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ABSTRACT
Sequential design focuses on designing computer experiments with limited computational budgets. It aims
to create efficient surrogate models to replace complex computer codes. Some sequential design strategies
can be understood within the Stepwise Uncertainty Reduction (SUR) framework. In the SUR framework,
each new design point is chosen by minimizing the expectation of a metric of uncertainty with respect to
the yet unknown new data point. These methods offer an accessible framework for sequential experiment
design, including almost sure convergence for common uncertainty functionals. This article introduces
two goal-oriented strategies tailored for surrogate models used within a Bayesian inverse problem. The
Constraint Set Query (CSQ) strategy is adapted from Maximum Mean Squared Error (MMSE) designs, where
the search space is constrained in a ball for the Mahalanobis distance around the maximum a posteriori.
The second, known as the IP-SUR (Inverse Problem SUR) strategy, uses a posterior-weighted integrated
mean squared prediction error as the uncertainty metric and is derived from SUR methods. It is tractable
for Gaussian process surrogates and comes with a theoretical guarantee for the almost sure convergence
of the uncertainty functional. In various test cases, both strategies are shown to outperform standard goal-
oriented designs for fine-tuning surrogate models.
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1. Introduction

In the field of uncertainty quantification, the resolution of ill-
posed inverse problems with a Bayesian approach is a widely
used method. It gives access to the posterior distribution of the
uncertain inputs from which various quantities of interest can
be calculated for decision-making (Kaipio and Somersalo 2006;
Stuart 2010). However, sampling the posterior distribution often
requires a large number of calls to the forward model. This
limits the tractability of such methods when the forward model
is a complex computer code. To overcome this obstacle, it is
common practice to replace the forward model with a surrogate
such as deep neural networks (Yan and Zhou 2019b), physics-
informed neural networks (Li, Wang, and Yan 2023), polynomial
chaos (Yan and Zhou 2019a), or Gaussian processes (Frangos
et al. 2010; Drovandi, Moores, and Boys 2018; Chen, Kang, and
Lin 2021; Sauer, Gramacy, and Higdon 2023). These surrogates
help in reducing the computational burden of the inverse prob-
lem resolution. The quality of the uncertainty prediction is then
directly linked to the quality of the surrogate model. In some
applications (Mai, Konakli, and Sudret 2017), the computational
budget implies a scarcity of the numerical data used to build the
surrogate model, since they are given by calls to the forward
model. To build the best possible surrogate model, adaptive
strategies have been developed to make the most out of the given
computational budget (Wan and Ren 2016; Wang and Li 2018).

CONTACT Paul Lartaud 1s2lartaudpaul@gmail.com CEA DAM Île-de-France, Bruyères-le-Châtel, 91297 Arpajon, France.
Supplementary materials for this article are available online. Please go to www.tandfonline.com/r/TECH.

This is the premise of sequential designs for computer exper-
iments (Sacks, Schiller, and Welch 1989; Santner et al. 2003;
Gramacy and Lee 2009). While space-filling designs based on
Latin Hypercube Sampling (LHS) (Stein 1987) or minimax dis-
tance designs (Johnson, Moore, and Ylvisaker 1990) have been
widely investigated, they are not suited for the specific problem
at stake, where the region of interest only covers a small frac-
tion of the input space. For such cases, criterion-based designs
have been introduced in various domains, such as reliability
analysis (Du and Chen 2002; Lee and Jung 2008; Dubourg,
Sudret, and Deheeger 2013; Agrell and Dahl 2021; Azzimonti
et al. 2021; Cole et al. 2023), Bayesian optimization (Shahri-
ari et al. 2015; Imani and Ghoreishi 2020), contour identifica-
tion (Ranjan, Bingham, and Michailidis 2008), or more recently
in Bayesian calibration (Kennedy and O’Hagan 2001; Ezzat,
Pourhabib, and Ding 2018; Sürer, Plumlee, and Wild 2024) or
in multi-fidelity surrogate modeling (Stroh et al. 2022). Most
common approaches include criteria based on the maximization
of the information gain (Shewry and Wynn 1987), D-optimal
criteria based on the minimization of the covariance matrix
determinant of the estimated parameters (de Aguiar et al. 1995;
Osio and Amon 1996; Mitchell 2000; Wang et al. 2006) or
designs minimizing a functional of the mean squared prediction
error (MSPE) (Kleijnen and Beers 2004). We also highlight
Maximum Mean Squared Error (MMSE) designs, which select
the training point that maximizes the mean squared predictive
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error (Liu, Ong, and Cai 2018; Jin, Chen, and Sudjianto 2002).
This design is also known as an Active Learning MacKay (ALM)
design (MacKay 1992; Gramacy and Lee 2009). Weighted inte-
grated MSPE optimal designs have been used to improve surro-
gate models and outperform traditional LHS sampling (Picheny
et al. 2010). In Bayesian inverse problems, sequential design
strategies have been investigated to produce estimators for the
inverse problem likelihood (Sinsbeck, Cooke, and Nowak 2021)
or the Bayesian model evidence (Sinsbeck and Nowak 2017) to
provide insight on model selection. In Li and Marzouk (2014),
the design points for the surrogate model are obtained iteratively
from variational posterior distributions designed to minimize
the Kullback-Leibler divergence with the true posterior.

In this article, two novel sequential design strategies named
Inverse Problem SUR (IP-SUR) and Constraint Set Query
(CSQ) are introduced for Gaussian process surrogate models in
Bayesian inverse problems. The first one is an objective-oriented
design based on the Stepwise Uncertainty Reduction (SUR)
paradigm applied to the posterior-weighted integrated MSPE. It
is shown to be tractable for GP surrogates. Its integration into the
SUR paradigm makes it easily interpretable. Moreover, it is sup-
ported by a theoretical guarantee of almost sure convergence of
the metric of uncertainty, which is rarely obtained for sequential
design strategies. The CSQ design is a simpler strategy adapted
from MMSE design strategies. It provides a more accessible
design, though it lacks the convergence guarantee of IP-SUR.
Overall, the two sequential design strategies presented in this
work are complementary. CSQ appears more computationally
efficient for higher dimensions because it circumvents the
need for intermediate Monte Carlo Markov Chain (MCMC)
samplings, whereas IP-SUR offers greater theoretical rigor.
We insist that the proposed strategies be used to fine-tune a
surrogate to a given inverse problem. They should not be used
for the initial construction of a surrogate. For this task, space-
filling or criterion-based designs, such as MMSE designs, are
more relevant.

The following section presents the fundamentals of Gaussian
process regression, Bayesian inverse problems, and SUR designs.
Then, we present our two methods and develop the theoretical
foundations of the IP-SUR strategy. Finally, we apply our strate-
gies to several test cases and compare them to other designs
(MMSE, Bayes risk minimization).

2. Bayesian Inverse Problems

2.1. Problem Statement

Consider the following inverse problem. We would like to iden-
tify some parameters x ∈ X ⊂ R

p based on the observations
of some vectorial quantity y ∈ R

d. The link between the inputs
x and the outputs y is provided by a forward model f : X −→
R

d. Assume that we are given some noisy observations of the
forward model in the form of an N×d matrix Y = (yk)1≤k≤N for
N ≥ 1. Throughout this work, vectors are denoted by bold letters
and matrices by bold capital letters. We would like to estimate
the parameters x and quantify the uncertainty associated with
this estimation. The traditional approach is to solve the inverse
problem in a Bayesian framework (Scales and Tenorio 2001;
Dashti and Stuart 2017).

In the Bayesian paradigm, the inputs x and the outputs y
are considered random vectors, and the goal is to estimate the
posterior distribution p( · |Y), which is the probability distribu-
tion of the inputs x conditioned by the noisy observations Y of
the outputs. We assume the observations are independent and
identically distributed with zero-mean Gaussian noise:

yk = f(x) + εk with εk ∼ N (0, Cobs) (1)

for 1 ≤ k ≤ N, and where Cobs is the d × d covariance matrix of
the observations.

Let x ∈ X . The posterior distribution density p(x|Y) can be
expressed with Bayes’ theorem as the product of a prior distri-
bution with density p(x) and an analytically tractable likelihood
L(Y|x):

p(x|Y) ∝ p(x)L(Y|x) ∝ p(x) exp

(
−1

2

N∑
k=1

‖yk − f(x)‖2
Cobs

)

where the notation ‖a‖2
C = aTC−1a refers to the Mahanalobis

norm, for any vector a ∈ R
d and positive definite matrix C of

size d × d. The prior p( · ) is chosen by the user directly. It
can incorporate expert knowledge or information from other
observations. It can also be taken as mostly non-informative
(Jeffreys 1946; Ghosh 2011; Consonni et al. 2018).

Given a normalized or non-normalized expression of the
posterior density, the posterior distribution can be sampled with
MCMC methods. MCMC algorithms produce ergodic Markov
chains whose invariant distribution is the target posterior distri-
bution. MCMC methods eliminate the need to evaluate the mul-
tiplicative constant

∫
p(x′)L(Y|x′)dx′, which is often intractable.

However, the Bayesian approach requires many calls to the
forward model f . For real-world applications, the forward model
is often given by experiments or by complex computer codes.
Thus, obtaining the posterior distribution is often too computa-
tionally expensive. In some cases, an analytical forward model
can be found given strong assumptions, but it comes with a
systematic bias that needs to be accounted for, lest the posterior
distribution be inaccurate. A way to circumvent these obstacles
is to rely on surrogate models.

2.2. Gaussian Process Surrogate Models

In this work, we consider Gaussian Process (GP) surrogate mod-
els because GPs provide a simple framework to quantify model
uncertainty while having a simple and explicit predictive distri-
bution. We briefly recall the basic concepts of GP surrogates. For
a comprehensive review on the subject, we refer to Williams and
Rasmussen (2006) and Gramacy (2020).

Let X ⊂ R
p be an index set. A Gaussian process z is

a stochastic process such that for any finite collection X =
(x1, . . ., xn) ∈ X n with n ≥ 1, the random vector z(X) =
(z(x1), . . ., z(xn)) of size n follows a multivariate normal distri-
bution. The distribution of a scalar-valued Gaussian process is
entirely determined by its mean function m : X −→ R and
its positive definite covariance function k : X × X −→ R. In
this work, we are considering multi-output GP models. These
models are built with the Linear Model of Coregionalization
(LMC) introduced in Bonilla, Chai, and Williams (2007). LMC
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models allow correlations across outputs to be modeled with a
linear combination of independent latent GPs. They produce
a vectorial mean function m : X → R

d and a multi-output
covariance function K : X ×X → Md(R) where Md(R) is the
set of real-valued square matrices of size d × d. Throughout this
work, a multi-output GP with mean function m and covariance
function K is denoted by z ∼ GP

(
m(x), K(x, x′)

)
. It refers to a

d-dimensional vector-valued random function here.
Consider a collection of inputs X ∈ X n and a multi-output

GP z ∼ GP
(
0, K(x, x′)

)
. The distribution of the GP for the

inputs X is written as

z(X) ∼ N (0, K(X, X))

where K(X, X) is a nd × nd block matrix whose constitutive
blocks are given by K(xi, xj) for 1 ≤ i, j ≤ n. Here z(X) is
defined as a random vector of size nd where the ith block of
length d contains the vector-valued output for input location xi
for 1 ≤ i ≤ n.

Gaussian processes can be used to introduce a prior on
a functional space. The covariance function defines the class
of random functions represented by the GP prior. Standard
covariance kernels are the stationary RBF and Matérn kernels.
Depending on the expected properties of the target function
(periodicity, regularity,…), various classes of covariance kernels
can be used. The mean function is more straightforward and is
often set to a constant, though more advanced approaches exist
to improve the performance of the GP surrogate (Schobi, Sudret,
and Wiart 2015). GP-based surrogate models are widely used
as predictor models in uncertainty quantification because they
provide predictive means and covariances that are analytically
tractable and rely only on matrix products and inversions. Sup-
pose we are given a training set of n ≥ 1 input–output pairs
(X, Z) with X = (x1, . . ., xn) a matrix of size n × p and Z =
(z1, . . ., zn) a matrix of size n × d. The zi are given by calls to the
forward model. For any x ∈ X , we write the posterior predictive
distribution of the GP model as a d-dimensional random vector
whose distribution is

z(n)(x) ∼ N (mn(x), Kn(x)) (2)

where

mn(x) = K(x, X)K(X, X)−1Z
Kn(x) = K(x, x) − K(x, X)K(X, X)−1K(x, X)T .

Here K(x, X) is a block matrix of size d×nd with blocks K(x, xi)
for 1 ≤ i ≤ n and we recall that K(X) is a block matrix of size
nd × nd with blocks K(xi, xj) for 1 ≤ i, j ≤ n. We also introduce
the matrix Kn(x, x′) of size d × d. It encodes the covariances
between outputs at x and x′:

Kn(x, x′) = K(x, x′) − K(x, X)K(X, X)−1K(x′, X)T . (3)

The hyperparameters of the GP model are the latent covari-
ance kernels’ hyperparameters and the linear combination coef-
ficients in the LMC model. For stochastic computer codes, we
may add one hyperparameter per output dimension, which is
known as the nugget noise level. The hyperparameters are tuned
by maximization of the log-marginal likelihood log p(Z|X) with

gradient-descent type methods (Byrd et al. 1995). The log-
marginal likelihood is given by:

log p(Z|X) = −nd
2

log(2π) − 1
2

log |K(X, X)|

− 1
2

ZTK(X, X)−1Z (4)

where |K(X, X)| is the determinant of the matrix K(X, X).

2.3. Surrogate Models in Bayesian Inverse Problems

How are GP surrogates used in practice in Bayesian inverse
problems? Starting from the consideration that the forward
model f is too costly, one can build a GP surrogate with some
training data (X, Z) obtained by calls to the function f . We wish
to obtain a posterior distribution p( · |Y) given some noisy
observations Y defined in (1). The objective is then to include
the predictive distribution of the GP model in the likelihood of
the inverse problem.

The uncertainties in the inverse problem resolution can be
split between the aleatoric uncertainty, linked to the noise of
the observations Y, and the epistemic uncertainty, which is the
uncertainty of the surrogate model itself (Lartaud, Humbert, and
Garnier 2023). The two sources of uncertainty are independent
from one another, thus, one can express the observations as
noisy predictions of the GP predictive mean, with two indepen-
dent sources of errors:

yk = mn(x) + η(x) + εk

where η(x) ∼ N (0, Kn(x)) and εk ∼ N (0, Cobs) are d-
dimensional random vectors representing respectively the epis-
temic and aleatoric uncertainty terms.

This formulation expresses the idea that the observations are
independent with respect to the observation noise, but are all
linked together by the surrogate model error. The inverse prob-
lem can thus be solved by computing a posterior distribution
pn( · |Y) with a new likelihood that accounts for both sources of
uncertainties:

pn(x|Y) ∝ Ln(Y|x)p(x) ∝ |Cn(x)|−1/2

× exp
(

−1
2
‖y − mn(x)‖2

Cn(x)

)
p(x) (5)

with Cn(x) = Kn(x) + 1
N Cobs an effective covariance matrix of

size d × d and y = 1
N

N∑
k=1

yk ∈ R
d. This posterior distribution

quantifies both the uncertainties from the observations and
the uncertainties of the surrogate model. It can be sampled by
standard MCMC techniques.

2.4. Stepwise Uncertainty Reduction

The Stepwise Uncertainty Reduction (SUR) paradigm was
introduced in Bect et al. (2012) and Villemonteix, Vazquez,
and Walter (2009). It serves as a general-purpose theoretical
framework for the design of computer experiments. SUR strate-
gies seek to iteratively select new design points that minimize
a given metric of uncertainty. The main advantage of SUR is to
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provide a theoretical foundation for many sequential design
strategies. For instance, the SUR paradigm is applicable in
Bayesian optimization with the efficient global optimization
algorithm (EGO) (Jones, Schonlau, and Welch 1998; Snoek,
Larochelle, and Adams 2012) or in reliability analysis (Chevalier
et al. 2014; Bect, Li, and Vazquez 2017). Before diving into
our contribution, we provide a brief introduction to the SUR
framework in this section. In everything that follows, we will
consider Gaussian processes with continuous sample paths. A
comprehensive description of the SUR paradigm is provided in
Section 1 of the supplementary material. It highlights the formal
definition of SUR designs with random Gaussian measures and
recalls the main convergence theorem stated in Bect, Bachoc,
and Ginsbourger (2019), which is based on a supermartingale
property for the uncertainty function. For the sake of clarity, this
section describes only the essential information. The interested
reader may refer to this supplementary material for further
details.

SUR strategies are sequential design strategies constructed
to minimize the expectation of a quantity of interest, known
as an uncertainty functional Hn, to select a new design point
xn+1 ∈ X . The quantity Hn depends on the training inputs
(x1, . . ., xn) and outputs (z1, . . ., zn) up to iteration n. At iteration
n + 1 , Hn+1(xn+1, zn+1) depends on the new training location
xn+1 and the yet unknown output zn+1.

SUR strategies are obtained by minimizing the expectation
of the quantity Hn+1(xn+1, zn+1) where zn+1 ∼ z(n)(xn+1).
In other words, the unknown output is assumed to follow the
predictive distribution of the GP model at iteration n.

Definition 2.1. A SUR sequential design for the uncertainty
functional Hn is defined as a sequential design such that for all
n ≥ n0 with n0 a given integer:

xn+1 ∈ argminx∈XE

[
Hn+1(x, z(n)(x))

]
where the expectation is taken with respect to the distribution

of z(n)(x), that is the conditional distribution of z(x) given{
z(xj) = zj, 1 ≤ j ≤ n

}
, which is given in (2).

The definition of Hn depends on the task. For example, in
the SUR framework, the integrated mean squared prediction
error takes the form Hn = ∫

X |Kn(x′)|p(x′)dx′. More generally,
Bect, Bachoc, and Ginsbourger (2019) showed the almost-sure
convergence of the quantity Hn to zero, given some assumptions
on Hn presented in Section 1 of the supplementary material.

3. Sequential Design for Bayesian Inverse Problems

Let us get back to the main problem at stake here, which is
the Bayesian resolution of an ill-posed inverse problem. In this
work, the following question is asked. Given a limited compu-
tational budget, how can new design points be added to train
the surrogate model? In this section, a first strategy based on an
MMSE design criterion is presented, and then a second approach
based on the SUR paradigm for a well-chosen metric of uncer-
tainty is derived. This new strategy, named IP-SUR (Inverse
Problem SUR), is shown to be tractable for GP surrogates and is
supported by a theoretical guarantee of almost sure convergence
to zero for the metric of uncertainty.

3.1. An Introductory Example

In this section, we consider a scalar inverse problem to high-
light some limitations of standard design strategies. As usual,
consider a GP surrogate we wish to improve with a few model
calls. Several design strategies can be carried out, such as MMSE
designs or I-optimal designs (Antognini and Zagoraiou 2010).
MMSE designs select a new training point where the predictive
variance of the GP surrogate is maximal. On the other hand,
the goal of I-optimal designs is to minimize the integrated mean
squared prediction error (IMPSE) at the next iteration. However,
these methods do not account for the posterior distribution and
may choose points that lie far from the posterior distribution.
Although they may improve the surrogate, such design points
are not valuable in this context. If they are in regions of low
posterior densities, the improvements to the surrogate model
will not be reflected in the MCMC sampling.

To illustrate the previous remark, we consider a toy example
in which the forward model is a parabolic function f (x) = x2

2
for x ∈ R. We act as if this forward model were a complex
computer code and replace it with a surrogate model. Given one
observation of the model y = f (xth) + ε, with xth = 3 and
ε ∼ N

(
0, 0.52) we evaluate the posterior distribution p(x|y)

using the surrogate model. Then, we add two new design points
with various design strategies. The newly added design points
are plotted in Figure 1, along with the posterior density obtained
by MCMC and the GP prediction. Between the first and second
iterations, the training point selected by the IP-SUR strategy is
added to the model.

The strategies investigated in this illustrative example are
MMSE, I-optimal, and the two strategies proposed in this article,
named CSQ and IP-SUR. They are presented respectively in
Sections 3.2 and 3.3.

In this illustrative example, the two proposed strategies select
points for which both the posterior density and the model
uncertainty are large. On the other hand, MMSE and I-optimal
strategies do not account for the posterior density and thus select
points that may not improve the inverse problem resolution,
because these points are selected in regions of low posterior
density.

3.2. Constraint Set Query

Our first idea is to adapt MMSE design strategies to Bayesian
inverse problems. To improve the surrogate in regions of high
posterior density, the next training point xn+1 ∈ X can be cho-
sen to maximize the determinant of the predictive covariance
matrix on a well-chosen subset B ⊂ X :

xn+1 ∈ argmaxx∈B |Kn(x)|. (6)

How can we choose B? One could try to force the newly chosen
design points to have a posterior density close to the density of
the maximum a posteriori (MAP) x(n)∗ defined by:

x(n)∗ ∈ argmaxx∈X pn(x|Y).

Then for any h ∈ R+ one can define the subset Bn(h) such as

Bn(h) =
{

x ∈ X | log pn
(

x(n)∗ |Y
)

− log pn(x|Y) ≤ h
}

. (7)
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Figure 1. Example of two iterations of various design strategies. The GP mean and 95 % credible interval are plotted in red. The posterior density obtained by MCMC is
plotted in blue. The vertical black lines represent the four points determined by the four different strategies. For the first iteration, the training points selected by IP-SUR
and CSQ are very close, thus, the vertical lines overlap.

To get an intuition of the influence of h, let us look at the
acceptance probability αn(x, x′) for a jump from point x to x′ in
the context of Metropolis-Hastings sampling with a symmetric
proposal distribution:

αn(x, x′) = min
{

1,
pn(x′|Y)

pn(x|Y)

}
= min

{
1,

Ln(Y|x′)p(x′)
Ln(Y|x)p(x)

}
.

Then Bn(h) =
{

x ∈ X | log αn(x(n)∗ , x) ≥ −h
}

=
{

x ∈ X |αn(x(n)∗ , x) ≥ e−h
}

. Thus, e−h for h ∈ R+ represents
the lowest possible acceptance probability of a Metropolis-
Hastings jump from the MAP to x ∈ Bn(h). The CSQ method
requires solving the optimization problem (6). This is done
with the dual annealing algorithm (Xiang et al. 1997). The
choice of a log-decreasing temperature scheme in the annealing
algorithm guarantees that the Markov chain asymptotically
reaches any neighborhood of the set of minima of the function
to optimize (Bohachevsky, Johnson, and Stein 1986; Locatelli
2000).

This constraint set query (CSQ) method is a simple approach
for active learning in the context of Bayesian inverse problems.
It can be understood as an MMSE sequential design strategy
restricted to a subset of the domain. We could also rely on
maximizing the trace of the predictive covariance instead of the
determinant. However, the strong correlations across outputs in
our application point toward the use of the determinant. Using
the trace would neglect those correlations. The CSQ method
offers a simple framework for the refinement of a GP surrogate
model. It can be easily implemented for a large variety of tasks,
such as reliability analysis or model calibration. The simple
criterion offers the same intuitive framework as the MMSE (or
ALM) design. The MMSE design tends to select points on the
boundary of the design space, which is not the case with the CSQ
design. Additionally, the CSQ strategy accounts for correlations
across output channels. The main downside of the CSQ method
is the addition of the hyperparameter h. Despite being easily
interpretable, no rigorous selection criterion for h is available.
Finally, contrary to the majority of design strategies, our CSQ
strategy is tailored to the given task, which is the resolution of
an inverse problem in this article. Note that the same framework
could be easily applied to a calibration task.



 

585
586
587
588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643

644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701
702

6 P. LARTAUD, P. HUMBERT, AND J. GARNIER

3.3. Inverse Problem SUR (IP-SUR) Strategy

Now, let us use the SUR framework to derive a second sequential
design well-suited for Bayesian inverse problems. We introduce
the quantity Hn defined by:

Hn =
∫
X

|Kn(x′)|pn(x′|Y)dx′. (8)

This quantity is a weighted integrated Mean Squared Prediction
Error (weighted IMSPE). The weight is the posterior density
pn(x′|Y), which focuses the attention on the region of interest
for the inverse problem.

At iteration n + 1, we add a new design point at xn+1. The
quantity Hn+1 then depends on xn+1 and the unknown output
zn+1. We want to write a SUR design for this quantity. We would
like to take a new design point xn+1 such that we minimize the
expectation of Hn+1:

xn+1 ∈ argminx∈XE

[
Hn+1(x, z(n)(x))

]
However, building a sequential design with (Hn)n≥0 leads to
a technical difficulty. The SUR criterion is not tractable. The
reason lies in the normalization constant κn of the posterior
distribution defined by:

κn =
∫
X

p(x′)Ln(Y|x′)dx′. (9)

At iteration n + 1, this normalization constant κn+1 depends
on zn+1 and the expectation of Hn+1 cannot be easily evaluated.
To overcome this difficulty, we introduce the sequence (Dn)n≥0
defined by:

Dn = κn × Hn. (10)

We modify our objective, and now we seek to write a SUR
design for this quantity. We will show that the expectation of
Dn+1(x, z(n)(x)) is simpler to evaluate, and that we can obtain
the convergence of (Hn)n≥0 to zero with this design.

Consider a new training point (x, z). For x′ ∈ X , the updated
mean and covariance functions of the newly conditioned GP are:

mn+1(x′|x, z) = mn(x′) + Kn(x′, x)Kn(x)−1(z − mn(x)) (11)

Kn+1(x′|x) = Kn(x′) − Kn(x′, x)Kn(x)−1Kn(x′, x)T (12)

where Kn(x, x′) is defined in (3). When adding a new training
point (x, z), the quantity of interest becomes:

Dn+1(x, z) =
∫
X

|Kn+1(x′|x)|Ln+1(Y|x′, x, z)p(x′)dx′

where Ln+1(Y|x′, x, z) is the updated likelihood obtained from
(5) by replacing mn(x′) and Kn(x′) by mn+1(x′|x, z) and
Kn+1(x′|x) using (11) and (12).

Following a SUR design, we seek to minimize the expectation
of Dn+1(x, z(n)(x)). To that end, we introduce

Fn(x) = E

[
Dn+1(x, z(n)(x))

]
.

We recall that z(n)(x) ∼ N (mn(x), Kn(x)). The SUR strategy
associated to the sequence (Dn)n≥0 is thus given by:

xn+1 ∈ argminx∈X Fn(x). (13)

This criterion defines the IP-SUR strategy. We can claim
the IP-SUR strategy is interesting if we can solve the following
two problems. First, we need to make sure the quantity Fn(x)

can be evaluated (up to a multiplicative constant) to solve (13).
Otherwise, a suitable approximation should be used as is done
in Zhang, Lin, and Ranjan (2019) for an expected improvement
criterion, for example. Second, we need to show the convergence
of (Hn)n≥0 for that particular design. This second goal is inter-
esting as the quantity Hn is the posterior-weighted predictive
covariance determinant. If this quantity goes to zero, the sur-
rogate model uncertainty on the posterior distribution goes to
zero. This means the predictive uncertainties tend to zero in the
region of interest for our inverse problem resolution.

We start by computing Fn(x). Since in our work, we have
access to an ergodic Markov chain for the posterior distribution,
we want to write Fn(x) as an expectation with respect to this
posterior and use the ergodicity of the chain to evaluate the
expectation.

Proposition 3.1. The quantity Fn(x) is given for x ∈ X by:

Fn(x) = κn ×
∫
X

|Kn+1(x′|x)|pn(x′|Y)dx′

=
∫
X

|Kn+1(x′|x)|Ln(Y|x′)p(x′)dx′. (14)

Proof. The proof is given in Section 2 of the supplementary
material.

The SUR strategy is unchanged when multiplying by a con-
stant (i.e., a quantity independent of x). The criterion (13) is thus
equivalent to the criterion:

xn+1 ∈ argminx∈X
Fn(x)

κn
.

With (14), we show that this new criterion boils down to an
optimization problem where the target function Fn(x)

κn
can be

evaluated by:

Fn(x)

κn
� 1

L

L∑
l=1

|Kn+1(x̃(n)

l |x)|

where (x̃(n)

l )1≤l≤L is an ergodic Markov chain whose invariant
distribution is the posterior pn( · |Y). This Markov chain can be
obtained by standard MCMC sampling methods. Once again,
the dual annealing algorithm is used to solve the optimization
problems.

Therefore, we showed that the SUR criterion is tractable.
Then, let us investigate the convergence of (Hn)n≥0. Theorem
3.12 in Bect, Bachoc, and Ginsbourger (2019) is our main tool
to prove the convergence. This theorem is presented in the
supplementary material.

Theorem 3.1. Consider the uncertainty functional Hn defined
in (8) and a SUR sequential design (xn)n≥1 given by the strat-
egy (13), associated to the functional Dn. Then, the sequence
(Hn)n≥0 converges almost surely to 0:

Hn
a.s.−−−−→

n→+∞ 0.
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Proof. The proof is given in Section 2 of the supplementary
material.

Remark. Theorem 3.12 from Bect, Bachoc, and Ginsbourger
(2019) can be extended to quasi-SUR sequential design, as stated
by Bect, Bachoc, and Ginsbourger (2019). (xn)n≥1 is a quasi-
SUR sequential design if there exists a sequence (εn)n≥1 of non-
negative real numbers such that εn

n→+∞−−−−→ 0, and if there exists
n0 ∈ N such that (xn)n≥1 verifies Fn(xn+1) ≤ infx∈X Fn(x)+εn
for all n ≥ n0. Thus, the almost sure convergence proven in
Theorem 3.1 is also valid for quasi-SUR designs.

This remark is crucial for numerical applications since the
annealing process in finite time for the optimization step reaches
only a neighborhood of the global optimum. The convergence
theorem for the quasi-SUR designs is more flexible in that regard
and provides more robustness for numerical applications.

Equation (14) and Theorem 3.1 are the foundation for the IP-
SUR method. The IP-SUR design thus provides an interpretable
design strategy to fine-tune surrogate models in the form of
the likelihood-weighted criterion in (13). It is a goal-specific
strategy since we provide design points in regions of high pos-
terior density, within the resolution of an inverse problem. We
make sure the new design points are relevant by merging the
adaptive design with the inverse problem resolution, at the cost
of intermediate MCMC sampling. The IP-SUR design offers an
exploitation/exploration tradeoff that is not dependent on addi-
tional hyperparameters Singh, Deschrijver, and Dhaene (2013)
or arbitrary rules (Lin et al. 2004; Crombecq et al. 2011). This
design is valid for any GP surrogate models and does not need
stationarity, contrary to Beck and Guillas (2016), and could be
extended to nonstationary GP models (Gramacy and Lee 2008).
The convergence guarantee is a supplementary result hinting at
good asymptotic properties. This last part is important, consid-
ering we seek to fine-tune surrogate models. Even with a large
density of training points, the inherent exploration/exploitation
tradeoff of IP-SUR guarantees improvements to the surrogate
model posterior-weighted MSE.

4. Application

4.1. Set-Up and Test Cases

The IP-SUR strategy presented in this article is applied to various
test cases for different shapes of posterior distributions and is
then compared to the CSQ approach described in Section 3.2, to
MMSE and I-optimal designs, and to a state-of-the-art sequen-
tial design based on Bayes risk minimization. These applications
rely on multi-output Gaussian process surrogate models. In the
first two test cases, we are considering simple test cases in two
dimensions. In the last test case, the strategies are applied to
a more difficult example taken from neutron noise analysis, a
technique whose goal is to identify fissile material from mea-
surements of temporal correlations between neutrons.

In everything that follows, the forward model is always con-
sidered too costly to be called directly and is replaced by a
GP surrogate. The observations of the forward model are noisy
with a known noise covariance Cobs. The multi-output Gaussian
process surrogate model is based on the Linear Model of Core-

gionalization described in Bonilla, Chai, and Williams (2007).
To build this surrogate model, a training dataset of n0 = 10
input–output pairs (X, Z) is accessible. The surrogate model
predictive distribution obtained is denoted z(0). For the third
case, which is in a higher dimension, we start with n0 = 20.
These initial training sizes are deliberately low compared to the
standard rule of thumb of n0 � 10×d in order to better highlight
the improvements of the surrogate models involved. This initial
surrogate model is our starting point from which a sequential
design is built. At each iteration, a new design point is acquired
with the tested strategies, and the GP predictive distribution is
updated to z(n). The posterior distribution density obtained with
the initial GP is denoted p0(x′|Y), and after n ≥ 1 iterations, the
new posterior distribution is pn(x′|Y). Similarly, L0(Y|x′) and
Ln(Y|x′) are the initial and updated likelihoods in the inverse
problem.

At each iteration, a new Markov chain (x̃(n)

l )1≤l≤L is gen-
erated with L = 2 × 105 with the Adaptive Metropolis algo-
rithm of Haario, Saksman, and Tamminen (2001). The prior
in the inverse problem is always uniform on the input domain
X . To compare the different approaches for sequential design,
performance metrics are needed. The first obvious choice is the
weighted IMPSE (WIMPSE) as introduced in (8). The iterative
values Hn of the metric are evaluated for each iteration. The
next metric considered is the differential entropy of the posterior
distribution:

Sn = −
∫
X

pn(x′|Y) log pn(x′|Y)dx′.

Because we have access to ergodic Markov chains (x̃(n)

l )1≤l≤L
and the prior is uniform, the differential entropy can be esti-
mated by:

Sn � Ŝn = − 1
L

L∑
l=1

log pn(x̃(n)

l |Y)

where the posterior densities are obtained from kernel density
estimation using the MCMC samples.

The other performance metric considered is the Kullback-
Leibler (Kullback and Leibler 1951) divergence
KL

[
pn( · |Y)‖p∞( · |Y)

]
between a posterior pn( · |Y) and a

reference posterior distribution p∞( · |Y) obtained from a GP
surrogate z(∞) trained with infinitely many data points. For
the numerical applications, we do not have access to p∞. We
compare pn( · |Y) with the posterior obtained with a well-trained
GP p1000( · |Y) instead. We thus define:

dn = KL
[
pn( · |Y)‖p1000( · |Y)

]
=

∫
X

pn(x′|Y) log
(

pn(x′|Y)

p1000(x′|Y)

)
dx′.

To estimate the KL, the ergodicity of the Markov chain is used
once again, in combination with the kernel density estimates for
the posterior densities:

dn � d̂n = 1
L

L∑
l=1

log

(
pn(x̃(n)

l |Y)

p1000(x̃(n)

l |Y)

)
.

To avoid introducing bias, the samples x̃(n)

l used to evaluate
performance metrics should be independent of those used in the
design strategies. However, using the same samples did not lead
to any change in the final results.
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Figure 2. Banana-shaped target posterior distribution.

4.1.1. Banana Posterior Distribution
In this first test case, the target posterior distribution has a
banana shape as displayed in Figure 2.

This posterior distribution is similar to the one introduced
in Sürer, Plumlee, and Wild (2024) and is described by the
following analytical forward model:

fb : Xb −→ R
2

x = (x1, x2) �−→ (x1, x2 + 0.03x2
1)

where Xb = [−20, 20] × [−10, 10] ⊂ R
2. For a single

observation y = (y1, y2), the posterior has the density:

pb(x|y) ∝ exp
(

−1
2

(x1 − y1)
2

100
− 1

2
(
x2 + 0.03x2

1 − y2
)2

)
.

The observations Y = (y(k))1≤k≤N are generated with N = 5
and such that for 1 ≤ k ≤ N we have y(k) ∼ N (μ, Cobs) with
μ = (0, 3) and:

Cobs =
(

100 0
0 1

)
.

4.1.2. Bimodal Posterior Distribution
In this second test case, the target posterior is bimodal as plotted
in Figure 3. The corresponding forward model is fm defined by:

fm : Xm −→ R
2

x = (x1, x2) �−→ (x2 − x2
1, x2 − x1)

where Xm = [−6, 6] × [−4, 8] ⊂ R
2. For a single observation

y = (y1, y2), the posterior has the density:

pm(x|y) ∝ exp

(
−

√
0.2

10
(x2 − x2

1 − y1)
2

−
√

0.75
10

(
x2 + 0.03x2

1 − y2
)2

)
.

Figure 3. Bimodal target posterior distribution.

The observations Y = (y(k))1≤k≤N are generated with N = 10
and such that for 1 ≤ k ≤ N we have y(k) ∼ N (μ, Cobs) with
μ = (0, 2) and:

Cobs =
( 5√

0.2 0
0 5√

0.75

)
.

4.1.3. A Practical Application to Neutron Noise Analysis
Now let us consider an example taken from a practical problem
in neutron noise analysis (Pázsit and Pál 2007). In this appli-
cation, the forward model is the analytical approximation of a
more complex forward model, which involves a full 3D neutron
transport model.

Let us consider the following problem. Let fp : Xp �→ R
3

be the analytical forward model defined in Section 4 of the
supplementary material, with Xp ⊂ R

4. Let Y = (yk)1≤k≤N
be the N = 20 noisy observations of the forward model:

yk = fp(xth) + εk with εk ∼ N (0, Cobs)

where xth ∈ Xp is the true value of the inputs. The domain of
interest for the input parameters is

Xp = [0.7, 0.9] × [0.01, 0.10] × [1 × 105, 2 × 105] × [0.1, 0.9].
Some two-dimensional marginals of the posterior distribution
p1000 obtained with a well-trained GP are shown in Figure 4.

This posterior distribution is more difficult to sample as it is
concentrated close to a one-dimensional manifold subspace in
the four-dimensional parameter space. The decorrelation time
τ is significantly larger, as can be seen in Section 3 of the sup-
plementary material, which presents MCMC diagnostics. Thus,
the number of MCMC samples is increased to 4 × 105 iterations
per run for that specific test case.



 

939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971
972
973
974
975
976
977
978
979
980
981
982
983
984
985
986
987
988
989
990
991
992
993
994
995
996
997

998
999
1000
1001
1002
1003
1004
1005
1006
1007
1008
1009
1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056

TECHNOMETRICS 9

Figure 4. Two-dimensional marginal distributions from the target posterior distribution in the neutron noise analysis case study with x = (kp , εF , S, xs).

Figure 5. Mean evolution and 95% confidence intervals of the performance metrics over 20 iterations of the CSQ, IP-SUR, MMSE, and I-optimal design strategies, replicated
for 100 experiments—Banana test case.

Table 1. Average running times (in seconds) for one iteration of the various strate-
gies, on each of the test cases.

CSQ IP-SUR MMSE I-optimal Sinsbeck et al.

Banana case 16 235 3 136 180
Bimodal case 14 265 2 92 156
Neutronic case 18 1676 16 440 1235

4.2. Results

The IP-SUR sampling strategy and the CSQ method both
require solving an optimization problem with a non-convex
function. We recall that the optimization problems are solved
with the dual annealing algorithm as implemented in scipy. The
same is true for the other strategies. The IP-SUR strategy and
the CSQ method are applied iteratively 20 times to produce
new design points. For the CSQ strategy, the hyperparameter h
introduced in (7) is set to h = 3. The influence of h is discussed
afterward.

The evolutions of the performance metrics are plotted in
Figures 5–7 for all tested strategies. The empirical 95% confi-
dence interval for each metric and strategy is also displayed. The
confidence intervals were obtained by running the numerical
experiment 100 times in parallel.

Both the CSQ and SUR strategies perform better than
the MMSE and I-optimal designs, which tend to target away

from the posterior distribution. This increased performance
is especially noticeable in the bimodal case and in the higher-
dimensional situation of the neutronic test case.

Based on these results, one could argue that the CSQ strategy
can be situationally better as it is easier to set up while pro-
viding similar performance in the end. However, two counter-
arguments can be pointed out. First of all, the IP-SUR strat-
egy does exhibit a guarantee for the convergence of the inte-
grated variance, which offers a strong theoretical foundation.
Besides, though the acquisition function in the IP-SUR strategy
is more computationally intensive, the method does not rely
on the prior setting of an arbitrary hyperparameter, while the
CSQ design is based on the hyperparameter h ∈ R+ intro-
duced in the definition of the bounding set Bn(h) in (7). This
hyperparameter quantifies how far away from the MAP the
optimization problem can search. The choice of this hyperpa-
rameter can impact quite drastically the performance of the
sequential design. A lower value leads to a more constrained
set and thus an easier optimization problem. However, the new
design points are confined to a smaller region of the parameter
space.

To investigate the influence of h, the CSQ strategy is
used once again to provide 20 new design points for varying
values of h ∈ {1, 2, 3}. The performance metrics obtained
for the banana-shaped and bimodal posterior distributions
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Figure 6. Mean evolution and 95% confidence intervals of the performance metrics over 20 iterations of the CSQ, IP-SUR, MMSE, and I-optimal design strategies, replicated
for 100 experiments—Bimodal test case.

Figure 7. Mean evolution and 95% confidence intervals of the performance metrics over 20 iterations of the CSQ, IP-SUR, MMSE, and I-optimal design strategies, replicated
for 100 experiments—Neutronic test case.

Figure 8. Mean evolution and 95% confidence intervals of the performance metrics over 20 iterations of the CSQ strategy for h ∈ {1, 2, 3}, replicated for 100 experiments—
Banana test case.

are shown respectively in Figures 8 and 9. One can see that
for h = 1, the design is significantly worse. We recall that
all the previous test cases were conducted with h = 3,
which provides the best results among the selected values.
However, the optimal choice of h is likely dependent on the
application and cannot be found easily. For this reason, the
IP-SUR strategy presented in this work seems superior as it

does not carry the burden of the selection of a hyperparame-
ter.

Finally, let us compare the performance of our IP-SUR
method with the design strategy introduced in Sinsbeck and
Nowak (2017). This sequential design strategy is based on the
minimization of the Bayes risk with respect to a loss function
measuring the variance of the likelihood estimate with the
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Figure 9. Mean evolution and 95% confidence intervals of the performance metrics over 20 iterations of the CSQ strategy for h ∈ {1, 2, 3}, replicated for 100 experiments—
Bimodal test case.

Figure 10. Mean evolution and 95% confidence intervals of the performance metrics over 20 iterations of the CSQ, IP-SUR and Sinsbeck et al. strategy—Banana test case.

Figure 11. Mean evolution and 95% confidence intervals of the performance metrics over 20 iterations of the CSQ, IP-SUR and Sinsbeck et al. strategy—Bimodal test case.

surrogate model. The same performance metrics are used for
comparison.

The evolutions of the performance metrics are displayed in
Figures 10–12 for each test case. The two methods offer overall
similar performance with regard to the performance metrics
investigated for the banana and neutronic cases. For the bimodal
case, however, our methods seem more reliable. Besides, the
IP-SUR is backed by a convergence guarantee, which is not

the case for the method of Sinsbeck et al. For the latter, the
supermartingale property seems unreachable.

5. Conclusion

This work presents two new sequential design strategies to
build efficient Gaussian process surrogate models in Bayesian
inverse problems. These strategies are especially important for
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Figure 12. Mean evolution and 95% confidence intervals of the performance metrics over 20 iterations of the CSQ, IP-SUR and Sinsbeck et al. strategy—Neutronic test case.

cases where the posterior distribution in the inverse problem
has thin support or is high-dimensional, in which case space-
filling designs are not as competitive. The IP-SUR strategy intro-
duced in this work is shown to be tractable and is supported
by a theoretical guarantee of almost sure convergence of the
weighted integrated mean square prediction error to zero. This
method is compared to a simpler CSQ strategy, which is adapted
from MMSE designs, and to a strategy based on the mini-
mization of the Bayes risk with respect to the variance of the
likelihood estimate. While both methods perform better than
MMSE and I-optimal strategies, the IP-SUR method seems to
provide better performance than CSQ for higher dimensions
while not relying on the choice of a hyperparameter, all the
while being grounded on strong theoretical foundations. It is
also comparable to the Bayes risk minimization for all test
cases and even superior for the bimodal test case. The latter
strategy also does not display a convergence guarantee. The
IP-SUR criterion developed in this work can be related to the
traditional IMSPE criterion by a tempered variant of the design
strategy (Neal 2001; Hu and Zidek 2002; Del Moral, Doucet, and
Jasra 2006) in which we could introduce a tempering parameter
β ∈ [0, 1] and define a new design strategy based on the func-
tional Hn,β = 1

κn,β

∫
X |Kn(x′)|Ln(Y|x′)βp(x′)dx′ with κn,β =∫

X Ln(Y|x′)βp(x′)dx′. The IMSPE criterion can be obtained for
β = 0 while the IP-SUR strategy is obtained for β = 1. The
almost sure convergence can be verified with the same approach
as for (Hn)n≥0.

The extension of this design strategy is yet to be explored
for other types of surrogate models. Gaussian process surro-
gate models have the advantage of keeping the SUR criterion
tractable, though one could consider a variant of this method
with approximation methods to evaluate the SUR criterion, with
the risk of losing the guarantee of convergence. The robustness
of such an approach would also have to be investigated.

Supplementary Materials

Supplementary file: this file contains an in-depth presentation of the SUR
paradigm (Section 1), additional proofs (Section 2), MCMC diagnostics
(Section 3), and an introduction to the neutronic forward model (Section 4).

Python files: the Python files to recreate the toy case example from
Section 3.1.
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