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Numerical simulations are widely used to predict the behavior of physical systems, with Bayesian approaches being
particularly well suited for this purpose. However, experimental observations are necessary to calibrate certain simu-
lator parameters for the prediction. In this work, we use a multi-output simulator to predict all its outputs, including
those that have never been experimentally observed. This situation is referred to as the transposition context. To ac-
curately quantify the discrepancy between model outputs and real data in this context, conventional methods cannot
be applied, and the Bayesian calibration must be augmented by incorporating a joint model error across all outputs.
To achieve this, the proposed method is to consider additional input parameters within a hierarchical Bayesian model,
which includes hyperparameters for the prior distribution of the calibration variables. This approach is applied to a
computer code with three outputs that models the Taylor cylinder impact test with a small number of observations. The
outputs are considered as the observed variables one at a time, to work with three different transposition situations.
The proposed method is compared with other approaches that embed model errors to demonstrate the significance of the
hierarchical formulation.

KEY WORDS: Bayesian inference, code transposition, hierarchical model, model error, model calibration,
uncertainty quantification, Markov chain Monte carlo

1. INTRODUCTION

Numerical simulations are increasingly used to understand and optimize complex physical systems, as they enable
the prediction of behavior in previously unobserved scenarios. For accurate predictions, the input parameters of these
simulations must be carefully specified. Some of the simulation inputs, known as control variables, replicate exper-
imental conditions chosen by the experimenter and are denotedwlile others are unknown parameters specific
to the computer code, denoted ByThese parameters typically have a physical significance and must be calibrated
to ensure the code predictions closely match the actual system behavior, observed from limited experimental data.
The parametera can also be numerical parameters that are needed to run the code. The simplest approach involves
performing an optimization scheme anto minimize a given distance between observed data and model outputs,
see [1-3], then using the optimal values as if they were known. However, this method assumes no uncertainty in the
observed data (no measurement error) and in the code prediction (no model error), which is unrealistic in practice.

A Bayesian methodology that considers noisy observations and treats the unknown parameters as a random vector
A can be adopted. The prior distribution &Afand the observations are used to build the posterior distributidn of
which captures the uncertainty and allows for a predictive distribution of the output. This framework is thoroughly
presented in [4] and further studied in numerous works, for example [5-7].

Nevertheless, predicting the behavior of physical systems using numerical models is never perfect, even with
well-identified parameter values. There is always a discrepancy between the model outputs and the observed data that
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must be accounted for as a model error, as highlighted in various works, see [8—11]. Typically, as detailed in [4], the
model error term can be explicitly represented as an additive Gaussian process, whose distribution hyperparameters
are estimated from the observed data. This approach is particularly useful but cannot be implemented for prediction
in some situations due to the impossible estimation of the hyperparameters. These situations arise when the output
of interest does not directly correspond to the experimental data, such as when calibration must be performed based
on different experiments not directly suited to the objective. The framework introduced in this paper will be called
transposition. Four cases can be identified:

1. Change of scale: The calibration domain is different from the domain of interest of the code.
2. New inputs: The code is calibrated with fewer inputs than it will use.

3. New code: The calibration parameters will be used in another code.
4

. Unobserved outputs: The calibration and prediction will be carried out by observing some outputs, but not all
of them.

In this paper, only the case of predicting unobserved outputs will be considered, although the presented method is
general enough to be adapted to many transposition scenarios.

A collection of T" different output variables of interest is identified and denoted,bit depends on control
variablesx € X', with X a subset oR?, s € N*, such that

y(x) = (ye(x))j=1 €RT.

Let f be a numerical code to compute tfisdimensional output. Its input variables ateandp unknown physical
calibration parametes = (A;)?_, € £ C R?, and

) = (fe(x, )iy € RT.

The experimental phase is assumed to providdservations but only for the variable wherel < ¢’ < T. They
form the vectory; ops = (yt/7obsj);.":1, which we consider as realizations of noisy measurementg it design
pointsX = (x;)7_, with output measurement errét = (E;)7_;:

Y;t',obs = (Yt’,obsj)?:1 = (yt’ (Xj) + Ej)?:1 e R"™ (1)

The probability density function (pdf) of the measurement error is known and is denopegd Bhe transposition
comes from the fact that only the variabjlg is measured in the experimental phase, while the objective is to predict
ye(x0) for 1 < ¢ < T, andxg € X \ X. In the following, and without loss of generality, we assume that the variable
y1 is measured (i.et/ = 1) considering the random vectdf ops = (Ylyobsj);?:l = (yi(x;) + Ej);?zl. Note that
in the proposed framework, the number of experiments assumed to be small (e.g.,= 10 in the application
presented in Section 3). This limited sample size makes predictirg rabre challenging. However, this constraint
is often unavoidable due to the financial, material, or time-related costs associated with each physical experiment.
The common additive discrepancy to represent the model error would be introduced as follows, by modeling the
output variables of interest a5(x) = (Y;(x))_; = f(x,A) + A(x), with A € R? a random vector of pdf, and
A aT-variate Gaussian process with prior information depending on some hyperparafndtemsir transposition
context, some of these hyperparameters are impossible to estimate. Indeed, let us consider, for&stapnte)’ ;
pairwise independent Gaussian processes with respectivepmpeaand covariance, (., .) that depends on hyperpa-
rametersp,. It quickly appears that for evety experimental measurmentsipfare needed to estimadg, , but they
are not available in this context.
Therefore, the objective is to propose a model error for the predictign(gf) with hyperparameters that can
be estimated from the observatioks o,s. As presented in [12], embedded errors can be employed to build a math-
ematical relationship between the observations and the variables of interest. A similar approach is described in [13],
where an embeddintf;(x) = f;(x, A + A) is considered withA being a random discrepancy whose parameters
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require calibration, as detailed in Appendix C. In our work, an original embedding is proposed by increasing the
variability in the calibration variableA through the inclusion of — p additional parameters to represent the model
error, and then work with a-dimensional vectoA. Theseg — p parameters encompass all parameters that influence

the relationship between the controlled inputs and allfreutputs but are not classically intended to be calibrated.
These could include, for example, mesh parameters, variables related to the simulation duration, or known physical
law parameters. As this study is conducted in the context of a very limited number of observations, prior assumptions
play a crucial role. This is why a hierarchical approach is proposed for these additional parameters, allowing for the
estimation of the hyperparameters of their prior distribution [14], thereby refining it to better account for model error.

The main contribution of this work lies in this embedded model error for prediction in transposition contexts. A
key challenge is the treatment of hyperparameters within the hierarchical framework. Note that this method cannot
be effective if the variations in the output due to the fluctuations of the additional parameters are not sufficiently large
to capture the model error. This point will be further discussed in Section 3 and Appendix B.

The article is organized as follows: Section 2 outlines the Bayesian methodology tailored to the transposition
context and introduces the surrogate model used. Section 3 describes the application test case and the performance
metrics examined, followed by numerical results with a comparison of various approaches, including the method
from [13]. Finally, Section 4 summarizes the work and proposes possible extensions.

2. BUILDING AN ADAPTED BAYESIAN FRAMEWORK
2.1 Bayesian Calibration

In the Bayesian framework, the idea is to obtain the posterior distribution (i.e., conditioned by the experimental data)
of parameters that balances prior knowledge with observed data, see [15]. More precisely, we consider
{ Yi(x) = fulx, A), 1<t<T, x€AX, @

Yiopsj = Yi(xj) + E;, 1<j<n,

with A of prior pdfpa, E of known pdfpg, and a smalh. As explained in Section 1, here we considerc R¢,
which is made of the unknown physical parameters and the- p additional parameters included to emulate the
model error. Obviously, the following formulas are valid when considering the classical sitatioR?.
The goal is to predicy;(xo), which requires investigating the posterior distributionYefxo), i.e., the distri-
bution of Y;(x0) | y1,00s This involves estimatin@ (W (Y;(xo)) | y1,0bs) for all functionsy : R — R such that
E(Y(Y;(x0)) | y1,00s) is Well defined. In particular, the estimationsI&fY;(xo) | y1,0bs) @aNAE(Y;(%0)? | Y1,0bs)
are required to determine the predictive mean and standard deviation. In situations where extreme events are studied,
functions of the forml(y) : y — 1, 1o, With b € R, are considered.
The expectation given the observations can be expressed as

E(W(Yi(x0)) | y1,0n5) = qub(ft(xo,h))p@ | Y1,005)dA, ®3)

with p(A | y1,00s) the pdf of the posterior distribution &€. Bayes’ theorem, see [16], gives

P(Y1,005 | A)pa(A)
P(Y1,00s| A')pa(N)dN"”

P(A | y1,0ps) = T
R4

wherep(y1,obs | A) = pE(y1,00s— (f1(x5,A))}=,) is the likelihood ofA. A consistent estimator d({(Y;(xo) |
Y1,0bs) CaN be

M
By <1P(Yt Xo) ) = Z (fe(x0, Ak)) 4)
where(A) L, is sampled with pdp(A | y1,0s) < P(y1,0bs | A)pa (A). However, the normalizing terrfy,, p(y1,obs |

A)pa(A)dN is known to be intractable in practice, making it impossible to sample directly @ y1 ons) With
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classical Monte Carlo schemes. Markov chain Monte Carlo (MCMC) methods are then required here to work with
posterior samplegA )2, with pdf proportional tp(y1,0bs | -)pa- In our study, these MCMC samples are obtained
with the delayed rejection adaptive metropolis (DRAM) algorithm detailed in [17], but other algorithms such as
Hamiltonian Monte Carlo (HMC, [18]) could be used, particularly i large.

Note that here g will be considered known in all the methods we implement to ensure a fair comparison between
them and focus on the model error. However, in some situations, inferring the parametgrs ofucial. For instance,
if E ~ N (0,02I)with unknowno, then a solution is to considet. as a hyperparameter to be inferred together with
A, and then work with the augmented 3et (A, o) of likelihood p(A | y1,0bs) = PE(o.) (Y1,00s — (f1(x;, 7\));?:1),
with pg (s, ) the density ofE (o) ~ N'(0, 021).

2.2 Hierarchical Model

In the following, Lco € RP is the domain of physical parameters to calibrate, Apgd C R?? is the domain of
the additional parameters considered to emulate the model error.ATken is introduced withl = Leg X Lerr.
In our study, they — p parameters irCe, are integrated with a hierarchical description, see [19] and [20], to better
target their correct distribution and account for the model error. This is particularly effective even in contexts where
measurement noise is significant. The hierarchical description assumes thatritwé distribution of the additional
parameters depends on hyperparamatess.A C R". The pdf of A given« is denotedha (. | ), and eachx drives
these parameters for the model error. In a hierarchical description, the objective is to perform Bayesian inference
on the hyperparametets as well and then consider them as a random varidble A with prior distributionp, .
Note that to avoid possible confusioA, is simply the uppercase notation afhere, as lowercase letters represent
deterministic variables, while the uppercase letters are associated with random variables throughout this article. The
same convention applies doandA, for instance.

As for Eq. (3), Bayes’ theorem provides thax | y1,00s), the posterior pdf oA evaluated atx, is proportional
to p(y1,00s | X)pa (o), Wherep(y1,ops | &) is the likelihood ofe. This likelihood can be expressed as

P(y1,0ms ] @) = / (Y100 | A )pa (A | )
Ra

= / P(Y1,00s | M)pa (A | x)dA  as giveni, yq ops does not depend om ()
Ra

= E[p(yl,obs| A) | 0‘]’

which is the expectation of(y1,0ps | A) WhenA has pdipa (. | ). Thus, the most natural way to estimatey:ops |
«) for a givena is to compute the Monte Carlo estimator,

L
P (yl obs| (x Z py1 obs‘ Ak (6)
k:

with (A})E_, i.i.d. with pdfpa (. | o). With this approach, it would lead tb x n runs of the computer code for the
estimation of the likelihood of a single, which is not feasible in practice. To save significant computation time, the
idea here is to use an importance sampling formulation, presented in [21], based on the following result:

V(a, ) such that supfa (. | &) C suppal(. | &¥)),

pa(A] o)
E A =E A)————— .
[P(y1,00s | A) | o] [p(yl,obs| )pA(A | o) |
Then, for all, we can use the following importance sampling estimatqr(9f obs | ), based on sampling associ-
ated with a vector of hyperparametexs:
L
Aot 1 pa(Ay | &)
P& - A/ k
L (Y1,00s | &) Lg:lp(yl,obS‘ k)pA(Aﬁc o)’

()
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with (A})E_, i.i.d. with pdf pa(. | o*). This estimator is consistent and asymptotically normal, as detailed in
Section 2.3. Here, the same samples are used fax.alhen, with onlyL x n runs of the computer code we can
estimate the likelihoogh(y1,0ns | &) for all &, rather than just for a single with the Monte Carlo estimation. This
allows us to conduct a plug-in strategy by maximizing the posterior density ahd working with the maximum

a posterioriamap = argmaxp(« | yi1,0ns). Another strategy is to adopt a full-Bayesian approach and consider the

xcA
entire posterior distribution oA with MCMC methods.

2.3 Investigating owap

This section details the estimation afsap that can then be used as a plug-in value for the hyperparameters to
computeF, (1I)(Yt(Xo))) with the prior distributiorp (. | amap) for A. The idea is to consideP” (y1 ons | ) as
the estimator of the likelihoog(y1,0bs | &) Of &, for a relevanix*, as detailed in the following.

2.3.1 Estimation of ayap

Theoretically, the maximization of the posterior density4nan be performed by selecting a givehand evaluating

P& (y1,0bs | o0)pa (o) for everyo. However, the ratiogpa (A}, | «))/(pa (A}, | «*)) can be highly fluctuating when

ais far from o*, leading to estimators with a high variance. To overcome this issue, the proposed solution is worked
with o* close toayap, USING an iterative strategy iw* until reaching a fixed point, as detailed in Algorithm 1.

The inputs of the algorithm arAj, the initial value ofa* andT, the stop threshold. The value ofdepends on the
interpretation ofec and will be briefly discussed in Section 3.4. Note that in this work, the optimizatipn =

argmaxI:’LAz (y1,0bs | &)pa () is performed with the L-BFGS-B optimizer [22]. In the following we will work with
€A

o4
the optimal vectorx; which is the approximation akyap obtained at the end of the algorithm.

2.3.2 Confidence in the Estimation

Although this is not required in the proposed method, it is possible to checl@®it| y1,0ns), the posterior pdf

at o, is close to the maximura posterioridensity across alk € 4. As detailed in Appendix A, with a statistical

test, we propose a confidence levglx) associated withp(o | y1,00s) < Bp(&} | y1,00s) fOr a givenx, wheref
represents an acceptable margin of error for this estimation, set by the user. For example, in the applicati@b,

is used, see Section 3.5, corresponding to a toleran&&iadn the posterior density. This confidence level will be
computed forx € A, as illustrated in Fig. D1(b). A thresholdcan be introduced to ensure that € A, v(x) > ,

with, for instanceC = 0.95. To estimate these confidence levels and similarly to the approach detailed in Section 2.4,

we useP (yl obs | &) as the estimator gf(y1,0bs | &). More precisely, for this specific study, a numkgrof

samples is considered, witlf very large, to work withP; (y1,obs | @) and investigate the convergence, when
goes to+oo, of

Algorithm 1: lterative estimation ofyap
Input: Ag, T
{«—0,v— 400
whilev > tdo
Sample(A})E_, iii. d with pdfpa (. | A})
Ae+1 — argmaxP (yl,obs| )pa (o)

v<—HA A

{—0+1
end

Pl
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P (y1,00s | 0)pa () = BLL (y1,00s| o )pa()

1 & , pa(AL | 0)pa(a) — Ppa(Al | a;>pA<az>> (8)
-1 ;(myl,m A} AL ,

with (A})E | i.i.d. with pdfpa (. | o).
We introduce the estimator
L/
1 pA(AL | )pa(e) — Bpa (Al | of)pa(ag)
2 _ / k k| & ¢
SL (O() - I’ —1 Z (p(y1,0b5| Ak) pA(A;C | (xz)

k=1
2
- (pL“/l (yl,obs| x)pa (o) — Bpa/ (yl,obs| 0(})1?A(“2))> .
As detailed in Appendix A, with the central limit theorem, we have the following asymptotic confidence level:

VI (Bo (w005 | 06))pa (o) = B (.00 | pa (o))
v(x) = @ o (o) : )

where ® is the cumulative distribution function (cdf) of a Gaussian distribution with n@and variancel, and
spr(a), ﬁz{ (Y1,0bs | &F) andﬁgf (y1,0bs | &) are the obtained realizations of the associated estimators.

2.4 Sampling from the Posterior Distribution of A

Instead of working only withyap as in the plug-in strategy, we can conduct a full-Bayesian strategy and work with
the entire posterior distribution(« | y1,0bs) €Stimated by

]52‘3(“ | 1000 = ﬁi"fz (y1,0bs | X)pa (o) . )
Ja P (y1,00 | )pa(ed)ded

The method is summarized in Algorithm 2. Note that the first step of this procedure is solely used to estimate the
likelihood for all values ofx, with the estimatorﬁf‘z(a | Y1,00s). Sincel|a; — &;_, ||< T with small, in practice

152"*“1 (& | y1,00s), Obtained from Algorithm 1, can be used to estimate | y1,0bs). Therefore, no additionnal call

to the simulator is required compared to the plug-in method. To simplify the notations and ensure everything depends
only on«j, the method is presented Wiﬁ’f‘z (& | Y1,0bs) @S the estimator.

Algorithm 2: Full-Bayesian estimation & ({(Y;(xo0)) | Y1,0bs)
Input: o
Sample(A})E_, i.i.d. with pdfpa (. | &F).
Sample(A;)Y., with pdf oc P (y1.0pd-)pa by MCMC, with P (y1 opd-) given by Eq. (7).
Sample(A )M | with pdf & p(y1,0bs | A)pa(A | &) by MCMC.

Compute
M Ar|Ai
ot 1 & Zk:lw(ft(xo’Ak»%:\l“Z;
EN,M(xb(Yt(Xo))) =N > M pa(ArlAi)
i=1 k=1 pa(Ak|a})
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We have
E((Yi(x0)) | Y1,008) = /AE(IP(Yt(Xo)) | &, Y1,00s)P(& | Y1,0bs)dex. (11)

As shown in the supplementary material [23], under additionnal assumptioNs-8rp(y1,obs | A), Pa(. | &)
andpa(A | ), [LEW(Yi(x0)) | &, 91 obs) P (a | y1,005)dex iS @ consistent estlmator 8 (Y:(x0)) | Y1,0bs)-
Therefore, with MCMC methods, we samggla; )Y, with pdf proportional toP;** (y1,0b5|.)pA and investigate

*

Ex (W(Y2(x0)) ZE (Ye(x0)) | A, 1,009, (12)

which approximateE (V(Y;(xo)) | y1,0bs) butis not directly an estimator &(1\(Y;(x0)) | y1,0bs), aSE(W (Y (x0)) |
A, Y1,0bs) IS UNknown.

ThenE((Y;(x0)) | Ai,y1,00s) NEEMS to be estimated. As explained in Section 2.2, importance sampling esti-
mation can be employed to reduce the computation cost. Indeed, from Eq. (3) w&dave supiipa(. | &) C

suppa(- | &7)):

Jra W(fi(x0,A))p(Y1,0bs | )\);:(()z\l‘:i))pj\()\ | f)dA
Jra P(Y1,00s | A) 24 (Alo) pA(A | of)dA

pA(Alay)

(13)

E((Y;(x0)) | e, yl,obs) =

This equation gives a full-Bayesian estimatoffiftp (Y;(xo)) | ¥1,0bs):

J— Zk 111) ft XOyAk))wklA*i)

« pa(Ar|ay)

ENfJVI(lb(Yt X0) ) v Z S palAdlA) =, (14)
i=1 k 1 pa(Aklag)

with (A;)N, sampled with pdf proportional th (yl obs | &)pa(x) and (Ay)M, sampled with pdf propor-
tional t0 p(y1,0bs | A)pa(A | &f). To ensure for allA;, the inclusion supf@a(. | A;)) C supfpa(. | «F)),

Zﬁil(pA(Ak | A;)/pa(Ak | o)) > 0, and for the consistency of the estimators (see Supplementary Material [23]),
in the following we impose:
3 compact sek’, Vo € A, supfpa(. | &) = K. (15)

If we considerN = 1 andpa = Sa; in Eq. (14) andba = pa(. | &) in Eq. (4), thenEy,, (q)(y;(xo)))
becomes equivalent tB,, (ﬂ)(Yt(Xo)))- The full-Bayesian estimator is a generalization of the estimator of Eq. (4).

Consequently, all equations relatedff@?M (tl)(Yt(xo))) in the following remain valid for (1])(Yt(xo))).
More generally, we will denote

(Ax[A)
Nl h(AR) PR

M pa(AxlAi) ’
D k=1 pa(Ar]o)

By (h(8)) = N (16)

i=1

for every bounded and continuous functibron K, with (A;)Y., sampled with pdf proportional tf’f‘z (Y1,0bs |
a)pa (o) and (Ax)M , sampled with pdf proportional to(y1,0s | A)pa (A | &F). Itis the full-Bayesian estimator
of E(h(A) | y1,00s) and it will be used with different functions. From Sections 2 and 3 of [23], we have the
following:

° fA A)| &y, Obs)P (cx | y1,005)dex is @ consistent estimator B ~(A) | y1,0bs)-

e Given P/ (oc | Y1,008) = pg?(a | Y1,0bs), EK‘/M (h(A)) is a consistent estimator ¢f, E(h(A) | &, y1,0bs)

PL (0‘ | Y1 obs)d(x

Volume 15, Issue 6, 2025



44 Sire et al.

2.5 Surrogate Modeling

In all of the above, we considered that we can perform runs of the simufdtarA) to compute the estimators
Eu (q)(Yt(xo))>, Pr(yz,ops| @) or By, (q)(Yt(xo))). It is important to note that in the approach presented here,

the computation of the likelihoop(y1,0bs | A) = pE (y1,00s — (f1(x;,A))}/=; ) requiresn runs for a singlé\. It leads
to the following numbers of calls to the simulator:

e [ x n x £ runs for the estimation okyap, Where/ is the number of iterations before convergence of Algo-
rithm 1.

e L xn+ M x (n+ 1) runs for the estimation OEJ‘(‘,ZM (l])(Yt(Xo))). The factorn + 1 comes from the fact

that simulations must be run @t;)?_, and at the new pointo. If ﬁz“ (& | y1,0bs) is used for the likelihood
approximation, then only/ x (n + 1) runs are needed.

In practice, these computations are not feasible when the physical simulations are costly (for instance, several hours
long each) and then surrogate models are required. First, surrogate models are required for the approximation of
(f1 (:)cj,)\));:1 to compute the likelihoog(y1,ops | A) = pe(y1,00s— (f1(x;,A))}—,) for the MCMC sampling in
the posterior distribution oA and the investigation akj (see Section 1). Additionally, a surrogate model is needed
for f:(xo,A) to compute the prediction estimator at the new paigifor the unobserved outpyt. Therefore, for
x € XU {xo} andl < ¢ < T, we propose to build a surrogate model fpi : A — fi(x, ).

Gaussian processes (GP) are used here as a surrogate model as they make it possible to quantify the uncertainties,
as presented in [24]. Let us assume tfiat is a realization of a Gaussian process, (M) with prior meany; x(A)
and prior covariance kernét (A, A). Z; x and Z, .. are considered independent(if x) # (#',x’). The kernel
models the correlation structure betweg (A) andf; x(A"). In our study, the stationary Matn 5/2 kernel, see [25],
is used. This choice of independency between the surrogate models implies that the Gaussian process used for the
prediction atxo is independent of the processes associated with the observationzppints

We consider a design of experimefifgin = (A1, . . ., An,,,) and the observationsa" = (f, «(A;))ie 1, With
Irain = {1,...,nwain}- ft.x Can be approximated using the distribution®fx(A) | Z(Lirain) = ZEZ;‘('”, which is a
Gaussian process with the following mean and covariance:

ft (X }\) = M, x( ) + kt,x()\; Ltrain)kt,x(Ltraina Ltrain)il(zgim - Ht,x(]Ltrain))
(X A 7\,) (7\7)\/) - kt,x(}\yLtrain)kt,x(Ltraina HJtrain)ilkt,xo\,aLtrain)T

wherek(Liain, Lirain) = [kt,x(Ais Aj)]i,je 1 1S the covariance matrix ang x (A, Lyain) = [kt,x (A, Ai)]ie Luan-
The variance is denoted(x, A) = ¢;(x, A, A). The model presented in Eq. (2) then becomes

Yi(x) = fi(x, A) + VVe(x, A)Ef (x 1<t<T, xeX an
Yi00sj = Y1(x;) + Ej, 1<j<n ’

with E7(x) ~ N(0,1), Ef(x) L B/ (X') if x # x/, andE = (E;)}_, of pdf pz. The pdf of the likelihood of

become guox(x ((y1 obsj — f1(%, A))j:1> with

n

Etm(7\)=<Ej+ Vl(Xj»A)Ef(Xj)) : (18)

j=1

Incorporating the variance of the Gaussian process into the likelihood computation ensures that its uncertainty
is accounted for during sampling. Particularly, in our study we considepthéd the pdf of a Gaussian white noise

vector, i.e.,E ~ N(0,021). This givesE'(A) ~ N(O, o2l + diag<v1 (xj,A))n ) and the estimators of the
j=1

prediction mean and variance (from the law of total variance, see [26]) are
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Eyy (Yt(Xo)) = B, (ft(XOa A))’ (19)
2

B (Yi007) — B ()" = B (i, A2+ w0, A)) = B (00 )

This approach, which uses a separate Gaussian process (GP) far, &aekell suited to the current context, as it
focuses on situations with a very limited number of observatioand a small number of predictions. Note that it is
particularly appropriate in other cases where the control variablese categorical instead of numerical. However,
other implementations are possible, especially with higher values oy considering a Gaussian proceg$x, A)
in the joint spaceY’ x £, with covariance:(x,x’, A, A’). In this case, the computation of the likelihoodtvould

be modified, as the distribution @''(A) is now given byE™ ' (A) ~ N(O, 021 + (cr(xj,, %15, A, N)) )

J1,J2=1

3. APPLICATION

The previously introduced methods are tested on an application case well suited for calibration with unobserved
outputs, as presented here.

3.1 Case Description

The test case considered here deals with the Taylor cylinder impact test [27], as illustrated in Fig. 1. More precisely, it
models the impact of a cylinder with length, radiusrg, launched at velocityg against a rigid wall. This computer

code requires four physical parameters associated with the Mirei&en equation of state [28] that are unknown

and need to be calibrated. These parameterp@the intial density of the cylindel’y the bulk speed of sound,

I'p the Giineisen coefficient at the reference state, &nithe Hugoniot slope parameter. Besides these unknown
parameters, the computer code depends on two additional varigblasdY,,, associated with Ludwik’s equation,

which describes the electroplastic deformation process:Yy + Y, €,% wherert is the stressYj the yield stress,

Y the strength indexs,, the plastic strain, andp is the strain hardening index [29]. The two paramelgrandY,

have been calibrated using another experiment, the tensile test, this is why they are considered known here and do
not initially require calibration. However, they are reintroduced in the calibration process as additional parameters in
Lerr to capture the model error. As previously explained, the aim is that incorporating this uncertainty will enhance
the predictive capability of the model. Thus, in our study we have

o three control variables = (¢, 1o, vo),
e p = 4 parameters to calibratg), Co, I'o, S, and
e ¢ — p = 2 additional parameterg, andY;,.

This computer code, validated on results from [30], is interesting in our context because it préduces
outputs:

o the length differencé; — ¢, after impact,

-
Rigid anvil —*

Cylindrical rod (bullet) of density p

FIG. 1: Description of the Taylor cylinder impact test on a copper rod
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o the final radius ¢, and
o the maximum strain over timeénax = max e,,.

Therefore, we will consider three different transpositions: the first case where we have observatjons/gbnly,

the second with observations of only, and finally the third with observations efax only. All input variables are
constrained by predefined bounds, beyond which the simulation is not feasible. In the following, to simplify, they are
all considered as normalized between 0 and 1.

3.2 Model Error

Unfortunately, no real experimental data were available for this study. However, one can easily generate virtual
measurements and incorporate a custom model error to work within the previously described framework. This custom
model error is introduced through a perturbation of the control variables, ensuring that the synthetic data are generated
using a method whose error structure does not exactly replicate that of the inference approach we aim to apply. Since
our hierarchical methods rely on fluctuations¥@fandY,, the model error must not be based on these parameters.
Therefore, we choose to perturb the control variables instead.

For a given tripletx = ({g, ro, vg), we definew(x) = (4o, 70, vo + AV'), whereAV is fixed to a constant in our
work. Forl < ¢ < T, the true value is introduced gs(x) = f:(w(x),Ao) for a givenAq € £, leading to a model
error, as there is no specific valueXthat verifies that'x € X, f;(x,A) = y:(x). Then the protocol is the following:

e Selectn pointsX = (x;)7_; € A" with a Maximin Latin Hypercube Sampling [3%}.is small to work with
a limited number of observations.

o Compute(y;(x;))j_1 = (fe(w(x;),N0))j—;.

e Add a realizationf = (&;)7_; of the vectorE ~ N(0, o21) as the measurement error for the observed
variable.

Finally, it provides the vector of experimental data

Y1,00s = (y1(x;) + 5]‘)?:1'

3.3 Performance Metrics

Beyond the measurements of the first variagpigns = (ylyobsj)?:l = (y1(x5) + Sj);?:l € R", here we also have
access to the true valugg(x;) for1 < ¢ < T,1 < j < n. Aleave-one-out (LOO) approach is used, to preglick)

for 1 < j < n based on the noisy observatiolt)|1§,gbS = (y1(xy7) + Ej)}_;. This makes it possible to assess the

J'#j
perfqrmance of the method with a small dataset. Then a speifis identified for everyj, which will be denoted
asx;”.

More precisely, forj = 1,...,nandt = 1,...,T, we have a random prediction &f(x;) | y;gbs. Its distri-

bution is called the predictive distribution, which will be compared to the true walisg ). In order to have a direct
comparison of the different investigated methods, the scoring rule introduced in Eq. (25) of [32], based on the mean
and the covariance of the predictive distribution, is selected here. In the general case, it is expressed as

s(Y,y) = —log(de(X)) — (y — w)"=""(y — u), with (20)
e Y arandom prediction vector of meanand covariance matrix, and

e y the vector of true values of the phenomenon.
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Here, in the LOO scheme, the predictio(ngt(xj) | y;gbs)" ,are independent. The estimated mean and vari-
. J:
ance of the predictioly;(x;) | y;gbs are defined asi; v a(x;) andVy n ar(x;), computed using the estimators
o fro” 2\ _ pi 2
BNy (Yt(xj)> andEy’), ()Q(xj) ) — BNy (Yt(xj)) from Eq. (19).

Forj =1,...,n, the score is introduced as

(ye(x;) — ﬁt,N,M(Xj))Z
Ve, N M (X5)

st (%) = —109(Ve v ar(%5)) —

9

and we finally investigate the overall prediction score,
sevar(X) =D senar(x;),
j=1

which corresponds to the score in Eq. (20) under the assumption of independent predictions, B2gsétidiagonal

matrix. This score provides a meaningful balance between prediction accuracy and uncertainty quantification, making
it particularly well suited to our application. The score is computed for all the investigated methods in our study, and
the results are compared in Section 3.5, with higher scores indicating better predictive performance.

3.4 Comparison of Methods

To perform a comprehensive analysis of our method, we implement different approaches and compare the previously
introduced performance metrics (see Section 3.3). All these approaches are summarized in Table 1.

The first method is to consider no model error in our Bayesian framework, and is diledror. We then
considerA = (po, Co,T0,S) € Lca C R? with a noninformative prior distributioty[o ;1». Then we can implement

the method described in Section 2.1, and work with the estinﬁ;tp(xb(l/;(xo))) with pa = Tjg1pe-

The second method is to introduce the additionnal paramé&teesnd Y,,; to represent the model error, but
without a hierarchical model. Indeed, we consider (pg, Co,To, S, Yo, Yar) € Lca X Lerr C R? and investigate

Ey (ll)(Yt(Xo))) with pa = 1jo1j¢. Itis calledUniform error.

The third method, calleHierarchical MAP, includes the additionnal parametégsandY;, with the hierarchical
model using a plug-in strategy. It investigatgsas described in Section 2.3 and then stud?@;;(w()’t(xo)» with
pa(- | ). In our work, we consider

TABLE 1. Summary of all the methods investigated in our study

Formulation Distribution
Yi(x) = fi(x, A)
No error A CRP pPa(A) = Lo
Uniform Yi(x) = fi(x,A) B
error A € RY PA(A) = 1o,1)a
Hierarchical Yi(x) = fi(x,A) pAA | af) = L0130 (A1, ..o Ap)
MAP A e R? X i (ap,0.42,0,1) Apt1s - - -5 Ag
Hierarchical Yi(x) = fi(x,A) PAAN|A) =110 (A1, -5 Ap)
full Bayes A e R? X th(A,0-452,0,1)()\P+17 - 77\(1)
5(A2, =) = diag A2=
Embedded  Y;(x) = fi(x, Al + 8(A2 E)) ( - N)Z/{([—lg(l]q) )
discrepanc Al e RY, A2 c R - ’
P y p(Al,AZ)(“ly 0‘2) X H?:1 ]loc§>0]l¢x%7¢x§>0]loc}+¢x§<1
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PAA] &) = To1p (A1, Ap) X fa (,0.482,0,1) Apt1s - -5 Ag),s (21)

where fu, (,1,02,q,5) 1S the pdf of a Gaussian distribution with mearand standard deviation truncated betweea
andb. This choice of standard deviation of the prior= 0.45 aims to balance exploratory behavior, allowing the
prior distribution to capture model errors while still concentrating on relevant regions for the additional parameters,
in contrast to the uniform error method. Further details on this selection are provided in Appendix B.

The fourth method is the one described in Section 2.4, considering a model error with a hierarchical description

but with a full-Bayesian approach, to compute the estimEﬁrM (ll)(Yt(xo))). We call itHierarchical full Bayes

We consider the priopa = pa (- | «) described in Eq. (21), angla the pdf of the uniform distributiod(z «: ),
with Z(a}, k) = [(})1 — K, (&)1 + K] x --- % [(&})r — K, (}) + k] N [-10,10]", andk € R. The constant
k is introduced to prevent the investigation of zones with high fluctuations 0\, | «)/pa (A | o). We work
with k = 4 here. Note that this choice of pripp,_allows for negative values at (or values higher than 1) that can
concentratea (- | «) on a zone near O (or a zone near 1, respectively).

Finally, the last approach is the one presented in [13], c&llebedded discrepantyere. Their work is particu-
larly interesting in our context, as they consider a model error that is embedded in the calibration parameters and then
can be set up in our transposition situation. The method is detailed in Appendix C, but it is important to highlight
here the difference between tBenbedded discrepan@nd theHierarchical full Bayesapproach. With our hierar-
chical model, we consider;(x) = fi(x, A), where the prior ofA depends on random hyperparametarsand a
Bayesian inference is conducted for batrand A.. For a givenx, the posterior distribution oA is proportionnal to
p(Y1,00s | A)pa (A | ). However, in theEmbedded discrepan@pproach, the model i (x) = f;(x, A), where the
distribution of A depends on random hyperaramet&rs- (A', A?). Here, the Bayesian inference is conducted only
on the hyperparametess. Particularly, for a givenx, the distribution ofA is directly obtained by(A | &), without
any posterior consideration. The parametrizatiohdf « plays a crucial role here. Following the recommendations
in [13], we adopt a Legendre-uniform polynomial chaos representation for the distributdoh af as the parameters
A are bounded here.

Every MCMC sampling is implemented with the package pymcmcstat [33], and the optimization of the hyperpa-
rameters for the Gaussian process regression is performed with pylibkriging [34]. The same Gaussian process is used
for all the methods. The number of observations is set010. L = 10* samples are considered to estimaigp,

while M = 3000posterior samples ak and N = 750samples ofA are generated to compu%f‘,fM (d)(Yt(Xo)))-

Note thatN < M as.A C R? compared toC C R®. I’ = 2 x 10* samples are used for the estimation of the confi-
dence levels associated withix | y1,00s) < Bp(} | y1,00s). The value of the stopping threshatdn Algorithm 1

results from a trade-off between choosing a small value to ensure precision and avoiding unnecessary computational
cost. In our test case corresponds to the mean of a bidimensional Gaussian distribution (singe= 2), truncated

between 0 and 1. We set= 0.02, considering that below this value, the Euclidean distance between two successive
meansg; andog, 4, is negligible.

3.5 Numerical Results

The methods are implemented on different desi§ns- (xj)jm:1 for consistency. While only one design is pre-
sented here, the remaining results are provided in the “codes/” directory of the Supplementary Material [23], and the
conclusions remain consistent across all designs.

3.5.1 Results Overview

The results are shown in Figs. 2—4, corresponding to observatiépns-6§, r y, andemax, respectively. For each figure,
the first plot shows the mean and the standard deviation of the normalized posterior distiibution — y.(x;))/
ye(x5) | y;gbs for each method antl < j < 10, and compare it to the true valuggx,) shifted to O represented
with blue crosses for < ¢ < 3[see Figs. 2(a), 3(a), and 4(a)]. From these posterior distributions, thessceng is
evaluated for each outptiand summarized in the associated tables [Figs. 2(b), 3(b), and 4(b)].
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Prediction of £ — £y from measurements of g — £y
0.10 i
0.00 1 b ¥ i x tay i LEY} w Y $ a4 [ * bhh A + tae
-0.05 | T

-0.10 I
-0.151 True value
Prediction of rr from measurements of £ — £g Measurement

0.02 No error
L/ AT T U o B ==
MAP

-0.04 } } t { t } }~ { ' E:L?;'%rac;écsa\
Prediction of £,,2x from measurements of £ — £g Embedded

discrepancy

- e %

-0.06

- H
x x x H x x x4 x x x x4
f:? J .*H ¢+ '}H +’ o ' 1 .IH ,+I+ ¢+
X‘l X k; Xla Xs X6 X7 Xg X9 X10
(a)
No error  Uniform  Hierarchical Hierarchical Embedded
error MAP full Bayes discrepancy
Prediction ofty — ¢o —1642.06 6.21 21.40 21.12 -9.88
Prediction ofr s -360.11 29.66 45.14 45.29 11.10
Prediction ofemax -137.73 36.52 43.16 42.89 24.41
(b)

FIG. 2: Prediction of the three outputs from observationg of- /. (a) Mean and standard deviation of the normalized posterior

distribution (Y (x;) — ye(x5))/ye (x5) | y;g'bs, 1 < j <10, withy; = £y — {o, compared to the true valugs(x;) shifted to
0, shown as crosses for< ¢ < 3. The normalized measurementff — ¢, is indicated by the dots, with its standard deviation
represented by the associated error bar. (b) Seeresy (X) from observations of  — ¢ for each method.

Prediction of /¢ — £y from measurements of r¢

s gL o Wlooh
- .{H ,|H ,’ll M .|H A M; ’H ‘n

x x x

0.1001

True value
Measurement
No error
Uniform error
Hierarchical

MAP
Hierarchical
b Bayes
Prediction of £,x from measurements of r¢ Embedded

] discrepancy

Prediction of rr from measurements of r¢

- - X

.

02 1 l [
0.0 +.‘“ r'.“ xopee 1L *..u X S x e L.‘,. I3

- R

o } } it o
(@)
No error  Uniform  Hierarchical Hierarchical Embedded

error MAP full Bayes discrepancy

Prediction of¢y — ¢p  —178.16 —-22.41 5.13 4.67 -55.48

Prediction ofr ¢ -136.48 1.58 37.85 37.89 -39.31

Prediction ofemax -92.16 17.78 40.34 40.68 -29.10
(b)

FIG. 3: Prediction of the three outputs from observations-pf (a) Mean and standard deviation of the normalized posterior

distribution (Y7 (x;) — yi(x;5))/ye(x;5) | y;g'bs, 1 < j <10, with y1 = r¢, compared to the true valugs(x;) shifted to O
shown as crosses far< ¢t < 3. The measurement ef; is indicated by the dots, with its standard deviation represented by the
associated error bar. (b) Scotgsy, s (X) from observations of ¢ for each method.
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Prediction of £r — £y from measurements of €,,ax

+ | f i | I
S W N W W

} f } M Hierarchical

True value
Measurement
No error
Uniform error

Hierarchical
MAP

e

- 'NH gl *JH

0.06
0.08 + + } t full Bayes
Prediction of £,ax from measurements of €max Embedded

discrepancy

ZZ l tH J.“.. %.* l.m l, VH T. .I‘.m i‘..

X1 Xz X3 X4 X5 Xs X7 Xg Xa X10

@

No error  Uniform  Hierarchical Hierarchical Embedded
error MAP full Bayes discrepancy
Prediction of¢y — ¢o  —305.05 -10.95 7.14 6.39 —28.00
Prediction ofr ¢ -182.21 18.66 43.19 42.63 -0.27
Prediction ofemax -92.57 31.77 48.00 47.45 15.53

(b)
FIG. 4: Prediction of the three outputs from observationg@fx. (&) Mean and standard deviation of the normalized posterior
distribution (Yz(x;) — ye(x5))/ye(x5) | y;gbs, 1 < j <10, with y1 = emax, cOmpared to the true valugs(x;) shifted to 0,
shown as crosses far< ¢ < 3. The measurement @fnax is indicated by the dots, with its standard deviation represented by the
associated error bar. (b) Scorgsy, a (X) from observations ofmax for each method.

The first key observation is the performance improvement gained by incorporating the additional parggeters
andY), to represent the model error. Indeed, the true valieme clear outliers within the prediction distribution
of the No error approach (depicted in green on the plots), as evidenced by the significantly negativessgoses
which are much lower than those obtained with methods that account for model error.

Regarding the model error, the two hierarchical approacHé&sdrchical MAP and Hierarchical full Baye$
yield nearly identical results and significantly outperform the uniform error approach. These methods effectively shift
the prediction mean closer to the true values while maintaining a sufficiently accurate variance estimation. This is
reflected in the prediction intervali, n ar(x;) — 2v/Ve v, (X5), B, v, (X5) + 24/Ve, v, (%5)], which contain
the true valuesy; (x;) for all predictions. This conclusion is further supported by the scores associated with these
hierarchical approaches, which are consistently higher than those of the other methods.

The embedded discrepancy approach shows less favorable results compared to the hierarchical approach, with
true valuegyy, that are often located in the tails of the prediction distributions, as highlighted by the low score (e.g.,
clear negative scores for the predictions from observationg)of

To interpret these results, it is necessary to examide| y1,0bs), the pdf of the posterior distribution @t for
the different methods. Since a LOO scheme is applied, a distinct posterior s@mplé, (or («} + aZ&,.)

r=1,..., R
k=1,...,M

for the Embedded discrepangys obtained for eack; and each method, except for thierarchical MAP and
Hierarchical full Bayesmethods, where the samples are identical, as discussed in Section 2.4. Figure 5 presents the
marginal distributions of posterior samples obtained for predictindyased on measurementsl/gf— 4o, but similar

results are observed when targeting anothyeor with a different calibration variable.

3.5.2 Analysis for the Hierarchical Model

In Fig. 5, it clearly appears that the hierarchical model completely drives the additional paraheaeidY,, to
values near 0, which leads to better results. The influence of this approach is amplified by the fact that the observation
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FIG. 5: Distribution of each margin of the posterior samp(lag)1Z ; obtained with theJniform error and theHierarchical MAP
strategies, and the sampl@:z,lc + cxiar)  for the Embedded discrepancfor the prediction ak;o from observations of

r=1,...,
e=1,...,M

k=
£y — £o. The black cross is associated wif, the parameters used for the measurement acquisition.

noise is set high, with standard deviations of 0.94pr ¢y andr, and 0.3 foremax [S€€ Figs. 2(a), 3(a), and 4(a)].
Indeed, the larger the noise variance, the less concentrated the likelihapthefeby increasing the influence of the
prior. Appendix E shows the transposition results obtained with smaller observation noises.

The almost identical results betweldierarchical MAPandHierarchical full Bayesare explained by the posterior
distributionp(« | y1,00s) that overall focuses on negative valuesxofind then drives the normaliz@dvery close to
0, with very small difference compared to the identifiefl Appendix D illustrates this posterior distribution for a
specificx; andy; = emax [see Fig. D1(a)]. It concentrates the prigi (- | «) on zones near 0 fax = &} and for
all the valuesx that are sampled with(x | y1,00s)- Figure D1(b) also shows the promising asymptotic confidence
levelsy () associated with(y1,obs | &)pa () < 1.05p(y1,00s | &7 )pa(;), asve,y(e) > 0.99.

3.5.3 Analysis for the Embedded Discrepancy

Regarding the performance of thenbedded discrepanepproach, it is evident that the prediction error consistently
occurs in the same directiofi; — /o is overestimated, while; andemax are underestimated. This can be attributed

to the fact that, as is often the case in the presence of model error, the highest likelihdodsedibcated at the
boundaries, particularly fo¥Yy andpg (see Fig. 5). The influence of these variables on the outputs can be seen as
monotonic, as highlighted by linear regression: increaiigads to an increase #y — ¢ but a decrease in; and

€max and the opposite is true fpg. However, as expected, teenbedded discrepanapproach is more exploratory in

its sampling, considering a wider range of valuesfgandpg away from the boundary. This increases the predicted
mean ofl; — ¢y and decreases it for; andemax, Since no sampling is possible beyond the boundary to balance this
exploration.

4. SUMMARY AND PERSPECTIVES

This article addresses the transposition problem, which occurs when observed experimental data do not correspond
directly to the data of interest. It examines a scenario with multiple outputs, where only one output is experimentally
observed through a limited set of observations, while the goal is to predict all outputs. The main idea is to propose
a representation of the model error that is adapted to this situation and thus needs to be embedded in the parame-
ters A to establish a relationship between the observations and the unobserved outputs. Specifically, we explore the
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inclusion inA of additional parameters, typically numerical or known physical ones, that were not originally intended
for calibration. These parameters are incorporated to account for model error through a hierarchical representation,
directing this error into specific zones by introducing hyperparametéos the prior distribution. The estimation of

these hyperparameters is then conducted using Bayesian inference, either by identifying the nmeaxiosteniori

amap Or by sampling from the posterior distribution, with an importance sampling scheme to significantly reduce the
computational cost. This study is conducted in the context of expensive simulations, with Gaussian process regression
as a surrogate model.

The application test case of the article models the Taylor cylinder impact test, which involves three outputs
considered as observed variables one at a time, leading to three different sets of results. The performance of our
method is compared to the approach proposed by [13], which introducaslaedded discrepancyethod relevant
to our scenario. It is important to keep in mind that the results of these Bayesian approaches are highly dependent on
the specific application case.

The results obtained here highlight the significant impact of the hierarchical model, as evidenced by the scores
computed to assess the predictive distribution in relation to the true values. This impact is somewhat reduced when
a small noise measurement variance is considered, although the hierarchical approach remains well suited. In con-
trast, theembedded discrepanegethod from [13] performs less effectively in our context, partly due to the fact
that the most likely values oA are located near the boundaries. Additionally, the Legendre-uniform polynomial
chaos (Legendre-uniform PC) representation used in this study could be further modified to potentially enhance these
results.

Although the study presented here is comprehensive, further developments should be considered. As explained
in Section 3.5, the influence of the prior anis reduced when the noise measurement variance is small, although the
results of the hierarchical model remain promising in this situation, as shown in Appendix E. An in-depth study of
the relationship between the impact of the hierarchical representation and the noise measurement could be valuable,
potentially identifying a threshold on the noise variance below which the likelihootl bacomes too concentrated,
resulting in a noninfluential prior.

Another important aspect of the work is the surrogate model implemented with Gaussian process regression.
Here, as explained in Section 2.5, a different Gaussian process is considered fot evevyand1 < ¢ < T, and
they are all considered independent, which is possible with a small number of observations. Other implementations are
possible. For instance, one could consider a Gaussian prégess\) in the joint spacet x L, or even multioutput
Gaussian processes [35-37] to account for the dependencies between the outputs of the comgytef code

Even though the framework presented in this article is general, it has only been tested in the context of a trans-
position situation involving unobserved outputs. Other transposition cases should be explored, such as situations
involving a change of scale where predictions are made at a ggifatr from the observation pointst;)’_;. Note
that the transposition situations can be combined as well, with a change of scalaridrthe prediction of an un-
observed outpug;. The method with the hierarchical model and the different performance metrics remains valid in
these contexts.

Finally, as previously mentioned, the results of the methods are highly influenced by the application test case. In
particular, a computer code without constraints on the calibration variables would be valuable, as it would allow for
the consideration of untruncated prior distributions, for instance.
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SUPPLEMENTARY MATERIAL

Supplementary material is available from Ref. [23]. The “proof/” directory contains the proof of convergence for
the estimators discussed in Section 2.4. The “codes/” directory includes the datasets and associated code used to
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produce the results presented in the article. As noted in Section 3.5, several experimentalXiesi }0:1 were
investigated, with results organized into subdirectories named “desfgreadme.md file provides additional details
about the structure of the repository.
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APPENDIX A. ESTIMATION OF THE CONFIDENCE LEVELS vy(x)

This appendix complements Section 2.3.2 by examining the confidenceylexglassociated with the condition
p(a | y1,00s) < B | y1,00s) fOr a givene, wheref represents a user-defined acceptable margin of error for this
estimation. The objective is to prove the asymptotic formulation/fat) introduced in Section 2.3.2, using the law
of large numbers and a statistical test.

() is equivalent to a confidence level fofy1,obs | ®)pa () < Bp(y1,00s | & )pa (). We introduce

(o) = p(y1,ops | ®)pa () — Pp(y1,obs| &F)palay),

pA(A | a)pa () — Bpa(A | 0‘2)pA(0¢2)>
PA(A | o) ’

vp(0) = Vs (p<y1,obs A)

whereA has pdipa (. | &), and

L/
2 1 /\PA(AL | )pa(a) — Bpa(A) | o )palog)
SL’(O‘) T -1 kz::l p(y1,0b5| Ak) pA(A;C | 0‘2)

2
- (pL"‘/z (yl,obs| “)pA(O‘) - BPO‘/Z (yl,obs| “E)pA(“z))> )
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where (A})E. | are i.i.d. with pdfpa(. | o). From the law of large numbers;, (o)? ﬁ v () and then
Sp(a)/\/vg () # 1. The central limit theorem [38] provides that, givaf, with P (1 ops| ) defined by
Ea. (7),

VI (Pg‘? (1,005 | )pa (@) = BPY (ya,o0s | o )pa (o) - u((x)>

d
N(0,1).
(@ e MO
Slutsky’s theorem then provides
VL (PE‘/Z (y1,008 | €)pa () — BLEY (y1,00s| of)pa (o) — u(fx)>
d
1). Al
SL’(O‘) L'—oco N(O’ ) ( )

We introduce the hypothesis of a statistical tHgst : p1(«) > 0. We considery(«) the complementary of the
associateg-value, defined by

DL (y1,0bs | 0)pa () — BLL! (y1,0ps | 0 )pa(af)
Sp ()

y(@)=1-P

< Prt (Y1,00s | )pa(e) — BPrs (Y1,00s | 0F)pa (o))
= SL/ (a) b

underp(e) = 0, with s/ (), ﬁz? (Y1,00s | &F) andgﬁi‘,z (y1,0s | &) the obtained realizations of the associated
estimators. Theny(«) is indeed a confidence level associated witlx) < 0, the alternative hypothesis. Under
() = 0, with Eq. (A.1), we have for € R,

P [PS‘ (y1.05 | @)pa(e) = BED! (ya.o0s| of)paleq) _ 2 ] 3(2).
SL/ (O() \/ﬁ L’'—oo
where® is the cdf of a Gaussian distribution with mean 0 and variance 1.
Finally, with

ﬁ(ﬁff (y1,00s | ®)pa (o) — Bp7! (y1,0s] OCE)PA(OQ))
Z = 5
s (o)

we have the following asymptotic approximation for the confidence level:

VI (Big (yr,o0s] 06))pa (o) = By (yr,o0s| @pa(e)
Y(x) = o () . (A.2)

APPENDIX B. PRIOR FLUCTUATIONS OF THE OUTPUTS

As mentioned in Section 1, the fluctuations of the additional parameters must introduce sufficient variations in the
outputs to adequately capture the model error. The objective here is to investigate, for our application test case,
the amplitude of the variations in the three outputs when the calibration parametary according to their prior
distribution. This analysis aims to confirm the applicability of our strategy in this context and to provide insights into
the appropriate standard deviation for the prior distribution.

In Fig. B1, these variations are analyzed for prior distributions with different standard deviations. The idea is to
visualize the distribution of;(x, A) whereA has densitp3 (A) = 10,10 (A1, -+ -, Ap) X far,(0.5,62,01) Aps1s - -5 Ag)
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FIG. B1: Variations in the output variables due to the prior fluctuations of the paramfeters

for different values ofo, whereNV;(0.5, 02,0, 1) is a Gaussian distribution with mean 0.5 and standard deviation

o, truncated between 0 and 1. More precisely, i.i.d. sam(;mag,ﬁl are generated with densipg (A), and the
interval [y)-0%%(x), y2-27%(x)] is displayed to study the fluctuations of the outputs, whi$>(x) andy?3">(x) are

t,o
the empirical quantiles of levels 0.025 and 0.975 of the saifyple, Ak))}gl.

The objective is to identify standard deviations that are too small to capture the model discrepancy when using
centered prior distributions. In Fig. B1, the case= +oo corresponds to uniform sampling {0, 1]¢, which is
naturally the most exploratory scenario. This confirms that our strategy is applicable here, as the variations in the
outputs are large enough to account for the model discrepancy.

Moreover, the exploration achieved with uniform sampling appears nearly identical to that obtained with prior
distributions usingr = 0.75, 0 = 0.60, ando = 0.45. In contrast, smaller values such@s= 0.30ando = 0.15
lead to reduced output variations, which do not allow for generating simulations sufficiently close to the true values
of the phenomenon.

To further investigate the choice of we introduce the function

gi(0) = inf ) =gl forl < j < n.

YEY2o(x;),8 75,

This function measures how the variations in the outfytuk;, A) allow for getting closer to the true valug(x;)
whenA is sampled according to the density. To obtain a global metric, we define the aggregated function:

Analyzing the evolution of; aso increases in Fig. B2, we observe that small values@d not provide sufficient
exploration to approximate the true values of the phenomenon. This results in an initial regimegwiececases
sharply untilo ~ 0.45. Beyond this threshold, the gain in exploration becomes less significant, leading to a regime
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FIG. B2: Evolution of g, (o) for the three outputs

close to a plateau. This observation supports the choice of a standard deviation areurid45. Note that the
function g; is not monotonic here due to sampling errors.

APPENDIX C. EMBEDDED DISCREPANCY

This section provides a brief summary of the work of Ref. [13], which proposes another type of embedded error
applicable in our transposition context. Since this method has been implemented in our work for comparison with our
numerical results, these details are essential for understanding the fundamentals of their approach.

Their idea is to consider an embedded random discrep&negrameterized bw?. In the following, this dis-
crepancy is denotesl «?, ), whereE highlights explicitly the stochastic dimension.

This formulation leads to considering the random outfik, ' + 8(a?, E)), whereA = ! + §(a?,E) is a
random variable parametrized oy and?. The problem is treated as a Bayesian estimation of the paraneéters
and o, that are parameters of a pdf. In the following, we denete- (!, «?) the set of augmented parameters.
Then, we consider the GP formulation

Vi(x) = filx, Al + 5(A% B)) + y/vi(x, Al + 5(A2 E))ES,
with A € R7, A% € RY.

APPENDIX C.1 Likelihood Estimation

We need to investigat(y1,obs | ) the likelihood ofx. We first define the random vectors

F(o) = (fixg. o +8(e2.2)) .
H(x) = (fl (xj, &t + 8(a%, B)) + /i (x, &l + 8(a, B))ET + Ej>

[1]

n
j=1
Then we have

P(Y1,0ps| &) = TH (o) (Y1,0b5);

with 7y () the pdf of H(ax). One challenge is to evaluatgs ) for every a. A high-dimensional kernel density
estimation (KDE, [39]) would provide a precise computation but is too costly in our context. Several likelihood
approximations are proposed in [13], and we have decided to work with an independent normal approximation here,
for simplicity reasons. The idea is to getsampleg £,)_; that are i.i.d. realizations of the random variaBlend

then compute fot < j < n,
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R
1 N
— EE :fl(xj, ol +5(a? &),
r=1

R R
1 . 1
67 = 7 D (Al ol +8(6% &) — i)+ 5 D valxj &l + 8(o &) + 0

r=1 r=1
Finally, with the independent normal approximation, the pgdf ) is defined as

TR YA
exp( (Jz(;])>

The random discrepand(a?, ) needs to be parametrized. As presented in [13], we have opted for a polynomial
chaos (PC, [40]) representation, and more precisely, Legendre-uniform PC that can respect the support of the calibra-
tion parameters. It gives

TH(e) (¥

H',":]:

APPENDIX C.2 Polynomial Chaos Representation

al +5(a? E) = a! 4 diag «?ET),
with E; ~U(-1,1), 1 <i < gandE; L E;if i # j.

APPENDIX C.3 Prior Construction

The choice of the prior is here driven by the respect of the support of the parameters once again. We have opted for
the uniform prior that respects the constrainfs— o? > 0 anda} + o < 1, anda? > 0 as well, to avoid bimodal
distributions. We then have

par, AZ)(“ 0‘ X H 1 2>0]l —a? >OILoc1+¢x <1
i=1

APPENDIX C.4 Computation Cost

This strategy is relevant in our context but involves a high computation cost compared to the method presented in this
article. Indeed, computing the likelihood for a singl@equiresRk x n calls to the simulator (or the surrogate model),
compared to calls in our method. This is a major difference,/ass associated with sampling in dimensig@and

thus must be large.

APPENDIX D. POSTERIOR DISTRIBUTION AND MAP FOR «

This appendix provides details about the posterior distributiop(of | Ya, ObS) in the application test case. Fig-

ure D1(a) presents the estimated unnormalized posterior distrit)fzﬁi%(}yl’obs | &)pa () for j = 6, derived from
observations o€ max. It highlights that this distribution is concentrated on negative yalues bfgure D1(b) provides
the asymptotic confidence level$x) associated tp(«x | v, 77 < 1.05p(e) | Y1009 E€Stimated to validate that

the posterior pdf aixe is close to the maximum posterior density acrossxaeﬁ A. Here, the confidence levels are
promising withVe, y (o) > 0.99.

APPENDIX E. EXAMPLE OF RESULTS WITH SMALLER NOISE

This appendix examines a scenario where the observation noise variance is reduced compared to the results shown in
Section 3.5. Figure E1 shows the results obtained from measurementsvith a noise standard deviation of 0.3,

instead of 0.9 in the core of the article. The difference betweeblttiorm error approach and the two hierarchical
model-based methods is less pronounced, as the prior has a reduced influence.

International Journal for Uncertainty Quantification



Bayesian Calibration for Prediction in a Multi-Output Transposition Context 59
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FIG. D1: lllustration of the estimation of the posterior distributipfex | y;g'bs) (a) and the confidence level «) associated to
ploc | Y13 < 1.05p(a)* | 1. 3ue) (0) With y1 = emax for the predication ake

Prediction of £ — £g from measurements of r¢

o.ns; ' + t b { } } } } {
VL. L L
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0.10 t Noerror
ais] i JI t  Uniform error
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(a)
No error Uniform Hierarchical Hierarchical Embedded
error MAP full Bayes discrepancy
Prediction ofty — ¢g —1298.05 1.15 9.72 9.47 -13.62
Prediction ofr —385.63 38.98 48.55 48.61 24.42
Prediction ofemax -235.49 41.72 49.02 48.85 34.97
(b)

FIG. E1: Prediction of the three outputs from observations pfwith a standard deviation of 0.3 for the measurement noise.

(a) Mean and standard deviation of the normalized posterior distrib(¥igix;) — y:(x;))/y:(x;5) | y;gbs, 1 < j <10, with
y1 = ry, compared to the true valugs(x;) shifted to O shown as crosses fo< ¢t < 3. The measurement ef; is indicated
by the dots, with its standard deviation represented by the associated error bar. (b)sg&05e€X) from observations of ; for
each method.
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