
COMMUN. MATH. SCI. © 2026 International Press

Vol. 24, No. 4, pp. 1127–1154

EFFECTIVE DYNAMICS IN
LATTICES WITH RANDOM MASS PERTURBATIONS∗

JOSSELIN GARNIER† AND BASANT LAL SHARMA‡

Abstract. We consider a one-dimensional mono-atomic lattice with random perturbations of
masses spread over a finite number of particles. Assuming Newtonian dynamics and linear nearest-
neighbour interactions and allowing for a provision of pinning due to substrate interaction, we discuss
lattice dynamics in two frameworks: a transient dynamics problem and a time-harmonic transmission
problem. By a stochastic, multiscale analysis we provide expressions for the transient displacement
field, that propagates through the random perturbations, in the first case and for the time-harmonic
transmission coefficients in the second case. These theoretical predictions are supported by illustrations
of their agreements with numerical simulations.

Keywords. Random perturbations; lattice dynamics; discrete Schrödinger operators; multiscale
analysis.

AMS subject classifications. 34F05; 60H10; 34C15; 37K60.

1. Introduction
In this paper we consider a one-dimensional chain of particles. Each particle in-

teracts through a nearest-neighbor potential. The difference equation that governs the
dynamics of the one-dimensional lattice is deduced from Newton’s law. In the time-
dependent framework, the problem for the displacement field has the form

(1+mx)üx(t)=ux+1(t)+ux−1(t)−(2+ϖs)ux(t), x∈Z,t∈R, (1.1)

where the dot stands for the time derivative, the masses of the particles are 1+mx, the
parameter ϖs≥0 represents the pinning due to substrate interaction, and the initial
condition is

ux(0)=u(0)x , u̇x(0)=v(0)x , x∈Z, (1.2)

with a specified u(0) and v(0) in ℓ2(Z). In this framework, we are particularly interested
in solving for u :Z×R→R with the initial condition

ux0(0)=1,ux(0)=0, x∈Z\{x0}, u̇x(0)=0, x∈Z, (1.3)

that corresponds to an initial displacement localized at x0∈Z.
In connection with the history of this problem, we mention that Equation (1.1)

with mx≡0 was studied in [29], where several remarkable analyses and features were
proposed (such as a closed-form expression of the solution when ϖs=0); see also [9,20].
Equation (1.1) describes the vibration of an infinite mono-atomic chain with nearest-
neighbour interactions and belongs to a class of problems that appear in the study of
the dynamics of crystal lattices [6].
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Figures 1.1 and 1.2 present trajectories of particles in the lattice obtained by solving
(1.1), (1.3) using a standard numerical method assumingϖs=0 andϖs ̸=0, respectively.
In the unperturbed case mx≡0 one can observe the propagation of a displacement front
whose velocity is not the one of the long wavelength limit (continuum limit) of (1.1)
(except when ϖs=0), but can be obtained by an asymptotic analysis as we describe in
Section 2. In the perturbed case mx are independent and identically distributed with
mean zero and variance σ2 in the section x∈ [1,L]∩Z, and mx=0 outside the section
[1,L]∩Z. One can observe that the mass perturbations induce perturbations in the
dynamics that we describe in Section 3.

Fig. 1.1. Time domain problem with (left) and without (right) mass perturbations. Here L=
12,σ=0.15 and ϖs=0 (the number of curves on the left is 51 corresponding to a set of realizations
of random mass perturbations with the same statistics). Perturbed masses are indicated as solid black
disks on the schematic, adjacent to x-axis, whereas empty dots refer to the regular lattice. Mass
perturbations are located from x=2 to x=13. Initial condition (1.3) is supported outside the mass
defect with x0=0. The orange lines indicate the boundaries of the cone with unit speed of propagation.
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Fig. 1.2. Time domain problem with (left) and without (right) mass perturbations. Here ϖs=1.1
and the other parameters and details are the same ones as in Figure 1.1. The dashed orange lines
indicate the boundaries of the cone with unit speed of propagation, the solid orange lines indicate the
boundaries of the cone with speed of propagation 1/αs (see Equation (2.10)).

In the time-harmonic framework with frequency ω the solution of (1.1) has the form

ux(t)=e−iωtûx, x∈Z,t∈R, (1.4)

where û :Z→C is a solution of

−ω2(1+mx)ûx=(ûx+1+ ûx−1−2ûx)−ϖs ûx, x∈Z. (1.5)

As x→+∞ (in fact, as soon as x>L) the solution of (1.5) takes the form ûx=Teik x,
where k and T are functions of ω, and T depends, additionally, on the random mass
perturbations mx in the section x∈ [1,L]∩Z, see Section 4. In this framework, Figure
1.3 presents the transmittance |T |2 as a function of ω obtained by solving (1.5) using
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(a) (b)

Fig. 1.3. Numerical evaluations of |T |2 using the exact expression (A.10) described in Appendix
A.1 with (a) ϖs=0 (b) ϖs=1, σ=0.05,L=40 and 200 different realizations of the mass perturbations
mx, x∈ [1,L] (in the absence of mass perturbation on [1,L]∩Z, we have T ≡1).

numerical methods for different realizations of the random mass perturbations. One
can observe that the transmittance has strong fluctuations and we describe its statistics
in Section 4.

In connection with the history of this problem, we mention that, besides its ap-
plication to lattice vibrations, the Equation (1.5) also belongs to a class of discrete
scattering problems in the context of the discrete Schrödinger equation (within tight-
binding model of the electrons in crystals) [3, 30]. It has also played a crucial role in
the discovery of significant phenomena such as the famous localization result of [1]. In
the domain of electrical engineering, network synthesis and filter design [18], LC cir-
cuits based lattice structures also involve similar difference operators as in (1.1) and
(1.5), while such operators also appear in the lumped circuit models for electromagnetic
metamaterials [11, 17]. The Equation (1.5) naturally emerges in case of time-harmonic
lattice waves in one dimension [4–6].

In the simple physical model that we study in this article, the mass perturbations are
random, but time-independent and spread over a finite number of particles. Regarding
the notion of such random perturbations, as assumed in both frameworks analyzed in
this article, it is known that impurities and vacancies play an important role in the
thermal conductivity of materials specially due to local mass distortions around point
defects; see [19,31] as examples of some recent studies from a physics related viewpoint
involving mass disorder in crystalline materials. Indeed, over the last century, till this
date, the analysis of one-dimensional lattice models, while also accounting for disorder
and randomness, has been a part of several physics-oriented and mathematical research
works [12, 16]. In a sense, we initiate in this paper the development of a stochastic
framework for capturing effective dynamical behaviours of discrete random media by
using a prototype of one-dimensional lattice model; recently, we extended some of these
results to lattice half-spaces [15]. The questions posed in the present article concerning
(1.1) and (1.5) can be also potentially generalized to quasi-one-dimensional problems of
waveguides, such as the Anderson localization of states due to mass disorder [24] or the
problem of electronic transport through several interfaces and junctions [25–28]. On
the other hand, the question of inverse problem is also related to such forward analysis
of discrete media and attaining information about statistics of the perturbation can be
useful. A recent result on inverse scattering on lattices, in particular in one dimension,
is given in [21, 22]; see references therein for the general problem of inverse scattering
in discrete framework.
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The main results that we report in this paper are the following ones. An initial
condition of the form (1.3) generates a displacement field that has the form of a disper-
sive wave whose front propagates with a velocity that depends on ϖs. In the presence
of random mass perturbations, the wave front is not perturbed (when ϖs=0) but the
tail of the wave field experiences damping (see Theorems 3.1-3.4). This is in contrast
with the results known for the continuous scalar wave equation in random media in
which the wave front experiences two different phenomena: a deterministic attenuation
and spreading and a random time shift [23]. Moreover, the statistics of the transmit-
tance can be fully characterized and exhibits a very strong frequency-dependence (see
Theorem 4.1).

The paper is organized as follows. In Section 2 the unperturbed problem is addressed
and asymptotic solutions are presented, which describe the behaviors of the waves in
homogeneous media. The time-dependent, resp. time-harmonic, problem with random
mass perturbations is studied in Section 3, resp. Section 4. Proofs are given in the
following sections.

2. Preliminary results
In this section we consider the unperturbed case mx=0 for all x∈Z. The following

lemmas are proved in Section 5.

Lemma 2.1 (Solution without perturbation for ϖs=0). The solution of (1.1) with
the initial conditions (1.3) in the absence of mass perturbations mx≡0 and with ϖs=0
is of the form

ux(t)=
1

2π

∫ +∞

0

ûx(ω)e
−iωtdω+c.c., t≥0, x∈Z, (2.1)

where the Fourier components are given by

ûx(ω)= ĉ(ω)cos
(
k(ω)(x−x0)

)
, (2.2)

with

k(ω)=2arcsin
(ω
2

)
, ĉ(ω)=

2√
4−ω2

1(0,2)(|ω |). (2.3)

We can also write, since ûx(−ω)= ûx(ω), that

ux(t)=
1

2π

∫ +∞

−∞
ûx(ω)e

−iωtdω, t≥0, x∈Z . (2.4)

Remark 2.1. We can make the change of variable ω 7→2sins in (2.4) and we obtain

ux(t)=
1

2π

∫ π/2

−π/2

(
e2is(x−x0)+e−2is(x−x0)

)
e−2isin(s)tds, t≥0, x∈Z, (2.5)

which gives

ux(t)=J2(x−x0)(2t), t≥0, x∈Z, (2.6)

where J is the Bessel function of the first kind. This expression is valid only for ϖs=0
and there is no equivalent expression for ϖs>0.
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We can study the asymptotic behavior of ux0+x(t) for large t and x. The objective
is to describe theoretically the behavior of the wave field that can be observed in the nu-
merical experiments reported in Figures 1.1 and 1.2 (right): the wave field is essentially
supported in the cone delimited by the space-time lines x=x0±t when ϖs=0 (Figure
1.1 right) and x=x0±t/αs when ϖs ̸=0, with αs defined by (2.10) (Figure 1.2 right).

Let us consider x≫1 and t=αx, α∈ (1,+∞). A stationary phase argument gives
the following result that determines the form of the wave field inside the cone delimited
by the space-time lines x=x0±t and that is characterized by an oscillatory behavior
and an algebraic decay as 1/

√
x.

Lemma 2.2 (Asymptotic behavior ϖs=0). For any α∈ (1,+∞) we have

ux0+x(αx)=
1

√
πx 4

√
α2−1

cos
(π
4
+2

(
arccos(1/α)−

√
α2−1

)
x
)
+o(

1√
x
), (2.7)

as x→+∞.

For α∈ [0,1) there is no stationary point which implies that ux0+x(αx) is much
smaller than 1/

√
x. In other words, there is no signal outside the cone.

When α↘1, i.e. at times close to x, formula (2.7) blows up, which indicates that
the amplitude of the wave close to the front (the boundary of the cone) is larger than
1/
√
x. A refined study (see Section 5) gives the behavior of the front field, which has a

duration of the order of 3
√
x and an amplitude of the order of 1/ 3

√
x.

Lemma 2.3 (Asymptotic front behavior ϖs=0). For any β∈R we have

ux0+x(x+
3
√
xβ)=

1
3
√
x
Ai(−2β)+o(

1
3
√
x
), (2.8)

as x→+∞, where Ai is the Airy function.

Remark 2.2. Recall that Ai(x)∼e−(2/3)x3/2

/(2
√
π 4
√
x) for x≫1 which shows that the

field ux0+x(t) is vanishing before the arrival time x and the field is essentially contained in
the cone with unit speed of propagation as seen in Figure 1.1 right. Moreover Ai(−x)∼
cos[(π/4)−(2/3)x3/2]/(

√
π 4
√
x) for x≫1, which shows that the two expansions (2.7)

and (2.8) match.

If ϖs>0, then the same procedure gives the expression (2.1-2.2) for the solution
ux(t) with modified expressions for k(ω) and ĉ(ω).

Lemma 2.4 (Solution without perturbation for ϖs>0). If ϖs>0, then the solution
ux(t) has the form (2.1-2.2) with

k(ω)=2arcsin
(√ω2−ϖs

2

)
, ĉ(ω)=

2|ω |√
ω2−ϖs

√
4+ϖs−ω2

1(
√
ϖs,

√
ϖs+4)(|ω |). (2.9)

We can study the asymptotic behavior of ux0+x(t) for large t>0 and x∈Z. Let us
consider x≫1 and t=αx, α∈ (αs,+∞), with

αs=

√
2√

2+ϖs−ω2
s

, ωs=
4
√
4ϖs+ϖs

2. (2.10)

Note that αs is larger than one. A stationary phase argument gives the following result.



J. GARNIER AND B.L. SHARMA 1133

Lemma 2.5 (Asymptotic behavior ϖs>0). For any α∈ (αs,+∞) we have

ux0+x(αx)=

√
2ω+

α
3/2√

πα(ω+
α
4−ω4

s)x

cos
(π
4
+[k(ω+

α )−ω+
α α]x

)

+

√
2ω−

α
3/2√

πα(ω4
s−ω−

α
4
)x

cos
(
− π

4
+[k(ω−

α )−ω−
α α]x

)
+o(

1√
x
), (2.11)

as x→+∞, where

ω±
α
2
=

2

α2

[
(1+

ϖs

2
)α2−1±

√
α4−(2+ϖs)α2+1

]
. (2.12)

If α∈ [0,αs) then there is no stationary point so we can conclude that ux0+x(αx) is
much smaller than 1/

√
x. When α↘αs, i.e. at times close to αsx, formula (2.11) blows

up which indicates that the amplitude of the wave close to the front (the boundary of
the cone) is larger than 1/

√
x. A refined study gives the behavior of the front field,

which has a duration of the order of 3
√
x and an amplitude of the order of 1/ 3

√
x.

Lemma 2.6 (asymptotic front behavior ϖs>0). For any β∈R we have

ux0+x(αsx+β 3
√
x)=

3√2
3
√
x
Ai

(
− 3
√
2 β
αs

)
cos

(
[k(ωs)−ωsαs]x−ωsβ 3

√
x
)
+o( 1

3
√
x
), (2.13)

as x→+∞.

Since Ai(x) decays very fast for x≫1, this confirms that the field is vanishing
before the arrival time αsx. The field is essentially contained in the cone with speed
of propagation 1/αs as seen in Figure 1.2 right. Note that the function ϖs∈ [0,+∞) 7→
1/αs∈ (0,1] is decreasing, which means that pinning reduces the speed of propagation
of the wave field.

Remark 2.3. It is possible to get the front velocity 1/αs by a group velocity

analysis. Indeed from (2.9) we get the dispersion relation ω(k)=
√
ϖs+4sin2(k/2).

The group velocity is vg(k)=∂kω(k). The maximal group velocity is obtained at

ks=2arcsin(
√

ω2
s −ϖs/2) (which corresponds to the frequency ω(ks)=ωs) and its value

is precisely 1/αs. This means that the wave front is made of modes whose wavenumbers
k are close to ks, which are the ones that propagate the fastest. We finally remark
that in the long wavelength limit (continuum limit) of (1.1), the dispersion relation is
ω(k)=

√
ϖs+k2 and the maximal group velocity is 1 whatever the value of ϖs. This

shows that the dynamics of the discrete system is different from its long wavelength
limit even for large propagation distances and times.

3. Effective dynamics for the time-dependent problem
In this section we assume that, for x∈ [1,L]∩Z, the variables mx are independent

and identically distributed with mean zero and variance σ2:

E[m2
x]=σ2. (3.1)

The forthcoming results are obtained by a multiscale analysis that is valid when σ≪1
and L is of the order of σ−2 (so that σ2L=O(1)) and they are proved in Section 7. We
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consider the initial condition (1.3) with x0=0. We define

γ(ω)=
σ2ω4

4sin2k(ω)
, (3.2)

where k(ω) is given by (2.9).

Theorem 3.1 (Mean field with random mass perturbations and ϖs=0). If σ≪1,
x>L≫1,x∈Z, then the mean field of (1.1), (1.3) has the form:

E
[
ux(αx)

]
=

1
√
πx 4

√
α2−1

cos
(π
4
+2

(
arccos(1/α)−

√
α2−1

)
x
)
e−γ(ωα)L+o(

1√
x
), (3.3)

for any α∈ (1,+∞), where

ωα=
2
√
α2−1

α
, γ(ωα)=σ2(α2−1). (3.4)

Theorem 3.2 (Mean front with random mass perturbations and ϖs=0). If σ≪1,
x>L≫1,x∈Z, then we have

E
[
ux(x+

3
√
xβ)

]
=

1
3
√
x
Ai(−2β)+o(

1
3
√
x
), (3.5)

for any β∈R.
The expression (3.5) shows that the mean field for times t close to the front x is not

affected to leading order by the random mass perturbations, while the expression (3.3)
shows that the mean field following the front for times t larger than x is affected. This
is in contrast with the results known for the scalar wave equation in which the wave
front experiences two different phenomena: a deterministic attenuation and spreading
and a random time shift. The attenuation and spreading is described by a deterministic
kernel determined by the statistics of the random medium. The random time shift has
Gaussian statistics with mean zero and variance that depends on the statistics of the
random medium. The stabilization of the wave front in one-dimensional random media
(or in three-dimensional randomly layered media) was first noted by O’Doherty and
Anstey in a geophysical context [23]. A time-domain integral equation approach was
given in [7, 8]. A frequency-domain approach was presented in [10,14].

Remark 3.1 (Transmitted field with random mass perturbations and ϖs=0). In the
region x>L,x∈Z, the solution has the form

ux(αx)=
1

√
πx 4

√
α2−1

cos
(π
4
+2

(
arccos(1/α)−

√
α2−1

)
x+

√
γ(ωα)WL

)
×e−

γ(ωα)
2 L+o(

1√
x
), (3.6)

where WL∼N (0,L). At times close to x>0,x∈Z, we have

ux(x+
3
√
xβ)=

1
3
√
x
Ai(−2β)+o(

1
3
√
x
), β∈R. (3.7)

These expressions show that the field for times t close to the front x is not affected to
leading order by the random perturbations, but the field following the front for times t
larger than x is affected.



J. GARNIER AND B.L. SHARMA 1135

(a)

(b)

(c)

(d)

Fig. 3.1. Time domain problem with random mass perturbations with σ=0.15, comparing ensem-
ble of numerical solutions (in grayish blue shade with empirical mean curve in red) with asymptotic
formulas (in blue). (a) Mean field (3.3), ϖs=0, L=16. (b) Mean front (3.5), ϖs=0, L=16. (c)
Mean field (3.8), ϖs=1.1, L=8. (d) Mean front (3.10), ϖs=1.1, L=8.



1136 EFFECTIVE DYNAMICS IN RANDOMLY PERTURBED LATTICES

We now address the case when ϖs>0. Let αs be defined by (2.10).

Theorem 3.3 (Mean field with random mass perturbations and ϖs>0). If σ≪1,
x>L≫1,x∈Z, the mean field has the form:

E
[
ux0+x(αx)

]
=

√
2ω+

α
3/2√

πα(ω+
α
4−ω4

s)x

cos
(π
4
+[k(ω+

α )−ω+
αα]x

)
e−γ(ω+

α )L

+

√
2ω−

α
3/2√

πα(ω4
s−ω−

α
4
)x

cos
(
− π

4
+[k(ω−

α )−ω−
αα]x

)
e−γ(ω−

α )L+o(
1√
x
),

(3.8)

for any α∈ (αs,+∞), where k(ω) is given by (2.9), ωs is defined by (2.10), ω±
α is defined

by (2.12) and

γ(ω±
α )=

σ2α2ω±
α
2

4
. (3.9)

Theorem 3.4 (Mean front with random mass perturbations and ϖs>0). If σ≪1,
x>L≫1,x∈Z, then we have

E
[
ux(αsx+

3
√
xβ)

]
=

3
√
2

3
√
x
Ai

(
− 3
√
2
β

αs

)
cos

(
[k(ωs)−ωsαs]x−ωsβ

3
√
x
)
×e−γ(ωs)L+o(

1
3
√
x
), (3.10)

for any β∈R, where k(ω) is defined by (2.9), ωs is defined by (2.10), and

γ(ωs)=
σ2α2

sω
2
s

4
=

σ2√ϖs

√
4+ϖs

(
√
4+ϖs−

√
ϖs)2

. (3.11)

As ϖs→0+, it is noted that the expression (3.10) reduces to the earlier result (3.5)
valid for ϖs=0 and the attenuation drops to zero. Thus the case ϖs>0 is characterized
by an attenuation of the front field for times close to αsx, which is different from the
behaviour in the case ϖs=0.

In Figure 3.1 we compare the empirical averages of numerical simulations with
the theoretical predictions for the mean field and the mean front (i.e. (3.3), (3.5)
when ϖs=0 and (3.8), (3.10) when ϖs>0). We obtain excellent agreement which
demonstrates the accuracy of the asymptotic approach.

4. Effective dynamics for the time-harmonic problem
Here we assume that the variables mx in the section x∈ [1,L]∩Z are identically

distributed with mean zero and variance σ2:

E[m2
x]=σ2, (4.1)

with σ≪1, and L is of the order of σ−2.
We consider a time-harmonic wave (1.4) with ω∈ (

√
ϖs,

√
ϖs+4) (propagative

regime). When mx=0 for x≤0,x∈Z, and for x>L,x∈Z, and a unit-amplitude right-
going input wave is incoming from the left, the solution has the form

ûx=eikx+Re−ikx for x≤0,x∈Z, (4.2)
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ûx=Teikx for x>L,x∈Z, (4.3)

where k(ω) is the solution of the dispersion relation −ω2=2cosk−2−ϖs, which has
the form (2.9). The time-harmonic field ûx satisfies (1.5) for x∈ [1,L]∩Z. The complex
coefficient R, resp. T , is the reflection, resp. transmission, coefficient of the perturbed
section [1,L]∩Z.

4.1. Independent perturbations. In this subsection we assume that the
variables mx are independent and identically distributed.

Theorem 4.1. For a given ω∈ (
√
ϖs,

√
ϖs+4), the square modulus of the transmission

coefficient τ = |T |2 behaves as a Markov diffusion process as a function of L with the
infinitesimal generator

L=γ
[
τ2(1−τ)∂2

τ −τ2∂τ
]
, (4.4)

starting from τ0=1, where γ(ω) is defined by (3.2) and k(ω) is defined by (2.9).

This theorem is proved in Section 6.1 by a multiscale analysis in the scaling regime
σ≪1 and L=O(σ−2). The form of the infinitesimal generator is similar to the one
obtained for the square modulus of the transmission coefficient of the one-dimensional
wave equation in random medium [14, Theorem 7.3], except for the frequency depen-
dence which is different here and which follows from the particular dispersion relation
of the discrete lattice.

Using the results of [14, Section 7.1.5] we obtain that, for any n≥1:

E
[
|T |2n

]
=e−

γL
4

∫ ∞

0

e−γLs2 2πssinh(πs)

cosh2(πs)
ϕn(s)ds, (4.5)

with

ϕ1(s)=1, ϕn(s)=

n−1∏
j=1

s2+(j− 1
2 )

2

j2
, n≥2. (4.6)

As a result of (4.5), we can obtain the mean transmission E
[
|T |2

]
and its variance

Var
(
|T |2

)
=E

[
|T |4

]
−E

[
|T |2

]2
.

In Figure 4.1, we compare the empirical averages of numerical simulations with
the theoretical predictions for the expectation E[|T |2] and the standard deviation
Std(|T |2)=Var(|T |2)1/2. The numerical simulations are based on the exact solution
(A.10) and the theoretical predictions are based on (4.5). We obtain excellent agree-
ment which confirms the accuracy of the asymptotic approach. We can observe that
the behavior of the transmittance close to the left endpoint of the propagative band
(
√
ϖs,

√
ϖs+4) is very different in the cases ϖs=0 and ϖs ̸=0. The transmittance goes

to zero as ω→√
ϖs when ϖs>0 and it goes to one when ϖs=0.

4.2. Correlated perturbations. The previous results can be extended to the
case where the variables mx are identically distributed with mean zero, variance σ2, and
integrable covariance function:

E[mxmx′ ]=σ2Γ(x−x′), x,x′∈Z, (4.7)

with σ≪1, and L is of the order of σ−2. The function Γ is assumed to be integrable∑
j∈Z |Γ(j)|<+∞. We can then apply the diffusion approximation theory set forth
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(a) (b)

Fig. 4.1. Theoretical mean transmittance E[|T |2] (thick blue line) with theoretical spread
±Std(|T |2) (thin blue lines) given by (4.5) vs frequency ω. (a) ϖs=0.02 (b) ϖs=1.01. The thick
red lines plot the empirical averages of numerical simulations using the exact expression (A.10) de-
scribed in Appendix A.1, the thin red lines plot the numerical spread. Ensemble details are the same
ones as in Figure 1.3. In the absence of mass perturbation on [1,L]∩Z, we have |T |2≡1.

in [14, Chapter 6] (other approaches based on Duhamel series expansions exist but will
not be used here [2]). We find that τ = |T |2 behaves as a diffusion process with the
infinitesimal generator (4.4) where

γ(ω)=
ω4σ2

4sin2k(ω)
Γ̌(2k(ω)), Γ̌(k)=Γ(0)+2

∞∑
j=1

cos(kj)Γ(j). (4.8)

The moments of |T |2 are still given by (4.5) with the new expression (4.8) of γ. Note that
Γ̌(2k) is non-negative by Wiener-Khintchine theorem but it may be non-monotonous as
a function of k. In other words the spatial correlation of the variables mx has a non-
trivial impact onto the parameter γ(ω). As a consequence, the observation of γ(ω) for
ω∈ (

√
ϖs,

√
ϖs+4) makes it possible to retrieve Γ̌(k) for k∈ (0,2π) which characterizes

the correlation function Γ(j). This opens the way towards an original method to esti-
mate the statistics of random mass perturbations by measuring the frequency-dependent
transmission coefficient of a section of a discrete lattice.

4.3. Scattering in non-matched medium. The previous results can be
revisited in the case where

mx=∆0 for x≤0, (4.9)

mx=∆1 for x>L, (4.10)

and x∈Z. This means that the masses in the two unperturbed half-spaces may be dif-
ferent from the average mass in the perturbed section [1,L]∩Z. We may then anticipate
that the boundaries of the perturbed section can generate reflections themselves.

We introduce the wavenumbers k0 and k1 solutions of the dispersion relations

−(1+∆j)ω
2=2coskj−2−ϖs, j=0,1. (4.11)

Here we assume the regime is propagative, i.e. the frequency ω is such that (2+
ϖs−ω2(1+∆j))/(2)∈ (−1,1) for j=0,1 so that there is a unique solution kj ∈ (0,π)
to (4.11). If a right-going input wave is incoming from the left, the time-harmonic field
in the two unperturbed half-spaces has the form

ûx=eik0x+Re−ik0x for x≤0, (4.12)



J. GARNIER AND B.L. SHARMA 1139

ûx=Teik1x for x>L, (4.13)

and û satisfies (1.5) for 0<x≤L with x∈Z.
We assume that the random variables mx are identically distributed with mean zero,

variance σ2, and integrable covariance function (4.7). We can give explicit formulas in
two special cases (see Section 6.2).

(1) If ∆1=0, then we get

E[|T |2]= 2sin2k0
1−cos(k+k0)

∞∑
m=0

(1−cos(k−k0)

1−cos(k+k0)

)m(
E[|R̃|2m]−E[|R̃|2m+2]

)
=

2sin2k0
1−cos(k+k0)

∞∑
n=0

(−1)nE[|T̃ |2n+2]
[ ∞∑
m=n

(
m

n

)(1−cos(k−k0)

1−cos(k+k0)

)m]
, (4.14)

where E[|T̃ |2n] is given by (4.5). When there is no random mass perturbation, we have

simply |T |2= 2sin2k0

1−cos(k+k0)
(see also (A.23)). We have similarly

E[|T |4]=
( 2sin2k0
1−cos(k+k0)

)2 ∞∑
n=0

(−1)nE[|T̃ |2n+4]

×
[ ∞∑
m=n

(
m

n

)
(1+m)2

(1−cos(k−k0)

1−cos(k+k0)

)m]
, (4.15)

which makes it possible to get Var(|T |2)=E[|T |4]−E[|T |2]2.
(2) If ∆0=0, then we have

E[|T |2]= sink

sink1
e−

γL
4

∫ ∞

0

e−γLs2 2πssinh(πs)

cosh2(πs)
P−1/2+is

(1−coskcosk1
sinksink1

)
ds. (4.16)

When there is no random mass perturbation, we have simply |T |2= 2sin2k
1−cos(k+k1)

(see also

(A.23)). More generally, for any n≥1,

E[|T |2n]=
( sink

sink1

)n

e−
γL
4

∫ ∞

0

e−γLs2 2πssinh(πs)

cosh2(πs)
ϕn(s)

×P−1/2+is

(1−coskcosk1
sinksink1

)
ds, (4.17)

where ϕn(s) is defined by (4.6) and

P−1/2+is(η)=

√
2

π
cosh(πs)

∫ ∞

0

cos(st)√
cosh(t+η)

dt. (4.18)

Remark 4.1. It is possible to address the general case where both ∆0 and ∆1 are
not zero, but the expressions become complicated.

Remark 4.2. It is possible to address the case where ω is outside the pass band
on the right half-space, i.e. (2+ϖs−ω2(1+∆1))/(2) ̸∈ (−1,1). The results are given
in Subsection 6.2. As can be expected, the reflection coefficients have modulus one
since the wave cannot propagate in the right half-space. Note that this happens for all
frequencies when ∆1→+∞.
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(a) (b)

(c) (d)

Fig. 4.2. Mean transmittance E[|T |2] (thick lines) with spread ±Std(|T |2) (thin lines) vs fre-
quency ω. (a) ∆0=0.1,∆1=0, (b) ∆0=−0.1,∆1=0, (c) ∆0=0,∆1=0.1, (d) ∆0=0,∆1=−0.1. In
all cases L=40,σ=0.05,ϖs=0.02. Blue: theoretical formulas (4.14)-(4.15) for ∆0 ̸=0, ∆1=0 and
(4.16)-(4.17) for ∆0=0, ∆1 ̸=0, obtained by multiscale analysis. Red: empirical averages based on the
exact expression (A.15) for (a), (b) and (A.21) for (c), (d); the ensemble size is 151. Green: exact
formula (A.23) for |T |2 for the case (6.21) without mass perturbation on [1,L]∩Z; similarities between
the green lines in (a), (c) (and in (b), (d)) is due to the symmetry in the expression of |T |2 with
respect to index 0 and 1 in the absence of mass perturbation.

In Figure 4.2 we compare the empirical averages of numerical simulations with the
theoretical predictions for the expectation E[|T |2] and the standard deviation Std(|T |2)
for different mismatched media. The numerical simulations are based on the exact solu-
tion (A.15) for ∆0 ̸=0, ∆1=0 and (A.21) for ∆0=0, ∆1 ̸=0. The theoretical predictions
are based on (4.14) and (4.15) for ∆0 ̸=0, ∆1=0 and on (4.17) for ∆0=0, ∆1 ̸=0. We
obtain excellent agreement which confirms the accuracy of the asymptotic approach. We
can observe that the medium mismatch has a dramatic impact on the transmittance, in
particular close to the endpoints of the propagative band (

√
ϖs,

√
ϖs+4).

5. Proofs of Preliminary results
Proof. (Proof of Lemma 2.1). Since k(ω) satisfies −ω2=2(cos(k(ω))−1), we

find that ûx(ω) satisfies

ûx+1(ω)+ ûx−1(ω)−2ûx(ω)=2(cos(k(ω))−1)ûx(ω)=−ω2 ûx(ω) (5.1)

for any x∈Z, hence ux(t) satisfies (1.1). It remains to show that ux(t) satisfies the
appropriate initial conditions. On the one hand (using the change of variable ω 7→k(ω))
we have

ux(0)=
1

2π

∫ 2

0

ûx(ω)dω+c.c.

=
2

π

∫ 2

0

cos(k(ω)(x−x0))√
4−ω2

dω=
1

π

∫ π

0

cos(k(x−x0))dk= δx,x0 . (5.2)
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On the other hand we have

u̇x(0)=− i

2π

∫ 2

0

ωûx(ω)dω+c.c.=0, (5.3)

which completes the proof.

Proof. (Proof of Lemma 2.2). For x≫1,x∈Z, the expression

ux0+x(αx)=
1

2π

∫ 2

0

1√
4−ω2

ei(k(ω)x−ωαx)dω

+
1

2π

∫ 2

0

1√
4−ω2

ei(−k(ω)x−ωαx)dω+c.c. (5.4)

involves the value of an integral (in ω) with a fast phase [±k(ω)−ωα]x and it can be
evaluated by the stationary phase method. We compute

k′(ω)=
2√

4−ω2
, k′′(ω)=

2ω

(4−ω2)3/2
. (5.5)

The phase [k(ω)−ωα]x has a unique stationary point at ωα∈ (0,2) such that k′(ωα)=α,
i.e.

ωα=
2
√
α2−1

α
, (5.6)

for which we have k′′(ωα)=α2
√
α2−1/2. We then obtain (after the change of variable

ω=ωα+x−1/2s)

ux0+x(αx)=
1

2π
√
4−ω2

α

√
x
ei[k(ωα)−ωαα]x

∫ ∞

−∞
ei

k′′(ωα)
2 s2ds+c.c.+o(

1√
x
)

=
1

2π
√
4−ω2

α

√
x
ei[k(ωα)−ωαα]x

√
2πeiπ/4√
k′′(ωα)

+c.c.+o(
1√
x
), (5.7)

which gives (2.7).

Proof. (Proof of Lemma 2.3). We now look for an asymptotic expansion of field
ux0+x(t) around time x with x>0,x∈Z:

ux0+x(x+
3
√
xβ)=

1

2π

∫ 2

0

1√
4−ω2

ei(k(ω)x−ωx−ωβ 3
√
x)dω

+
1

2π

∫ 2

0

1√
4−ω2

ei(−k(ω)x−ωx−ωβ 3
√
x)dω+c.c.. (5.8)

For x≫1, we find that the phase [k(ω)x−ωx−ωβ 3
√
x] has a unique stationary point

at ω0=0 such that k′(ω0)=1 and it is localized at the border of the interval (0,2). We
then obtain (using k′′′(0)=1/4 and the change of variable ω=x−1/3s)

ux0+x(x+
3
√
xβ)=

1

4π 3
√
x

∫ ∞

0

ei
k′′′(0)

6 s3−isβds+c.c.+o(
1
3
√
x
)

=
1

π 3
√
x

∫ ∞

0

cos
(s3
3
−2βs

)
ds+o(

1
3
√
x
), (5.9)
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which completes the proof since Ai(x)= 1
π

∫∞
0

cos
(
xs+ s3

3

)
ds.

Proof. (Proof of Lemma 2.5). For x≫1, the expression

ux0+x(αx)=
1

4π

∫ ∞

0

ĉ(ω)ei(k(ω)x−ωαx)dω+
1

4π

∫ ∞

0

ĉ(ω)ei(−k(ω)x−ωαx)dω+c.c. (5.10)

is the value of an integral (in ω) with a fast phase [±k(ω)−ωα]x and it can be evaluated
by the stationary phase method. We compute

k′(ω)=
2ω√

ω2−ϖs

√
4+ϖs−ω2

, k′′(ω)=
2(ω4−ω4

s)

(ω2−ϖs)3/2(4+ϖs−ω2)3/2
. (5.11)

If α<αs then the phase [k(ω)−ωα]x does not have any stationary point. For any
α∈ (αs,+∞) the phase [k(ω)−ωα]x has two stationary points at ω±

α ∈ (
√
ϖs,

√
4+ϖs)

such that k′(ω±
α )=α. We have in fact ω+

α ∈ (ωs,
√
4+ϖs) and ω−

α ∈ (
√
ϖs,ωs), and

k′′(ω±
α )=

α3(ω±
α
4−ω4

s)

4ω±,α
3

, (5.12)

which is positive for ω+
α and negative for ω−

α . We then obtain

ux0+x(αx)=
1

4π
√
x
ĉ(ω+

α )e
i[k(ω+

α )−ω+
α α]x

∫ ∞

−∞
ei

k′′(ω+
α )

2 s2ds

+
1

4π
√
x
ĉ(ω−

α )e
i[k(ω−

α )−ω−
α α]x

∫ ∞

−∞
ei

k′′(ω−
α )

2 s2ds+c.c.+o(
1√
x
)

=
ĉ(ω+

α )√
2πk′′(ω+

α )x
cos

(π
4
+[k(ω+

α )−ω+
α α]x

)

+
ĉ(ω−

α )

2
√
π|k′′(ω−

α )|x
cos

(
− π

4
+[k(ω−

α )−ω−
α α]x

)
+o(

1√
x
), (5.13)

which gives (2.11) using ĉ(ω±
α )=α.

Proof. (Proof of Lemma 2.6). We now look for an asymptotic expansion of field
ux0+x(t) around time αsx with x>0,x∈Z:

ux0+x(αsx+β 3
√
x)=

1

4π

∫ ∞

0

ĉ(ω)ei(k(ω)x−ωαs x−ωβ 3
√
x)dω

+
1

4π

∫ ∞

0

ĉ(ω)ei(−k(ω)x−ωαs x−ωβ 3
√
x)dω+c.c. (5.14)

For x≫1, we find that the phase [k(ω)x−ωαsx−ωβ 3
√
x] has a unique stationary point

at ωs such that k′(ωs)=αs. It satisfies k
′′(ωs)=0 and ωs is localized in the interior of

the interval (
√
ϖs,

√
4+ϖs). We then obtain by the change of variable ω=ωs+x−1/3s

(and using k′′′(ωs)=α3
s, ĉ(ωs)=αs)

ux0+x(αsx+β 3
√
x)=

ĉ(ωs)

4π 3
√
x
ei[k(ωs)−ωsαs]x−iωsβ 3√x

∫ ∞

−∞
ei

k′′′(ωs)
6

s3−isαsds+c.c.+o(
1
3
√
x
)

=
3
√
2

2π 3
√
x

∫ ∞

0

cos
(s3
3
− 3

√
2
β

αs
s
)
dsei[k(ωs)−ωsαs]x−iωsβ 3√x+c.c.+o(

1
3
√
x
),

(5.15)

which completes the proof of (2.13).
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6. Proof of Theorem 4.1

6.1. Scattering in matched medium ∆0=∆1=0. When mx≡0, the
solution is of the form

ûx=αeikx+βe−ikx, x∈Z, (6.1)

with k solution of the dispersion relation

−ω2=2cosk−2−ϖs . (6.2)

Here we assume the regime is propagative, i.e. the frequency ω is such that (2+
ϖs−ω2)/(2)∈ (−1,1) so that there is a unique solution k∈ (0,π) to (6.2).

When mx=0 for x≤0 and for x>L and a right-going input wave is incoming from
the left, the solution has the form

ûx=eikx+Re−ikx for x≤0, (6.3)

ûx=Teikx for x>L, (6.4)

and û satisfies (1.5) for 0<x≤L with x∈Z.
We introduce

αx=
e−ikx

2isink

(
ûx+1−e−ikûx

)
, (6.5)

βx=− eikx

2isink

(
ûx+1−eikûx

)
. (6.6)

We then have (αx,βx)=(1,R) for x≤0, (αx,βx)=(T,0) for x>L, and

ûx=αxe
ikx+βxe

−ikx, (6.7)

for any x∈Z.
After some algebra, using the fact that

ûx+1− ûx=αxe
ikx(eik−1)+βxe

−ikx(e−ik−1), (6.8)

we find that (αx,βx) satisfies the system:

αx−1=αx−
iω2

2sink
mx

(
αx+βxe

−2ikx
)
, (6.9)

βx−1=βx+
iω2

2sink
mx

(
αxe

2ikx+βx
)
, (6.10)

for 0<x≤L, with the boundary conditions

αL=T, βL=0, α0=1, β0=R. (6.11)

Let (α̃x,β̃x) be the solution of the same system

α̃x−1= α̃x−
iω2

2sink
mx

(
α̃x+ β̃xe

−2ikx
)
, (6.12)

β̃x−1= β̃x+
iω2

2sink
mx

(
α̃xe

2ikx+ β̃x
)
, (6.13)
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for 0<x≤L, x∈Z, but with the terminal conditions:

α̃L=1, β̃L=0. (6.14)

Then, by linearity, we have

T =
1

α̃0
, R=

β̃0

α̃0
. (6.15)

Remark 6.1. We can check that

|α̃x−1|2−|β̃x−1|2= |α̃x|2−|β̃x|2, (6.16)

which shows that |α̃x|2−|β̃x|2=1 for all x∈Z, and therefore we get the energy conser-
vation relation

|R|2+ |T |2=1. (6.17)

Remark 6.2. If the variables mx are independent and identically distributed with
mean zero, then (α̃x,β̃x) is a martingale in the sense that: if we denote Fx=σ(mx′ , x<
x′≤L), then (α̃x,β̃x) is Fx-adapted and E

[
(α̃x−1,β̃x−1)|Fx]= (α̃x,β̃x).

We apply the diffusion approximation theory (see Appendix B). We find that τL :=
|T |2 behaves as a diffusion process as stated in Theorem 4.1. This means that the
probability density function of τL satisfies the Fokker Planck equation

∂LpL(τ)=L∗pL=γ
[
∂2
τ

(
τ2(1−τ)pL

)
+∂τ

(
τ2pL

)]
, (6.18)

starting from pL=0(τ)= δ(τ−1), where δ denotes the Dirac delta distribution. In par-
ticular we have for any n≥1:

E
[
|T |2n

]
=E

[
τnL

]
=

∫
τnpL(τ)dτ, (6.19)

which yields (4.5).

6.2. Scattering in non-matched medium. In this section we assume that

mx=∆0 for x≤0, (6.20)

mx=∆1 for x>L, (6.21)

x∈Z, and we introduce the wavenumbers k0 and k1 solutions of the dispersion relations

−(1+∆j)ω
2=2coskj−2−ϖs, j=0,1. (6.22)

Here we assume the regime is propagative, i.e. the frequency ω is such that (2+
ϖs−ω2(1+∆j))/(2)∈ (−1,1) for j=0,1 so that there is a unique solution kj ∈ (0,π)
to (4.11).

The wavenumber k is still defined by (6.2). We introduce

αx=
e−ikx

2isink

(
ûx+1−e−ikûx

)
, (6.23)

βx=− eikx

2isink

(
ûx+1−eikûx

)
, (6.24)
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x∈Z. We then have

αL=ei(k1−k)L e
ik1 −e−ik

2isink
T, (6.25)

βL=−ei(k1+k)L e
ik1 −eik

2isink
T, (6.26)

and

ûx=αxe
ikx+βxe

−ikx, (6.27)

for any x∈Z. The variables (αx,βx) satisfy the system:

αx−1=αx−
iω2

2sink
mx

(
αx+βxe

−2ikx
)
, (6.28)

βx−1=βx+
iω2

2sink
mx

(
αxe

2ikx+βx
)
, (6.29)

for x≤L, with the terminal conditions (6.25-6.26) at x=L.
Moreover, we can express the reflection coefficient R and the coefficient α0 in terms

of β0/α0:

R=−
B+A β0

α0

A+B β0

α0

, (6.30)

α0=− 2isink0

A+B β0

α0

, (6.31)

with

A=eik0 −e−ik, B=eik0 −eik. (6.32)

Proof. We have û0=1+R=α0+β0, therefore

α0+β0=1+R. (6.33)

We have û−1=e−ik0 +Reik0 =α−1e
−ik+β−1e

ik. We can express (α−1,β−1) in terms of
(α0,β0) by (6.28-6.29) evaluated at x=0 (remember that m0=∆0), so that we get

α0(e
−ik−ω2∆0)+β0(e

ik−ω2∆0)=e−ik0 +Reik0 . (6.34)

By combining the two equations we can get the two relations

α0(e
−ik−eik0 −ω2∆0)+β0(e

ik−eik0 −ω2∆0)β0=−2isink0, (6.35)

α0(−e−ik0 +e−ik−ω2∆0)+β0(−e−ik0 +eik−ω2∆0)β0=2iRsink0, (6.36)

which give:

R=
(e−ik0 −e−ik+ω2∆0)+(e−ik0 −eik+ω2∆0)

β0

α0

(e−ik−eik0 −ω2∆0)+(eik−eik0 −ω2∆0)
β0

α0

, (6.37)

α0=
−2isink0

(e−ik−eik0 −ω2∆0)+(eik−eik0 −ω2∆0)
β0

α0

. (6.38)
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We then get the desired result by remarking that ∆0ω
2

2 =cosk−cosk0, which gives

e−ik−eik0 −ω2∆0=−eik+e−ik0 =A and eik−eik0 −ω2∆0=e−ik0 −e−ik=B.

Let (α̃x,β̃x) be the solution of the same system (6.28-6.29)

α̃x−1= α̃x−
iω2

2sink
mx

(
α̃x+ β̃xe

−2ikx
)
, (6.39)

β̃x−1= β̃x+
iω2

2sink
mx

(
α̃xe

2ikx+ β̃x
)
, (6.40)

for 0<x≤L,x∈Z, but with the terminal conditions at x=L:

α̃L=ei(k1−k)L e
ik1 −e−ik

2isink
, β̃L=−ei(k1+k)L e

ik1 −eik

2isink
. (6.41)

Then, by linearity, we have β̃0/α̃0=β0/α0 so we get from (6.30):

R=−A

A

B
A +R̃

1+ B
A
R̃
, with R̃=

β̃0

α̃0
. (6.42)

By linearity, we have α0= α̃0T so that we get from (6.31):

T =−2isink0

A

1

1+ B
A
R̃
T̃ , with T̃ =

1

α̃0
. (6.43)

We can check that

|α̃x−1|2−|β̃x−1|2= |α̃x|2−|β̃x|2, (6.44)

which shows that |α̃x|2−|β̃x|2= |α̃L|2−|β̃L|2= sink1

sink for all x, and therefore we get the
energy conservation relation

|R|2+ sink1
sink

|T |2=1. (6.45)

In case ∆0 ̸=∆1,∆0∆1=0, we have

|T |2= sink

sink1
|T̃ |2, (6.46)

where |T̃ |2 behaves as the diffusion process τL with the infinitesimal generator (4.4)
starting from

τ0=
2sinksink1

1−cos(k+k1)
. (6.47)

We get the following representation of the probability density function of |T̃ |2:

pL(τ)=
2

τ2
e−

γL
4

∫ ∞

0

stanh(πs)P−1/2+is

(2
τ
−1

)
P−1/2+is

( 2

τ0
−1

)
e−s2γLds, (6.48)

where P−1/2+is(η), η≥1, s≥0 is the Legendre function of the first kind, which is the
solution of

d

dη
(η2−1)

d

dη
P−1/2+is(η)=−

(
s2+

1

4

)
P−1/2+is(η), (6.49)
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starting from P−1/2+is(1)=1. It has the integral representation (4.18). In particular,
we have (4.16) and (4.17).

Remark 6.3. It is possible to address the case where ω is outside the common pass
band on the right half-space, i.e. (2+ϖs−ω2(1+∆1))/(2) ̸∈ (−1,1). If −1<∆1<0 is
such that (2+ϖs−ω2(1+∆j))/(2)>1, then the wave has the form ûx=Te−k1x for x>L
instead of (4.13), where k1 is given by

cosh(k1)=
2+ϖs−ω2(1+∆1)

2
. (6.50)

We can then proceed as above and find that, instead of (6.25-6.26), we have

αL=e(−k1−ik)L e
−k1 −e−ik

2isink
T,

βL=−e(−k1+ik)L e
−k1 −eik

2isink
T.

(6.51)

This implies that |α̃x|2−|β̃x|2= |α̃L|−|β̃L|2=0 for all 0≤x≤L,x∈Z, and therefore |R̃|=
1 and |R|=1. The wave is totally reflected, the random section only changes the phase
of the reflected component compared to the case without random perturbation:

ûx=eik0x+Re−ik0x for x≤0,x∈Z. (6.52)

If ∆1>0 is such that Q := (2+ϖs−ω2(1+∆1))/(2)<−1, then the wave has the

form ûx=Tρx for x>L instead of (4.13), where ρ is given by ρ=Q+
√
Q2−1 (it is the

unique solution in (−1,1) of the dispersion relation −2Q+ρ+ρ−1=0). We obtain the
same conclusion: the reflection coefficient R has modulus one. Note that this happens
for all frequencies ω when ∆1→+∞ for instance.

7. Proofs of Theorems 3.1, 3.2, 3.3, 3.4
Here we consider that x0=0 and that in the section [1,L]∩Z the variables mx are in-

dependent and identically distributed with mean zero and variance σ2. The transmitted
wave for x>L has the form

ux(t)=
1

2π

∫ +∞

−∞
ûx(ω)e

−iωtdω, t≥0, x∈Z, (7.1)

where the Fourier components are given by

ûx(ω)= ĉ(ω)T (ω)cos
(
k(ω)(x−x0)

)
, (7.2)

with k(ω) and ĉ(ω) given by (2.3) when ϖs=0 and by (2.9) for ϖs≥0. The statistics of
the transmission coefficient T (ω) at a fixed frequency has been studied in the previous
section. We have

E
[
T (ω)

]
=e−γ(ω)L, (7.3)

E
[
|T (ω)|2

]
=e−

1
4γ(ω)L

∫ ∞

0

e−γ(ω)Ls2 2πssinh(πs)

cosh2(πs)
ds, (7.4)

where γ(ω) is given by (4.8). In order to characterize the time-dependent field, we need
to characterize the statistics of the vector (T (ωj))

n
j=1 for any set of distinct frequencies
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(ωj)
n
j=1, more exactly, we need to characterize the moments

E
[ n∏
j=1

T (ωj)
]

(7.5)

because they in turn characterize all moments of the field

E
[
ux(t)

n
]
=

1

(2π)n

∫ +∞

−∞
·· ·

∫ +∞

−∞
E
[ n∏
j=1

T (ωj)
] n∏
j=1

ĉ(ωj)cos
(
k(ωj)(x−x0)

)
e−i

∑n
j=1ωj tdω1 ·· ·dωn .

(7.6)

Proceeding as in [14, Chapter 8], we can show that, for any set of distinct frequencies
(ωj)

n
j=1, (T (ωj))

n
j=1 has the martingale representation

T (ωj)=M(ωj)T̃ (ωj), (7.7)

where

T̃ (ω)=exp
(
i
√

γ(ω)WL−γ(ω)L/2
)
, (7.8)

WL∼N (0,L), and M(ωj) are independent complex martingales (and independent of
WL) with mean one. As a consequence,

E
[ n∏
j=1

T (ωj)
]
=E

[ n∏
j=1

T̃ (ωj)
]
, (7.9)

and ux(t) can be written as (more exactly, it has the same moments as)

ux(t)=
1

2π

∫ +∞

−∞
T̃ (ω)ĉ(ω)cos

(
k(ω)(x−x0)

)
e−iωtdω. (7.10)
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Appendix A. Exact solutions.

A.1. Matched medium. Using the Green’s function for the one-dimensional
model, the scattered field ûs

x= ûx−eik x is given by

ûs
x=−ω2C(k)

L∑
q=1

mq(û
s
q+zq)z|x−q|, x∈Z, (A.1)

with

C(k) :=
1

2isink
, z :=eik ∈C. (A.2)
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The reduced set of equations for (ûs
1,û

s
2,. ..,û

s
L)

T is therefore

ûs
p=−ω2C(k)

L∑
q=1

mqz
|p−q|(ûs

q+zq), p=[1,L]∩Z. (A.3)

Using the definitions

ûs := (ûs
1,û

s
2,. ..,û

s
L)

T ∈CL, (A.4)

zL(z) :=(1,z,z2,. ..,zL−1)T ∈CL, z∈C, (A.5a)

D(m) :=−ω2diag(m1,m2,. ..,mL)∈CL×L, (A.5b)

I :=diag(1,... ,1)∈CL×L (identity matrix), (A.5c)

T (z) :=C(k)Toeplitz(zL(z)
T )∈CL×L, (A.6)

the form of the scattered field can therefore be obtained formally by solving (A.3):

ûs=(I−T (z)D(m))−1T (z)D(m)zzL(z), (A.7)

where z is defined in (A.2)2 and C in (A.2)1. For x>L,x∈Z, according to (A.1),

ûs
x=−ω2C(k)

L∑
q=1

mqz
x−q(ûs

q+zq), (A.8)

so that, using the definitions (A.2),(A.5a), (A.5) and the expression (A.7), the trans-
mission coefficient T in

ûs
x+zx=Tzx, (A.9)

is

T =1+C(k)zL(z
−1) ·D(m)(I−T (z)D(m))−1zL(z)∈C. (A.10)

In the absence of mass perturbation on [1,L]∩Z, it is clear that D(m)=0 implies T =1,
as expected.

A.2. Non-matched medium. Recall (6.21) and (6.22) regarding the defini-
tions of ∆0,∆1 and k0,k1, respectively.

A.2.1. Case 1: ∆0 ̸=0,∆1=0. Let

û∗ := (1+C2(k0,k))(I−TD(m))−1zzL(z)∈CL, (A.11)

using the definitions (A.5) and (A.2)2, and

T =[Tpq]
L
p,q=1 := [Gp,q]

L
p,q=1∈CL×L, (A.12)

with

Gp,q :=


e−ik0(p−1)eik0C3(k0,k)e

ik(q−1), p<1(
eik(p−1)C1(k0,k)e

2ik+e−ik(p−1)C(k)
)
eik(q−1), 1≤p≤ q

eik(p−1)
(
eik(q−1)C1(k0,k)e

2ik+e−ik(q−1)C(k)
)
, p>q,

(A.13)
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p,q∈Z, where, in addition to (A.2)1, we employ the definitions

C1(k0,k) :=C(k)C2(k,k0), C2(k0,k) :=−1−ei(k−k0)

1−ei(k+k0)
, C3(k0,k) :=− ei(k−k0)

1−ei(k0+k)
.

(A.14)

For x>L,x∈Z, as x→+∞, using (A.13)3, the transmission coefficient in (A.9) is
found to be

T =1+C2(k0,k)+T1+T2∈C, (A.15)

with

T1 :=C1(k0,k)zzL(z) ·D(m)û∗, T2 :=C(k)z−1zL(z
−1) ·D(m)û∗, (A.16)

where we also use the definitions (A.2), (A.5), (A.11), (A.14).

Remark A.1. As ∆0→0, we get C1(k0,k)=C(k)C2(k,k0)→0, C3(k0,k)→
−1/

(
1−e2ik

)
,C2(k0,k)→0. Hence, Gp,q →C(k)eik|p−q|, and (A.10) follows from (A.15)

after simplifying (A.11).

A.2.2. Case 2: ∆0=0,∆1 ̸=0. Let

û∗ := (I−TD(m))−1(zzL(z)+C2(k,k1)z
2L−1zL(z

−1))∈CL, (A.17)

using the definitions (A.5) and (A.2), (A.14), and

T =[Tpq]
L
p,q=1 := [Gp,q]

L
p,q=1∈CL×L, (A.18)

with

Gp,q :=


e−ik(q−L−1)eikC3(k,k1)e

ik1(p−L−1), p>L,

e−ik(q−L−1)
(
e−ik(p−L−1)C1(k1,k)+eik(p−L−1)C(k)

)
, q≤p≤L,

e−ik(p−L−1)
(
e−ik(q−L−1)C1(k1,k)+eik(q−L−1)C(k)

)
, p<q,

(A.19)

p,q∈Z.
For x>L,x∈Z, as x→+∞, using (A.19)1, the transmission coefficient in

ûs
x+zx=Teik1 x, (A.20)

is obtained as

T =zLe−ik1L(1+C2(k,k1)+T3)∈C, (A.21)

with

T3 :=e−ik1C3(k,k1)zzL(z
−1) ·D(m)û∗, (A.22)

where the definitions (A.2), (A.5), (A.17), (A.14) are employed.

Remark A.2. As ∆1→0, we get C1(k1,k)=C(k)C2(k,k1)→0, C3(k,k1)→
−1/

(
1−e2ik

)
,C2(k,k1)→0. Hence, Gp,q →C(k)eik|p−q|, and (A.10) follows from (A.21)

after simplifying (A.17).
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Remark A.3. Due to the definitions (A.16) and (A.22), in the absence of mass
perturbation on [1,L]∩Z, it is clear that D(m)=0 so that (A.15) and (A.21) lead to
|T |= |1+C2(k0,k1)|. Upon simplifying |T |2 further it is easy find that

|T |2= 1−cos(2k0)

1−cos(k0+k1)
. (A.23)

Indeed, |T |=1 in the matched case without mass perturbation as k0=k1.

Appendix B. Diffusion-approximation. Here we give a few elements to the
proof of the convergence of the process |T |2 to the diffusion Markov process with the
generator given by Equation (4.4) when L is of the order of σ−2 and σ→0. The proof
consists in showing that (α̃x,β̃x) converges to a diffusion Markov process, that β̃x/α̃x is
itself a diffusion Markov process, that |β̃x/α̃x|2 is itself a diffusion Markov process, and
then compute the moments of |T |2=1−|β̃0/α̃0|2.

The first diffusion-approximation theorem is the following one:

Proposition B.1. Let Xj be a Rd-valued random sequence solution of

Xj+1=Xj+ϵYjF (Xj), (B.1)

where Yj are independent and identically distributed with mean zero and variance σ2

and F :Rd→Rd is smooth. Let Xϵ(z)=X[zϵ−2], where [·] stands for the integer part.
As ϵ→0 the process Xϵ converges (in the space of the cadlag functions) to the diffusion
process X̄ with the infinitesimal generator

L=
σ2

2

d∑
i,i′=1

Fi(x)Fi′(x)∂
2
xixi′

, (B.2)

or, equivalently, solution of the stochastic differential equation

dX̄=σF (X̄)dW (z), (B.3)

where W is a Brownian motion and the stochastic integral is Itô.

We can use the diffusion-approximation Theorem 6.1 in [14, Chapter 6] to prove this
result. We need to pay attention to the fact that we here deal with a discrete system,
not a continuous one. We need to introduce the correct approximation of Xϵ which is:

dX̃ϵ(z)

dz
=

1

ε
Y[ϵ−2z]F (X̃ϵ)− 1

2

d∑
i=1

∂xi
F (X̃ϵ)Fi(X̃

ϵ)Y 2
[ϵ−2z]. (B.4)

Then we can show that X̃ϵ(z)−Xϵ(z) converges to zero and by [14, Theorem 6.1] that
X̃ϵ(z) converges to a diffusion process with the infinitesimal generator

L=
σ2

2

d∑
i,i′=1

Fi(x)∂xi

(
Fi′(x)∂xi′

)
− σ2

2

d∑
i,i′=1

∂xi
Fi′(x)Fi(x)∂xi′

=
σ2

2

d∑
i,i′=1

Fi(x)Fi′(x)∂
2
xixi′

. (B.5)
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In fact, the result can also be obtained from [13, Chapter 7, Corollary 4.2] which ad-
dresses directly discrete systems. In the framework of [13], ϵ=1/

√
n and the transition

function is

µn(x,Γ)=P
(
Xj+1∈Γ|Xj =x

)
=P

(
x+

√
n
−1

Y F (x)∈Γ
)
, (B.6)

which is such that

n

∫
(x̃−x)µn(x,dx̃)=0, (B.7)

n

∫
(x̃−x)(x̃−x)Tµn(x,dx̃)=σ2F (x)F (x)t. (B.8)

We need in fact a version of the diffusion-approximation theorem with a periodic
component. The diffusion-approximation theorem that we need is the following one:

Proposition B.2. Let Xj be a Rd-valued random sequence solution of

Xj+1=Xj+ϵYjF (Xj ,j), (B.9)

where Yj are independent and identically distributed with mean zero and variance σ2

and F is smooth with respect to its first entry and periodic with respect to its second
entry. Let Xϵ(z)=X[zϵ−2], where [·] stands for the integer part. As ϵ→0 the process
Xϵ converges to the diffusion process X̄ with the infinitesimal generator

L=
σ2

2

d∑
i,i′=1

⟨Fi(x,·)Fi′(x,·)⟩∂2
xixi′

, (B.10)

where ⟨·⟩ is an average over the periodic component. Equivalently, X̄ is solution of the
stochastic differential equation

dX̄=

d′∑
j=1

σF̄ (j)(X̄)dW (j)(z), (B.11)

where the W (j) are independent Brownian motions, the stochastic integrals are Itô and
we have identified d′≥1 functions F (j) :Rd→Rd such that

d′∑
j=1

F̄ (j)(x)F̄ (j)(x)T =
〈
F (x,·)F (x,·)T

〉
. (B.12)

We can use the diffusion-approximation Theorem 6.5 in [14, Chapter 6] to prove this
result. When L=[z0/σ

2] for some z0>0, the application of this theorem (proceeding as

in [14, Chapter 7]) gives that Xσ(z)=(α̃[z0/σ2−z/σ2],β̃[z0/σ2−z/σ2])
T converges as σ→0

to a diffusion Markov process X̄(z), z∈ [0,z0], solution of the stochastic differential
equation

dX̄=
iω2σ

2sink

(
1 0
0 −1

)
X̄dW0(z)−

ω2σ

2
√
2sink

(
0 1
1 0

)
X̄dW1(z)−

iω2σ

2
√
2sink

(
0 1
−1 0

)
X̄dW̃1(z),

(B.13)

where W0, W1 and W̃1 are independent Brownian motions.



J. GARNIER AND B.L. SHARMA 1153

Denoting R̃σ(z)= β̃[z0/σ2−z/σ2]/α̃[z0/σ2−z/σ2], we deduce that R̃σ(z) converges as

σ→0 to a diffusion Markov process R̃(z), z∈ [0,z0], solution of the stochastic differential
equation

dR̃=− iω2σ

sink
R̃dW0(z)+

ω2σ

2
√
2sink

(
R̃2−1

)
dW1(z)

+
iω2σ

2
√
2sink

(
R̃2+1

)
dW̃1(z)−

3ω4σ2

4sin2k
R̃dz.

(B.14)
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