorporating Gaussian process surrogates into coupled mul-
tiphysics simulations and for quantifying the induced epistemic uncertainty. At the theoretical level, the analysis
combines fill-distance bounds for scalar Gaussian processes in Sobolev-type RKHSs, lifted to matrix-valued LMC
kernels, with a Lipschitz stability result for the coupled fixed point under uniform perturbations of the surrogates.
This leads to a finite-sample, high-probability bound on the deviation between the coupled solution obtained with
Gaussian process means and the random outputs of a Monte Carlo perturbation scheme, expressed in Loewner order
and explicitly controlled by the fill distances of the designs and the kernel hyperparameters. The resulting bounds
apply to general vector-valued surrogates and abstract coupling operators satisfying a uniform contraction property,
and are therefore not tied to a specific physical model.

An analytical benchmark with a closed-form coupled solution has been used to validate the proposed constant-
offset Monte Carlo scheme against a fully coherent, trajectory-conditioned sampling strategy, showing statistical
agreement of the two output distributions at practical sample sizes. Finally, the methodology has been applied to a
realistic fluid—structure interaction problem for fuel assembly bow over irradiation cycles, where it was shown that
the uncertainty due to the coupled Gaussian process surrogates remains small (on the order of a few tenths of a
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millimeter) compared with the dominant input-data uncertainties. This supports the use of Gaussian process mean
predictions as accurate surrogates within reactor-scale uncertainty quantification, while the theoretical results ensure
that analogous conclusions can be drawn for other coupled Gaussian process-based models under the same regularity
and stability assumptions.
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