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We propose and theoretically characterize three-dimensional spatiotemporal thermalization of a
continuous-wave classical light beam propagating along a multimode optical waveguide. By combining
a nonequilibrium kinetic approach based on the wave turbulence theory and numerical simulations of the
field equations, we anticipate that thermalizing scattering events are dramatically accelerated by the
combination of strong transverse confinement with the continuous nature of the temporal degrees of
freedom. In connection with the blackbody catastrophe, the thermalization of the classical field in the
continuous temporal direction provides a novel intrinsic mechanism for adiabatic cooling and spatial beam
condensation. This process of adiabatic cooling is distinct from other mechanisms of thermalization and
provides new insights into the dynamics of far-from-equilibrium closed systems and their route to

thermalization.
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Introduction—Fluids of light in propagating geometries
are an emerging platform to study the physics of quantum
gases. In contrast to the driven-dissipative dynamics of the
fluid of light in cavity configurations, these systems are
characterized by a conservative Hamiltonian dynamics [ 1-3].
In recent years, intense efforts have been devoted to the
experimental observation of the 2D relaxation dynamics of
monochromatic light toward a fully thermalized equilibrium
state [4—6]. In this framework, special attention is being
devoted to parabolic (graded-index) multimode optical fiber
configurations where spatial confinement prevents beam
expansion and ensures efficient nonlinear interactions.
These advances were anticipated by spatial beam-cleaning
experiments [7-9] and related theoretical works [10-13] and
have fueled the emergence of the new field of optical
thermodynamics [10,14-21].

The physics is far richer when one goes beyond the
monochromatic assumption and allows for a spatiotemporal
(ST) 3D dynamics. In this case, the mapping of light
propagation onto a fluid of light can be rigorously formu-
lated at the microscopic quantum level by exchanging the
role of the propagation coordinate z and of the physical time
t, which leads to a full quantum fluid theory of light [22]. In
synergy with pioneering experiments on quantum fluc-
tuation features [23], the study of 3D fluids of light is
closely connected with the strong ongoing activity on the
spatiotemporal dynamics of light beams, in particular in
multimode waveguides [24,25] (multimode solitons [26],
conical emission [27], instabilities [28], supercontinuum
generation [7,29]).
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A natural challenge [18,30,31] is then to extend
optical thermodynamics concepts to the 3D case with
the ambitious objective of observing full ST thermal-
ization of light. In waveguide geometries, the 3D
extension of the transverse spatial beam cleaning so
far observed only in 2D for monochromatic light would
open the intriguing possibility of condensation also in
the spectral domain.

In this Letter, we take inspiration from ongoing efforts in
the cold-atom context [32-36] to propose a strategy to
observe an efficient 3D thermalization of classical waves in
both the spatial and the temporal directions. While spatial
confinement is guaranteed by a multimode waveguide
geometry, the use of a temporally continuous incoherent
input wave instead of the usual coherent pulses [4-9,14—19]
guarantees that the beam remains homogeneous in the
temporal direction with no need for confinement to over-
come pulse broadening effects. In contrast to the extremely
slow thermalization of quantum light predicted in [31],
bosonic stimulation effects [37-41] are anticipated to
strongly accelerate thermalization of classical waves. As
a key feature of ST thermalization, we show how the
presence of a continuum of temporal modes overcomes
the obstacles imposed by the discrete waveguide modes onto
the spatial-only thermalization [41-43]. On top of a fast
convergence toward a local Rayleigh-Jeans (RJ) ST equi-
librium, we anticipate an unexpected process of adiabatic
cooling, which opens new perspectives on the nonequili-
brium dynamics of closed systems and on their paths to
thermalization [44-49].

© 2026 American Physical Society


https://orcid.org/0000-0002-3518-4159
https://orcid.org/0000-0002-9838-0149
https://orcid.org/0000-0002-2550-514X
https://orcid.org/0000-0001-6679-7049
https://ror.org/019tgvf94
https://ror.org/019tgvf94
https://ror.org/012e1xn46
https://ror.org/05trd4x28
https://ror.org/05trd4x28
https://ror.org/055khg266
https://ror.org/03k1bsr36
https://ror.org/03k1bsr36
https://crossmark.crossref.org/dialog/?doi=10.1103/mqzh-w2gh&domain=pdf&date_stamp=2026-02-05
https://doi.org/10.1103/mqzh-w2gh
https://doi.org/10.1103/mqzh-w2gh

PHYSICAL REVIEW LETTERS 136, 053802 (2026)

The NLSE model—Consider a random classical field
with central frequency @, propagating along the z-axis of a
waveguide; see Fig. 1(a). At a simple yet accurate level of
approximation, we describe the slowly varying field
envelope y/(t,r,z) around the carrier frequency @, and
wave vector k, in terms of a nonlinear Schrodinger
equation (NLSE) [3,22]:

1
2k,

0.y = ——Viy + V(r)y + k20w =yl lPy. (1)
The propagation distance z plays the role of an evolution
“time” variable, while ¢ plays the role of a spatial variable in
the reference frame that propagates with group velocity
v;! = 0zk(@,). Here, k(@) is the dispersion relation as a
function of the frequency @, and the carrier satisfies
k, = k(@,). The parameter , = 102k(®,) denotes the
dispersion coefficient, y, the nonlinear coefficient, and the
transverse trapping potential V(r) accounts for the refrac-
tive index profile in the transverse r = (x,y) directions.

We introduce a real-valued orthonormal basis u,,(r),
with eigenvalues f3,,, solutions of the transverse waveguide
problem f,,u,,(r) = [—(2k,)~'VZ + V(r)]u,,(r). We then
expand the field y(z,r, z) in terms of its modal amplitudes
by(w,z) = [[dtdry(t.r,z)exp(iot)u,(r), which are gov-
erned by [50]

iazbm = /}m(w)bm - }/Fm(w>Pm(b)’ (2)
where the linear and nonlinear dispersion relations,
respectively, read f,,(w) = f,, — kow® and T, (w) =1,
with @ =& — &, < @, the frequency offset from the
carrier @,, and y =y,/(2x)%. The interaction among
modes mediated by the optical nonlinearity is P, (b) =
qur meqr f bp ((1)1 ’ Z)b; (602, Z)br(a)3’ Z)éwdwldedw’js
where 6, = 6(w — ) + w; —w;) and W, =
J i (r)u, (r)u, (r)u,(r)dr accounts for the spatial overlap
among the eigenmodes. In realistic configurations, the
truncated potential V (r) guides a finite number of modes,
labeled by the indices m, p,gq,r =0, ..., M — 1, where M
is the total number of propagative modes supported by
the waveguide. Note that 3,, and W, ., do not depend on
the frequency w, because we have expanded the field on
w-independent eigenmodes {u,,(r)} [50].

While the NLSE is able to capture the essential physics
in a simple and broadly accessible form, a more accurate
theory—based on the unidirectional propagation equation
(UPE) [55-59]—is presented in the Supplemental Material
[50]. In a waveguide geometry, the UPE for the mode
amplitudes b,,(w, z) has the form Eq. (2), and the gener-
alized linear and nonlinear dispersion effects are described
by suitable functions f,,(w) and T, (@) [50].

Role of resonances in the thermalization process—
Nonequilibrium light thermalization is crucially driven
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FIG. 1. Quasiresonances. (a) Schematic visualization of the
waveguide. (b) Number of mode quadruplets {m, p, g, r} veri-
fying a resonance condition in the spatial-only [AfS,,,,|Ly < &
(blue line) and in the ST |ASS),  |Ly < & (red line) cases. The
temporal degree of freedom leads to a dramatic enhancement of
the number of quasiresonances. Inset: Modal dispersion relations
Bn(@) (inmm~") used to compute the resonant quadruplets in the
ST case. Parameters: Ly = 0.3 m, 7y = /|| Ly, @, = 25/7
(the waveguide configuration is described in Sec. IV of Supple-
mentary Material [50]).

No. of quadruplets
S

by interactions between modes mediated by optical non-
linearities. For relatively weak nonlinearities, the efficiency
of these processes strongly relies on the presence of
resonances among quartets of modes. The difference in
behavior between the spatial-only case for monochromatic
light and the ST case is illustrated in Fig. 1(b) for the
concrete example of a step-index waveguide supporting
M = 10 modes. In particular, we show the number of mode
quadruplets {m, p, ¢, r} that satisfy a quasiresonance con-
dition [Af,,,4r|Ly <6 in the two cases. Here, L, =
1/(|y,|N) is the nonlinear length and N the average
intensity [50].

In the spatial case, typically large values of the detunings
ABypgr = Pm + By — P, — B, suppress thermalization in
generic waveguides [11] unless resonances are enforced
by symmetry reasons, e.g., in parabolic-shaped multimode
fibers [9]. In the ST case, instead, 3,, is replaced by the
continuous frequency-dependent dispersion [}m(a)) =fn—
x,w?*. The inset of Fig. 1(b) reports an example of f3,, () in
the anomalous dispersion regime (k, < 0). The four-mode
detuning parameter now reads A";,’llpzfr =3, (@) — p (@) +
ﬁq(a)z) —J,(w3). The extra degree of freedom introduced
by @ ensures the existence of efficient resonances

|ABLqr | Ly << 1 for the different quartets of modes, where

for each quartet, A5, = min(AB%2 ) is optimized over
the frequencies {®,w;,3} in the range |w| < w. of our
simulations. As evidenced in Fig. 1(b), the number of
quasiresonances in the ST case exceeds the one in the
spatial-only case by several orders of magnitude, guaran-
teeing efficient thermalization. This result is general and
totally independent of the specific waveguide configuration
considered [50].

Spatiotemporal wave turbulence—The intuitive physical
picture about resonant interactions depicted in Fig. 1 can be

053802-2



PHYSICAL REVIEW LETTERS 136, 053802 (2026)

formalized in the framework of the wave turbulence theory,
which provides a detailed nonequilibrium description of the
irreversible thermalization process [30,41,43,60-66]. As
anticipated in Fig. 1, in the spatial case, the transverse
confinement of the field imposed by the potential V(r)
leads to a discrete set of resonant interactions, which can
suppress efficient quasiresonances and ultimately freezes
the thermalization process. This aspect was discussed in the
context of discrete wave turbulence [41-43,67-70]. In this
discrete turbulence regime, it is not possible to derive a
continuous kinetic equation describing spatial-only ther-
malization (see Sec. III in Supplementary Material [50]).

Conversely, we show that the continuous nature of the
temporal degrees of freedom restores efficient ST reso-
nances, enabling the derivation of a hybrid discrete-
continuous ST kinetic equation involving discrete sums
over the spatial modes and continuous integrals over the
temporal spectrum. We consider random initial conditions
with statistically stationary (in time) distribution. The initial
spectrum n,,(w,0) is such that (b, (w,0)b,(«',0)) =

n,(@,0)8,,,6(w — o), where 6, is the Kronecker sym-
bol, and the brackets (-) denote an average with respect to
the distribution of the random initial conditions. In the
weakly nonlinear regime, we derive in the Supplemental
Material [50] the kinetic equation for the evolution of the
ST spectrum n,,(w,z) such that (b, (w,z)b} (@', 2)) =
Ny (@, 2)8,,,0(0 — @)

0.1, (w.2) = 4ap?y / A6, 3| W s PM ()

par
X 8(w — ) + @) — 03)5(ABore) (3)
with the cubic nonlinear term M,,,,.(n) = n,(w;) x

nq(a)Z)nr(wS) + nm(w)np(wl)nr(w?’) - nm(w)nq(w2) X
n.(ws) — n,(w)n,(o,)n,(w,). Note that degenerate modes
have been neglected; see Supplementary Material [50].

The kinetic equation 3) conserves the particle
number N = Zm [1/( 27r )] [ ny(@)dw, the momentum
P=3,01/2x)? [on,(w)do, and the kinetic energy

E=>,l 1/ 27r 2] [ Bou( a))n w)dw [71]. At the same
time, it exhibits an H-theorem of entropy growth
0.S(z) >0 for the nonequilibrium entropy S(z)=
Z [log(n,,(w))dw: at variance with the NLSE [Eq. (2)]
that is formally reversible (Hamiltonian) in time z, it then
describes the actual nonequilibrium process of ST thermal-
ization toward the RJ equilibrium:

T
®e)=——o
) @ e W

where the temperature 7', chemical potential x4, and average
“velocity” A are determined from the three conserved
quantities (N, P, E). Note that, in the framework of the
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FIG. 2. Spatiotemporal thermalization. (a) Simulation of
NLSE, Eq. (2). Evolution of spatial modal occupation N35! /N,
showing the relaxation to the equilibrium RJ distribution, Eq. (4)
(dashed black line). (b) Evolution of the distance D57 (z) t

equilibrium, whose decrease to zero evidences ST thermalization.
(c) This irreversible process is characterized by a monotonous
growth of entropy, as described by the H-theorem of the wave
turbulence kinetic, Eq. (3). The distance and entropy evolutions
are in contrast with those of the spatial case; see Figs. 3(b)
and 3(c). Temporal spectrum |b,,(w,z)|*> of the fundamental
mode m = 0 (d), intermediate mode m = 5 (e), highest mode
(m =9) (), at z = 0 (dark blue) and z = 5000L ; (red), showing
thermalization to RJ spectra (dashed light blue). Parameters:
step-index waveguide supporting M = 10 modes [see Fig. 1(b)],
with anomalous dispersion and defocusing nonlinearity, 7y =

|K2|Lnl’ Lnl =03 m, w. = 25/T0, O,y — I/TO [50]

UPE, the generalized linear and nonlinear dispersive
effects enrich the form of the RJ distribution, yielding
nf (@) = TT,,(0)/(B(®) — 2o — u) (Figs. 2 and 3 in
Supplementary Material [50]).

Spatiotemporal simulations—To put these ideas on
quantitative grounds, we have performed simulations of
the NLSE [Eq. (2)]. The initial condition is a spatiotem-
porally incoherent field: the different (w,m) components
b, (w,z =0) are independent complex-valued Gaussian
random variables of zero mean; each spatial mode m has a
Gaussian spectrum ~ exp(—w?/c2), with the same width
o, = 1/7, for all modes, and different amplitudes; see dark
blue curves in Figs. 2(a) and 2(d)-2(f).

ST thermalization to the RJ equilibrium, Eq. (4), is
illustrated in Fig. 2. Here, the parameters (7', A, u) in Eq. (4)
are computed by considering the frequency cutoff w.zy =
25 of the spectral grid used in the simulation [50]. In order
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to compare the ST dynamics with the spatial-only dynam-
ics (see Fig. 3 below), we report in Fig. 2(a) the evolution of
the spatial mode distribution by integrating over the
temporal frequencies, N3/ (z) = [1/(27)?] [ n,, (. z)dw.
ST thermalization is confirmed by the evolution of the
distance to RJ equilibrium D57 (z) = 5 |NST( ) — NRJ | /
S INSI(z) + NR), with NR =1[1/(2x)?] [ nk (@

(note that D57 is bounded, 0 < D57 < 1). As ev1denced
in Fig. 2(b), the distance D57 (z) decreases to zero during
propagation, while the temporal spectra converge to those
predicted by the RJ equilibrium; see Figs. 2(d)-2(f). Note
that, to avoid the formation of temporal solitons and the
subsequent freezing of the thermalization process, a defo-
cusing nonlinearity had to be used in the anomalous
dispersion regime considered in Fig. 2. Of course, temporal
solitons could be avoided also in the focusing regime by
considering the normal dispersion regime.

Spatial vs spatiotemporal dynamics—To clearly evi-
dence the key role of the temporal degrees of freedom,
we compare the ST simulation in Fig. 2 with the equivalent
simulation in the purely spatial problem, where the spatial
modal amplitudes b3,(z) are ruled by

lazb;gn :ﬁmbrsn _onmeqrbibg*bf (5)

p.q.r

The evolution of the spatial mode distribution N3,(z)
|b5,(2)]* is then compared to the ST evolution N3/ (z),
considering the same initial condition, N3,(z =0) =
N3T'(z =0). The comparison is striking: in the ST case
(Fig. 2), the evolution exhibits a fast relaxation to equi-
librium, whereas in the spatial case (Fig. 3), the thermal-
ization process is frozen. This is confirmed by the evolution
ofthe disance D°(2) = 5, [N3(2) = NI/ 3, [NA(2) +
NR/] to the spatial RJ equilibrium N&/ = T5/(B,, — u5): in
contrast to D37 (z) in Fig. 2(b), D5(z) does not decrease in
Fig. 3(b).

Further insight on the profound distinction between the
ST dynamics and the pure spatial dynamics is offered by
the evolution of entropy. In the ST case, the irreversible
process of thermalization is featured by a monotonic
increase of entropy, as dictated by the H-theorem of
entropy growth inherent to the kinetic equation (3); see
Fig. 2(c). Note that the entropy growth saturates rapidly
compared to the slow decrease of the distance D57, since
the latter is mainly driven by highly populated low-order
modes, while the entropy is more sensitive to weakly
populated high-order modes. On the other hand, the spatial
dynamics shown in Fig. 3(c) evolves in a discrete wave
turbulence regime governed by a reversible system
of kinetic equations: this system does not exhibit an
H-theorem of entropy growth and explains the frozen
thermalization observed in Fig. 3; see Fig. 1 in
Supplementary Material [50].
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FIG. 3. Pure spatial dynamics: frozen thermalization. (a) Sim-

ulation of Eq. (5). Evolution of the spatial spectrum N3, /N
starting from the same initial condition as in the ST simulation in
Fig. 2. The thermalization process is frozen, as evidenced by the
distance D5(z) to RJ equilibrium (b) and the entropy (c), which,
in contrast to the ST case of Figs. 2(b) and 2(c), maintain constant
values at long times. Because of the large fluctuations of
individual realizations, an average has been taken over 14
realizations.

Adiabatic cooling—A well-known issue of classical field
theories is the occurrence of ultraviolet (UV) divergences in
the thermal equilibrium state, the so-called blackbody
catastrophe [39,41,60]. In our configuration, this issue is
naturally tamed in the transverse direction by the finite
number of modes of the waveguide, but it gives rise to a
rich physics in the temporal direction. Starting from the
very nonthermal initial state with a short-tailed Gaussian
distribution considered in our simulations, after a transient,
the optical field approaches at each z a local quasiequili-
brium state that closely approximates a truncated RJ
equilibrium distribution within a limited RJ window
[—@!°°(z), @'°(z)] and quickly drops to zero outside it
as illustrated in the mode-integrated spectrum shown in
Fig. 4(a). The accuracy of the process of local thermal-
ization is evidenced by the remarkable agreement visible in
Fig. 4(b) between the modal populations N'°(z) predicted
by the local RJ equilibrium (circles) and the ones N35! (z)
computed from the NLSE simulation (solid lines).

For increasing z, the bounded window [—@!°(z), @' (z)]
of the local RJ equilibrium expands, as shown in Fig. 4(c).
Correspondingly, the local thermodynamic parameters also
display a marked z dependence, as expected by imposing
conservation of (N, P, E) in the presence of the z-depen-
dent truncation at ®!(z). The local temperature T'°¢(z)
plotted in Fig. 4(d) displays a monotonic decrease due to
the continuous transfer (at a constant energy E = const) of
the incoherent beam fluctuations into the high-energy tails
of the spectrum distribution. The detailed evolution of

@'°(z) and T'°°(z) depend on all physical parameters y, 5,
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FIG. 4. Local-equilibrium route to ST thermalization and adia-
batic cooling. (a) Mode-integrated temporal spectrum of the field
>0 1w (@, 2)|? at z = 0 (light blue), z = 2079L,; (dark blue), and
local RJ equilibrium distribution over the reduced frequency
window [~@!*(z),®!*°(z)] (orange). (b) Modal population
N!%¢/N computed from the local RJ equilibrium (circles) and
modal population N3/ /N in NLSE simulation (solid lines).
Corresponding evolutions during propagation of local frequency
cutoff @!°°(z) (c) and local temperature 7'°¢(z) (d). Results of
NLSE simulations (squares) are fitted by a power law ~z* (red
lines), showing quantitative agreement with the theory in Eq. (6)
(dashed black lines). The decrease in T'°(z) reflects an adiabatic
cooling, which drives a spatial beam condensation characterized by
the growth of N?°(z) /N in (b). Parameters: step-index waveguide
supporting M = 5 modes, with anomalous dispersion and defo-
cusing nonlinearity, L,; = 0.06 m, w. = 25/, 0, = 0.4/7,.

and W, ., that appear in the kinetic equation (3). It is
possible, however, to derive from Eq. (3) the following
theoretical scaling law that relates @' (z) and T'°°(z) to the
propagation distance z and that is valid when z> L
(Sec. V in Supplementary Material [50]):

T (z) ~ 1/@'%(2) ~ 1/7'/7. (6)

As illustrated in Figs. 4(c) and 4(d), this power-law
behavior is confirmed by NLSE simulations, whose results
are fitted by power laws ~z%, with exponents @ = 0.141 for
'°(z) and a = —0.139 for T'°°(z), in remarkable agree-
ment with the value 1/7 ~0.143 in Eq. (6). Note that, to
better highlight the asymptotic behavior of Eq. (6) in Fig. 4,
the nonlinear strength was increased, while the number of
modes and the initial spectral widths were reduced with
respect to Fig. 2—we checked that all our predictions on
the adiabatic cooling are physical and do not depend on the
numerical spectral grid [50].

As a direct consequence of this conservative adiabatic
cooling, a marked beam cleaning is visible in Fig. 4(b)
together with a transverse condensation effect where the
population gets macroscopically concentrated in the

fundamental waveguide mode, N§" > N3T,,. Most inter-
estingly, while in the numerical simulations shown in this
Letter the efficiency of the cooling process is artificially
limited by the numerical cutoff (w.) imposed by the
simulation [50], in a real physical system the UV-divergent
value of the energy stored in the tails of the classical
distribution would, in principle, allow for an arbitrary large
decrease of T'°¢(z). This conclusion, however, holds only
within the validity range of our classical, conservative
model equation, which neglects material absorption or
higher-order dissipative nonlinearities. In addition, at large
frequencies the classical model ultimately breaks down as
quantum statistical effects become relevant and drive the
spectrum toward a Bose-Einstein distribution [31,37,39],
thereby imposing an ultimate limitation to adiabatic cool-
ing. We anyway anticipate that, given the small value of
typical nonlinear media, this is expected to occur at
extremely large propagation lengths z [31].

Conclusions and outlook—We developed a general wave
turbulence framework for ST thermalization of light waves
in multimode Kerr waveguides. For the sake of clarity, the
theory and simulations presented in the main text are
carried out within an NLSE formalism, but they are
extended to more general and accurate UPE [Eq. (2)] in
the Supplemental Material [50]. In contrast to the frozen
spatial thermalization of monochromatic light, we find that
the presence of the continuous temporal degrees enable
efficient ST thermalization. As a consequence of the
blackbody catastrophe of classical fields, our route to ST
thermalization unveils an intrinsic adiabatic cooling mecha-
nism, whereby the field fluctuations are transferred to high-
frequency components along the time dimension, enabling
a virtually unlimited spatial beam-cleaning condensation.
This adiabatic cooling is inherently conservative, and
therefore, is to be contrasted with conventional evaporative
cooling techniques in Bose-Einstein condensates and with
the self-similar processes of (pre-)thermalization [44—49].
As such, it provides valuable insight into the nonequili-
brium dynamics of Hamiltonian systems and their path-
ways to thermalization. More broadly, our conservative
wave-guided light configuration could enable full 3D
condensation in the quantum regime, opening new avenues
for ST beam cleaning and coherent light generation.
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