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Moving Targets Imaging by SVD of a Space-Velocity
MIMO Radar Data Driven Matrix

Liliana Borcea and Josselin Garnier

Abstract—We introduce a method for Multiple Input Multiple
Output (MIMO) radar imaging of moving targets in a strongly
reflecting, complex stationary scenery (clutter). The radar system
has fixed nearby antennas that play the dual role of sources and
receivers. It gathers data either by emitting probing pulses from one
antenna at a time, or by sending from all the antennas non-coherent,
possibly orthogonal, waveforms. We show how to obtain from the
measurements an imaging function that depends on search position
and velocity and is approximately separable in these variables, for
a single moving target. For multiple moving targets in clutter, the
imaging function is a sum of separable functions. By sampling
this imaging function on a position-velocity grid we obtain an
imaging matrix whose Singular Value Decomposition (SVD) allows
the separation of the clutter and the targets moving at different
velocities. The decomposition also leads directly to estimates of the
locations and motion of the targets. The imaging method is designed
to work in strong clutter, with unknown and possibly heterogeneous
statistics. It does not require prior estimation of the covariance
matrix of the clutter response or of its rank. We give an analysis
of the imaging method and illustrate how it works with numerical
simulations.

Index Terms—Multiple input multiple output (MIMO) radar,
moving target, clutter, imaging.

I. INTRODUCTION

RADAR imaging is an important technology, with a long
history and extensive literature [20], [42]. It involves

clever engineering and signal processing [42] and it forms
images with algorithms like filtered backprojection or matched
filtering [17]. These are based on the linearization of the mapping
between the unknown reflectivity of the illuminated region and
the measured waves. Roughly, they sum coherently the data
time traces synchronized with time delays corresponding to
the imaging points. The most popular data acquisition setup is
for monostatic, synthetic aperture radar (SAR), because it is
simpler and does not require much coordination. We consider
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multiple input multiple output (MIMO) radar, which is receiving
increasing attention due to its potential for improved target
detection, discrimination and imaging [25], [30].

A large part of radar imaging is concerned with the detection,
localization and tracking of moving targets in a stationary,
strongly reflecting complex scene, called clutter [42]. Typically,
moving targets are modeled by reflectivity functions with small
(point-like) support in uniform, straight motion [18], [25], [29],
[50]. This should be understood as a segment of a piecewise
linear approximation of a general target trajectory, seen by
the radar over the short duration of data gather. In our study
we use such a model. Other models, like in inverse synthetic
aperture radar (ISAR), allow target rotation [16], but require
mathematical treatment specialized to the type of motion.

The effect of uniform motion of targets on SAR imaging,
in the absence of clutter, is described in [28]: The targets are
displaced in cross-range by an amount proportional to the range
speed i.e., we have a Doppler shift leading to erroneous target
placement. The images are also unfocussed, with the amount
of blur depending on both the range and cross-range velocities.
These facts have generated two general approaches for dealing
with target motion: (1) Extract motion information directly from
the data and (2) Work with formed images or track the targets
via optimization, while forming images.

The oldest approach in the first category uses moving target
indicator radars, which detect Doppler shifts in SAR data and
subtract approximately the clutter returns. Examples are dis-
placed phased center antenna (DPCA) radars and improvements,
like notching techniques [42]. These impose constraints on
antenna motion, they require accurate phase synchronization and
may not work well for all moving targets. Newer approaches
decompose processed SAR data into low-rank (clutter) and
sparse (target) parts [6] or they use tensor decompositions based
on sub-aperture data segmentations [35], [49]. These have not
been tested in very strong clutter.

Examples of approaches in the second category are autofocus
and optimization methods. Autofocus detects moving targets in
formed images, by seeking to estimate and compensate phase
errors that cause smearing [22]. Optimization with sparsity
enforcing regularization has been used for imaging stationary
and moving targets [13], [37], [44] and for compressed sensing
i.e., imaging with undersampled data [2], [26], [32]. The sparsity
is imposed directly on the reflectivity function or on the vector of
coefficients in synthesis models with overcomplete dictionaries
of position-velocity atoms and phase deviation errors. All these
methods can produce images with very good resolution, but they
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rely on having strong targets i.e., weak clutter. Multiple Signal
Classification (MUSIC) is another “super-resolution” imaging
approach [43] used mostly for stationary and sparse imaging
scenes. It works if the signal/noise subspaces are well separated,
but it lacks robustness with respect to noise [7], [34] and it is
not equipped to deal with strong clutter and motion, aside from
creating images frame by frame [52].

MIMO radar can improve the detection and resolution of
imaging stationary and moving targets by using various trans-
mission schemes and signal processing [15], [25], [36]. Unlike
traditional radar systems that send coherent waveforms and
generate focused beams, typical MIMO radar systems trans-
mit omnidirectional and possibly orthogonal waveforms (e.g.,
Walsh-Hadamard codes [3]), that are resolved at the receivers by
matched filters. In the case of MIMO radars with N coinciding
source and receiver antennas, the matched filtering gives math-
ematically an active N ×N array response matrix R(t), whose
sth column contains the waves received at the array, generated
by the sth antenna. This is our setting.

Strong stationary clutter poses a great challenge to imaging
moving targets. The main technique for mitigating clutter is
space-time adaptive processing (STAP) [10]. This estimates the
covariance matrix of the clutter returns, which is typically low
rank [11], and then uses it to produce a clutter filter applied to
the received signals, with the purpose of increasing the moving
targets signal-to-clutter-ratio (SCR).

There are multiple models of the statistics of clutter returns
as functions of terrain, radar band and other parameters. The
simplest models, especially for low bandwidth radar, assume
a normal (Gaussian) clutter distribution. Other models propose
log normal, Weibull and gamma distributions [1], [5], [40].

There are approximations of the rank of the covariance matrix
of clutter returns (Brennan’s rule) [11], [15]. A data-independent
estimation of the clutter subspace, that takes into account the
geometry of data acquisition, is in [15]. However, most STAP
algorithms use training data to estimate the clutter covariance.
The number of data samples for an adequate estimate is de-
scribed in [39]. The training data is often limited in practice and
violates the assumptions of target free, identically distributed
and statistically independent samples, because in anticipation
of heterogeneous clutter, the samples come from nearby range
bins. Attempts to improve the estimation of clutter covariance
include adaptive selection of training samples [38], [45] or sparse
recovery STAP [53].

Compressed sensing methods that exploit the sparsity of
clutter responses in the angle-Doppler plane have been used for
STAP [15], [47], [50]. These methods can improve the estima-
tion of the clutter covariance but they involve time consuming
optimization and can be negatively affected by space-time dis-
cretization and subsequent grid misalignment [4]. Fixes of the
latter, like the grid free atomic norm approach in [21], come at the
expense of complexity, while the use of dense grids increases the
computational burden. Tensor methods can mitigate somewhat
this burden, as shown in [19].

Low-rank+sparse optimization, implemented via the Robust
Principal Component Analysis (RPCA) procedure, has been

used for imaging a few stationary or moving targets in clut-
ter [41], [51]. The underlying assumption is that stationary
clutter looks approximately the same in images formed from
data segmented over sub-apertures. Therefore, it gives the low
rank part of the matrix containing the stacked images, and it can
be filtered out. RPCA is also used in [6], [35] for decomposing
the data directly, prior to forming images. The decomposition is
carried out in the fast and slow time domain, using a “normal
move-out (NMO)” transformation. This nearly straightens the
hyperbolic profile of the arrivals from clutter, thus making
them low-rank. Both RPCA approaches rely on having strong
targets (e.g., SCR > −3 dB [51]). They also require careful
segmentation of the data over sub-apertures, so that the clutter
contribution is indeed low-rank and it is not confused with the
signals from targets of interest [6], [35].

Typically, tensor-based MIMO radar imaging methods in
clutter assume that the MIMO radar moves on a flight track
parametrized by the slow time. Therefore, they use more data
than assumed in this paper, where the MIMO radar is station-
ary. Tensor methods are based on higher-order singular value
decompositions (HOSVD) and are complementary to STAP,
because they use training data to estimate the clutter covariance
matrix and then remove it via projection [12], [27], [48]. Without
clutter, the data are modeled by sums of rank-one tensors, each
corresponding to a moving target. These tensors can then be
determined approximately by CANDECOMP/PARAFAC de-
compositions [48].

Our contribution: We introduce and analyze a novel ap-
proach to imaging from the N ×N array response matrix R(t)
gathered by a stationary MIMO radar system with N nearby
source/receiver antennas, as explained above. We show how to
map R(t) to an imaging function I(y,u) of the search position
y and velocity u, that is approximated by a sum of separable
functions in y and u. Separability is important, because by
sampling I(y,u) on a position-velocity search grid, we obtain
a “space-velocity imaging matrix” whose SVD can separate the
contributions of moving targets from clutter.

We explain how to subtract the clutter response, separate the
moving targets based on their velocity and then image them. We
also obtain a resolution analysis for both the velocity estimation
and target localization.

Our method complements the existing ones because:
1) It works in very strong clutter (low SCR). It gives auto-

matically the locations and velocities of the targets.
2) It is not sensitive to the statistics of clutter, and therefore

it can handle clutter distribution changes in the imaging
region (heterogeneous clutter).

3) Unlike STAP, it does not require estimation of the covari-
ance of clutter returns or its rank from training data.

4) It is less complex than tensor methods: Aside from need-
ing training data to remove clutter, like in STAP, tensor
methods involve HOSVD or CANDECOMP/PARAFAC
decompositions obtained via iterative optimization.

5) It is less complex than low-rank+sparse methods which
have not been tested in very strong clutter and involve
delicate data processing and iterative optimization.
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Fig. 1. Setup: Linear array of antennas, shown in blue, at xn = (xn, 0), n =
1, . . . ,N , is centered at 0 = (0, 0). The imaging region Ω is centered at (0, L)
and contains targets shown in red. There may be several targets and the drawing
is not to scale. The diameter of Ω is assumed � L.

6) I(y,u) is given by matched filtering and summation
over selected (source-receiver) antenna pairs. There is
no iterative optimization and the SVD analysis can be
made efficient by windowing in the search velocity and
computing just a few leading singular values and vectors.

Outline: The paper is organized as follows: We give in Sec-
tion II the setup and introduce in Section III the imaging function
I(y,u). A resolution analysis of this imaging function is in
Section IV, for the case of a single moving target. The technical
details of the analysis are in Appendix A. The imaging algo-
rithm described in Section V applies to multiple targets moving
through clutter. We assess its performance with numerical sim-
ulations in Section VI. These simulations include a comparison
with the STAP clutter cancellation approach. When an accurate
estimate of the clutter covariance can be obtained from many
independent, identically distributed and target-free training data
samples, our method and STAP have similar performance. Our
objective is to get an image without such training data, in which
case STAP cannot be applied. We end with a brief summary in
Section VII.

II. SETUP

Our methodology works in three dimensions, but to introduce
the ideas, it suffices to consider two dimensions. The MIMO
radar consists of a linear array of antennas separated by the
distance Δa, and located at

xn = (xn, 0), xn = (n−N/2)Δa, n = 1, . . . , N. (1)

The aperture of the array is a = NΔa and we use a system
of coordinates x = (x, x⊥) centered in the middle of the array,
with range axis x⊥ orthogonal to the array and cross-range axis
x along the array (see Fig. 1).

The data acquisition is done inN steps. Each step corresponds
to a signal emission from an antenna and the interval between the
emissions is Δτ . This interval is long enough to accomodate the
arrival of the generated wave returns from the imaging region.
More explicitly, at the sth step, the source at xs emits the signal
f(t− Ts), delayed by Ts = (s−N/2)Δτ . The wave returns
are denoted by Rr,s(t) and they are recorded by all the antennas
indexed by r = 1, . . . , N . This gives the sth column of the array
response matrix R(t), which is filled step by step, using all the
sources.

As explained in the introduction, the response matrix R(t)
can also be obtained via signal processing, in the case of MIMO

radars that emit non-coherent, typically orthogonal waveforms.
The procedure is explained for example in [15, Section 6.3.1],
where the entries of R(t) are determined using the transmitted
waveforms as matched filters at the receivers.

While it is possible to use chirped signals, we assume that

f(t) = e−iωotBϕ(Bt) + c.c. (2)

is a pulse, modeled by an envelope function ϕ of dimensionless
argument and compact support, modulated at the carrier fre-
quency ωo. The bandwidth of the pulse is quantified by B and
“c.c.” denotes the complex conjugate.

Scaling regime and model of the imaging scene: There are
four important length scales in the problem: The range scale
L, which quantifies the distance from the array to the imaging
scene, the array aperture a, the carrier wavelength λo, and the
length (proportional to the duration) of the pulse c/B, where c is
the constant reference wave speed. The relations between these
length scales determine how well we can image. We consider
throughout a typical long range and high frequency regime,
described by the relations

L � a � λo, (a/L)2 � B/ωo � 1. (3)

The imaging scene lies in the domain Ω with diameter � L.
It contains an arbitrary number M of moving targets and it is
modeled by the reflectivity function

ρ(t,x) =

M∑
j=1

ρj(x− vjt) + γ(x), (4)

where γ(x) is the reflectivity of the complex (cluttered) station-
ary scenery. The jthmoving target has the reflectivity ρj(x) and
velocity vj . As stated in the introduction, the uniform motion
model (4) is typical in the radar literature [18], [25], [29], [50]. It
captures a segment of a piecewise linear approximation of more
general target trajectories, observed over the brief duration of
the measurement of R(t). In the numerical simulations we also
consider targets with an acceleration, in order to showcase the
robustness of the imaging method to deviations of the reflectivity
model. We also give a bound on the magnitude of the acceleration
for which the robustness holds.

We are interested in the case of strong clutter returns, where
γ(x) models numerous stationary scatterers whose cumulative
effect overwhelms the reflections from the M moving targets.
By design, our methodology introduced below is independent
on the statistics of clutter i.e., the distribution of the locations
and reflectivities of the stationary scatterers. In particular, the
statistics of the locations may be homogeneous or heterogenous,
with or without correlation properties.

Data model: We use, as is usual in radar, the single scattering
(Born) approximation of the waves reaching the receivers in
the array. To keep the presentation simple, we assume that the
velocities of the targets are much smaller than the wave speed
and we also use the stop-and-go approximation [17], [20]. The
model of the response matrix is

Rr,s(t) =

∫
R

dω

2π
k2(ω)e−iω(t−Ts)f̂(ω)

∫
R2

dz ρ(Ts, z)

× Ĝ(ω, z,xr)Ĝ(ω, z,xs) +Nr,s(t), (5)
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for r, s = 1, . . . , N , where k(ω) = ω/c is the wavenumber at
frequency ω and the hats denote the Fourier transform with
respect to time t. The wave propagation between points in
the support of the reflectivity and the antennas in the array is
modeled by the (two-dimensional) Green’s function

Ĝ(ω,x, z) =
i

4
H

(1)
0 [k(ω)|z− x|] ≈ e

iπ
4 +ik(ω)|x−z|

2
√
2πk(ω)|x− z| ,

where H
(1)
0 is the Hankel function of the first kind and order 0.

The approximation holds in regime (3).
The first term (the integral) in the data model (5) contains

the signals coming from the moving targets [first terms in (4)]
and the stationary scenery (the clutter) γ(x). The signals from
γ(x) are the “clutter noise”. In the low SCR regime of interest,
this noise overwhelms the signals from the moving targets. Its
statistics depends on the model of clutter. The only property we
use is that the clutter does not change in time over the short
duration of the data gather.

The term Nr,s(t) in (5) models other types of noise (elec-
tronic noise or signals coming from unknown and uncontrolled
sources). If this noise is additive and uncorrelated, which is
the typical situation addressed in the literature, then it does not
have a strong effect, because it is canceled out approximately
in the sums that define our imaging function. We illustrate this
with numerical simulations in section VI. For simplicity of the
presentation, we neglect additive noise in the analysis.

More complicated “noise”, due to neglected multiple scatter-
ing, needs special consideration. If the medium between the ar-
ray and the imaging regionΩ is homogeneous and the correction
of the Born approximation in (5) is not too strong, the multiple
scattering “noise” gives a perturbation of our space-velocity
imaging matrix that can be filtered out via the SVD. Cumulative
strong multiple scattering in a random medium through which
the waves propagate from the antennas to the imaging region
and back is another story, not addressed here. We refer to [8],
[23] for imaging stationary targets through such media. To our
knowledge, the imaging of moving targets in random media has
not yet been properly addressed.

The imaging problem: Localize moving targets and estimate
their velocity, using the measurements gathered in the array
response matrix R(t), with entries approximated by (5).

III. SEPARABLE SPACE-VELOCITY IMAGING FUNCTION

The standard, matched filter, space-velocity imaging function
is given by the coherent sum

IMF (y,u) =
1

N2

N∑
r,s=1

∫
R
dtRr,s(t)Hr,s(t− Ts;y,u), (6)

where the bar denotes the complex conjugate and the data are
synchronized using the filter

Hr,s(t;y,u) =

∫
R

dω

2π
e−iωtf̂(ω)Ĝ(ω,xr,y + uTs)

× Ĝ(ω,xs,y + uTs). (7)

In the regime described by the scaling relations (3), it is known
that if there is no moving target, IMF (y,u = 0) peaks at points
y near the stationary targets, with resolution of the order λoL/a
in cross-range and c/B in range. If there are moving targets,
the space y and velocity u variables get tangled up in the
expression of (6) [see Eq. (12)], thus complicating imaging and
the separation of the moving targets from clutter.

To understand the origin of the entanglement between the
space and velocity variables, it is useful to examine the phase
of the integrand in (6). We write it using the paraxial approxi-
mation [9] that applies to the regime (3) and we introduce the
velocity scaleV = Δa/Δτ , which depends on the experimental
setup. By changing the antenna separation Δa and the interval
Δτ , we can increase or decrease V , which affects the resolution
of the imaging, as shown in the next section. In particular, we
wish that the target velocities be at most order V . Recalling
the data model (4)-(5) we have, for a search point y + uTs,
with y = (y, y⊥) and velocity u = (u, u⊥), and for a target at
z+ vTs, with z = (z, z⊥) and v = (v, v⊥), the following phase

∑
j∈{s,r}

(∣∣xj − z− Tsv
∣∣− ∣∣xj − y − Tsu

∣∣)

≈ 2

[
z⊥ − y⊥ +

(
z2

2z⊥
− y2

2y⊥

)]

+ 2xs

[
v⊥ − u⊥

V
+

(
z

z⊥
v

V
− y

y⊥
u

V

)]

− (xs + xr)

[
z

z⊥
− y

y⊥

]

+ x2
s

[
1

z⊥
− 1

y⊥
+

(
v2

z⊥V 2
− u2

y⊥V 2

)]

− xs(xs + xr)

[
1

z⊥
− 1

y⊥
+

(
v

z⊥V
− u

y⊥V

)]

+ (xs + xr)
2 1

2

[
1

z⊥
− 1

y⊥

]
. (8)

Note that the square brackets in this equation are multiplied by
factors that depend on the source location xs and the mid-point
(xs + xr)/2 between the source and receiver. Moreover, in our
long range regime (3), each square bracket has a dominant term
and a smaller one (at least for |v|, |u| < V ) written in the round
brackets. Each dominant term involves the location coordinates
of the target or the velocity, but not a mixture of these. To keep
these terms from mixing up in the image, instead of superposing
the data over all sources and receivers as in (6), we should
superpose over the locationsxs of the sources and the mid-points
(xs + xr)/2.

We propose to sum over the sources at xs ∈ [−a/4, a/4]
and receivers that give xs + xr ∈ [−a/4, a/4]. As illustrated
in the left plot of Fig. 2, this corresponds to the largest paral-
lelogram with sides along the lines of constant xs and constant
xs + xr, that fits within the square [−a/2, a/2]× [−a/2, a/2]
determined by the support of all source-receiver pairs in the data
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Fig. 2. Left: Selected pairs of source-receivers used to define I(y,u): xs ∈
[−a/4, a/4] and xr ∈ [−a/4− xs, a/4− xs]. Right: Gaussian apodization
of the pairs (xs, xr) �→ exp[−2x2

s/a
2 − 2(xs + xr)

2/a2].

set. The space-velocity imaging function is

I(y,u) =
4

N(N + 2)

	3N/4
−1∑
s=	N/4


	5N/4
−s∑
r=	3N/4
−s

∫
R
dtRr,s(t)

×Hr,s(t− Ts;y,u), (9)

where the brackets 	·
 denote the integer part and we sum over
the pairs (r, s) illustrated in the left plot of Fig. 2. To explain the
choice of indexes in the sums, it is convenient to assume that N
is an integer factor of 4, in order to avoid dealing with integer
and fractional parts. For the source indexes we have

xs =

(
s− N

2

)
Δa =

(
s− N

2

)
a

N
∈
[
−a

4
,
a

4

]
,

which gives N/4 ≤ s ≤ 3N/4, and for the receiver indexes

xs + xr = (s+ r −N)Δa = (s+ r −N)
a

N
∈
[
−a

4
,
a

4

]
,

which gives 3N/4− s ≤ r ≤ 5N/4− s. Since r must also sat-
isfy 1 ≤ r ≤ N , we restrict the upper bound on s to 3N/4− 1.
Note that we have a total ofN/2 + 1 terms in the sum over r and
N/2 terms in the sum over s. In the analysis, we approximate
the sums by integrals, so we introduce in (9) the normalization
constant [N/2(N/2 + 1)]−1 = 4/[N(N + 2)].

IV. RESOLUTION ANALYSIS

Since the data model is linear, to characterize the resolution
of the space-velocity imaging function (9), it suffices to consider
a single moving target in an empty imaging scene. The calcu-
lations are in Appendix A. They use a Gaussian apodization
over the source-receiver pairs (see right plot in Fig. 2). The
apodization is used just to obtain a simpler, explicit expression
of I(y,u). The separability of I(y,u) and its resolution scales
stated in Proposition 1 hold without the apodization, but the
formulas are more complicated.

Proposition 1: Consider a single moving target with reflec-
tivity ρ(x− vt) in an otherwise empty imaging scene. If the
cross-range components of the target velocity and the search
velocity satisfy the relations

|v − u|
V

� λoL

a2
and

|u|
V

,
|v|
V

= O(1), (10)

then the space-velocity imaging function (9) has the expression

I(y,u) ≈ 1

64π2y2⊥
e−

k2
oa2

2 ( v⊥−u⊥
V )

2
∫

R2

dz ρ(z)

× e
− (koa)2

8

(
z−y
y⊥

)2

F

[
2

c

(
y⊥ − z⊥ +

y2

2y⊥
− z2

2z⊥

)]
, (11)

where ko = k(ωo) = 2π/λo andF (t) = BΦ(Bt)e−iωot + c.c.

is a signal with envelope Φ(h) =

∫
R
dh′ ϕ(h′)ϕ(h′ + h).

The proposition says that I(y,u) is approximately separable
in the space and velocity variables when there is a single moving
target. It is an imaging function because the integrand peaks at
y = z ∈ supp(ρ) (the support of ρ) andu⊥ = v⊥. The resolution
of the localization in cross-range is of order λoL/a and in range
it is of the order c/B. The range velocity resolution is of the
order of V λo/a.

Under the same circumstances as in Proposition 1, the stan-
dard imaging function IMF (y,u) has the form

IMF (y,u) ≈ 1

64π2y2⊥
e
− k2

oa2

2

(
2

v⊥−u⊥
V − z−y

y⊥

)2 ∫
R2

dzρ(z)

× e
− k2

oa2

2

(
z−y
y⊥

)2

F

[
2

c

(
y⊥ − z⊥ +

y2

2y⊥
− z2

2z⊥

)]
. (12)

It is an imaging function because the integrand peaks at y =
z ∈ supp(ρ) and u⊥ = v⊥, but it is not separable. A sum of such
terms cannot be decomposed by SVD.

Since the velocity scale V is chosen by the user and it can
be adapted by varying the emission interval Δτ , the second
condition in (10) can be fulfilled. The right hand side in the first
condition of (10) is the inverse of the Fresnel number. This is of
order one in a Fresnel diffraction regime and smaller than one in a
Fraunhofer regime [9]. The larger the Fresnel number, the better
guess of the cross-range velocity we need in (10). If the search
velocity does not satisfy (10), then the more general formula
of I(y,u), given in Appendix A, shows that the statement of
Proposition 1 should be modified, as follows: If the search
velocity has cross-range component u = 0, then the imaging
function peaks at y = z and at

u⊥ = v⊥ +
z

z⊥
v. (13)

Since in our long range regime |z| � y⊥ ∼ L, where the symbol
∼ stands for “has the same order as”, the bias i.e., the last term
in (13), is small.

Note that I(y,u) cannot determine the cross-range compo-
nent v of the target velocity v. However, v can be determined
using a second array, with aperture that is oblique with respect
to the range direction. Recall that we are using less data than
typical MIMO radar methods, where the array moves on some
flight trajectory. By using a second array we can compute an
imaging function analogous to I(y,u) and determine the target
velocity along the new range axis. Simple geometric calculations
will then determine v.

V. SELECTIVE IMAGING

The imaging function (9) is linear in the data matrix R(t),
which sums the contribution of the clutter reflectivity γ(x) and
theM targets, according to (5). Thus, I(y,u) is approximately a
sum ofM target terms of form (11), with ρ(x) replaced by ρj(x)
and v⊥ replaced by vj,⊥, for 1 ≤ j ≤ M , and the clutter term of
the form (11), with ρ(x) replaced by γ(x) and v⊥ replaced by
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0. Here we show that we can determine each contribution using
an SVD analysis of the imaging matrix I obtained by sampling
I(y,u) on a position-velocity grid.

The position grid points (yp)
P
p=1 lie on a regular mesh of the

imaging regionΩ ⊂ R2. A good choice of the grid steps is given
by the resolution limits stated after Proposition 1.

Since we cannot determine the cross-range velocity in our
scaling regime, we have a one-dimensional velocity search: We
set u = (0, u⊥) and search at |u⊥| ≤ vmax, where the velocity
limit vmax depends on the application. For example, in urban
scenes, vmax ≈ 100 km/hour. The search can be done by divid-
ing the velocity interval in 2Nu⊥ subintervals

u⊥ ∈ [jΔu⊥, (j + 1)Δu⊥], −Nu⊥ ≤ j ≤ Nu⊥ − 1, (14)

where Δu⊥ = vmax/Nu⊥ should be larger than the resolution
limitV λo/a. The method selects only the targets withu⊥ in such
a search interval (the other targets are treated like clutter). There
is a trade-off that dictates the choice of Δu⊥: On one hand, if
Δu⊥ is large, we zoom out the image (determine more targets
at once) and need fewer searches to cover the whole range of
expected velocities. On the other hand, ifΔu⊥ is small, we zoom
in a few targets and reduce the computational cost of the matrix
I and its SVD, but we have more searches.

Let us focus attention on one search, in one of the intervals
(14), denoted [Vmin, Vmax], sampled uniformly at points u⊥,q ,
in steps of order V λo/a. The P ×Q imaging matrix is defined
by I = (I(yp,uq))1≤p≤P,1≤q≤Q, with uq = (0, u⊥,q). Its SVD
decomposition is

I = ΓΣΘ�, (15)

where the entries of the diagonal matrix Σ are the singular
values, the columns of Γ are the left singular vectors and the
columns of Θ are the right singular vectors. The star denotes
the complex conjugate and transpose.

To see what to expect, return briefly to the case of a single
target and no clutter, where I(y,u) has the form (11). Then, the
matrix Iwould have one large singular value, with associated left
singular vector given, up to the normalization, by the sampling
of
1

y2⊥

∫
R2

dz ρ(z)e
−k2

oa2

2

(
z−y
y⊥

)2

F

[
2

c

(
y⊥−z⊥+

y2

2y⊥
− z2

2z⊥

)]
at (yp)

P
p=1. The right singular vector would be given, up to

the normalization, by the sampling of e−
k2
oa2

2 (
v⊥−u⊥

V )2 on the
velocity grid (u⊥,q)

Q
q=1. Note how the left singular vector gives

the image of the target (peaks in supp(ρ)), while the right
singular vector peaks at the target velocity v⊥. This result holds if
v⊥ ∈ [Vmin, Vmax]. Otherwise, all the singular values of Iwould
be negligible.

For the general model with M moving targets in clutter, there
are three scenarios:

1) The clutter is stronger than the moving targets and the M
moving targets have different range velocity in [Vmin, Vmax]: In
this scenario, the largest singular value σ1 corresponds to clutter
and the leading left singular vector Γ1, with rows corresponding
to (yp)

P
p=1, contain the image of the stationary scene. The rows

of the right singular vector Θ1 correspond to the search velocity
and we have a peak at q ∈ {1, . . . , Q} such that uq ≈ 0. The

next M significant singular values (σj+1)1≤j≤M correspond to
the moving targets. The associated left singular vectors Γj+1

give the image of the jth target i.e., they peak at the rows near
its location. The right singular vectors Θj+1 peak at the rows
near the range velocity v⊥,j . The remaining singular values
are negligible and account for the errors of approximation of
I(y,u).

2) The clutter is stronger than the moving targets and m of
these targets, with m ≤ M , have the same range velocity (while
the other targets have different range velocities): In this scenario
we expect large singular values σj+1 for j = 1, . . . ,M −m+
1. There should be one singular value associated with the m
targets and the right singular vector should peak near their range
velocity. The left singular vector should peak at rows near the
locations of these targets.

3) The stationary scenery is weaker than the moving targets:
In this scenario the leading part of the spectrum corresponds to
the moving targets. The results above hold, with σj+1 replaced
by σj , for j = 1, . . . ,M .

Note that our interpretation of the three scenarios assumes that
the targets are separated by more than the resolution limit λoL/a
in cross-range and c/B in range. This ensures the orthogonality
of the columns of Γ. Similarly, the orthogonality of the columns
of Θ is ensured when the range velocities of the targets are
separated by more than V λo/a. If this is not the case, then we
may have a cluster of singular values and associated singular
vectors, with components that are large (in magnitude) near the
locations and velocities of the targets (see Appendix C for an
illustration).

Note also that the expression (11) is the leading order term of
the contribution of any target with velocity v that may be zero
if the target is part of the stationary clutter. If the clutter is very
strong i.e., we have many stationary targets, then the correction
terms to the formula (11) start to play a role and we may see
more than one leading singular value associated with it. This is
not an issue because when searching for moving targets, we can
just ignore the leading singular values corresponding to the right
singular vectors that do not display a peak at search velocity u⊥
away from 0.

The imaging process can be automated, in principle. It in-
volves more than setting a threshold for selecting the significant
singular values, because some of these may be due to artifacts in-
duced by corrections to (11). The automation is feasible because
the artifacts can be detected as shown in Appendix B. The idea
is to analyze I(y, (0, u⊥)) at points y in a zoomed in domain. If
the singular value corresponds to a target, the new left singular
vector gives a zoomed version of the original image. If the image
is quite different, the singular value corresponds to an artifact.

VI. NUMERICAL RESULTS

We use numerical simulations to illustrate the performance
of the selective imaging approach described in section V and
compare it with the STAP method carried out in an ideal setting
where there are sufficient training data to get an accurate estimate
of the covariance of clutter returns.
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Setup: The numerical simulations use the data model (5)
and additive noise. The setup is described by the normalized
range and aperture scales koL = 200 and koa = 60, where
ko = ωo/co. The bandwidth is B = ωo/10. There are N = 40
antennas in the array. The velocity scale is V = 1.5/(koΔτ)
where Δτ is the emission interval. The envelope of the emitted
pulse in (2) has the Fourier transform

ϕ̂(w) = exp(−4w2)1[−1,1](w), (16)

where 1[−1,1](w) is the indicator function of the interval [−1, 1],
equal to 1 if |w| ≤ 1 and zero otherwise.

The imaging region is Ω = [−100, 100]/ko × [100, 300]/ko.
Note that Ω is larger than assumed in the analysis, thus testing
the limits of the paraxial approximation. The numerical results
reported below show that the paraxial approximation is robust.
The theoretical resolution limits in Proposition 1 are: 13/ko in
cross-range, 5/ko in range, and 0.05V in range velocity.

The imaging function is computed with the formula (9). The
hard cut-offs in this formula generate sinc-like lobes in the
images. These are mitigated by the Gaussian apodization in
the analysis that lead to Proposition 1. As explained there, the
apodization does not change the separability of the imaging
function or its resolution scales. Its sole purpose is to make the
expression of I(y,u) explicit and easier to understand.

Computational complexity: The definition of the imaging
function (9) and subsequently, of the imaging matrix I, only
involves summation and multiplication with the filter (7). Each
column of I corresponds to a sample search speeduq = (u, u⊥q

)
and its computation is as efficient as that of standard radar
image formation. The number of columns is given by (Vmax −
Vmin)/(V λo/a). As explained in section V, we can reduce the
computational cost of I by restricting the velocity search to
smaller intervals. We can also window in the search location i.e.,
image in a subdomain of Ω. In addition to controlling the size of
I by space-velocity windowing, we can use a truncated SVD i.e.,
compute just a few of the leading singular values and associated
singular vectors. The method does not involve iterative optimiza-
tion. Thus, its computational cost should compare favorably to
approaches like compressed sensing or tensor methods, which
use optimization, in addition to other delicate processing.

A. Clutter Model

The clutter reflectivity γ(x) in the model (4) corresponds
to many stationary, point-like scatterers randomly distributed
in Ω. Our imaging method is insensitive to the statistics of
clutter, but we show results for three models: • Homogeneous
clutter: There are 1000 scatterers at independent, identically and
uniformly distributed locations inΩ. Their reflectivities are mod-
eled as random, with zero-mean normal distribution and standard
deviation equal to a one tenth of the reflectivities of the moving
targets. • Heterogeneous clutter: There are 1000 scatterers at
locations that are independent and identically distributed with
the non-uniform distribution in Ω with density proportional to
(kox⊥/200)(kox+ 100)/100. • Hyperuniform clutter: There
are 1024 scatterers at locations that form a hyperuniform cloud

Fig. 3. Results in homogeneous clutter, without moving target. Search ve-
locity interval is [−0.3, 0.3]V with step 0.01V . The axes y and y⊥ are in
units 1/ko and u⊥ is in units V . The first four singular values (σj)

4
j=1 =

(5.0337, 0.3036, 0.1905, 0.0847)× 105. Plots (a) and (b) display the moduli
of the first and second left singular vectors: |Γ1| and |Γ2|. Plot (c) displays the
square moduli of the first four right singular vectors: |Θ1|2, . . . , |Θ4|2. Plot (d)
displays |I(y,0)|. The images (a)-(b)-(d) are normalized to maximal value 1
(our imaging method is qualitative as it plots a singular vector, whose norm is
always 1).

in Ω (more exactly we use a randomly perturbed square peri-
odic lattice). This has long-range correlations that result in the
suppression of density fluctuations over large distances [46].

We remark that for the three models, the density of clutter
scatterers is large enough to make their image look like a
speckle pattern [see Fig. 3(a) for an illustration]. Their random
reflectivities are also strong enough to ensure a low SCR i.e., the
images of the moving targets are masked by the speckle pattern
(as shown in the figures). The SCR is defined by

SCR = 10 log10

∑
r,s

∫
R dt |Rρ

r,s(t)|2∑
r,s

∫
R dt |Rγ

r,s(t)|2 dB,

where the signal Rρ
r,s is generated by the moving target and Rγ

r,s

is generated by the stationary clutter.
The results in Fig. 3 are for homogeneous clutter. Note that

the first right singular vector is maximal at u = 0 [Fig. 3(c)]
and the corresponding left singular vector Γ1 gives an image of
the speckle produced by the targets in clutter [Fig. 3(a)]. The
latter is very close to the image I(y,0) plotted in Fig. 3(d).
While the second singular value is considerably smaller than
the first (σ2 = 0.0603σ1), one may wonder if it corresponds to a
slowly moving target with velocity close to −0.2V [which gives
the maximum of the second right singular vector in Fig. 3(c)].
There is no moving target in this simulation, so what we see
in Fig. 3(b)–(c) are the orthonormal singular vectors due to the
corrections (the neglected higher order terms) of the formula in
Proposition 1. These artifacts can be detected and ignored, as
explained in section V and Appendix B.
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Fig. 4. STAP method: Plots (a)-(b) show the real and imaginary part of the
empirical clutter covariance matrix C = (Cjl)

N2

j,l=1, with j = r′ + (s′ − 1)N

and l = r + (s− 1)N , N = 40. Plot (c) gives the first 60 eigenvalues of C,
compared with the amplitude of the moving target. Plot (d) gives the image
|I(y,v)| (at the true v) obtained in the same configuration as in Figure 5 but
after applying the clutter filter to the data. The image is normalized to maximal
value 1. The SCR is −10 dB.

B. One Moving Target in Clutter

Here we present results for a single moving target in stationary
and clutter. We consider first homogeneous clutter, but test later
the robustness of the method to heterogeneous and hyperuniform
clutter. Most of the results are for the typical SAR model of a
point target, but we include at the end of the section the results
for an extended target.

In the first simulation (Figs. 4–5) the target moves through
homogeneous clutter, on the trajectory z+ vt, with velocity
v = (0,−1)V in the range direction and z = (−20, 200)/ko.
The target reflectivity is modeled by δ[x− (z+ vt)].

STAP comparison benchmark (Fig. 4): To assess the per-
formance of our imaging method against the popular STAP
approach [47], we show here results for an ideal STAP setting,
where the covariance of the homogeneous clutter returns can
be estimated accurately. To compute this covariance, we used
Ne = 100 numerical experiments, carried out with independent
and identically distributed realizations of the random scenery
and without any moving target. During the e-the experiment
a data cube R

(e)
r,s(t) of size N ×N ×Nt is recorded. Recall

that N is the number of sources and receivers, while Nt is the
number of time samples at Nyquist rate. The N2 ×N2 clutter
covariance matrix C, with entries denoted by C(r′,s′),(r,s), for
r, r′, s, s′ = 1, . . . , N , is estimated by the empirical mean, as
stated in [47, Section 2.4.2],

C(r′,s′),(r,s) =
1

NeNt

Nt∑
t=1

Ne∑
e=1

R
(e)
r′,s′(t)R

(e)
r,s(t). (17)

The illustration of C in Fig. 4(a)–(b) shows that the clutter
response is highly structured. STAP usesC to filter out the clutter

Fig. 5. Results in homogeneous clutter with one moving target. The target
position at t = 0 is shown with a red cross. Its velocity is v = (0,−1)V .
The search velocity interval is [−1.4,−0.8]V, with step 0.01V . The first four
singular values are (σj)

4
j=1 = (1.0052, 0.1298, 0.0304, 0.0198)× 106. The

SCR is −9.8 dB. Plots (a) and (b) display |Γ1| and |Γ2|. Plot (c) displays
|Θ1|2, . . . , |Θ4|2. Plot (d) displays |I(y,v)| at the true v. The images are
normalized to maximal value 1.

components from each time sample (Rr,s(t))
N
r,s=1 collected in a

scene with both clutter and the moving target. Here the filter is the
orthogonal projection onto the last N2 − 30 eigenvectors of C.
The number 30 has been chosen by comparing the eigenvalues
of C to the amplitude of the contribution of the moving target
i.e., the scalar value such that a time sample from the moving
target is a unitary N2-vector multiplied by this scalar: As shown
in Fig. 4(c), there are approximately 30 eigenvalues of C that
are larger than the moving target amplitude. The corresponding
30 eigenvectors are well estimated from the firstNe experiments
and, as a result, the image obtained with the filtered data gives
a nice image of the moving target [see Fig. 4(d)].

Note that the STAP results shown here require a lot of pre-
liminary data in order to learn the covariance matrix of the
clutter response. We also used knowledge of the amplitude
of the moving target response in order to extract it from the
measurements, via proper filtering. The method proposed in
the paper does not rely on knowing the covariance matrix of
the clutter response and therefore, it does not require additional
training data. It works just with the data collected once, in the
presence of the moving targets, and it is robust with respect to
the statistics of clutter, as shown later in this section.

Our imaging method (Fig. 5): We form the space-velocity
imaging matrix using the search velocity u = (0, u⊥), with
u⊥ sampling the interval [−1.4,−0.8]V , by step 0.01V , and
the search point y sampling the region [−100/ko, 100/ko]×
[100/ko, 300/ko], on a 51× 51 regular grid with step 4/ko.

The leading singular right and left vectors are due to the strong
clutter. We know they are not due to a moving target with velocity
in the search range, because the right singular vector Θ1 does
not have a clear peak [Fig 5(c)]. The random stationary scenery
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Fig. 6. Setup as in Fig. 5, but high SCR = −3.8 dB. Plots (a) and (b) display
|Γ1| and |Γ2|. Plot (c) displays |Θ1|2, . . . , |Θ4|2. Plot (d) displays |I(y,v)| at
the true v. The images are normalized to maximal value 1 and the colorbars are
as in Fig. 5. The image in (d) is reasonable but noisy.

is strong and thus the correction to the approximation of its
contribution in Proposition 1 is stronger than the contribution
of the moving target (observe that σ1 � σ2). The moving target
gives the second singular value. The corresponding left singular
vector Γ2 contains its image, which peaks at the true target loca-
tion z = (−20, 200)/ko at t = 0 [Fig. 5(b)]. The right singular
vector Θ2 peaks at the true range velocity v⊥ = −V [blue line
in Fig. 5(c)]. Note that the image in Fig. 5(b) is as good as that
in Fig. 3(d), obtained with the STAP approach, carried out in the
ideal setting. However, Fig. 5(b) is obtained without needing to
estimate the covariance of the clutter returns.

In Fig. 5(d) we plot
∣∣I(y,u = v)|. Even though we use the

true target velocity, the image shows a slightly misplaced moving
target, due to the superposition with a blurry version of the
strong stationary scenery. This illustrates the main finding in
this paper: the SVD of the space-velocity imaging matrix can
locate the moving target and separate it from stationary clutter
more efficiently and accurately than matched filtering and an
optimization search.

Robustness to clutter strength i.e., SCR (Figs. 6-8): The setup
in Figs. 6-8 is the same as in Fig. 5, but the SCR varies from
high to low. It becomes clear that the SVD approach can extract
a moving target whose signal can be deeply buried into the one
of the stationary scenery. Explicitly, the results are good for an
SCR as low as −27 dB.

Robustness to clutter statistics (Figs. 9-10): We display re-
sults for heterogeneous and hyperuniform clutter, modeled as
expained in Subsection VI-A. The imaging results shown in the
plots (b)-(c) are basically the same as in homogeneous clutter
(Fig. 5). This verifies that our method is independent of the
statistics of clutter.

Robustness to non-uniform motion (Fig. 11): All the results
above are for a target with constant velocity. Here we study

Fig. 7. Setup as in Fig. 5 but low SCR = −21.9 dB. Plots (a) and (b) display
|Γ1| and |Γ2|. Plot (c) displays |Θ1|2, . . . , |Θ4|2. Plot (d) displays |I(y,v)| at
the true v. Images are normalized to maximal value 1 and the colorbars are as
in Fig. 5. Image given by our method (Fig. (b)) is still good.

Fig. 8. Setup as in Fig. 5 but very low SCR = −27.9 dB. Plots (a) and
(b) display |Γ1| and |Γ2|. Plot (c) displays |Θ1|2, . . . , |Θ4|2. Plot (d) displays
|I(y,v)| at the true v. The images are normalized to maximal value 1 and the
colorbars are as in Fig. 5. The image in Fig. (b) is now deteriorated.

the robustness of our method to the assumption of uniform
motion, by considering a target with constant acceleration g.
The analysis of the imaging function for such a target is sim-
ilar to that in Appendix A: When using the target position
z+ vTs + gT 2

s /2 in the data model, we get additional terms
in the phase expansion (8). The dominant additional terms are
of the form x2

s(xs + xr)g/(V
2z⊥). These are negligible if the

acceleration satisfies |g| � 4V 2Lλo/a
3. In Fig. 5 we consider

a target with such an acceleration. Its velocity increases linearly
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Fig. 9. Heterogeneous clutter: Setup as in Fig. 5, but the clutter has a strong
spatial gradient.SCR = −13.7 dB. Plots (a) and (b) display |Γ1| and |Γ2|. Plot
(c) displays |Θ1|2, . . . , |Θ4|2. Plot (d) displays |I(y,v)| at the true v. Images
are normalized to maximal value 1 and the colorbars are as in Fig. 5.

Fig. 10. Hyperuniform clutter: Setup as in Fig. 5, but the clutter is a strongly
correlated cloud of point-like scatterers. Here SCR = −9.8 dB. Plots (a) and
(b) display |Γ1| and |Γ2|. Plot (c) displays |Θ1|2, . . . , |Θ4|2. Plot (d) displays
|I(y,v)| at the true v. The images are normalized to maximal value 1 and the
colorbars are as in Fig. 5.

from v⊥ −Δv⊥/2 to v⊥ +Δv⊥/2 during the recording time
window. We let v⊥ = −V and Δv⊥ = V to illustrate that even
when the velocity variationΔv⊥ is of the order ofv⊥, the position
of the target is still well estimated (Fig. 11(b)). The velocity can
be estimated as well (Fig. 11(c)): The corresponding singular
vector is slightly perturbed from that in Fig. 5(c), but it still
peaks at u⊥ ≈ v⊥ = −V .

Robustness to strong additive noise (Figs. 12-13): We con-
sider first data contaminated with 100% additive Gaussian white

Fig. 11. Target acceleration: The configuration is as in Fig. 5, but the
target has uniform acceleration so that its velocity increases linearly from
v⊥ −Δv⊥/2 to v⊥ +Δv⊥/2 during data gather. Here v⊥ = −V , Δv⊥ = V
and SCR = −9.8 dB. Plots (a) and (b) display |Γ1| and |Γ2|. Plot (c) displays
|Θ1|2, . . . , |Θ4|2. Plot (d) displays |I(y,v)| at the true v. The images are
normalized to maximal value 1 and the colorbars are as in Fig. 5.

Fig. 12. 100% noise: Setup and plots as in Fig. 5, but the data are contaminated
with Gaussian additive white noise. The first singular values are (σj)

4
j=1 =

(1.0608, 0.1977, 0.1223, 0.0962)× 106. Plots (a) and (b) display |Γ1| and
|Γ2|. Plot (c) displays |Θ1|2, . . . , |Θ4|2. Plot (d) displays |I(y,v)| at the true
v. The images are normalized to maximal value 1 and the colorbars are as in
Fig. 5.

noise. By 100% we mean that the standard deviation of the
noise equals the maximum of the modulus of the signals in the
response matrix, in the frequency domain. The results shown in
Fig. 12 are very robust to noise, as expected. The summation
involved in the formation of the space-velocity imaging matrix
averages out approximately the noise. It is only at very high
levels of noise that this affects the results, as shown in Fig. 13
with 200% - and 300% -additive noise. One can observe that
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Fig. 13. 200% -additive noise (top) and 300% -additive noise (bottom). The
right singular vectorΘ2 whose maximum is supposed to be at the target velocity
v⊥ = −V is slightly corrupted for 200% -additive noise (plot (a)) and strongly
corrupted for 300% -additive noise (plot (c)). Similarly, the left singular vector
Γ2 is well centered at the target location z = (−20, 200)/ko for 200% -additive
noise (plot (b)) but it is strongly perturbed for 300% -additive noise (plot (d)). The
first four singular values are (σj)

4
j=1 = (1.2033, 0.3028, 0.2377, 0.1824)×

106 for 200% -noise and (σj)
4
j=1 = (1.4066, 0.4249, 0.3480, 0.2669)× 106

for 300% -noise. The images (plots (b), (d)) are normalized to maximal value 1.
The colorbars are the same as in Fig. 5.

the first and second singular values (coming from the stationary
scenery and from the moving target, respectively) increase when
the additive noise level increases. This is a manifestation of the
level repulsion phenomenon that can be observed on random
perturbations of low-rank matrices. This effect is described by
random matrix theory [24], [31].

Robustness to motion in cross-range (Fig. 14): Here we
present results for homogeneous clutter and a target that moves
both in range and cross-range, with velocity v = (−1,−1)V
(top plots) orv = (1,−1)V (bottom plots). In both cases we note
that the target is imaged at the right location [Fig. 14(b),(d)], but
there is a small bias in the estimation of the range velocity with
the second left singular vector Θ2 [Fig. 14(a),(c)]. We observe
that this bias is a shift by an amount very close to the theoretical
value given in (13).

A moving extended target (Fig. 15): The imaging method and
analysis are not restricted to point targets. Recall that the data
model (5), the expression (11) of the imaging function and the
SVD analysis in section V consider a general reflectivity ρ(x)
of compact support. In Fig. 15, this support is the parallelogram
drawn in red in plots (a), (b) and (c). The target is modeled
by a reflectivity function that is constant in this support. The
image obtained by our approach (plot (b)) peaks at the points
of highest reflectance (corners of parallelogram). This is what a
classical imaging function does for a stationary target, in weak
or negligible clutter. Here the target moves, the clutter is not
negligible and in addition to localizing the target, our method
also gives its correct velocity (plot (c)).

Fig. 14. Bias due to cross-range motion: The same configuration as in Fig. 5 but
the target moves with velocity v = (−1,−1)V (top) and v = (1,−1)V (bot-
tom). The right singular vector Θ2 whose maximum should be at v⊥ = −V is
slightly shifted (plots (a), (c)) by an amount close to the theoretical value z

z⊥ v =

±0.1V [see Eq. (13)]. The left singular vector Γ2 is well centered at the true
target location z = (−20, 200)/ko (plots (b),(d)). The first four singular values
are (σj)

4
j=1 = (1.0071, 0.1348, 0.0415, 0.0231)× 106 forv = (−1,−1)V

and (σj)
4
j=1 = (1.0102, 0.1214, 0.0448, 0.0199)× 106 for v = (1,−1)V .

The images (plots (b), (d)) are normalized to maximal value 1. The colorbars
are the same as in Fig. 5.

Fig. 15. Extended target: The configuration is the same as in Fig. 5, but the
target is extended and delimited by the red parallelogram. SCR = −10 dB.
Plots (a) and (b) display |Γ1| and |Γ2|. Plot (c) displays |Θ1|2, . . . , |Θ4|2. Plot
(d) displays |I(y,v)| at the truev. The images are normalized to maximal value
1 and the colorbars are as in Fig. 5.

C. Two Moving Targets in Clutter

In Figs. 16 and 17 we show results for two moving targets in
clutter. Both targets are point-like, with the reflectivity modeled
by δ[x− (zj + vjt)], where

z1 = (−20, 200)/ko and z2 = (20, 160)/ko,
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Fig. 16. Two targets with velocities v1 = (0,−V ) and v2 = (0, 1.3V ).
Their locations at t = 0 are shown with red crosses. The search ve-
locity interval is [−1.4,−0.8]V . First singular values are (σj)

4
j=1 =

(1.0072, 0.1298, 0.0319, 0.0215)× 106. Here SCR = −6.8 dB. Plots (a)
and (b) display |Γ1| and |Γ2|. Plot (c) displays |Θ1|2, . . . , |Θ4|2. Plot (d)
displays |I(y,v)| at v = v1. The images are normalized to maximal value
1 and the colorbars are the same as in Fig. 5.

Fig. 17. Two moving targets, as in Fig. 16. First singular values:
(σj)

4
j=1 = (1.0138, 0.1134, 0.0331, 0.0214)× 106. Search velocity inter-

val is [0.8, 1.4]V . Plots (a) and (b) display |Γ1| and |Γ2|. Plot (c) displays
|Θ1|2, . . . , |Θ4|2. Plot (d) displays |I(y,v)| atv = v2. Images are normalized
to maximal value 1 and the colorbars are as in Fig. 5.

and

v1 = (0,−V ) and v2 = (0, 1.3V ).

The first target is clearly identified in Fig. 16, because the search
velocity window u ∈ {0} × [−1.4,−0.8]V contains v1. Again,
due to the strong clutter, the correction to formula (11) plays

a role and gives the largest singular value. The leading right
singular vector Θ1 does not display any peak in the search
velocity window, so we can easily filter out the clutter effect,
by ignoring the singular vector pair (Γ1,Θ1). The first moving
target is captured by Θ2, that peaks at the right velocity. The
image of the target is captured by Γ2 and it peaks at the correct
location z1. The second target is not seen in Fig. 16, because its
velocity is outside the search window. We can see it in Fig. 17,
where u ∈ {0} × [0.8, 1.4]V . We identify there both the target
velocity and its location using the singular vector pair (Γ2,Θ2).

In Figs. 16(d)-17(d) we plot the space-velocity imaging func-
tion computed at the true target velocities. These are the best
images of the moving targets one could hope for, with an
optimization approach without additional information or data.
As we have seen in the previous section, because the clutter is
strong, these images do a worse job in localizing the moving
targets than our SVD approach [see Figs. 16(b)-17(b)].

VII. SUMMARY AND DISCUSSION

We introduced a novel way of processing active array response
data, for improved imaging of moving targets in a stationary
complex scene (clutter). The processing results in an imaging
function that depends on both the search position and velocity
and is approximately a sum of terms that are separable in these
variables. The sampling of this imaging function on a search
grid gives a “space-velocity” imaging matrix that, due to the
separable terms, can be analyzed with the SVD. We showed that
the right singular vectors in this decomposition are useful for
identifying moving targets whose velocity is contained in the
search domain. The left singular vectors store the images of the
locations of the targets.

We showed that the imaging method is robust to strong and
heterogeneous clutter, to additive noise and to perturbations of
the model of uniform motion of the targets. We also compared
its performance to that of STAP, carried out in an ideal situation
where the covariance matrix of the clutter response can be
estimated accurately. The results show that our method performs
as well as STAP, but it does not require additional training data
to estimate the covariance. Moreover, the method is not sensitive
to the complexity of the clutter statistics.

When it comes to clutter removal, our method has an advan-
tage over those based on sparsity and tensor decompositions.
These methods are either not equipped to handle very strong
clutter or they incorporate some version of STAP. Typically,
they also use more data than assumed in this paper.

The computational complexity of our method can be con-
trolled by first segmenting (windowing) the spatial and velocity
search domain and then imaging in one window at a time. In
principle, the images for multiple windows could be organized
in a tensor that can be analyzed with HOSVD. Tensors could
also be relevant for imaging with two arrays. We explained that
when using one array at a time, the data are sensitive mostly to
the range velocity of the target. The second array gives another
range direction and then, the target velocity can be obtained
via simple geometry. However, the HOSVD is not uniquelly
defined, it does not have all the nice properties of the SVD, and
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its computation involves iterative optimization. Thus, one might
be better off with using one space-velocity search window and
one array at a time.

APPENDIX A

Here we give the details of the derivation of the formulas
in Section IV. We use the continuum aperture approximation,
which replaces the sums over the antenna indexes by integrals.
This is, basically, a numerical quadrature rule. Instead of placing
hard bounds on the domains of integration, we use a Gaussian
apodization. This simplifies the calculation and amounts to
replacing the double sum in (9) by

4

N(N + 2)

3N/4−1∑
s= N/4

5N/4−s∑
r=3N/4−s

�
∫∫

R2

2dxrdxs

πa2
e−2

x2
s

a2−2 (xr+xs)2

a2 ,

where xr and (xr + xs) now vary continuously in R.
We use this approximation in the definition (9) of the imaging

function. The integrand is determined by the data model (5) and
the matched filter (7), and its phase is given by (8). Integrating
in xr and (xr + xs) we get

I(y,u)=
1

64π2y2⊥

[
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16y2⊥V 2
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To obtain this expression we used the following technical lemma,
proved at the end of this appendix.

Lemma 1: If the probing signal is of the form (2) and we
have B � ωo, as assumed in (3), then

1

2π

∫
R
dω e−iωt|f̂(ω)|2 = F (t) + c.c., (18)

with F defined in Proposition 1.
To simplify I(y,u) as in Proposition 1, we need to estimate

the following terms:

T1 =
koa

2

y⊥
|v − y|

V
, (19)

T2 =
koa

2

y⊥
|v2 − y2|

V 2
= T1

(v + y)

V
, (20)

T3 =
|zv − yu|

y⊥V
, (21)

T4 =
k3oa

4

y2⊥
|z − y| |v − u|

V

|v⊥ − u⊥|
V

. (22)

Note that due to the first exponential in the expression of I(y,u),
we have a large imaging function for search points satisfying
koa
y⊥

|z − y| ∼ 1. Moreover, due to the second exponential and
the paraxial scaling |z|, |y| � y⊥ ∼ L, we have a large imaging
function for search velocities satisfying koa

|v⊥−u⊥|
V ∼ 1. These

observations and the assumption |u|, |v| ∼ V , lead to the fol-
lowing estimates of (20) and (22)

T2 ∼ T1 and T4 ∼ koa
2

y⊥
|v − u|

V
= T1.

For the term (21) we have

T3 =

∣∣∣∣ (z − y)v

y⊥V
+

y(v − u)

y⊥V

∣∣∣∣ ≤ |z − y|
y⊥

|v|
V

+
|v − y|

V

|y|
y⊥

∼ 1

koa

|v|
V

+
|v − y|

V

|y|
y⊥

� 1,

because 1/[koa] ∼ λo/a � 1 and |y| � y⊥ ∼ L.
The assumption in Proposition 1 says that T1 and therefore T2

andT4 are negligible. Using this in the expression of I(y,u), we
obtain (11). If the assumption is not satisfied, we can estimate
the bias in the imaging function by evaluating it at u = (0, u⊥).
We observe that the peaks of the imaging function remain at
search points y = z, but the range velocity is estimated with the
small bias |zv|/[y⊥V ].

Note that the cross-range velocity v also leads to some oscil-
lations near the peaks of I(y,u) and an increase in the standard
deviation of the exponentials. These effects depend on how large
T1 is, which in turn depends on the Fresnel number koa2/L. If
the Fresnel number is large, it is possible in principle to get an
estimate of the cross-range speed by adjusting u until the image
is better focused. We do not elaborate further on this point.

Proof of Lemma 1: We have from the definition of Φ(h) in
Proposition 1 that

Φ(h) =
1

2π

∫
R
dw e−iwh|ϕ̂(w)|2.

Moreover, (2) gives

f̂(ω) = ϕ̂

(
ω − ωo

B

)
+ ϕ̂

(
−ω + ωo

B

)
.

Since B � ωo, the effective supports of these two terms do not
overlap and we get that∣∣f̂(ω)∣∣2 =

∣∣∣ϕ̂(
ω − ωo

B

) ∣∣∣2 + ∣∣∣ϕ̂(
−ω + ωo

B

) ∣∣∣2.
Substituting this in the left side of (18) we get the result. �

APPENDIX B

In this appendix we show that it is possible to test whether a
singular value and associated singular vectors correspond to a
moving target or not. For this purpose, we form a new space-
velocity imaging matrix I′, by sampling the imaging function
I(y, (0, u⊥)) at points y in a sub-region Ω′ ⊂ Ω. Then, we
compute the SVD of I′. If the target is real, the new left singular
vector will give an image that is a zoomed version of the original
one, obtained by sampling in the bigger domain Ω. If there is
no target, then the new image will be different. An illustration
is in Fig. 18, where we display the results for the stationary
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Fig. 18. Results in zoomed in region Ω′ = [−70, 70]/ko × [130, 270]/ko.
Top plots are for the configuration of Fig. 3. Plots (a)-(b): The images given by
the first and second new left singular vectors. While plot (a) is a zoomed version
of the plot in Fig. 3(a), the plot (b) is unrelated to the plot in Fig. 3(b). Bottom
plots are for the configuration of Fig. 5. The images given by the first and second
new left singular vectors are in plots (c) and (d). Plot (d) is a zoomed version of
the plot of the target in Fig. 5(b). The images are normalized to maximal value
1. The colorbars are the same as in Fig. 5.

Fig. 19. Two moving targets with close velocities: Their locations at t = 0
are shown with red crosses and their velocities are v1 = (0,−V ) and v2 =
(0,−1.2V ). The search velocity interval is [−1.4,−0.8]V . The images are
normalized to maximal value 1. The colorbars are the same as in Fig. 5.

configuration in Fig. 3 and for the configuration in Fig. 5, where
there is a single moving target.

APPENDIX C

In this appendix and in Fig. 19 we consider a simulation
with two moving targets that are not well separated in ve-
locity. As mentioned in Section V, the second spectral pair
(Γ2,Θ2) represents both targets. The right singular vector peaks
around a value that is close to the velocities of the targets.
The left singular vector peaks at the target locations. The
third spectral pair (Γ3,Θ3) corresponds to a smaller singu-
lar value σ3/σ2 ≈ 0.45. It is due to the corrections of the
formula in Proposition 1 and we note that Γ3 also peaks at
the target locations. The fourth spectral pair, corresponding to
σ4 ≈ 0.18σ2 is not informative. The first four singular values
are (σj)

4
j=1 = (1.0210, 0.1603, 0.0734, 0.0301) × 106 and the

SCR = −6.8 dB.
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