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Taking Advantage of Multiple Scattering for Optical
Reflection Tomography

Thomas Wasik ¥, Victor Barolle

Abstract—Optical Diffraction Tomography (ODT) is a powerful
non-invasive imaging technique widely used in biological and medi-
cal applications. While significant progress has been made in trans-
mission configuration, reflection ODT remains challenging due to
the ill-posed nature of the inverse problem. We present a novel
optimization algorithm for 3D refractive index (RI) reconstruction
in reflection-mode microscopy. Our method takes advantage of
the multiply-scattered waves that are reflected by uncontrolled
background structures and that illuminate the foreground RI from
behind. It tackles the ill-posed nature of the problem using weighted
time loss, positivity constraints and Total Variation regularization.
We have validated our method with data generated by detailed 2D
and 3D simulations, demonstrating its performance under weak
multiple scattering conditions and with simplified forward models
used in the optimization routine for computational efficiency. In
addition, we highlight the need for multi-wavelength analysis and
the use of regularization to ensure the reconstruction of the low
spatial frequencies of the foreground RI.

Index Terms—Reflection optical phase tomography, ill-posed
inverse problem, multiple scattering, total variation regularization,
temporal loss function, stochastic proximal-gradient.

I. INTRODUCTION

PTICAL diffraction tomography (ODT) is a non-invasive
O quantitative imaging technique [1], [2], [3] that has shown
promising applications in biology and medical imaging [4], [5].
This technique aims to reconstruct the 3D refractive index (RI)
map of a sample by illuminating it from various angles, recover-
ing the complex scattered field using holography techniques [6],
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and numerically solving the inverse scattering problem of light.
This inverse problem is known as an ill-posed problem in trans-
mission and in reflection mode configuration.

ODT was first applied to weakly scattering systems, which can
be described using the first Born and Rytov approximations [1],
[7]. Under first Born hypothesis, the measurements present a
filtering effect [1]. In a transmission configuration, the optical
system acts as a low-pass filter of the spatial frequencies of the
object along the optical axis, corresponding to the missing-cone
problem, while it acts as a high-pass filter in a reflection con-
figuration [8]. In recent years, ODT techniques have primarily
been developed for transmission configurations, with signifi-
cant efforts focused on simulating stronger scattering regimes
and mitigating the missing-cone problem by developing new
forward models and iterative techniques for solving the inverse
problem [9], [10], [11], [12], [13].

The application of ODT methods to reflection microscopy
would represent a significant breakthrough in the field of non-
invasive imaging. Reflection microscopy, in particular, allows
for the imaging of thicker samples and enables in vivo imag-
ing [14]. ODT in reflection presents substantial challenges due
to the ill-posed nature of the associated inverse problem. In the
single scattering regime, only the high spatial frequencies of
the object along the optical axis can be reconstructed [8]. On
the other hand, in the strongly scattering regime, the forward
model becomes non-linear with respect to the RI map [15] and
the associated optimization problem is non-convex, providing
no guarantee of convergence when employing gradient descent
methods, which are commonly used in the literature [9], [10],
[11], [12], [13]. Several techniques have been developed for
reflection ODT; however, they are limited by their conditions of
application, either requiring a 1D reconstruction [16] or relying
on specific setups that do not allow for in vivo imaging [17].

Here, we propose a novel reconstruction algorithm to solve
the 3D inverse problem, applicable to interferometric imaging
in a reflection configuration with multi-wavelength incident
wave-fields [18], [19], [20]. The originality of our method lies
in the necessity to account for multiple scattering phenomena
in order to accurately reconstruct the RI map. It is intuitively
based on the idea that, in the multiple scattering regime, the
scattering medium itself becomes a source, making it possible
to reconstruct a foreground object using the light reflected from
the background. The solution to the inverse problem relies on an
iterative optimization method that focuses on the low-frequency
information of the foreground object. To guide the optimization,
special time gating and regularization [21] on the loss will be
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applied. Our method shares similarities with techniques already
explored in microscopy [17], [22], ultrasound [23], [24] and
seismology [25], [26], where multiply-scattered waves enable
the illumination of structures from behind and can give access to
their low-spatial frequency RI distribution in a reflection config-
uration. In contrast with the existing reflection-ODT method, our
approach reconstructs the medium without relying on a known
reflector, making it a promising candidate for in vivo imaging.
It differs from other reflection-based approaches, which recon-
struct layers progressively, imaging deeper structures step by
step [27].

II. MULTIPLE-SCATTERING AND FILTERING EFFECT

Reconstructing RI maps is an ill-posed problem: for similar
measured fields, many different RI distributions can be valid
solutions. In transmission, this leads to the missing cone prob-
lem, which elongates the reconstructed structures. In reflection,
the measured signal corresponds mainly to the high spatial
frequencies of the sample: the average RI may no longer be
detectable.

In this section, we show that, while this limitation holds
under the first-order Born approximation, multiple scattering
mitigates this effect (even at second order) and constrains the set
of possible solutions of our inverse problem. In particular, we
demonstrate that reflections from background structures provide
additional information about foreground objects, enabling them
to be reconstructed more accurately.

A. Measurement as a Filtering Process

In this paper, we will consider the following experimental
configuration [18], [19], [20]: (i) a biological medium is illumi-
nated through a microscope objective (MO) by a set of incident
wavefields at different wavelengths; (ii) for each illumination,
the backscattered wave field is collected through the same MO
and interferes with a reference beam on a camera; (iii) the
amplitude and phase of each scattered wavefield is then extracted
by an interferometric technique (phase shifting interferometry,
on-axis/off-xis holography efc.). Our goal is to retrieve from
the set of recorded wave-fields the RI distribution inside the
biological medium.

A biological medium can be described by an inhomogeneous
scattering potential V' (x,y, z) = k3(n?(x,y, z) — ng), where
ko is the wavenumber in vacuum, ny, is the background RI and
n(x,y, z) is the RI map that we want to recover. The total field
E resulting from interaction with the Rl map n(z, y, z) satisfies
Helmbholtz equation:

(V2 + kgn*(z,y,2))E(z,y,2) = 0 (1)

Let us express the complex wavefield as £ = Fi, + E [1], a
sum of incident wave solution of the homogeneous Helmholtz
equation Fj, and a scattered field E solving:

(V2 + kZnd)Ey(z,y,2) = U(z,y, 2) )

with Sommerfeld radiation condition. The equation (2) is
the homogeneous Helmholtz equation with an internal source
term U(z,y,z) = V(z,y,2)E(x,y,2z) [8] and it can be
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Fig. 1. Schematic representation of the medium to be imaged and illustration

of the filtering effects. (a) Illustration of the reflection configuration: the measure-
ment system is positioned at z < 0, while the incident waves propagate along
the positive z-direction. The medium is separated into 2 parts: an object to be
imaged with potential V7 and a reflector with potential V5. (b) Description of the
filtering operation in the (spatial) Fourier domain: only frequencies of U = V E
within the semicircle contribute to the measurement. The limited numerical
aperture (NA) of the system restricts the acquisition to a portion of the Ewald
half-sphere. (c) Filtering effect on V' in reflection under the first order Born
approximation: the filter is located at high z-frequencies domain in a reflection
configuration. (d) Effect of multiple illuminations on V' reconstruction under
first order Born hypothesis: by multiplying the number of incident waves, filter
functions are superposed, providing more information on the object. However,
low spatial frequencies remain inaccessible.

solved with the Green’s theorem which links the scat-
tered field with the internal source thanks to the ho-
mogeneous three-dimensional Green’s function G(x,y,z) =

—ej7lbk0\/z2+y2+zz/(47r\/m):

- s

X Gx—a,y—1vy,z—2)dddy'dz2’  (3)

E:Cy,

In order to express the filtering process operated by the optical
system, it is common to apply the first order Born approximation
directly to U (U = V Ej,) in order to obtain a linear relation
between the scattered wavefield E and the scattering potential
V. The filtering effect of the numerical aperture (NA) then
directly applies to V. However, in the multiple scattering regime,
we emphasize that this filtering operation shall be applied to U
and not directly to V.

As a convention and as illustrated in Fig. 1(a), the optical
axis is here the z-axis and the measurement of the scattered
wavefield is carried out at negative z. If evanescent waves
are neglected, the expression of the scattered field (3) can be
simplified (Appendix A):

Fap|Bls 2)] (ki ky) < U (k ky,sen(z)\/n2k2 — k2 — k;)

“)
where F3p corresponds to the 2D Fourier transform and the
symbol - stands for the 3D Fourier transform. Equation (4) means

that it is only possible to recover information in the Ewald sphere
of the source U in Fourier space (Fig. 1(b)). In our case, the
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measurement system is placed in negative z: only the lower half
sphere can be retrieved.

Experimentally, it is not possible to measure the entire spatial
frequency spectrum of FEi(-, z), meaning its high-frequency
components remain inaccessible in practice. This results in a
filtering effect on E(., z) dictated by the numerical aperture
(NA) of the measurement system. In the following, we will
consider Vjy, the reconstructible (i.e., filtered) potential, defined
as follows:

Vine(k, by, k2) = Wia (K, Ky, k2)U (K, oy, K2 (5)
= WNA(k'wa kya kz)f?)D(VE)(kﬂi? k?/’ kz)
WA (kz, by, k) = Hyep(—k2 — npkoNA)

x 5(y/k2 + k2 + k2 = myhko) (©)

where Hye, is the Heaviside step function. Wiy is the transfer
function of the imaging system. Its support is limited by the NA.
It corresponds to the part of the Ewald sphere that can be grasped
by the measurement system. Note that we have here neglected
the aberrations induced by the optical system.

B. Information Recovered Under Born Series Approximation

In presence of multiple scattering, the source term U = E'V
in (2) is too complex to be expressed directly. In order to
demonstrate how a multiple scattering system can broaden the
spatial filtering effect in comparison with the first-order Born
hypothesis, we will make the second-order Born hypothesis.
For this proof-of-concept, we will consider a specific type of
medium containing a foreground object V; that we will intend
to image and a background object V5 that we will exploit to
reach this goal. We thus assume a medium of scattering potential
V = Vi + V5 as described in Fig. 1(a).

1) First-Order Born Transfer Function: Under Born’s first-
order assumption, there is no cross-interactions between the two
objects due to the linearity of the model:

Ulz,y,2) = (Vi(z,y,2) + Va(z,y, 2)) Ein(z, y, 2)
= Vl(xayv Z)Ein($7ya Z) + %(xvyv Z)Ein(x7y7 Z)
:Ul(may7z)+U2(x?y7Z) (7)

Let us consider incident plane waves [18], [19], [20]:
Ein(z,y, 2) = el Fnertkinyytkn=2) We can then apply the con-
volution theorem to get [1]:

Ur(kay by k) = Vi(ks — Kina, ky — Kiny, k2 — Kinz)  (8)

Because of the reflection configuration ki, . > 0 and only a part
of the high z-frequencies of V' can be recovered by the mea-
surements as illustrated in Fig. 1(c). This filtering phenomenon
can nevertheless be mitigated by illuminating the sample with
other plane waves at different angles. However, as illustrated in
Fig. 1(d), this multi-illumination scheme still does not allow our
system to recover the low spatial frequencies of the potential.
Under the first Born approximation, only the potential’s high
z—frequencies can be recovered by the optical system. The
problem is ill-posed in such a way that it is impossible to retrieve

@

Fig.2. Decomposition of U according to the different possible light scattering
paths under second Born approximation. (a) Representation of single scattering
contributions. (b) Crossed terms Uj2 and Uszp corresponding to successive
interactions with the reflector and the target object. (c) Uncrossed double
scattering contributions.

the average value of Vi, for instance. It therefore becomes
mandatory to consider a multiple scattering model in order to
recover the missing information.

2) Second-Order Born Transfer Function: In order to exploit
multiply-scattered waves and analytically evaluate their impact
on the transfer function, we assume in this subsection that
Va(x,y,z) = 0(2)ve(x,y) and that the spatial support of V; is
localized within a layer [21, 22], with z; < 23 < 0. We choose
V5 as planar because we will consider it to be a reflector in
our optimization problem, although in practice it never really
is and it does not need to be a planar reflector as explained in
detail in Section III-C4. We only need to be able to represent its
reflectivity as the one of a plane reflector since this assumption
allows us to express the second-order Born term analytically.

We model wave propagation by the second-order Born ap-
proximation which includes the contribution of double scattering
events occurring within the medium:

U(I7y7 Z) = Ul(xaya Z) + UQ(I7y7 Z) + U11(='L'7y, Z)

+ Usa(2,y,2) + Ura(,y, 2) + Uai(z,y, 2)
O]

where U;; is defined as:

Uij(z,y,2) = Vi(z,y,2) // Glx—2,y—y,z—2")
R3
x Vi@ y, 2 En(a,y,2') da'dy'dz’. (10)

We note that light scattering can here be expressed as the
sum of three types of contributions: (a) single-scattering (or
first-order Born) terms (U; and U,), which encode the high spa-
tial frequencies of the objects, (c) double-scattering terms (U;
and Uss), corresponding to multiple scattering events occurring
within each object and (b) cross-interaction terms (U; 2 and Us ),
which describe scattering paths involving a scattering event with
respect to V; and a scattering event with respect to V5. All these
contributions are illustrated in Fig. 2.

In the following, we will demonstrate that cross-interaction
terms encode the low z-frequencies of V. As the Vs-reflector
is in the background relative to the V;-medium, the Vs-reflector
will act as a secondary source of waves propagating along the
negative z-direction, which are “transmitted” waves from the
observer’s point of view. In the following, we will refer to this
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as indirect transmission, and our goal is to exploit this effect to
reconstruct V7.

The calculation of these cross terms is detailed in Appendix B.
Assuming that the supports of V; and V5, are far enough from
each other to neglect evanescent waves, we obtain:

/
m T ky - kin,y)

- Joa(kl, —
U12(kzakyvk // \/ 2192 5 5
RZ 2 ki — k2 — Ky,
X V1 (ko — KL, by — Ky, koo /02 kG — K2 — k) %) K, dE),

— K ky — k)

]UQ
Ot (ko by B2 //
R2 2\/ 2]€2 k,/2 k/2

nZk2—k2—k2 Ky, ) dk, K,
(12)

an

X Vi (Kl — Kine, Kl — Kin,y

where vy is the 2D Fourier transform of vs. The two terms
U12 and U21 are weighted convolutions between the reflector
U9 and the scattering potential Vi. These convolution products
describe the fact that the presence of vy drastically enhances the
spectral diversity of the field illuminating V. The amount of
information about V; encoded in the components Us; and Uy
is therefore increased compared to the first-order Born term Uy
(8). In particular, the spectral diversity provided by vy allows
the emergence of the low z—frequency components of V; in
the measured wavefield (5). Thus, the information encoded in
cross-interaction terms demonstrate that the measurement is
sensitive to the low spatial frequencies of the object. A further
analysis of the double-scattering contributions (U1 and Uso and
higher other terms) is therefore unnecessary here, as our goal was
only to show this dependence.

To make this dependence on low spatial frequencies more
explicit, we consider specific reflector configurations that allow
closed-form expressions for (11) and (12). For instance, if the
reflector is uniform (i.e. v2(x, y) = vy,), We obtain:

U12(k;wa kya k JU2O 5
\/ m x km Y
X Vl(k'm - kimwy ky - kimya kz + kin,z) (13)

jv20

212 _ 1.2 _ 1.2
n2k2 — k2 — k2

X Vl(k‘l/ - kin,a:a ky - kin,ya - \/ ngk(z) - k‘% - ki + kin,z)

(14)

U21(kaﬁa kya kz) =

This equation can also be found directly using the method
of images [28]. Applying (6), it can be noted that encoded
information Us; is symmetrical with respect to the k, = 0 axis
of the encoded information U;s, the filter of this configuration
is presented in Fig. 3(a).

We can also consider the case of a sinusoidal reflector:
va(x,y) = vaocos(yx) with Fourier transform oo (kg,ky) =
222 (5(ky —y) +0(ky +7)) with a normal incident wave
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Fig. 3. Support of the spatial frequency spectrum of the object V; extracted
thanks to the background reflector V5. (a) Sketch of these spectral components
for a uniform reflector (13) and an incident plane wave of wave vector ki, =
(Kin,a» kin, ~ ). (b) Reconstruction error in the spatial Fourier domain between the
ground truth V7 and its estimator V1 deduced from the optimization process in
2D (17) (with red indicating better results). (c) Sketch of the accessible spectral
components of V7 for a cosine-like reflector of frequency « (15) and a normal
incident plane wave (ki, , = 0). (d) Same as in panel (b) but for the cosine-like
reflector considered in panel (c). In panels (a) and (c), the dashed lines are
deduced from the real-value character of 17 which implies a symmetric spectrum
in the Fourier domain. Panels (b) and (d) are numerically obtained in 2D by
considering a Dirac potential V; whose Fourier spectrum is uniform.

Ein(kz, ky, k) = eI"*0% For simplicity, the following expres-
sion is evaluated for U (ky, ky) = v2,0(ky — ) (Fig. 3(c)):

]’UQOVI( -7, kyv _kz + V nﬁk% — 72)

U12(k:c7ky7k ) 579

n-ks —

b0

(15)
Ut (ks oy, k2 JV2
N TS

X Vi(ka — 7, by, \/nEkE — (ko — 7)2 — k2 — npko) (16)

In the following section, we use these two peculiar configu-
rations to illustrate how the background reflector V5 can be
leveraged to retrieve the low z—frequencies of the foreground
structure V7.

C. Filtering Effect for Particular Configurations

To that aim, we describe the inverse problem of light scattering
as the following optimization problem:

V = argmin £(V)
VeRN

A7)

Authorized licensed use limited to: Ecole Polytechnique. Downloaded on March 12,2026 at 08:58:20 UTC from IEEE Xplore. Restrictions apply.



WASIK et al.: TAKING ADVANTAGE OF MULTIPLE SCATTERING FOR OPTICAL REFLECTION TOMOGRAPHY 537

L(V) = [[¥modet(V, Ein) — En||? (18)

Here, V and E;, represent discrete approximations of the poten-
tial V and the incident field Fj, described respectively as vectors
in RY and CV (the square domain is discretized as a uniform
grid of size N = N, x N,). The objective is to minimize a loss
function over one illumination to obtain an estimate of the poten-
tial V' consistent with (13) and (15). Equation (17) represents the
fidelity term for a single measurement, quantifying the similarity
between the field predicted by the forward model, ymodel, and
the measured scattered field E,,.

As a forward model, we will use the second order Born in
order to take into account the predominant multiple scattering
paths. The computed total field becomes:

EBom—2(V7 Ein) = Ein + Gdlag(V)Em
+ Gdiag(V)Gdiag(V)Ei,
yBOm-Z(V> Ein) = Hdiag(V)EBorn—2 (V7 Ein)

19)
(20)

where H € CNe*N s the transfer function describing wave
propagation from the sample to the V.. pixels of the measurement
system and diag(V) € CV*" the square diagonal matrix whose
diagonal elements are given by the components of V. In real
space, this model involves convolution (or matrix) products,
which are computationally expensive. However, this can be
bypassed by moving to Fourier space and using Fourier trans-
forms of Green’s functions: G = Ffdiag(G)F € CN*V . Here,
F ¢ CN*N is the Fourier transform operator, which is efficiently
computed in practice using the Fast Fourier Transform (FFT)
algorithm. The computational cost of the forward model is then
reduced as it only involves a sequence of term-by-term products
and FFT operations. Because of the singularity of the Green’s
function in Fourier space, we use modified versions GLecN .
as defined in Refs. [12], [29], [30] to ensure computation sta-
bility. This modified Green’s function correspond to cropped
version in real space, and a twofold zero-padding is required to
ensure accurate computation.

In the following, we will attempt to solve (17) using the
gradient descent algorithm. However, the forward model (19) is
a second-order polynomial function of V', and gradient descent
does not have theoretical guarantees to converge to a global
solution of (17). To circumvent this problem and to illustrate
the information that can be recovered from the system without
dealing with convergence issues (which will be addressed in
the next sections), we will fix the background reflector in the
simulation as the ground truth.

The model used to calculate the ground truth field is the
Lippmann-Schwinger forward model described in Ref. [29].
For sake of illustration of the filtering effect operated by our
imaging method, the scattering potential V; that we consider
here is a Dirac point, as it gives rise to a uniform spectrum
in Fourier space. Fig. 3(b) and (d) show the reconstruction
error between the estimated potential Vl and its ground truth
V1 in Fourier space for the uniform and sinusoidal reflectors
V5. A quantitative agreement is found between Vl and V] over
the spatial frequencies captured by the imaging system. The
recovered spatial frequency spectra of V' nicely match with our

analytical predictions (13) and (15) sketched in Fig. 3(a) and
(c), respectively. In particular, it illustrates how the presence of
reflector V5 enables multiply scattered trajectories that can be
leveraged for retrieving the low z—frequency components of the
foreground object V.

III. RECONSTRUCTION ALGORITHM

As discussed in the previous section, an internal background
reflector helps to retrieve the low-frequency information from
the object in the foreground. However, this information can
only be obtained by analyzing the multiply scattered compo-
nents of the reflected wavefield because the single scattering
contribution does not contain the low spatial frequencies of the
foreground object. As a result, for reflection-mode ODT, the
forward model cannot be linear with respect to the scattering po-
tential, making the optimization problem non-convex. Gradient
descent algorithms, such as stochastic gradient descent (SGD)
or even FISTA [31], therefore lack theoretical guarantees for
convergence.

In this section, we propose a reconstruction algorithm that
enables good reconstruction in reflection configurations despite
the non-convexity of the problem. Our approach is based on
(i) the introduction of a new loss function that focuses on
the low-frequency components of the foreground object to be
reconstructed, (ii) the use of Total Variation (TV) regularization
(a commonly applied method [21], [32] that constrains the
reconstruction to block-wise behavior) in the foreground region
only (i.e. between z; and 29 in Fig. 1), and (iii) a proximal
algorithm based on the Adam optimizer [33] ensuring a good
convergence despite the non-convexity of the problem.

A. A Temporal Loss Function to Focus on Low-Frequency
Information

Asillustrated in (9), the total information recovered is a sum of
terms which encode different pieces of information: U; encodes
high z—frequencies of the object V7 (8) while U2 (11) and Usy
(12) encode its low z—frequencies. In the ideal case, if V5 is
known, then we can reconstruct both low and high frequencies
of the object. However, in practice, the orders of magnitudes of
these two terms can be very different, leading to difficulties for
the reconstruction of the low z—frequencies of the foreground
object if V5 is too small. We could assume that V5 is on average
much larger than V7, but this is not necessarily the case in reality.
Ideally, the terms related to direct reflection with the object
should be separated from those containing cross interactions
between the reflector and the object to be imaged. This can be
done by considering the reflected wavefield in the time domain,
as it can be done in ultrasound with broadband signals [23].

In optical microscopy, the time-dependence of the reflected
wavefield can be retrieved by low coherence interferometry [34].
An alternative strategy is to perform a polychromatic measure-
ment of the wavefield using a spectrometer [35], [36] or a swept
source laser [37], [38] as in spectral domain OCT. In this way,
E,, can be measured at different temporal frequencies w. In
post-processing, an inverse Fourier transform with respect to w
can then provide the time-dependent wavefield Ey, (¢) that would
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be obtained if the sample was illuminated by a coherent incident
wave-packet.

With V; in the foreground and V5 in the background, the
ballistic term U; and crossed terms U;o5 and Us; can be as-
sociated with different central times-of-flight t; ~ 2npzy, /c
and ty ~ 2nyzy, /¢, with zy, and zy,, the central depths of the
foreground object V; and the background reflector V5 (Fig. 2).
This assumption is valid in a weakly scattering regime in which
the echo time ¢ is directly proportional to the depth z of the
associated reflector. Otherwise, high-order multiple scattering
would lead to a large temporal dispersion of the incident wave
packet [39], [40], [41], making their discrimination impossible
on a time-of-flight basis.

By considering the 7" Born order forward model, we have:

Em(t) - }—Zl[Em(w)](t)
YBorn—i(V, Eina t) = ]:;1 [yBorn—i (V; Eina LU)] (t)

@1
(22)

We then define anew temporal loss function over the Vi, incident
illuminations [20]:

Nin
LOV,t)=> L;(V,t) (23)
j=1
Li(V,t) = |ysomi(V, Ein s t) = En; (0)[°,  (24)
and the fidelity term of the loss function becomes
Lia(V,7) = LIV, t2) +7L(V, 1) (25)

The purpose of this loss function is to treat the information from
direct reflection of the foreground object (associated with time
t1) and the reflection from the background reflector and the
cross interaction terms (associated with time t5) with differ-
ent weights. If the background reflector has a low reflectivity
and v = 1, then the minimization algorithm of the loss would
prioritize the reconstruction of the high spatial frequencies of
the foreground object, which may cause the whole optimization
process to become inefficient. When + is small, the impact of
the direct reflection from the object is reduced. As a result, the
information about the object to be imaged becomes a nonlinear
function of its spatial low frequencies, effectively “forcing”
the model to focus on a solution depending on the object’s
low-frequency components.

Thus, by considering the problem from a temporal perspec-
tive, we can weight the two effects. It becomes even possible,
by adjusting ~, to recover both high and low spatial frequencies
of the foreground object, improving the reconstruction quality
of the sample. We will explain in Appendix C how + is selected.
Moreover, t; and ¢, can be considered as specific moments or
as time intervals. In practice, the use of time intervals leads to
better reconstruction results.

It is important to note that minimizing (25) remains a non-
convex problem, which can be challenging even for classical
gradient descent algorithms. We address this issue in the next
section.
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B. Regularization and Optimization Algorithm

The non-convexity of the loss function can lead to multiple
local minima or saddle points in the loss landscape in (25).
Using a regularization term introduces a priori information that
helps reduce the number of possible solutions and improves the
convergence of gradient-based methods. The objective function
to minimize in our problem becomes:

Liopr(V,7v,7) = L(V,t2) +YL(V, 1) + TR(V)  (26)

in which R denotes the regularization term and 7 is the regular-
ization parameter.

A commonly used regularization term is the Total Variation
loss (TV) [32], which is today commonly used for ODT in
transmission configuration [10], [21]. This regularization en-
courages the reconstruction of piecewise constant potentials
and avoid noisy reconstructions. Noise can arise, for example,
if the reflector is not smooth, making the reconstruction task
more difficult. A widely used optimization approach for ODT in
transmission configuration is proximal algorithms [42], which
are well suited for TV regularization by allowing the iterative
optimization of loss functions composed of differentiable and
non-differentiable terms. Let V(%) be the estimator of V at
iteration k. The idea is to split each optimization step into two
parts:

i) A standard gradient descent step is first performed:

VE v 0L (VR ).
ii) The proximal operator is then applied:
VD prox, p(V®),

which corresponds to the minimization of:

prox,,. (V*))=arg min {1 |[VE —v |2 +aTR(V)}
very (2

The proximal operator for TV regularization has the advan-
tage of being well-documented [21], [43].

FISTA and variants are gradient descent or stochastic gra-
dient descent based algorithms. This class of algorithms are
designed for convergence of convex loss functions. Reflection
ODT being a non convex problem, it was natural to search
for a proximal algorithm based on an optimizer efficient for
non-convex optimization. In that respect, an adequate tool is
the Adam optimizer [44] which is an adaptive learning rate
method. This optimizer is suitable for stochastic gradient descent
which allows a reduction of the memory requirement for the
optimization process. Moreover, Adam showed better efficiency
in non-convex optimization compared to Nestervov stochastic
gradient descent algorithm [45], [46].

The challenge with adaptive algorithms lies in the fact that
the learning rate depends on the parameter being optimized,
thereby requiring a proximal operator that accounts for this
dependency. Ref. [33] introduces a method called ProxGen that
extends proximal gradient algorithms to adaptive optimization
techniques such as Adam. Based on this approach, we will use
the proximal algorithm described in Algorithm 1.
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Algorithm 1: Reflection ODT Algorithm: ProxGen

input: VO, o, ¢, 81, B2, yand 7
Initialize my = 0 and vg = 0
for £ = 1,2, ..., Nepoch do:
Choose randomly an index iy, € {0, ..., Niy}
gk < VL (VED )
my  fimy_1 + (1 — B1)gk
Vi < Bavi-1 + (1 — B2)(gr o 8k)
V®) « arg miny gx {(V, my) + 7R(V)
[V—v =1

2
VIRt
2a Vi € }

return The prediction V(¥)

Algorithm 2: Proximal Calculus

input: V&1 o, ¢, my, vj, and 7

Viror, = VD

— k—1 «
Zp = V( ) — JVhte
fort=1,2,...,T do:

g — (V) (Vi —zp)
k,t k,t—1
Viprox’ $=PrOX o /max( M+E)R(V[()rox )

return V(¥) = V;(,f—cdg )

my

_ gt )
max(,/Vi+e)

In Algorithm 1 we have introduced a new norm as fol-
lows: [|x||2 = (x,a0x) where o denotes the element-wise
(Hadamard) product. The hyperparameters of the algorithm are:
the learning rate «, the momentum parameters 3; and [s, the
weight factor v, and the regularization parameter 7. The last line
of Algorithm 1 corresponds to a minimization problem, which
can be reformulated using a new proximal operator:

HV—WkW%H?

2«

V) € arg min { (V,myp)+7R(V)+
VeRN

VVEte k-1 o
= prox., <V( ) — ka> (27

with prox2(z) = arg mink{h(x) + %||x — z||2} and the divi-
sion is performed element-wise. This minimization problem is
convex and can be solved by the proximal algorithm [47]. The
gradient of the objective function is (\/Vj + €)(x — z) and the
Lipschitz constant is L, = max(,/Vy + €).

An efficient method to compute V (*)is then described in Al-
gorithm 2. The parameter 7" defines the number of iterations for
Algorithm 2, thereby controlling its convergence behavior. In
practice, we set 1" to be large and apply a stopping criterion
which corresponds to the relative change from one iteration to
the next:

VSt — Virax "l
VD)

(28)

with 6 = 10~¢ in all following simulations.

order 2

Ground truth order 1

8um

Fig. 4. Reconstruction of a sample composed of a cell and a reflector for
different forward models used in the ProxGen algorithm with the weighted
temporal loss function (v = 0.1). A minimum regularizer is used to improve
the quality of reconstruction. The reconstruction is impossible by using first
order Born approximation.

C. Simulation Results

To validate our reconstruction algorithm, we applied it to 2D
simulations for computational efficiency. 3D-simulated medium
results are presented at the end of the section. For both 2D and 3D
cases, to ensure consistency with the theoretical framework—
which assumes the convergence of the Born series—the RI
deviations are set to An = 0.01. This RI contrast, although not
representative of all biological media, is comparable to the RI
contrasts of biological samples considered in recent work [48],
[49], [50]. The surrounding medium has a RI n, = 1.33. We
consider incident plane waves with angles confined within a
numerical aperture of NA = 0.8, and wavelengths ranging from
800 to 875nm.

For both 2D and 3D, the ground truth is, as above, generated
using a Lippmann-Schwinger forward model with a modified
Green’s function G~ [12], [30]. This model accurately ac-
counts for all multiple-scattering effects and is a well-established
method for simulating light propagation in complex media.
The use of these modified Green’s functions requires adding
a padding region with a RI ny, whose length matches that of
the sample. The gradient for our reconstruction is calculated by
using the autograd functionality of torch library [51]. For each
reconstruction, the reflector is not known in advance and the
starting RI map is always a uniform medium with a RI equal to
Np.

1) 2D Simulation: To evaluate the effectiveness of our ap-
proach, we tested our reconstruction algorithm on 2D simulated
samples with a resolution of dx = dz = 200 nm in a square
of size N, = N, = 161. Samples under study mimic the RI
distribution of a cell. We have taken NV;, = 80 incident waves
taken uniformly and sampled over 11 wavelengths to guarantee a
sufficient temporal resolution and discriminate the direct object
echo and the background reflector components. The reflector
placed in our simulation behind the sample corresponds to an
interface with average RI n = 1.335, to which we add Gaussian
noise with standard deviation 6n = 0.002. For optimal conver-
gence, all 2D hyperparameters have been carefully tuned for
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ProxGen
MinReg

Proximal

SGD ProxGen

1.3320

1.340

multi-wavelength single-wavelength

" 1.328

Temporal loss

Fig. 5.

2D reconstruction results for different configurations with order 5 Born forward model. Each column corresponds to an optimization algorithm. Row (a)

shows the results for the single-wavelength loss without a reflector. Since the results for different loss functions without reflector are similar, they are not displayed
here. The last three rows present the reconstructions using different loss functions with ground truth including a reflector. The unweighted temporal loss is not
shown, as it produces results similar to the multi-wavelength loss (row (c)): the Fourier transform does not significantly impact the results. The weighted temporal

loss shown here corresponds to (23) with a coefficient v = 0.1.

Figs. 4-7. We also validated our approach using simulated noisy
observations. Further details can be found in Appendix C.

2) Choice of the Forward Model: Choosing an appropriate
forward model for the optimization algorithm is essential for
improving the quality of the RI reconstruction. Indeed, this
model should closely account for the multiple-scattering con-
tribution in order to accurately reconstruct the sample. Fig. 4
illustrates this fact by displaying the result of our optimization
algorithm for different forward models. Each model involves
a different order of the Born approximation. Not surprisingly,
the first-order Born model (Fig. 4(b)) only grasps the high
spatial frequencies of the sample and only provides an image
of the external surface of the cell. Remarkably, the second-order
Born model reveals the intra-cellular components (Fig. 4(c)).
Nevertheless, the reconstruction remains imperfect due to dis-
crepancies between the real light propagation and the forward
model used in the optimization algorithm. Those imperfections
can be mitigated by increasing the degree of complexity of the
forward model (Fig. 4(d)—(f)). The 5th-order Born series forward
model (Fig. 4(e)) offers a good trade-off between the accuracy
of the RI map reconstruction and the computational complexity.
This forward model includes more scattering events than in our
theoretical analysis. One might think that the reconstruction
quality also depends on other multiple-scattering terms, not just
the cross-interactions U7, and Us; . Yet this effect remains minor

compared to the contribution of the cross-interaction terms U2
and Uy, as detailed in Appendix D.

3) Regularization Strategies: Inthe following, total variation
(TV) regularization is applied only in the region of the object
V/, that we aim to reconstruct. Since the reflector is difficult to
reconstruct due to the ill-posed nature of the problem, we choose
not to apply any regularization or constraint to it. This allows
the reconstruction to produce a RI that, while not physically
accurate, effectively mimics the reflector’s reflectivity. Applying
regularization only in foreground also improves the reconstruc-
tion, as shown in Appendix C.

Additionally, a differentiable regularization term, referred to
as Minimum regularization, is introduced. This term prevents
predictions below the RI ny, acting as a Ridge regression for
points with a RI lower than ny. Since this regularization is
differentiable, it can be easily integrated into the temporal loss
function. This additional regularization corresponds to a positiv-
ity constraint. Choi et al. [2] actually demonstrate that it reduces
the underestimation of the RI in a transmission configuration.
For the same reason as the TV regularization, minimum regu-
larization is then only applied to the V/;-object region (contained
in the layer |21, 23] in Fig. 1(a)) but not to the Va-reflector (layer
[22, 23] in Fig. 1(a)).

Fig. 5 illustrates the improvement in the object reconstruction
achieved by applying the aforementioned strategies. The first
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Fig. 6. Effect of the distance between reflector and cell on reconstruction

quality. The mean squared error (MSE), calculated only inside the cell, shows
how the reconstruction differs from the ground-truth cell as a function of
distance. Reconstructions at different distances are shown to illustrate how
reconstruction quality decreases as the cell and reflector get closer.

Weighted
temporal loss

Multi-wavelength
loss

250 epochs

1.340

Ground truth

MSE: 2.07e-6 MSE: 1.61e-6

Fig. 7. Reconstruction of complex samples thanks to the ProxGen algorithm
by using different loss functions. Here the reflector corresponds to the back-
ground cells at the right. The regularization (TV by proximal and minimum
regularization) are applied at the left of the image and not for the reflector. As
in previous cells the initialization corresponds to uniform medium. The recon-
struction is shown both at an early stage of training (250 epochs) and at the final
stage (2000 epochs), highlighting that the temporal loss improves reconstruction
stability and consequently reduces the dependence on regularization. The MSE
represents the mean squared error computed inside the cells at the end of training.

row (Fig. 5(a)) highlights the challenge of reconstructing the
sample without a reflector, even when using various iterative
optimization techniques. In this case, the scattering potential
remains trapped in a local minimum or flat region, preventing
accurate reconstruction. As previously highlighted, the low-
spatial frequencies of the object can be hardly retrieved in such
a configuration. However, the second row (Fig. 5(b)) shows that

simply adding a reflector is not sufficient if the temporal aspect
is not considered. In a single-wavelength experimental setup,
the singly-scattered term U; and Uy, as well as the second-order
crossed terms Uy and Us1, cannot be disentangled. This mixing
prevents the convergence of the optimization algorithms. The
last two rows of Fig. 5 demonstrate that temporal resolution is
essential for accurate cell reconstruction. The multi-wavelength
loss (Fig. 5(c)) corresponds to a broadband loss function that
incorporates multiple wavelengths:

L(V) = [I¥Bomi (V. Ein,w) — En(w)]*. (29)

Due to Parseval’s theorem, £5(V) is actually equivalent to a
temporal loss integrated over all times of flight:

Ls(V) = [I¥Bormi (V. Ein,t) = En(t)|>  (30)
t

All time points are here weighted equally. While this approach
enables good cell reconstruction, further improvement can be
achieved using a weighted temporal loss, as described in (25)
and illustrated by Fig. 5(d). Thus, employing a multi-wavelength
configuration and measuring the amplitude and phase of the
reflected wavefield (and not just the intensity) are critical to
reducing the ill-posedness of the inverse problem. Indeed, it
gives access to the time-dependence of each reflected wave-field
which greatly facilitate the reconstruction.

The TV regularization is here essential to reconstruct correctly
the sample as the reconstruction is noisy without it. While
SGD and Adam-based gradient descent methods yield similar
results for the multi-wavelength loss ((Fig. 5(c3) and (c4)),
Adam-based methods perform better when using the weighted
temporal loss ((Fig. 5(d3) and (d4)). The results improve further
when applying minimum regularization, which prevents the RI
from falling below ny,.

In our reconstruction framework, the foreground object and
the background reflector are spatially separated for two main
reasons. First, our theoretical model assumes that evanescent
waves from the reflector are negligible. Second, the temporal
separation helps the optimization algorithm converge more re-
liably as mentioned above. However, the object can still be
reconstructed (even if less accurately) when the spatial sep-
aration is limited, as described in Fig. 6. As expected, the
reconstruction quality decreases as the reflector gets closer,
dropping below 1pm. Since the measured signal is included in
[800nm, 875nm], the temporal resolution of the reconstructed
wave packet is d jemp ~ 3.5um. At distances around 1um, the
cross-interaction and direct reflection terms from (9) begin to
overlap, causing mixing that limits reconstruction performance.

4) Importance of a Weighted Temporal Loss: Unlike alter-
native methods that reconstruct the RI of an object using a
deterministic reflector [17], our approach does not require any
prior knowledge on it. Indeed, this reflector can belong to the
inspected medium. The RI distribution can be reconstructed,
even when the background reflector is highly irregular and
initially unknown.

Additionally, this algorithm can be applied to more complex
samples. For instance, we can consider a 2D sample made
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Reconstruction

3D Reconstruction with the proposed method of 20 x 20 x 20 um sample made of several cells. Figure (a) shows the ground truth 3D rendering of the

RI map, figure (b) corresponds to the reconstruction and figure (c) shows a series of ground truth and prediction 2D cuts. The inhomogeneity of the reconstructed
cells in figure (b) is due to the fact that the reconstructed background cells correspond to an equivalent reflectivity of lower optical index than the ground truth. An

animation is available in the supplementary material.

up of multiple cells, and try to reconstruct the upstream cells
by using the background cells as reflectors. Examples of such
reconstructions are shown in Fig. 7, where we can observe that
the weighted temporal loss (Fig. 7(c)) leads to more satisfactory
results and shows noticeably better reconstruction even at early
stages of convergence compared to the multi-wavelength loss
(Fig. 7(b)) [see the comparison with ground truth displayed
in Fig. 7(a)]. For both losses (multi-illumination and weighted
temporal), the low and high spatial frequency components are
effectively separated in time, thanks to Parseval’s theorem. How-
ever, the multi-illumination loss treats all times equally, because
the energy received at both echo times is similar, the model
struggles to reconstruct the low-frequency components of the
object, which are mainly carried by the weaker U5 and Uz
terms rather than by the dominant U; term. On the contrary, the
weighted temporal loss enhances the strength of backscattered
echoes and leads to a better image the sample.

Thus, despite being far from the ideal case of a planar reflector,
our method enables high-quality reconstruction of RI maps.
Moreover, the use of a weighted loss allows for the recon-
struction of both low and high spatial frequencies, effectively
mitigating the missing cone problem commonly encountered
in transmission. However, as shown in Fig. 5, achieving a good
reconstruction requires the presence of a reflector (and therefore
a complex medium), as well as a temporal loss (hence a multi-
illumination device), unlike in a transmission configuration.

5) 3D Reconstruction: To demonstrate the scalability of our
model, we also simulate 3D reconstructions. The sample under
study is displayed in Fig. 8(a). The simulation domain is a cube of
size N, = N, = N, = 101 of resolution dz = dy = dz = 200
nm. The simulated illumination sequence involves 80 illumina-
tions spirally distributed within a pupil of numerical aperture
NA = 0.8 . Each illumination is repeated for 11 wavelengths
uniformly distributed between 800 and 875nm. The forward
model used in our optimization process is still a 5 order Born
model since we remain in a weakly multiple scattering regime.
The optimization is performed over 1000 epochs to ensure
convergence, although a good reconstruction can already be
achieved after 400 epochs. The reconstruction was efficiently
carried out on an RTX 6000 Ada GPU with 48GB of VRAM.
Each epoch took 30 seconds, which is longer than for an equiv-
alent transmission reconstruction, as wave propagation needs to
be computed for multiple wavelengths.

Due to the long training time, we fine-tuned our optimiza-
tion algorithm on a smaller cube and applied the same hyper-
parameters to the larger one. We used a learning rate of o =
2 x 107°, momentum parameters (31, 82) = (0.9,0.999), and
a weight factor v = 0.1 to generate the figure. The result of the
optimization process is displayed in Fig. 8. It appears that in
3D, it is still possible to obtain good reconstructions of cells in
the foreground, by using cells in the background. The average
values of the various substructures remain consistent with the
ground truth. However, the reconstruction quality is not as good
as in 2D, due to the larger number of parameters to optimize and
the increased difficulty in tuning the hyperparameters.

IV. CONCLUSION

We have introduced a novel optimization algorithm for 3D
refractive index reconstruction in reflection-mode microscopy.
Our method is based on the exploitation of multiple light scat-
tering. More precisely, our approach consists in leveraging the
light backscattered by deep reflectors to map the refractive
index distribution in the foreground. The background reflec-
tor is a priori unknown, and its reflectivity is simultaneously
reconstructed as part of the training process. This approach is
therefore a promising candidate to reach quantitative in vivo
optical imaging.

The ill-posed character of the problem is circumvented by a
weighted temporal loss in order to focus on the low frequency
part of the object and by using positivity constraint and sparsity
regularization to converge to a good minimum. The resulting
reconstructions closely match the ground truth across both low
and high spatial frequencies, highlighting the effectiveness of
the weighted temporal loss.

We implemented a 2D and 3D version to demonstrate its
effectiveness in simulations. To remain consistent with the the-
ory, we restricted our study to weakly scattering media and
used relatively simple forward models compared to transmission
ODT [52]. However, in practice, this method could involve more
advanced forward models for larger refractive index contrast as
Multi-layer Born [10], modified Born series [53] or Lippmann-
Schwinger Model [12]. Whether it can be adapted to a more
strongly scattering regime still needs to be demonstrated, either
in simulation or experimentally.
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We have also demonstrated the necessity of multi-wavelength
analysis in reflection to achieve the required temporal approach.
As aresult, ODT in reflection will be more time-expensive than
transmission approaches but will be rewarding since we will
have access to both the low and high spatial frequencies of
the sample. This also helps overcome the missing cone issue
inherent to transmission configurations.

Beyond optical microscopy, the proposed approach can be
leveraged to map the local wave speed in any field of wave
physics for which a frequency- or time-resolved measurement
of the reflection matrix is possible [54], [55]. Indeed, not only
is the local wave speed a quantitative marker for ultrasound
diagnosis [56] butitis also, for instance, an important monitoring
parameter of tectonic motion [57] and volcanic eruption [58]
in geophysics. In each of this field, multiple scattering is far
from being negligible [59], [60] and its inclusion in the forward
model would be extremely rewarding for quantitative imaging.
This is the principle of full wave-form inversion [61] but we
here show how such brute force strategies would benefit from
physically-grounded loss functions and simplifications of the
forward model in order to guarantee the convergence of the
inversion process.

APPENDIX A
FILTERING OPERATION ON SOURCE TERM

This section is a proof of the filtering effect of measurement
in transmission and reflection configuration. The proof is the
same as in Emil Wolf [1] work, but without the first order Born
hypothesis.

We express the scattered field as a function of the source term,
as shown in (3).

Since the object to be imaged is of finite size, we assume that
V is supported in [z1, 23] and that we measure the scattered field
for z € (—o0, 21) U (23, +00).

Since we are measuring F at a fixed z, it is natural to look
for calculations based on the 2D Fourier transform of the 3D
Green'’s function. Thus we have [62]:

/ G(z,y,2)
R?

_ J G (bawthyytrhaky)2) gk dle
?) t/]éz?ﬂ(kw,ky)e v
(31)

I piklkaiky)l2]

Jkeztbyy) dudy = — 2
2k(ky, ky)

G(z,y,

with k defined as:

ngkd — k2 — k2 ifngk§ > k24 k2,

Gy/k2 4 k2 —n2k2 if n2kd < k2 + k2.

K is the z-wavelength of the Green function with two modes: a
propagative mode and an evanescent one.

In the following, we rewrite (31) taking into account the fact
that z € (—o00, 21) U (23, 4+00) and 2’ € supp(V)

//Rz 2,‘6 kw,k

x ¢l (ke (z=2")+hy (y—y')sgn(2)n(ka ky) (2=27) gp dk, (32)

K(ky, ky) =

G(I - xlvy - ylvz

By injecting (32) into (3) we obtain:

)= [ Atkky)

x el j(kyxtkyy+sen(2)r (ke ky)2) dkxdky

= sty [ LU

« eI (kat'+hyy' +sgn(2) (ks ky)2') da'dy'dz'
(34)

(z,y,2
(33)

Alky, ky, 2)

By developing (33), we can express A by the 2D Fourier
transform of E(., z)

Fon(Bs(+, 2)) (ky, by e senEinthak)z — Ak, K, 2) (35)
The equation is difficult to express in simple terms, because « is
a complex number. However, we assume that we are measuring
with z far enough away from the support of V' that the evanescent
waves are negligible (i.e. A(ky, ky, k) =~ 0if ngk3 < k2 + kz).
Consequently, « is real, and we can express A directly as the
Fourier transform of U

GU (ks, by, sgn(z)y/n2kd — k2 —

2, /n2k2 — k2 — k2

And by combining (35) and (36) we obtain (4).

We finally found that we can only measure the Ewald sphere
of the source U as shown in [8] under the Fraunhofer approxi-
mation.

k2)
Ak, iy, 2) =

(36)

APPENDIX B
FILTERING OPERATION UNDER SECOND BORN APPROXIMATION

Let us begin by examining the U;» term, which represents an
interaction with the reflector V5, followed by an interaction with
the potential ;. We can express Uyo as:

Ua(x,y, 2) = Vi(x,y, 2)Ha (2, y, 2)

Ty, % /// (x—a'y—y,z—2)
RS

X ‘/Q(I Y 7Z)Ein(17 Y ,Z)dCC dy/dz/

= / G(x—:v'7y—y/7z)
R2

X va (2, y" ) B (2,9, 0) dz'dy’ (37)
Hj corresponds to a new incident wave from the reflector V5.

By injecting the 2D Fourier transform of the Green func-
tion [62] (31), assuming that z is small enough to neglect
evanescent waves (since supp(V1) = [z1, 22] we assume here
that z5 is far enough from 0) and by using convolution theorem,
we can express Hy in a 2D integral form:
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jej ngkgfkgfk?/\z\

2, /n2k3 — k2 — k2

Fop(Ha(., 2))= U2 (ka—Kinz, ky—FKin,y)

kin,y)

(z,y,2 // J U2 (Ka—hin,z, ky el (heisy)
R2 2\/7m
VIR gl s, %)

By applying a Fourier transform to (37), substituting (38),
and simplifying the absolute value due to the support of V4 (., z’)
being restricted to (—oo, 0), we obtain (11).

The second term Us; corresponds to the interaction with
followed by the interaction with the reflector V5.

‘/2 -1: Y,z )Hl('r Y,z )

// Glx—2,y—y,z—2)
R3

le(xvyaz)Em( ,y, )dx/dydz’

Usi(z,y,2) =
Hy(z,y,z
(39)

By applying a Fourier transform to Usz; we have:

///Rs Va(2,y, 2) Hi(2,y, 2)

x el (katkyytk:2) dxdydz

- // vz, y) Hi (2, y, 0)ed F==Thu¥) dady
R2

:// U (ks — KL, Ky
R2

x Fop(Hi(., 2 = 0)) (K}, Kk, dk,

UQI (ka:> ky> kz) =

—K)

In order to get an analytical expression for the Fourier trans-
form Ujs, we need to express the 2D Fourier transform of H1:

Fop(Hi(., 2 =0))(ka, ky)

:/ Hi(x,y,0)e 7 Fethuy) gy

///Rs//Rz v—ay—y, =2 Wiy, 2)

X ej(k’in,uo-')c +kin,yy +k7in,zz )_](km’f"rkyy)dxdydx/dy/dz/

- /// // G2y, —2)e I kea"Thut") g gy
R3 J JR2

X Vl (x/7 y/7 Z/)ej[(kin,z_kr)m,+(kin,'y_ky)y/"l'k/m,zzl)dm/dy/dzl

:/dz’ {/ G(2",y",
R R2

><|:/ 174 ($/, y/’ Z/)ej[(k’in,m*km)I'+(k’in,y*ky)y’+kin,zZ’] dm/dy/:|
R2

7 o) g
_Z/)e—_](kw.l, +kyy )d.%'//dy”:|

The first term between square brackets is the 2D Fourier
transform of the Green function and defined in (31). The second
term between square brackets is:
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Fig. 9.  Analysis of the convergence process. During the first epochs, only
the high-frequency components are reconstructed, while the low-frequency
information of the object gradually appears around the 500th epoch. The TV
regularization parameter is small to allow the recovery of as much information
as possible before the regularization term becomes dominant, leading to a better
reconstruction.

/ i (.73,, y/, Z’)ej[(kin‘z7k'm)1/+(kin,y7ky)y,+kin,zZI] da:’dy’
R2

= Fap (Vi 2)) (ke — Kino iy = kingy )&=
Since the support of Vi (., 2') is in (—o0, 0), the integral in 2’ is
concentrated on (—oo, 0) and:

]:QD(Hl(.,Z = 0))(]%;, ky) =

/ jsz(V1(~>2/
R QK(kw,ky)

which gives (by ignoring evanescent waves):

D) a—Fin s By =Finsy) g (b, st )2 g

J
2,/n2k — k2 — k2

21,2 1.2 .2
nZk2 — k2 — k2 —

Fop(Hy(., 2 = 0))(]%’]%) =

X Vl(k@ - kin,wy ky - kin,ya m z) (40)

Finally, we obtain (12) for Us;.

APPENDIX C
NOISE ANALYSIS, SELECTION OF HYPERPARAMETERS AND
REGULARIZATION

Since we had to solve an ill-posed inverse problem, longer
training times were necessary. To ensure better convergence for
method comparison, we fine-tuned the learning rate and trained
until 2000 epochs for Figs. 4-7. However, the reconstruction
quality becomes acceptable around 500 epochs, even though the
loss continues to decrease. An illustration of the convergence is
presented Fig. 9.

The optimal learning rate was generally found to be around
o = 1072 For adaptive methods, the coefficients were set as rec-
ommended in Kingma’s et al. work [44] (31, 82) = (0.9, 0.999).
The weight factor was set to y = 0.1 for all simulations and kept
unchanged across different cases, as this ensured consistently
good performance, but could be fine tuned depending on the
medium to be reconstructed. The principle is that one tries
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Ground truth

Global regularization Windowed regularization

1.340

1.328

MSE: 1.98¢-6 MSE: 1.61e-6

Fig. 10.  Reconstruction of a multi-cell medium under different regularization
strategies. The comparison is made between a reconstruction with regularization
applied to the entire medium and applied only to the foreground region. The
Mean Squared Error (MSE) of the reconstruction inside the foreground cells is
displayed.

to balance the contributions of the direct reflection from the
foreground object (that contains the high spatial frequencies
on the foreground object) and the cross-interaction terms (that
contains the low spatial frequencies on the foreground object).
Decreasing y reduces the weight of the direct-reflection com-
ponent, which corresponds to information that is reconstructed
rapidly during optimization (see Fig. 9), thereby helping the
optimization focus on the more challenging cross-interaction
terms. Keeping v > 0 is generally preferable, since the high-
frequency information helps mitigate the missing-cone problem
by adding complementary data. TV regularization and minimum
regularization are not applied on the reflector because it allows
better reconstruction of foreground objects as shown in Fig. 10.

The reconstruction quality is slightly better when no regular-
ization is applied to the reflector, as this avoids constraining on
it. In this case, the reconstructed RI of the reflector corresponds
to an effective value that produces better reflectivity, rather than
to its true physical index. Because the reflector’s low-frequency
components are difficult to retrieve, this effective value mainly
acts as a local minimum that mimics the reflective behavior.
Adding regularization, in this case, limits the reflector without
bringing useful physical information about it.

Despite the use of the weighted temporal loss to focus on the
low-frequency signal, the optimization problem is not straight-
forward and requires more training time than in transmission.
Thus our optimization algorithm could be sensitive to noisy
measurement. To verify this, we conducted 2D tests by adding
noise to the ground truth measurements. As shown in Fig. 11, our
model remains robust to additive Gaussian noise up to 50%. The
noise level is here defined relatively to the mean of the reflected
absolute amplitude.

APPENDIX D
SPECTRAL STUDY OF THE RECONSTRUCTION

In order to validate the importance of cross-terms U;o and
Ui described in (12) and (11), we display in Fig. 12 the spectral
representation of the reconstructed potential V.

As expected, using the 5"-order Born model allows us to
recover both the high and low-frequency components of the
object in the foreground (Fig. 12(a), (b)), which is consistent
with the combination of multi-illumination transmission and
reflection terms described in Coupland et al.’s work [8].

Ground truth _84m_

1.340

1.328

Fig. 11. Evolution of reconstruction as a function of the level of Gaussian
noise added to the simulated measurements. Despite the loss of precision, the
2D reconstruction of the foreground cell remains consistent with the ground
truth. Reconstructions are performed with weighted temporal loss (y = 0.1)
with ProxGen algorithm and minimum regularization.

Reconstruction under
first order Born

Reconstruction

Reconsiuction without second order

Ground truth

Fig. 12.  Rlreconstruction and relative error of the reconstruction V' in Fourier
space. The reconstruction are performed without regularization, with Adam
optimizer and the temporal loss. (a,b) The ground truth is generated using the
Lippmann—Schwinger model and the forward model used for reconstruction
is the 5™-order Born model. (c,d) The second-order (double scattering) term,
including the cross terms U2 and Usg, is removed from both the ground
truth and the forward model. (e,f) Both the ground truth and the forward
model are computed in the single-scattering regime using the first-order Born
approximation.

When the second-order term is removed (Fig. 12(c), (d)), the
reconstruction quality decreases since the low-frequency infor-
mation encoded in the cross terms disappears. Some of these
components can still be partially recovered through higher-order
terms, although their contribution remains limited, justifying
the main contribution of second-order term in reconstruction.
Finally, removing all multiple-scattering terms (Fig. 12(e), (f))
makes it impossible to retrieve the low-frequency information,
even with a reflector in the background.

Moreover, Fig. 12 provides an estimate of the maximum reso-
lution, as the reconstruction can only recover information within
a finite region of the object’s spatial Fourier space. Following
Coupland et al. [8], the lateral frequency range is bounded
by dk, = |4npkoNA|, while the axial range (corresponding
to direct reflection information) extends over dk, = |4nyko|.
For our microscopy configuration with incident wavelengths
within [800nm, 875nm|, the maximum spatial resolution is
about 150 nm. The figure shown here corresponds to a 140 nm
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resolution in order to clearly highlight the information which
can be recovered in Fourier space.
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