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We theoretically and experimentally investigate spontaneous self-organization in a conservative
(Hamiltonian) turbulent wave system, operating far from thermodynamic equilibrium. Our system is
governed by two coherently coupled nonlinear Schrödinger equations, describing the polarization
evolution of light in a dispersive nonlinear optical fiber. The analysis reveals the emergence of two
fundamentally distinct turbulent regimes. In a first regime, the waves undergo a slow, irreversible
thermalization process, which is accurately described by the wave turbulence kinetic equation and the
associated H theorem of entropy growth. In stark contrast with this expected irreversible process, we
identify a second different regime, where strong phase correlations spontaneously emerge, giving rise to a
fast reversible oscillatory dynamics of the normal correlator and anomalous phase correlator. Experimental
observations confirm the occurrence of both irreversible thermalization and reversible dynamics mediated
by the anomalous correlated fluctuations.
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Introduction—Nonintegrable Hamiltonian systems of
random waves generally undergo thermalization—an irre-
versible evolution toward thermodynamic equilibrium, char-
acterized by a state of maximum entropy. In the weakly
nonlinear regime, this process is accurately described by the
wave turbulence (WT) theory [1–6], which has been success-
fully applied to various physical systems [7–12], including
optical waves [13–18]. The WT kinetic equation (KE)
describes the actual irreversible evolution to the Rayleigh-
Jeans equilibrium distribution, which is expressed by an H
theorem of entropy growth. Interestingly, light thermaliza-
tion has recently been studied theoretically [19–21] and
experimentally [21–24] in multimode fibers, thus spurring
the emerging field of optical thermodynamics [19,25–35].
Although rigorous derivations of the WT KE have been

accomplished for certain partial differential equations
[36–38], the broader validity of the WT theory across a
wide range of nonlinear wave-interacting partial differential
equations remains unclear. A central requirement in deriv-
ing the KE is the demonstration that phase correlations
among the random waves can be neglected.
Phase correlations are known to underlie large-scale

coherent structures, such as solitons or condensates,
that emerge from strongly nonlinear turbulent regimes
[2–8,13,39–43]. These coherent structures are, by their
nature, phase-correlated entities. In contrast, we will focus

here on phase correlations in the weakly nonlinear regime
of random dispersive waves.
Phase correlations—also referred to as “anomalous

correlations”—were central to the original Bardeen-
Cooper-Schrieffer theory of superconductivity [44]. They
have since been extensively studied within the framework
of S theory [45–47], where anomalous correlations arise
from an external forcing (pumping) that parametrically
excites a dissipative magnetic system [47]. Anomalous
correlators connected to optical polarization were originally
introduced in Ref. [48] to study turbulence of electromag-
netic waves in isotropic plasma. From a different perspec-
tive, recent theoretical advances revealed the presence of
phase correlations in conservative (unforced) wave sys-
tems. Anomalous phase correlations have been identified in
Fermi-Pasta-Ulam-Tsingou chains [49], or in the coupled
nonlinear Schrödinger equation (NLSE), arising from
strong convection between wave components [50]. In
scalar wave systems, the mechanism underlying the
emergence of phase correlations between different frequen-
cies has been recently elucidated by showing that they may
only arise from Hamiltonian terms that break phase
invariance, whereas systems that preserve phase invariance
preclude such anomalous correlations [51].
In this Letter, we investigate a vector system of coher-

ently coupled NLSEs, which describe the polarization
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evolution of temporally incoherent light waves in optical
fibers. We identify two fundamentally different regimes: an
irreversible thermalization, and a reversible turbulent
dynamics driven by phase correlations. Unlike recent 2D
spatial studies in multimode optical fibers [21–24], we
examine here the 1D temporal dynamics of incoherent
waves propagating in a single-mode fiber [14–18]. By
using the standard WT theory (neglecting phase correla-
tions), we describe nonequilibrium thermalization accu-
rately. In contrast to this expected irreversible process, we
show that phase correlations can grow exponentially from
fully uncorrelated initial random waves, leading to a
reversible oscillatory turbulent dynamics. These anomalous
phase correlations emerge among different wave compo-
nents in a phase-invariant vector system, hence they are of
different nature from those investigated in Ref. [51].
Experimental results provide evidence of both irreversible
thermalization and reversible phase-correlated dynamics.
From a broader perspective, this Letter advances our
understanding of far-from-equilibrium self-organization
processes in closed (Hamiltonian) turbulent wave systems.
Model—We consider a generic model for vector phe-

nomena based on coherently coupled NLSEs. It describes
spinor Bose-Einstein condensates with field-induced spin-
flip coupling [52], allowing studies of quantum phase
transitions [53], or bubble nucleation in ferromagnetic
superfluids [54]. The coherently coupled NLSEs also
describe the polarization dynamics of an optical wave
propagating in a weakly birefringent fiber [55,56],

i∂zu ¼ −β∂ttuþ ασuþ γðκu†uuþ ρuTuu�Þ; ð1Þ

where uðt; zÞ ¼ ðux; uyÞT is the vector field in the linear
polarization basis, and the superscripts ðT; †Þ stand for the
transpose and conjugate transpose operations. As usual in
optics, the distance z of propagation plays the role of an
evolution “time”variable,while t denotes the retarded time in
a reference frame moving with the waves. γ is the nonlinear
parameter, β is the group-velocity dispersion, while κ and ρ
are dimensionless interaction coefficients; we will consider
the case κ ¼ 2ρ relevant to our experiments. The coherent
coupling parameter α originates from theweak birefringence
of the optical fiber, with the matrix σ ¼ diagðþ1;−1Þ. We
assume α > 0 without loss of generality. The vector NLSE
(1) conserves the power (particle number) N ¼ P

μ Nμ,
where NμðzÞ ¼ ð1=TÞ R T

0 juμj2dt, with T the size of the
numerical window, and μ ¼ x, y. It also conserves the
Hamiltonian H ¼ EþU, with a linear E, and a nonlinear
U, contribution [57].
Let us introduce the usual normal correlators nμðω; t; zÞ ¼R huμðtþ τ=2; zÞu�μðt − τ=2; zÞi expð−iωτÞdτ (μ ¼ x, y).

The dependence of nμ on the (“spatial”) variable t accounts
for possible statistical inhomogeneities in the randomwaves,
while the angle brackets denote an average over the random
initial conditions. Furthermore, the theorem in Ref. [51] for

phase-invariant scalar systems can be extended to vector
systems such as the vector NLSE (1), which implies the
absence of anomalous correlations among distinct frequen-
cies. However, as we show below, phase correlations may
emerge between different wave (i.e., polarization) compo-
nents at the same frequency: these will be characterized
by the anomalous correlator mðω; t; zÞ ¼ R huyðtþ τ=2; zÞ
u�xðt − τ=2; zÞi expð−iωτÞdτ.
Standard WT theory: Irreversible thermalization—We

consider the weakly nonlinear regime, where linear effects
dominate over nonlinear effects jE=Uj ≫ 1. Using the
standard WT theory [1–6,13,18], we derive the KE under
the usual assumptions: (i) statistical homogeneity, so that
nμ are t-independent, and (ii) absence of phase correlations
between ux and uy, i.e., the anomalous correlator is zero
at any “time” z, mðω; t; zÞ ¼ 0. The KE governing the
evolution of the averaged spectra nðω; zÞ ¼ ðnx; nyÞT then
takes the usual form,

∂znðω; zÞ ¼ κ2Colli½n� þ ρ2Collc½n�: ð2Þ

The collision terms are rather cumbersome; see Ref. [57].
They are cubic nonlinear terms Colli;c½n� ∼ n3, describing
the four-wave interaction as a collisional gas of “particles.”
The KE (2) conserves N ¼ P

μ Nμ, with NμðzÞ ¼
½1=ð2πÞ� R nμðω; zÞdω (μ ¼ x, y), and the linear energy
E [57]. At variance with the NLSE (1), the KE (2) is
irreversible, as expressed by a H-theorem of entropy
growth, dS=dz ≥ 0, where S ¼ P

μ Sμ, and SμðzÞ ¼
½1=ð2πÞ� R logðnμðω; zÞÞdω is the nonequilibrium entropy
of the μth component (μ ¼ x, y).
We have performed numerical simulations of NLSE (1).

As initial condition, we consider two uncorrelated random
waves ux;yðt; z ¼ 0Þ with zero mean, Gaussian statistics,
and Gaussian-shaped initial spectrum n0xðωÞ ¼ n0yðωÞ, i.e.,
N0

x ¼ N0
y, with n0μðωÞ ¼

ffiffiffiffiffiffi
2π

p
N0

μ expð−ω2=ð2σ2ÞÞ=σ. Let
us introduce the degree of polarization of the optical
wave [65],

PðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔNðzÞ2 þ 4jMðzÞj2

q
=N; ð3Þ

where MðzÞ ¼ ½1=ð2πÞ� R mðω; zÞdω ¼ huyðt; zÞu�xðt; zÞi
denotes the integrated anomalous correlator, and ΔNðzÞ ¼
NyðzÞ − NxðzÞ the unbalanced power distribution. Note
that P is bounded by 0 and 1, which correspond to
unpolarized and fully polarized waves, respectively.
We have also performed numerical simulations of the

WT KE (2): as shown in Fig. 1, a good agreement (without
adjustable parameters) is obtained with direct simulations
of the NLSE (1). Recalling that the KE neglects phase
correlations, such an agreement means that anomalous
correlations do not grow, i.e., MðzÞ ≃ 0 and PðzÞ≃
ΔNðzÞ=N. Accordingly, the thermalization process is
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characterized by an irreversible transfer of power from Nx
to Ny, thus leading to the emergence of a nonvanishing
degree of polarization [57].
Reversible dynamics mediated by phase correlations—

We now show that the thermalization process can be
inhibited by the spontaneous emergence of phase correla-
tions. To clarify this regime in a general framework, we do
not implicitly assume the waves obey homogeneous sta-
tistics, i.e., we leave nμðω; t; zÞ and mðω; t; zÞ to depend on
a slow nonhomogeneous variation in the t variable. Starting
from the NLSE (1), we derive in Supplemental Material the
equations governing the coupled evolution of the normal
and anomalous correlators [57],

∂znxðω; tÞ ¼ −2βω∂tnx þ γ∂tð2NxðtÞ þ κNyðtÞÞ∂ωnx
þ 2γκ∂tMrðtÞ∂ωmr þ 4γκMrðtÞmi; ð4Þ

∂zmðω; tÞ¼−2βω∂tmþ γð1þ κ=2Þ∂tðNxðtÞþNyðtÞÞ∂ωm
þ γκ∂tMrðtÞ∂ωðnxþnyÞ− imðγð2− κÞðNyðtÞ
−NxðtÞÞ−2αÞ−2iγκðnx−nyÞMrðtÞ; ð5Þ

withMðt; zÞ ¼ ½1=ð2πÞ� R mðω; t; zÞdω, Nμðt;zÞ¼½1=ð2πÞ�R
nμðω;t;zÞdω, while the superscriptsmr;i (Mr;i) denote the

real and imaginary parts of m (M). The equation for ny
follows from Eq. (4) by exchanging x ↔ y and reversing
the sign of the last term.
The first two terms on the right-hand side of Eq. (4)

correspond to the well-established Vlasov coupling
between two uncorrelated random waves. Here, the gen-
eralized Vlasov-like Eqs. (4) and (5) provide an original
extension accounting for phase correlations, mðω; tÞ. In
contrast to the KE (2), the system [(4) and (5)] is formally
reversible in ‘time’ z [57]. To avoid confusion with the
usual KE (2), we shall refer to Eqs. (4) and (5) [and Eq. (8)
below] as the anomalous-correlator kinetic equation
(AC-KE).

We consider an initial condition of two uncorrelated
random waves, of zero mean, with homogeneous statistics
and spectra nμðω; z ¼ 0Þ ¼ n0μðωÞ, so that the initial
anomalous correlator is zero, mðω; t; z ¼ 0Þ ¼ 0. We carry
out a linear stability analysis of Eqs. (4) and (5) around this
state. Using the Laplace-Fourier transform m̂ðω;Ω; λÞ ¼R
z
0 dz

R
mðω; t; zÞ expð−λz − iΩtÞdt, we obtain the

dispersion relation λðΩÞ of the anomalous correlator [57],

2π

γκ
¼
X
s

Z
n0xðωÞ−n0yðωÞ− sΩ∂ωðn0xðωÞþn0yðωÞÞ=2

isλ−2sβωΩ− γð2−κÞΔN0þ2α
dω;

where ΔN0 ¼ N0
y − N0

x, and s ¼ �1. Assuming the initial
spectra Gaussian-shaped, we compute the corresponding
growth rate Re½λðΩÞ�. The analysis reveals that, in general,
the homogeneous mode with Ω ¼ 0 is the most unstable,
with the maximum growth rate of the anomalous correlator,

λðΩ ¼ 0Þ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αð2γΔN0=3 − αÞ

q
; ð6Þ

where we have considered the case κ ¼ 2=3 relevant to our
experiments. The instability criterion then reads

αLnl < ð2=3ÞΔN0=N; ð7Þ

where Lnl ¼ 1=ðγNÞ denotes the nonlinear length.
Simulations of NLSE [Eq. (1)] confirm the theoretical
prediction [Eq. (6)], as illustrated in Fig. 2(a). The figure
shows 100 independent realizations of the initial uncorre-
lated random waves ux;yðt; z ¼ 0Þ (black lines), whose
ensemble average (green line) agrees with the instability
growth rate (6) (red line).
The fact that the homogeneous mode Ω ¼ 0 is the most

unstable, indicates that the subsequent nonlinear dynamics
described by Eqs. (4) and (5) preserves the homogeneous
statistics, i.e., nμðω; tÞ and mðω; tÞ are t-independent. In
this limit, the dynamics for the normal and anomalous
correlators (4) and (5) can be recast in the form of a Stokes
vector SðzÞ ¼ ðΔN; 2Mr; 2MiÞT that rotates on the surface
of the Poincaré sphere [57],

dzSðzÞ ¼ RðzÞ × SðzÞ; ð8Þ

with RðzÞ¼ð2α−γð2−κÞS1ðzÞ;−2γκS2ðzÞ;0ÞT . This for-
malism differs substantially from that commonly used to
describe polarization effects for fully coherent stationary
waves [56,66]. Conversely, a related kinetic approach for
random waves accounting for anomalous correlations was
originally developed in the context of isotropic plasma
turbulence, where nonlinear interactions due to stimulated
scattering drive the electromagnetic field toward complete
polarization [48] (we recall that classical Thomson scatter-
ing likewise produces fully polarized light at a scattering
angle π=2 [67]). Note, however, that the increase of PðzÞ

FIG. 1. Irreversible thermalization. Evolution during the propa-
gation of the power fraction Nx;yðzÞ=N (a), and corresponding
degree of polarization PðzÞ [Eq. (3)] (b), obtained from the
simulation of the NLSE (1) (5 realizations, dark and light blue
lines), and the simulation of theWTKE (2) (red lines). Parameters:
αLnl ¼ 1;ΔN0 ¼ 0; στ0 ¼ 0.8π; κ ¼ 2=3, withLnl ¼ 1=ðγNÞ the
nonlinear length and τ0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffijβjLnl

p
the “healing time” [jE=Uj≃

ðστ0Þ2].
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discussed above through Fig. 1 is of different nature, since
it is associated with the thermalization process that neglects
anomalous correlations. Furthermore, at variance with
Ref. [48], the kinetic Eq. (8) accounting for anomalous
correlators conserves the degree of polarization during
evolution PðzÞ ¼ const, as it is fixed by the radius of
the Poincaré sphere S0 ¼ ðP3

j¼1 S
2
jÞ1=2 ¼ PN. It turns out

that the nonlinear dynamics described by the AC-KE (8) is
essentially periodic, featuring oscillations that involve a
reversible exchange between the normal correlator ΔNðzÞ
and the anomalous correlator MðzÞ, while conserving

P2N2 ¼ ΔN2ðzÞ þ 4jMðzÞj2 ¼ const ð9Þ

This reversible dynamics is in agreement with the simu-
lations of the NLSE (1); see Fig. 2(b). Note that the fast,
reversible dynamics, governed by the quadratic nonlinear-
ities in the AC-KE (4), (5), and (8) in Fig. 2, stands in
contrast to the slow, irreversible thermalization driven by
the cubic nonlinear KE (2) in Fig. 1.
Experiments—We have experimentally investigated the

two different turbulent regimes that we have previously
described. We use 100-ps long pulses made of temporally
incoherent optical waves with a near Gaussian beam shape
and the following spectrotemporal features: 558-nm central
wavelength, full width at half maximum of about 1.93 THz
[57]. The temporally incoherent pulse is then divided into
two linear polarization states with relative tunable power
and temporal delay (much larger than their coherence time).
The incoherent waves are then injected into a 6.2-m-long
weakly birefringent silica fiber (α ≈ 0.565 m−1 at 558 nm)
whose propagation is governed by Eq. (1) [56]. The

complex anomalous correlator M, as well as the optical
powers Nx;y and spectra, along x and y axes, are measured
at the input and output of the fiber using an optical
spectrum analyzer and a polarimeter.
Experiments on the thermalization regime: This regime

is obtained when injecting the same power along both axes
x and y, i.e.,ΔN0 ¼ 0. Figure 3(a) shows the measurements
of the power differenceΔN=N and degree of polarization P
at the fiber output, as a function of the input power. We
observe that the degree of polarization is effectively
determined by the power imbalance P ≃ ΔN=N [see
Eq. (3)], since the measured anomalous correlator is
negligible (jMj ≃ 0), as expected for the thermalization
regime under investigation. In Fig. 3(a) we can see that, as
the input power increases, the degree of polarization P at
the fiber output grows larger. This behavior is found to be in
agreement with the numerical simulations of NLSE (1),
performed by faithfully reproducing the details of the
experimental conditions [57]. As predicted by the criterion
)7 ), a sufficiently large power difference may render the
anomalous correlator unstable. It is worth emphasizing,
however, that even for the largest power difference recorded
at the fiber output in Fig. 3(a), the anomalous correlator
remains stable [which is consistent with the criterion (7),
as αLnl ≈ 0.19 > ð2=3ÞΔN=N ≈ 0.12].
Figure 3(b) shows the measured input and output spectra

along the x axis of the fiber (similar results are obtained
along the y axis), together with the spectrum obtained from
NLSE simulations. The results show the formation of a
spectral tail decaying with the power law ∼ω−2, which is a
signature of light thermalization reflecting energy equi-
partition among the modes [1–5,18].
Experiments on the reversible turbulent regime: For

small initial anomalous correlations jMðz ¼ 0Þj ≃ 0, we
have seen through the criterion (7) that jMj can be unstable.

FIG. 2. Reversible turbulent dynamics. (a) Exponential growth
of the anomalous correlator starting from initially uncorrelated
random waves jMðz ¼ 0Þj ≃ 0: simulations of the NLSE (1) (100
realizations, black lines), and corresponding average (green line).
The red line reports the theoretical prediction [Eq. (6)]. (b) Non-
linear dynamics on the Poincaré sphere: simulation of the NLSE
(1) (red line), and corresponding theoretical prediction from the
simulation of AC-KE (8) (black line), showing the periodic
exchange among the normal and anomalous correlators. The blue
line reports the homoclinic orbit emanating from the unstable
fixed point S1 ¼ þS0, i.e., jMj ¼ 0. Parameters: αLnl ¼ 0.2;
στ0 ¼ 4π;ΔN0=N ¼ 0.6; κ ¼ 2=3; Lnl ¼ 1=ðγNÞ; τ0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffijβjLnl

p
(jE=Uj ≃ ðστ0Þ2).

FIG. 3. Observation of optical repolarization. (a) Experimental
measurements of the normalized power difference ΔN=N (blue
dots), and degree of polarization P (red crosses), vs input power:
In the thermalization regime, the anomalous correlator M is
negligible, and P ≃ ΔN=N; see Eq. (3). The measured repola-
rization is in good agreement with the simulations of NLSE (1)
(dashed black lines). (b) Measured power spectrum at the input
(blue line), and output (orange line), of the fiber. The exper-
imental spectra agree well with the simulation of NLSE (1) (black
lines), and exhibit a power-law signature of light thermalization
∼ω−2 in the spectral tail.
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Experimental constraints, however, prevent simultaneously
launching a strong unbalanced population S1 ≃ S0 with a
small phase correlation jMj ≃ 0, precluding a direct exper-
imental test of criterion (7). Nevertheless, in addition to the
instability of the fixed point ðM ¼ 0; S1 ¼ þS0Þ, the AC-
KE (8) also predicts a general nonlinear coupling between
normal and anomalous correlators for arbitrary initial
conditions on the sphere Sðz ¼ 0Þ, even if the criterion
(7) is not fulfilled. Here, we probe this nonlinear dynamics
experimentally starting from S1ðz ¼ 0Þ ≃ 0 with a large
phase correlation jMj. We thus restore a large anomalous
correlator by means of a polarizer, placed before injection
of the laser beam into the fiber. Figures 4(a) and 4(b) report
the experimental measurements of the power difference
ΔN=N and complex anomalous correlatorM=N at the fiber
output, as functions of the input power. Their nonmono-
tonic evolutions agree well with the simulations of the
NLSE (1). Such an agreement has been obtained by using a
single adjustable parameter, namely the initial relative
phase between ux and uy, which accounts for a minor,
uncontrolled elliptical polarization of the injected incoher-
ent optical beam. We have deliberately chosen to limit the
number of adjustable parameters in order to highlight the
physical mechanism at play. The quantitative discrepancy
between simulations and experiments in Fig. 4(b) can also
be attributed to the phase-sensitive nature of the anomalous
correlator M=N, which makes it more vulnerable to
experimental uncertainties and noise than ΔN=N shown
in Fig. 4(a). The analysis of the evolution of ΔN=N and
M=N along the fiber length L ¼ 6.2 m uncovers the
underlying oscillatory turbulent dynamics. This is illus-
trated in the insets of Figs. 4(a) and 4(b) for an input power
of 50 W, which corresponds to a strongly nonlinear regime
with jE=Uj ≃ 1. The blue and red curves refer to simu-
lations of the NLSE (1) and the AC-KE (8), respectively,
whose corresponding evolution is also reported on the

Stokes sphere; see Fig. 4(c). These results show that the
AC-KE (8), which is rigorously valid in the weakly
nonlinear regime jE=Uj ≪ 1 remains robust in describing
qualitatively the oscillatory turbulent behavior even in the
strongly nonlinear regime jE=Uj ≃ 1.
Conclusion and perspectives—We have revealed, both

theoretically and experimentally, that a phase-invariant
Hamiltonian system of coupled waves may exhibit two
distinct turbulent regimes: irreversible thermalization and
reversible dynamics mediated by phase correlations. The
experiments provide the first evidence of such contrasting
turbulent behaviors in conservative (Hamiltonian) systems
of dispersive nonlinear waves.
Our Letter establishes a basis for future advances in

understanding the interplay of these fundamentally differ-
ent regimes. Until now, turbulent regimes dominated by
slow, irreversible thermalization and those governed by
fast, correlation-driven reversible dynamics have been
separately explored, leaving open the fundamental question
about the role of anomalous correlators on thermalization,
and the reciprocal impact of irreversible processes on the
reversible dynamics. A key challenge for future research is
therefore the development of a generalized theory that
unifies these two aspects—reversible dynamics associated
to anomalous correlators and irreversible thermalization—
fully accounting for phase correlations.
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