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Beam propagation through turbulence is commonly simulated by split-step Fourier methods with independent
phase screens. This approach relies on the paraxial-Markov approximation, which has a wide range of validity.

However, it is not justified in strongly turbulent media, where correlated phase screens are needed. Examples of

extreme turbulence, considered in the paper, arise, for example, in beam propagation through a jet plume and in
aero-optics applications. The goal of this paper is two-fold: first, it clarifies when the use of independent phase
screens fails, meaning that it corrupts the estimated statistics of the wave field. Second, it describes an efficient
method for sampling correlated phase screens, denoted by the acronym SCE-DFT. It uses the discrete fast Fourier
transform and circulant embedding, with a particular spline-based smooth embedding, designed to improve
the efﬁciency. © 2026 Optica Publishing Group. All rights, including for text and data mining (TDM), Artificial Intelligence (Al)

training, and similar technologies, are reserved.
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1. INTRODUCTION

The quantification of loss of coherence, beam wander, and
scintillation of laser beams propagating through atmospheric
turbulence is important for understanding limitations and
performance degradation of LIDAR, laser-guided systems, and
free-space optical communication. It is the topic of numerous
studies of beam propagation through random media, where the
randomness models the uncertainty of the fluctuating index
of refraction [1-3]. Roughly, there are two types of theories:
weak-fluctuation (perturbative) ones like the Born and Rytov
approximations ([1], Chapter 5) and the strong fluctuation ones
governed by the paraxial wave equation ([1], Chapter 7). We are
interested in strong turbulence, so we consider the paraxial wave
model.

In the orthogonal system of coordinates x = (x, z) € R4+,
with range axis z, the beam is modeled by the wave field:

u(%) = ™Y (%), (1)

with homogeneous wave number £. Here, ¢/** is a rapidly oscil-

lating plane wave propagating in the range direction, and ¥ (x)
is the slowly varying envelope of the beam, satisfying the paraxial
wave equation [1,3-0]
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azw(x)=;—kmw(xwgu(x)w(x), i=(x,2€cR' xR,

Y (x, 2=0) = (),
(2

with random fluctuations (%) of the squared index of refrac-
tion 7%(x) (ie., u(x) = nz(?c)/nf — 1 with nz‘ =E[#*(x)]
the homogeneous squared index of refraction). A generic model
of these fluctuations is a mean zero, stationary, and isotropic
Gaussian random process with power spectral density:

S() = /Rw E[pGE)uE + %] e **dx

:XocI(L;I,[{jl)(lla)"_élidiaa (3)

where the expectation is with respect to the Gaussian measure.
In this model, x, is a constant parameterized by « € (0, 2),
the length scales L, and /, are ordered as 0 </, < L,, and we
denote by l(Lo_l,l,,_l)(“_él) the indicator function equal to one
when |£| € (L, !, /") and zero otherwise.

Definition (3) is a generalization of the Kolmogorov power
law spectrum ([1], Chapter 3), where « =5/3, and L, and /,
are the outer and inner scales of turbulence. The covariance of
W (x) is the inverse Fourier transform of (3). It has the isotropic
expression
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E [M(?C’),u(?c/ + TC)]

%1/,
/ s %sinc(s)ds, ifd =2,
\

= XalE[! #/L,
= Ry(|x|) = ol En
/ s Jo(9ds, ifd=1,
1%1/L,
(4)
whose limitas || — 0 gives the variance
1
2,217 _ Xa ’ g
E[u (x)]—Rd(O)—znd /;ol K%k
Xa Lg_lflg_l {.‘
_ o\ T )t a€(0,1)U(L,2),
(2)7(114) In(Z,/l,), ifa=1.
()

Most beam propagation studies are for o > 1, which makes
R,(|%|) integrable. The mathematical implication is that 1 (x)
is described asymptotically by the solution of an It6-Schrédinger
equation driven by a Brownian field with covariance defined in
terms of S(¥) [6]. The asymptotics is in the high frequency
limit, for various scalings of the radius of support of the initial
condition ¥, (x) and ranges of propagation, where phenomena
like beam wander (spot-dancing) [7] and scintillation (strong
intensity fluctuations that have Gaussian statistics) [8,9] have
been characterized in detail. The covariance s — R;(s) is not
integrable in the case @ <1 and L, =+00, so the process
w(x) has long-range correlation [10]. This case is relevant
in cloudy atmosphere [11,12], and the randomization of the
beam has a less understood and more complicated multi-scale
characterization [13,10,14].

In optics applications, the measured quantity is the intensity
| (%) |2, whose random fluctuations are described by fourth-
order statistical moments. Most of the existing mathematical
analysis characterizes the first two moments of ¥ (%), the
mean and the covariance. Access to the fourth- or higher-order
moments of ¥ (%) is limited to simpler regimes, like in a scin-
tillation regime [8,9], where ¥ (x) has Gaussian statistics and
Isserlis’s theorem applies [15]. However, ¥ (%) is not Gaussian
in general regimes. For example, the analysis in [7,16,17] shows
that in the spot-dancing regime, which describes beam wander,
the intensity has a Rice-Nakagami statistics. The theoretical
analysis of higher-order moments of v (x) remains out of reach
in general regimes. This motivates the empirical estimation of
the moments via Monte Carlo numerical simulations.

Split-step Fourier methods [18-21] approximate the solu-
tion ¥ (x) of (2) by alternating between two simplifications,
in successive range intervals Az that discretize the range coor-
dinate: the first simplification accounts only for the diffraction
component. It neglects the random term % w(x)y(x) and
solves the resulting deterministic paraxial wave equation using
the Fourier transform. The second simplification neglects
the diffraction term ﬁAxlﬂ(;c) and integrates the resulting
equation to obtain a random phase aka, a phase screen. There
is a trade-off between the accuracy and computational cost of
split-step methods that is controlled by the discretization step
Az.Ononehand, Azshould be small enough to getan accurate
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solution [4,18,22]. On the other hand, the generation of the
phase screens is simpler if Az is larger than the outer scale Z,,.
Then, a Markov approximation allows the use of statistically
uncorrelated screens [22].

We show in this paper that in many cases, it is possible to
choose a Az that satisfies this accuracy versus efficiency trade-
off. However, in media with long-range correlations of ()
[23], or in regimes of extreme turbulence, the two requirements
on Az may not be reconciled, and one needs to use correlated
phase screens. Such extreme turbulence arises, for example,
in laser beam propagation through jet engine plume environ-
ments [24,25], where significant beam wander, scintillation,
and broadening have been reported [26,27]. We illustrate this
regime for the model (3) by choosing parameters similar to those
n [28]. Other examples of extreme turbulence can be found
in aero-optics [29-32], where atmosphere (fluid) displace-
ment in the path of laser carrying, high-speed aircraft causes
non-negligible density variations and significant pressure drops
[30,31]. It is not easy to draw a connection between the generic
model (3) of turbulence and those relevant to aero-optics appli-
cations. The models there depend strongly on the aerodynamic
environment (shape/size of the aircraft) and the quantification
of the fluid-optic interactions is not fully understood [29].
Nevertheless, we make a choice of the parameters in (3) that
could be relevant for aero-optics.

Monte Carlo simulations require the generation of a very
large number of realizations of the correlated phase screens, on
a discrete grid of 7z + 1 points in a set 2. If we denote by Y the
(n + 1)-dimensional column vector of phase screen samples at
the grid points, the task is to generate many realizations of Y,
given knowledge of the covariance matrix ¢ = E[YY], where
the superscript 7" denotes the transpose. This is a symmetric
and positive definite matrix, with entries defined in terms of
Ry(|x]), as explained later in the paper. One approach for gen-
erating Y is to take a square-root factorization of the covariance
% =TT and then define Y=T17, where # ~N(0,1) is a
standard Gaussian #z-dimensional random vector. The ensemble
of generated vectors Y has the exact covariance

EYY ] =TE[py’ T =T’ =%,

but the problem is that the O(%®) computational cost of the
square-root I' is prohibitively expensive in more than one
dimension, because the number 7z + 1 of grid points is too large.
This has motivated the use of spectral methods that are efficient,
because they use the fast Fourier transform (FFT), but produce
vectors Y that do not have the exact covariance [33]. Several
improvements of the FFT-based approach have been introduced
in [20,34,35]. They involve truncated trigonometric series with
carefully chosen random amplitudes and phases, and they can
be efficient even with a limited number of modes. Moreover,
unlike the standard FFT methods, they can produce samples on
general (non-regular) grids. The covariance of these samples is
still, however, an approximation of the desired one. It is difficult
to quantify theoretically the error of the approximation, but the
methods have been validated by numerical simulations carried
out for some popular turbulence models in [20,35].

In this paper, we generate the phase screens on a rectangular
grid Q using an original extension of the circulant embedding
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approach introduced in [36], and used for phase screen gen-
eration, for instance, in [37]. Our method is denoted by the
acronym SCE-DFT (smooth circulant embedding-discrete
Fourier transform). Its computational costand memory require-
ment are similar to those of FFT methods, i.e., O(#nlogn)
flops and O(#), respectively. The generated samples have either
the exact covariance or very good approximations of it, with
theoretically quantifiable error. SCE-DFT benefits from the
computational efficiency of the FFT method. It circumvents
the limitations of the classical FFT approach, in that it does not
produce periodic samples but samples with the exact distribu-
tion (or quasi-exact distribution, with explicit error bounds).
The low-frequency part of the turbulence spectrum is well rep-
resented as a consequence of the control of the distribution and,
although the grid is regular, it is possible to choose the spatial
and spectral domain sizes and resolutions independently.

In some applications, one may be interested in a local grid
refinement, which makes the overall grid irregular. We do not
consider refinements in this paper, but remark that they can
be carried out efficiently, in a second step following the SCE-
DFT, via conditional Gaussian sampling or Kriging ([38],
Section 7.3). The conditioning is done on a neighborhood of
grid points on the regular grid. This exploits a quasi-Markovian
property in that this neighborhood effectively shields the effects
of remote grid points on the regular grid. The locally irregular
grids due to refinement do not allow the use of FFT. However,
in applications, the number of refinement and conditioning
nodes is expected to be much smaller than the size of the origi-
nal regular grid. Therefore, they can be dealt with using direct
factorization (Cholesky) methods.

The goal of the paper is two-fold: first, we clarify in which
scaling regimes the paraxial-Markov approximation with uncor-
related phase screens may fail and also quantify the subsequent
distortion of the estimated moments of ¥ (x). Second, we
show that the SCE-DFT method can be implemented effi-
ciently for beam propagation through extreme turbulence.
The original circulant embedding method introduced in [36]
is guaranteed to generate ensembles of vectors with the exact
covariance matrix %, if the grid  is embedded in a large enough
d-dimensional cuboid [39]. The large cuboid makes circu-
lant embedding computationally expensive. Our SCE-DFT
approach shows that, in fact, it is possible to work with much
smaller cuboids by using an appropriate, smooth embedding at
the expense of a small and theoretically quantifiable error of the
approximation of . This makes the SCE-DFT method both
theoretically guaranteed and numerically efficient.

The paper is organized as follows: we begin in Section 2
with the split-step Fourier method, the definition of the phase
screens, and the discussion of the validity of the paraxial-Markov
approximation. In Section 3, we describe the SCE-DFT
approach for generating correlated phase screens and quantify
how the size of the embedding cuboid affects its accuracy. The
simulation results are presented in Section 4, where we compare
the estimated moments with the uncorrelated and the corre-
lated phase screens. We present some conclusions in Section 5.
In Appendix C, we use a typical example to illustrate how the
SCE-DFT method significantly outperforms the classic version
of circulant embedding with a smooth pasting to zero.
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2. PHASE SCREEN METHOD

In this section, we review the split-step Fourier approximation
of the solution of the paraxial Eq. (2) and describe the statistics
of the phase screens, for the random process with power spec-
tral density (3). Then, we study the regime of validity of the
Markov approximation, where the phase screens are considered
statistically independent. We end with the motivation of using
correlated phase screens for beam propagation through very
strong turbulence.

A. Split-Step Fourier Approximation

Suppose that we wish to compute the solution v/ (x) of (2), at
x = (x, Z), where Z denotes the total, long range of propaga-
tion. The split-step (phase screen) method [40] divides the range
Z into n subintervals (z;, z;41) of length Az, with zj = jAz,
for j=0,...,n, and Az=Z/n,. In each subinterval, the
beam is evolved approximately by solving two simpler equations
in sequence:

1. The first equation takes into account the deterministic
diffraction component

az¢(x,z>=2’—kAx¢<x,z>, z€ (2, 211),  (6)

starting from ¢ (x, z;) = @;(x). Its solution at the end of
theinterval is

Bjr1(x) =@ (x, zj41) = [A(z)+1, 2)¢;1(x),  (7)

with the operator

1
[A(zj+1, 2))$;1(x) = )y /léd[}_%](’f)

2. .
X exp (—iW + ik - x> de, (8)

defined using the Fourier transform

[Foilk) quj(lc) = /l;d ¢ (x) exp(—ik - x)dx. (9)

2. The second equation takes into account the random phase
modulation
i

az¢(xv Z)zﬁ:u(xs z)¢(x,z), ZG(ZJ',Z]'+1), (10)

starting from ¢ (x, z;) = ¢;(x), and its solution at the end
of the subinterval is

dir1(x) =0 (x, z;41) =[B(zj41, 2))9;1(x),  (11)

with the operator

b Zj+1
[B(z;11, 2)¢;1(x) = exp (2 / u(x,z)dz) ¢ (x).

The integral that defines the random phase in this equation
is called a phase screen.

The result after 7, steps is
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nz—1

V(x, 2)~ [ [] BGzjs1, 2 Az, zj)]%(x)- (13)

j=0

It is only an approximation of ¥ (x, Z) because the evolution
operators (8) and (12) do not commute. This approximation
improves as Az decreases, as shown by the convergence analysis
resultsin [4,18,19,23].

Another version of split-stepping is given by Strang’s method
[41,42], which takes half a step using the operator A, then takes
a full step with the operator 3, and then takes a second half step
again with A. Note from the definition (8) that A is translation
invariant:

A(zpy1/2, 80—1/2)

= A(zp, zp—1) = A(z1, z9), forallk=1,...,n,—1,

and that

A(zpg1/2, 2e-172) = Alzpt1/2, 2) Alzr, 26-1/2).

This implies that the Strang scheme differs from (13) just in the
firstand last steps [43]:

V(x, 2) X[ Az, 21,12 B2, 20,-1) A2, -1, 20,-2)
< Alzy, 20)B(z21, 20) A(z125 Zo)‘ﬁo] (). (14)

The computational burden in the split-step algorithm is the
repeated direct and inverse Fourier transforms that define the
operators A and the generation of the random phase screens that
define the operators B. The fast Fourier transform (FFT) can
obviously be used for the computation of .A. Moreover, when
combined with the circulant embedding approach [36], it gives
an efficient and accurate computation of the phase screens that
define the operator B (see Section 3).

B. Statistics of the Phase Screens

The phase screen at the jth step is defined by

xeRY j=0,...,n,— 1.
(15)

It is a Gaussian process (since (%) is assumed Gaussian) that is
stationary in (j, ) with mean zero. Its covariance is derived in
Appendix A, and itis described next.

(+DAz
Uj(x) :/ w(x, z)dz,
J

Az

* The covariance of the phase screens is given by

E[Uj 11+ + 2) Uy ()] = E[U;(x) Uy (0)]

JAz
=/ [s — (j = DAZIRAIGx, 9))ds

(j—1)Az

Az

(j+DAz
+f [+ DAz —s]R((x. 9Dds, (1)
J

with R, definedin (4)and 4 € {1, 2}.

¢ Thevariance of the phase screens is given by

Azt Az Az
E[Up02] == g, (22, 22) ) ()
mTla L, [,
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52
/ sinc(u) P(u, sy, s2)du, ifd =2,
Wy(s1,52) = 5 (18)
/ Jo()P(u, s1,s2)du, ifd=1,
0

with Jj as the Bessel function of the first kind of order zero, and
with

au
P(u,si,s0)=@Vs) ¥ —s5,%— uVisy) ¢!
(u,51,52) =( 1 2 a+1( 1)
ou
+ —a—1
05—1—152

(19)

The notation # V s stands for max{#, s;}.
e When Az L, > [,,wehave, ford € {1, 2}

Bt = XL =) p sy oan), (20)
drna

E[U,(x) Us(0)] = (Xo Ly) 0(Az), ifn#0, (21)

and

E[Uy(x)Up(0)] = ; / S(k, 0)e ™ *dk[Az + 0(Az)]
Q) Jrd

;!
_ fa / ST QuG IxDds [Az +o(A2)],
dm !
(22)

with Q1(r) =cos(r), Q2(r) = Jo(r), and 0(Az) denoting a
length scale satisfying 0 (Az)/Az — 0as Az — 0.

C. Validity of the Markov Approximation

Equations (21) and (22) with the 0 (Az) terms neglected give
the covariance of the phase screens used in the optics literature
([1], Eq. (14), Section 15.2.1). As from Egs. (16)—(22), it is an
approximation of the covariance (16), derived in the asymptotic
regime Az>> L, > /,. In general, the phase screens are corre-
lated. It is only for Az >> L, that the correlation of the screens
becomes negligible, per equation (21). Since the phase screens
are Gaussian distributed, this implies that the phase screens are
independent.

We conclude from Sections 2.A and 2.B that the discretiza-
tion step Az must satisfy a trade-off, in order for the split-step
Fourier method with independent phase screens to give accurate
estimates of the statistics of ¥ (%):

(H1) On one hand, Az must be much larger than L, so that
the Markov approximation (independent of the phase screens)
can be used. For example, in [44], it is stated that the phase
screen can be assumed independentwhen Az/L, > 5.

(H2) On the other hand, Az must be small enough for the
split step approximations (13) or (14) to be accurate [18,19].
For example, in [22], it is required that the change of |/ (x)]
overastep Az beless than 5%.

There are different versions of the hypothesis (H2) in the
literature. We cite some of them, for 4 =2, i.e., propagation
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in three dimensions, and for the Kolmogorov spectrum. It is
stated in ([1, Eq. (20), Section 8.2) that for a plane wave propa-
gating over the range interval Az, and under the assumption
that the intensity perturbation is weak, the intensity variance is
approximated by the Rytov formula:

o5 =123C*k"°AZ"/°, (23)

In [45], the authors require that o3 be smaller than some thresh-
old, typically 0.05%, which gives a criterium of the form

Az < k77/11(C£)76/11(0.052/1.23)6/11

=0.034477/11(CH~6/M, (24)

In [28,46], it is stated that it is sufficient for the phase thick-
ness to satisfy L, < Az < kp?, where p, is the correlation
radius of the field. From ([1], Eq. (64), Section 6.4.1), we have
p. = (146C2k* Az) =3/, so we get the criterium

Az < F7M(CHTM(1.46) 71 = 0.8147 /1 (CH 7O,
(25)
These criteria are the same from the point of view of configura-
tion parameters, albeit with a rather large difference in the multi-
plying constant, thus leaving the question partly open as to how
to choose the discretization.

D. Kolmogorov Phase Screens

Here we specialize the discussion of the trade-off (H1)—(H2), for
the Kolmogorov model of turbulence. To compare with the for-
mulasin [1], we note thatin ([1], Section 3.3.1), the power spec-
trum @, of the fluctuations jt of the index of refraction is

CI>,,(lc):0.033C§|lc|_“/31(L;1J;1)(|lc|). (26)

Since our process 4 models the fluctuations of the squared index
of refraction, we have p & 2 1. We also have a different conven-
tion of the Fourier transform, which can be reconciled by divid-
ing the formulas in [1] by (277)3. Then, we obtain from defini-
tion (3) that our power spectrum S corresponds to (26) at o =
5/3 and 4 = 2, for the normalization constant

xs/3 = 4(2)30.033C2. (27)

We next discuss some configurations motivated by appli-
cations and study whether the split-step Fourier method with
an independent phase screen approach can be applied accord-
ing to the above heuristics. For this purpose, we use the Rytov
formula (23) for the variance of the intensity.

 Strong atmospheric turbulence [1]: if C?=
1073 m=23, [, =5/(27) mm~ 0.8 mm, L, = 10/(27)m =~
1.6 m, A, =1 um, and Z =100 m, then the Rytov intensity
variance over the whole range interval is 03 (2) >~ 0.17%, which
is too large. To reduce it, we need to discretize the range in steps
Az. If we choose Az=10m, the Rytov intensity variance
reduces to O'lze(Az) ~0.022, i.e., we have a relative amplitude
modulation of 2%, which is acceptable. Furthermore, we can
use independent phase screens, because Az/L, = 6.25.

¢ Jetplume [25]:if C2=10"" m~%/3,[, = 1/(27) mm =~
0.16mm, L,=0.5/27)m=0.08m, A,=1.5um, and

Z=10m [25], then the Rytov intensity variance over the
whole range interval is 03(Z) =~ 2.12. This gives an unaccept-
ably large relative amplitude modulation of more than 200%.
To reduce this modulation to less than 5% [recall criterium
(H2)], we need phase screens of thickness Az < 0.17 m. But
then Az/L, < 2.12 and the Markov approximation cannot be
applied. Therefore, we need to use correlated phase screens.

* Aero-optics: in these applications, lasers mounted on fast-
flying aircraft are affected by strong turbulent boundary layers
around them [29-31]. The values of specific parameters depend
strongly on the specific context, and factors such as the shape of
the aircraft play a role. We illustrate a case of extreme turbulence
that arises for a relatively short propagation distance Z =10 m
and a larger outer scale L, = 1 m, by taking C? >~ 10~!! m=2/3
and A, =1 pum. Then, according to the criterium (24), we
would need Az < 1.6 m, which means that the phase screens
will be correlated.

3. SCE-DFT APPROACH TO GENERATING
CORRELATED PHASE SCREENS

We describe here how we sample realizations of the Gaussian
random process Uj(x), with correlation structure given in
Eq. (16). As stated in Section 2.B, this process is isotropic and
stationary in both the cross-range x and the range index ; € Z.

We use a smooth embedding extension of the method intro-
duced in [36]. The core idea is to artificially periodize the
covariance matrix by embedding it in a larger circulant matrix
that can be diagonalized efficiently using the FFT. As long as the
embedding matrix is non-negative definite, we can compute its
square-root and generate a Gaussian process with the periodized
covariance. A suitable subfield of this process gives the desired
phase screens.

It is known that the embedding matrix can be made non-
negative definite by choosing a large enough embedding
[47,39]. Minimal embeddings give non-negative matrices only
in special cases [36], so, in practice, it is important to know
how to find a suitable embedding. One step in doing so is to
introduce smoothing in the embedding process. This eliminates
abrupt changes at the boundary of the periodization, which
are a cause of undesirable, negative eigenvalues. We refer the
interested reader to the studies [48,49,50] that consider various
types of smoothing. There exist theoretical bounds on the size
of the embedding that guarantee non-negative definiteness, in
the presence of smoothing [48,39]. Depending on the type of
covariance, these bounds may depend on the mesh size and from
the practical point of view, they may suggest larger than needed
embeddings for an acceptable approximation of the statistics of
the phase screens. There is also a convex optimization approach
to finding an optimal circulant embedding [51] that naturally
brings some extra computational burden.

Here, we use a different and simple smoothing extension
of the circulant embedding method and show that even for
embeddings that are much smaller than stated in the theoretical
bounds, the negative part of the spectrum of the embedding
matrix is very small. This allows the quantification and control
of the error of the generated phase screens.
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A. Circulant Embedding in One Dimension

To simplify the presentation of our SCE-DFT approach, we
begin with the one-dimensional case. Then, in Section 3.B, we
describe the extension to higher dimensions, as needed for the
generation of the phase screens.

Suppose that we wish to sample a mean zero, sta-
tionary Gaussian field y(x), with covariance €'(x)=
E[y(x")y(x" 4 x)], on a uniform grid x; = j/Ax in the inter-
val x € (0, L). We count the grid points with j =0, ..., #,
and letx, = L, so that the grid step is Ax = L /n. The goal is to

generate (sample) the Gaussian random column vectors
Y=(y(x0). - y(xa)) (28)

with meanzeroand (z + 1) X (# + 1) covariance matrix

(E(j — Ao pe-  (29)

Note that % is a non-negative definite and symmetric Toeplitz
matrix that is completely characterized by its first row.
The periodization of the covariance is

¢ =E[YY]=

Cg(x)z{%(x) for0<x<1L,

© QLA+ f)—x) for LA +2f) <x <2L(1+ f).
(30)

where /> 0 is called the embedding fraction. Definition (30)

ensures that % (x) satisfies periodic boundary conditions at the

endsof theinterval [0, 2L (1 + f)]:

Cx=0)=C(x=2L(1+ /) =7%(0),

and thus it can be extended periodically to the whole real line.
The choice f'= 0 gives the minimal embedding, but with the
exception of very special cases [36], it is unlikely to give a non-
negative covariance. Thus, we take /> 0and note that there isa
gap (L, L(1+2/f)), where ‘g(x) remains to be defined.

Assume for simplicity that N=2L(1 + f)/Ax is a natural
number and define the matrix € = (Cf(lj - k|Ax))o<] k<N-
There are mathematical results [48, 4:/ 39] that estimate how
large f should be in order to have € positive definite. This
makes it possible to build an exactand fast sampling scheme, i.e.,
generate Y with the correct covariance (29) by generating first a
realization j of the NV + 1-dimensional Gaussian random vector
Y with the covariance € by a spectral (FFT) method and then
extracting y = (y(x;))" "o The vector y is then a realization
of the 7 + 1-dimensional Gaussian random vector ¥ with the
covariance & since € = (%(U — k|Ax))o<; k<n- This strat-
egy depends on how ‘g(x) is defined at x € (L, L(1 +2f)).
If it is simply set to zero, the jump discontinuities at x = L
and x = L(1 + 2 /) induce a significant negative part of the
spectrum of the periodized covariance, unless f is very large.
The estimates in [39,48] show that this large / depends on
the sample grid and diverges to infinity as the grid is refined.
However, when the covariance is extended smoothly to the
interval (L, L(142/)), the embedding becomes efficient,
with grid-independent embedding fraction f. This is shown in
[39,48] for an extension that is differentiable at all orders. Here,
we show that we can get guaranteed good results with a small
embedding fraction, using a smooth embedding defined by the
quadratic polynomial:
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¢'(L)
C(x)=C (L) + W( —DILA+2f) —x],

forx e (L, L(14+2))). (31)

This choice makes Cg(x) symmetric about x = L(1+ f)
and continuously differentiable. Indeed, we verify from (30)
and (31) that €"(L(1+ £)) =0 and that €(L) =€ (L) =
C(LA+2f)and 4 (L) =C" (L) =—C"(L(1+2f)). The
smoothness of our embedding is essential to ensure that a small
embedding fraction f is sufficient to get a nearly exact sampling
method with a theoretically derived upper bound on the error of
the approximated covariance.

We can always choose f so that N=2L(1+ f)/Ax is
a natural number. The grid-sampled periodized covariance

defines the circulant N x N Toeplitz matrix ¢ with first row:

P (%5( ij)) : (32)
0<j<N-1

The matrix € is dlagonahzed by applying the discrete Fourier

transform to the vector ¢, and we store its eigenvalues in the

vector

S =FFT(¢), (33)
computed via the FFT. If we divide the eigenvalues into the non-
negative and negative ones

S(Jr) = {S(]) ]l{S(j)>0} };V:—Ol R S(i) =S — S(“, (34)

we expect thata good embedding corresponds to a small norm of
S,

To generate an approximation of (28), we define the
N-dimensional random vector:

Y — iFFT (\/S(T) s« (g + in@)) : (35)

where “IFFT” denotes the inverse FFT. Here, the square-root
acts term-wise, the operation “.*” represents term-wise multi-
plication, and 79, j =1, 2areindependent standard Gaussian
random vectors. The desired # + 1-dimensional column vector
(28) is approximated by
() 2 Y(j) = real [Y(j)], i=0,....n.  (36)
Note that the vectors (Y( J +#))o<j<n have the same distri-
bution for all £#€{0, ..., N —n — 1} as a consequence of the
periodization, so we could have taken any of these vectors to
define (y(x;))o<j<n. Note also that we could have taken the
imaginary part in Eq. (36). Therefore, the scheme allows the
generation of two or more (correlated) random samples of Y, at
once.
In Appendix B, we derive the following result:
|E[YY"] =%, <2187 .. (37)
It quantifies the error of the approximation of the covariance
matrix (29) in terms of the norm of the vector S~ of negative
eigenvalues of the embedding matrix. In Section 3.C, we how
for three-dimensional simulations, that this norm is negli-
gible even for small embedding fractions f. Therefore, the
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sampling scheme generates efficiently random phase screens
with covariance that is very close to € and has user controlled
error determined by ||S™ ||, which is in turn controlled by the
embedding fraction f.

B. Circulant Embedding in Higher Dimensions

Here we briefly describe the two- and three-dimensional ver-
sions of the SCE-DFT method. The procedure follows [36] and
uses the smoothing described above.

Suppose that we wish to sample a two-dimensional, mean
zero, stationary Gaussian field y(x), for x=(x1,x;) €
(0, L1) x (0, Ly). We discretize the domain uniformly, on
agrid with step sizes Ax; = L /n; and Ax, = L, /n; and order
the grid pointsleft to right, i.e.,

(07 O)’ (Axla 0)5 [RRX] (nlela 0)9 (07 sz),
(Axy, Axy), ..., (n1Axy, Axy), (0, 2Ax3), ...

The number of grid points is 7= (#; + 1)(n2 + 1) and the
7 X n covariance matrix € of the vector Y defined by y(x)
evaluated on the grid is symmetric and block Toeplitz, with
(71 +1) X (n; + 1) sized blocks corresponding to a fixed
x3 = jAx,, for j =0, ..., ny. The blocks themselves are also
Toeplitzand we denote them by ;.

The first step is to embed each block %’; in a square,

circulant matrix ¢; of size N x N, where N > n.
This is done as described in Section 3.A. We obtain the
Ny (n3 + 1) X Ny (n3 + 1) block Toeplitz matrix

Co €1 Ca ... Cn

v T v v v

AR TR TR

Z, ¢, G C ... (38)
~T ~T ~T v

anz %”271 (gnz 2 %0

that is then cyclically embedded in an MV, x NV} IV, block

circulant matrix € with circulant blocks. The matrix &
is diagonalized using the two-dimensional FFT applied to
c=(C(j1Ax1, 2AX2))0<ji<N—1,0<j<No—1-

_ Note that we do not need to store the N1 N, X IV} IV, matrix
€. Due to the block circulant structure, we only need the
N; x N; matrix €. The generation of the Gaussian random
vector is obtained as in Section 3.A. The computational cost is
O(M log M) flops, and the storage requirement is O(M), for
M=NN;.

Similarly, consider a three-dimensional, mean zero, sta-
tionary random field y(x), evaluated at x = (xi, x2, x3)
in a uniform grid that discretizes a rectangular domain
(0, L1) x (0, L) x (0, L3). The covariance % is block
symmetric and block Toeplitz matrix, whose blocks correspond
to a fixed x3. Each such block has the properties of the two-
dimensional covariance considered above. The relations (32),
(33), and (35) in the one-dimensional case generalize to three
dimensions in the following way: the step in (32) is general-
ized by forming a third-order tensor via smooth embedding in
three dimensions. The embedding fractions can be different

in different directions. In our simulations, we use an embed-
ding fraction f, =0.5 in the lateral directions and f; =0.25
in the range direction. This gives a modest increase in the
computational cost and storage requirement. The generaliza-
tion of step (33) uses the three-dimensional FFT applied to ¢ =
(C(j1Ax1, jpAx2, J3A%3))0<ji<M—1,0</<Nr—1,0<j3<N3—1
that produces a tensor of size Ny x IV, X N; comprising the
eigenvalues. Step (35) is generalized by replacing the one-
dimensional iFFT with a three-dimensional iFFT and by
replacing the /), j = 1, 2 with third-order tensors with inde-
pendent Gaussian entries. The simulated field is then generated
by taking the real (or imaginary) part of a sub-tensor of size
ny X ny X n3. The computational cost is O(M log M) flops,
and the storage requirementis O (M), for M = Ny N, Ns.

C. Generation of the Phase Screens

The phase screens are generated with the three-dimensional
SCE-DFT method described above, for the covariance given in
Eq. (16). We illustrate the results for the Kolmogorov spectrum,
i.e., @ = 5/3. The inner scale is /, = 8 mm and the outer scale
is L, =1 m. The screens are generated on a cross-range square
domain of side L, = 0.4 m and the distance of propagation is
Z=1.3m. There are n; = n, =2'! grid points in the cross-
range directions and 7, =6 phase screens. Here and below
we denote by the bold letter x = (x1, x7) the vector of lateral
coordinates and by z the range coordinate. Note also that x is
used below for either x or x5.
Figure 1 shows the spectral accuracy parameter

E:=18712/11Sl> (39)

as a function of the cross-range embedding fraction £, and with
the embedding fraction in range fixed at f; = 0.25. We see that
even with a small f;, the parameter £ is of the order of 2%.
Moreover, the plot has an “L” curve type behavior and indicates
an optimal f; & 0.65, where £ ~ 0.2%. We use f, = 0.5 and
/= = 0.25, henceforth.

The choice of the smooth embedding we made in (31) affects
the spectral accuracy, as shown in Fig. 1. The minimum noted
in Fig. 1 corresponds to the particular choice of f that makes

€ twice continuously differentiable. We discuss the qualitative

Spectral Accuracy, £

1021
-3 | 1
10% 05 1 15
relative imbedding, fX
Fig. 1.  Spectral accuracy £ as a function of the cross-range embed-

ding fraction, f;.
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behavior of the spectral accuracy and the relation to the smooth
embedding method in more detail in C.

The left plot in Fig. 2 shows the empirical phase screen corre-
lations with the blue dashed curve and the specified correlations
x> E[Y(x' + %, j)Y(x, j)l/E[Y*(x', /)] deriving from
(16) with the red solid curve. Here again, we use 7, = 6. With
the smooth embedding, the correlation of the sampled field Y
is close to the target correlation. The right plot shows the evo-
lution in m Az of the (normalized) variance of the cumulative
medium fluctuations in range

2 2
Vo) :=E [ | Y Y, i) | |/E| DY ]| |,
Jz=1 Jz=1
forx = (x1, x2),m € {0, ..., n,}.

4. PARAXIAL PROPAGATION WITH DEPENDENT
AND INDEPENDENT PHASE SCREENS

In this section, we present numerical simulations of the paraxial
wave equation using both independent and correlated phase
screens. In light of the discussion in Sections 2.C and 2.D, one
may wonder what happens when using independent phase
screens of thickness Az that violate (H1) or a criterion of type
(H2) or both? The answer depends on the output quantity of
interest. We show here that the errors are seen mostly in the
estimates of the high-order moments, which are more sensitive
to the tail of the distribution of the wave field. This is important
since, in the optical context, one is often interested in the fourth-
order moments that characterize the statistics of speckle. We
remark that the conditions (24) and (25) differ by a factor of 25.
Although they indicate a specific parametric condition for phase
screen discretization, they do not give a very precise condition
for the choice of the discretization step.

We use the Strang splitting method summarized in Eq. (14).
The correlated phase screens are generated as described in
Section 3, with the covariance given by (16). The smooth
embedding fractions are f; =0.25 in the z-direction (index
of the screen) and f, = 0.5 in the two cross-range directions.
For the simulations with independent phase screens, the trans-
verse covariance is given by Eq. (16) with j =0, rather than

the approximation (22), which holds only when Az > L,. We
show resultswith d = 2, i.e., propagation in three dimensions.

We choose the length scales relative to the outer scale L, as
follows: the wavelength is A,/L, =2 x 107°, the inner scale
is /,/L,=8x 1073, and the total propagation distance is
Z/ L, =1.3. The initial profile ¥ (x) is a Gaussian centered at
the origin and with standard deviation 7,/L, =2 x 1072
(scaled to have unit maximum amplitude). The simula-
tion domain is the cuboid with a square cross-section of side
L,/L,=0.4.Thisisdiscretized with 2" grid points in each lat-
eral direction. Thus, in particular, if the outer scale is L, = 1m
then the wavelength is 2 um. We moreover consider both the
cases with correlated screens (left plots) and independent screens
(right plots). The plots show empirical estimates based on 300
independent simulations.

The spectral exponent is o =5/3, corresponding to
Kolmogorov turbulence. We choose the Kolmogorov model
because of its popularity in the optics literature, but other,
non-Kolmogorov models [52] may be used as well. We consider
strong turbulence corresponding to CﬁLg/ ’=2x 1077 and
Cﬁl%ﬂ =6 x 10719, respectively.

In Fig. 3, we show the estimated mean intensity

Ix(Ix) =E [l (x, 2)I°]. (40)

In the empirical (Monte Carlo) estimation, we exploit the radial
symmetry of the source and the statistical isotropy in cross-range
and average over the direction in the cross-range plane. Here and
below, the green, green dashed, red, red dashed, blue, and blue
dashed lines correspond to numerical simulations using 1, 2,
4, 6, 14, and 22 phase screens, respectively. We see that even in
extreme turbulence, the intensity profile is not much affected
by the propagation, and it is not sensitive to the phase screen
discretization. The intensity profile is captured well, also with
independent phase screens.
In Fig. 4, we show the estimated field covariance

(D) =real {E [0, 2V, 2) |

~E© 2E[¥ 2]} @)

Phase Screen Cross-range Structure Function Normalized Cumulative Variances
1

1b
0.8}
0.8}
==~ 06}
0.6} -
04} = 0.4}
0.2} L2 0.2f
0 1 1 1 ] O I I 1
0 0.1 0.2 0.3 04 0 0.5 1 15

z

Fig.2. Blue dashed line in the left plot is the empirical phase screen structure function in cross-range, with the range offset being zero, while the red
line is the specified structure function. Due to the isotropy in cross-range, the abscissa in the left plot is x = |x|. The right plot is analogous but shows
the normalized variances of the cumulative fluctuations in range z=mAz, m € {0, ..., n,}. For both plots, the abscissa is in units of L,. The esti-

mates are based on 300 realizations.
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Fig.3. Intensity profile is insensitive to the discretization. The left plot corresponds to correlated screens and the right plot to independent screens.
Here, C2 L% =2 x 107 and the abscissa is x = |#| in units of Z,. Henceforth, the green, green dotted, red, red dotted, blue, and blue dotted lines
correspond to 1, 2, 4, 6, 14, and 22 phase screens, respectively. The curves are difficult to distinguish because of the agreement.
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Fig. 4.
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Field covariance is insensitive to the discretization when using correlated screens (left plot). It depends strongly on the phase screen dis-

cretization for independent phase screens (right plot). Here C2L2/> = 2 x 1077 and the abscissa is x = || in units of Z,.

Field Covariance
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Field Covariance

:6.02 20.01 0 0.01
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x[L]

Fig.5. This is analogous to Fig. 4, but the medium fluctuations are weaker, with Csli/ 3 =6 x 10719, Observe that the covariance has a wider

support.

We observe that the covariance, which depends on the phase
of the wave field, is rather insensitive to the number of phase
screens as long as they are correlated. It is approximated well
even by one phase screen. However, the independent phase
screen approach for more than one phase screen does not give an
accurate answer, because the condition (H1) is violated. Figure 5

corresponds to Fig. 4 just with C%Lf/3 =6 x 10719 rather than

CﬁLi/s =2 x 1077, We observe that the support of the field
covariance depends on the strength of the turbulence, i.e., it is
tighter in Fig. 4 than in Fig. 5.

In Fig. 6, we plot the standard deviation of the intensity
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Sx(lx]) = {IE |:|w(x7 Z)|4] _ (]X(|x|))2}1/2 (42) well using the independent phase screen approach. Figure 7 is

analogous to Fig. 6, just with CﬁL%B =6 x 10719 instead of
C2L’ =2x107.

Figure 8 shows the intensity standard deviation at its maxi-

as a function of |x|, where Iy is defined in (40). This defines
the scintillation index o} = S%(|x])/73(|x[). We observe

from the right plot that the intensity variance is not captured mum, which is at the center of the beam, i.¢., at zero-cross-range

Intensity Standard Deviation

Intensity Standard Deviation

0.15r 0.15r
0.1} - 0.1}
0.05¢ 0.05¢
o : . ; Q= : . : ~
-0.04 -0.02 0 0.02 0.04 -0.04 -0.02 0 0.02 0.04
x[L,] x[L]

Fig. 6. Intensity standard deviation Sx(x), where x = ||, for C2L%? =2 x 107 The left plot corresponds to correlated screens and the right
plot to independent screens. Observe the dependence of Sx (x) on the discretization, i.e., the number of phase screens. We observe convergence only
when using correlated screens. Since in the Monte Carlo averaging we exploit the radial symmetry of the source and average over radial direction in the
x plane, the sample variability is a bit largeratx = 0.

Intensity Standard Deviation Intensity Standard Deviation
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Fig.7. Thisisanalogous to Fig. 6, but the medium fluctuations are weaker, with C2 L%/ = 6 x 1071°.
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Fig. 8. Figure shows the standard deviation of the intensity at the beam center as a function of the number of phase screens. The left plot is for

C?L%3 =2 x 107 and the right plot for C2L2/> = 6 x 107! The red solid line corresponds to correlated screens and the blue dashed line to inde-
pendent phase screens. Again, we observe convergence when using correlated phase screens, but not when using independent ones.
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offset, for Cﬁlfﬂ =2x1077 and CﬁLf/S =6x 10719
respectively. The red solid line corresponds to correlated screens
and the blue dashed line to independent phase screens. While
the intensity standard deviation (scintillation) quickly con-
verges with correlated phase screens, no discretization Az
captures this quantity well when using independent phase
screens. Indeed, the intensity standard deviation depends on
the fourth moment of the wave field and is more sensitive to
the distribution tail of the wave field as compared to low-order
moments, and the simulations show that capturing well this tail
requires correlated phase screens.

Note that the independent phase screen approach with
many independent phase screen, underestimates the intensity
standard deviation. This is because using many independent
phase screens means that the integral in the range of the medium
fluctuations has a variance that is too small. Note also that the
wave statistics are non-Gaussian, since the intensity variance
function is far from the square modulus of the field variance
function.

From Fig. 8, we can observe that the condition on the number
of phase screens to use in order to capture the scintillation with
high accuracy is similar for the two levels of medium fluctua-
tions considered, albeit the convergence appears a bit faster in
the case with weak medium fluctuation, conforming with the
condition in (24) with the number of required phase screens
scaling with turbulence level.

5. CONCLUSION

In typical regimes of propagation through turbulence, the use of
independent phase screens in the split-step Fourier method for
wave propagation is well justified. However, there are regimes of
extreme turbulence where correlated phase screens are needed.
We considered such regimes arising in laser beam propagation
through very strong turbulence. The results extend to general
models of turbulence and are relevant for propagation through
atmospheric turbulence or through oceanic or turbulent water
layers [53,54].

We reviewed, for the case of Kolmogorov turbulence, the
validity of using independent phase screens and motivated
the use of correlated screens for propagation through extreme
turbulence. We showed that classic criteria for phase screen
discretization may not be useful to achieve high accuracy for
speckle statistics, in particular in the regime of small scintil-
lation. We showed moreover that while second-order wave
field moments may be well approximated with a coarse phase
screen discretization with independent phase screens, to resolve
well scintillation and speckle statistics, one would need a finer
discretization. Furthermore, we presented a smooth circulant
embeddingalgorithm, called SCE-DFT, for sampling efficiently
the random correlated phase screens. With this algorithm, we
performed three-dimensional Monte Carlo simulations and
quantified the artifacts produced by the independent phase
screen approach on the statistics of the wave field. Indeed, these
artifacts are visible mostly in the estimates of the fourth-order
moments of the wave field that characterize the statistics of
speckle. We also showed that the split-step Fourier method with
correlated phase screens gives stable results with respect to the
phase screen thickness.
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APPENDIX A: DERIVATION OF THE
COVARIANCE OF THE PHASE SCREENS

In this Appendix, we give the derivation of the covariance of the
phase screens, stated in Eq. (16) and the approximation for the
asymptoticregime Az > L, > /,, asstated in Eq. (21).

* The first line in Eq. (16) is due to stationarity. For the
second line, we use

(j+1)Az

E[U; (%) Up (0)] :/

jAz

/(]-H)Az
jAz

(j+1Az
=/ ds (Az— s — jAzl) Ry(|(x, 9.
J

(j-1DAz

/ dz, Bl (x, 2)1(0, 2,)]

/ dz, R,(|(x, z1 — z2)])

which gives the desired result.
* Denoting /i (#) = Jo(#) and j»(#) = sinc(x), we have

Az

E[Up(0)*] =2 ds (Az — ) R,(1(0, 9)])

X Az s/l
= —Z ds du u™ j(u)(Az — 5)s*!
= Jo s/L,
X Az/l, LounAz
= —Z doe u™ j,(u) ds(Az —5)s%71,
T 0 lyu

which gives (17) after computing the integral ins.
¢ We have without any approximation ford = 2

Lot
B0, U] = 25T RN CRPURE
0

. o KAz
X sinc — cos (k,nAz) di,

_ XaAz

Az/l,
f [LE((sL,/Az) v 1)~ =[]
0

© 21
(s
X sinc (5) cos(zs)ds.
If Az> L, > /,, then this can be approximated by

cos (ns) ds,

o« Az(LY —/D‘
E{U,©0)Up(0)] ~ 2220 = 1) / sinc?
2m2a
which gives (20) and (21) for x=0 because
fooo sincz(%) cos(ns)ds =m1g(n). The calculations of the
other moments are similar.

APPENDIX B: DERIVATION OF THE ERROR
BOUND (37)

Assume for convenience, but without loss of generality,
that k=0 in (306). Deﬁne the N x N diagonal matrix

={1{j=No<j<m) z 0, with first #+ 1 diagonal entries
equal to 1 and Z€ero otflethse This selects the entries of Y, as
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stated in Eq. (36) for # = 0. Recall that the embedding matrix is

% and thatit is diagonalized by the discrete Fourier transform. If
we denote by F the unitary matrix that represents this transform,
we have

%F = F diag(S).

with diag(S) being the diagonal matrix with entries S(7). Then,
using the definition (36) and the splitting (34) of the eigenvalues
into the positive and negative parts, we get

|E[YY"] =%, = |D (real(F)diag(S' ) real(F)
+ imag(F)diag(S”)imag(F)) D|

<2[S.

APPENDIX C: ON THE SPECTRAL ACCURACY

We discuss here aspects of the smooth embedding in the context
of the SCE-DFT method for sampling a Gaussian random field.
Our smooth embedding corresponds to a second-order spline
interpolation, as given in (31). We compare it here with two
other smooth embedding methods. For this purpose, it suffices
to consider the one-dimensional case and sampling of a centered
random field with a Gaussian correlation function.

The three smooth embedding methods are: the second- and
fourth-order spline interpolations and smooth tapering to zero.
We use a configuration as introduced in Section 3.A. In the
parameterization introduced, there we use 7 = 2Mand L =0.4;
moreover, the Gaussian correlation function for € has width
o =0.3. The second- and fourth-order smooth embeddings
can be written as

FD(x) =a"? + bV h2(x) (C1)
and
GO (x) =a"D + bV () + D p (), (C2)
respectively, while the smooth tapering to zero is defined by
€U (x) = (6P)(x) + (€201 + HL—x).  (C3)

forx € (L, (1+2f)L).Here we defined

x— LA+ f)
Lo

b =—cy/2, (CY)

h(x)= (C4)

a®? =C (L) +¢1/2,

"V =F(L)+ 5er +¢2)/8, 6P =—(Bei + 1) /4,

"D =(c1 +2)/8,
(C6)

withe, = (FL)E (L), ca = (fL)*€"(L),and
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n((k —|x/L])/(x = 1))

¢(x) = ,
Nk —|x/L)/(c = D) +n((x/L] = 1)/(k — 1))
(C7)

_ Jexp(=x7") forx >0,
77()C)_{O forx <0 °

for k=14 f/2. Recall that for xe((0,L)J(1+
2L, 2(1+ f)L)), the circulant embedding correlation
profile is given by (30).

In Fig. 9, we show the spectral accuracy £ defined by (39) as
a function of the embedding fraction. Note first that the spline
interpolation that we have introduced has a much better spectral
accuracy at small embedding fraction than the classic padding to
zero approach. Moreover, the second- and fourth-order spline
interpolation accuracy curves cross at the embedding fraction:

(C8)

fri==€(L)/ILE" (D). (C9)

Indeed, for f'= f* the second- and fourth-order spline inter-
polation schemes coincide because %62 has a second-order
derivative that is continuous as x = L. For small embedding
fractions f < f* the second-order spline interpolation is the
optimal among the three smooth pasting approaches. Note
finally that for all embedding fractions considered, here the
fourth-order spline scheme has significantly better accuracy
than the padding to zero scheme.

In Fig. 10, we show the correlations profiles (fv(‘)(x), x €
0,2(1+ f)) for f=1.5and ¢ € {s2, s4, rz}. Note that the
fourth-order scheme has a profile that looks similar in magni-
tude to the tapering to zero scheme for this embedding fraction.
However, the fourth-order scheme gives much better spectral
accuracy, as shown in Fig. 9. Note also that for large embedding
fractions the second-order scheme gives a correlation profile
with large amplitude in the pasting section, which conforms
with the corresponding spectral accuracy curve in Fig. 9 that

Spectral Accuracy, £
0.05- P 4

0.04
0.03
0.02
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- L 1

0.5 1 1.5
relative embedding, f

Fig. 9.  Spectral accuracy £ as a function of the embedding frac-
tion, f. The solid-red and dashed-blue curves correspond to the
second- and fourth-order embedding splines, respectively, while the
dashed-green curve is for the tapering to zero embedding of the form
(C3) with ¢ defined by (C7). The magenta diamond corresponds to
f'= f* defined by ( C9), which makes the second-order derivative for
the second-order spline continuous at this point so that the second-
order spline then coincides with the fourth-order spline. Here % is a
Gaussian correlation function of widtho = 0.3 and L = 0.4.
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Embedding Correlation Profiles

0.8+

0.6

0.4

0 0.5 1 1.5 2

Fig. 10.  Correlations profiles used to define the circulant embed-
ding for the embedding fraction f=1.5. The configuration is the
same as the one in Fig. 9.

has a minimum around the embedding fraction ™, where this
method is optimal.

The qualitative behavior seen in the above illustration moti-
vates the excellent behavior we have obtained in this paper
using the SCE-DFT method based on second-order spline
interpolation.
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