arXiv:2505.18276v2 [stat.ML] 30 Nov 2025

Preconditioned Langevin Dynamics with Score-Based
Generative Models for Infinite-Dimensional Linear
Bayesian Inverse Problems

Lorenzo Baldassari Josselin Garnier
University of Basel Ecole Polytechnique, IP Paris
lorenzo.baldassari@unibas.ch josselin.garnier@polytechnique.edu
Knut S¢glna Maarten V. de Hoop
University of California Irvine Rice University
ksolna@uci.edu mvd2@rice.edu
Abstract

Designing algorithms for solving high-dimensional Bayesian inverse problems di-
rectly in infinite-dimensional function spaces—where such problems are naturally
formulated—is crucial to ensure stability and convergence as the discretization of
the underlying problem is refined. In this paper, we contribute to this line of work by
analyzing a widely used sampler for linear inverse problems: Langevin dynamics
driven by score-based generative models (SGMs) acting as priors, formulated di-
rectly in function space. Building on the theoretical framework for SGMs in Hilbert
spaces, we give a rigorous definition of this sampler in the infinite-dimensional
setting and derive, for the first time, error estimates that explicitly depend on the
approximation error of the score. As a consequence, we obtain sufficient conditions
for global convergence in Kullback—Leibler divergence on the underlying function
space. Preventing numerical instabilities requires preconditioning of the Langevin
algorithm and we prove the existence and the form of an optimal preconditioner.
The preconditioner depends on both the score error and the forward operator and
guarantees a uniform convergence rate across all posterior modes. Our analysis
applies to both Gaussian and a general class of non-Gaussian priors. Finally, we
present examples that illustrate and validate our theoretical findings.

1 Introduction

Inverse problems arise in many challenging applications, such as X-ray computed tomography, seismic
tomography, inverse heat conduction, and inverse scattering. These problems share a common goal:
to estimate unknown parameters from noisy observations or measurements [[1]. What makes them
difficult is that they are often ill-posed in the sense of Hadamard [2]: they may have multiple solutions,
no solutions at all, or solutions that are highly sensitive to small perturbations in the data. A possible
approach to address these difficulties is to cast the problem in a probabilistic framework known as
Bayesian inference. In the Bayesian approach, one first specifies a prior distribution that encodes
knowledge about the unknown before any data is observed, along with a model for the observational
noise. Bayes’ rule is then used to update this prior knowledge in light of the measurements, yielding
the so-called posterior distribution, which describes the distribution of the unknown conditioned
on the data. By sampling from the posterior one can extract statistical information and quantify
uncertainty in the solution [3H6].
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A central challenge in applying Bayesian inference to inverse problems is that in many cases—
especially those governed by partial differential equations (PDEs)—the unknowns to be estimated
are functions that lie in a suitable function space, typically an infinite-dimensional Hilbert space. It
is therefore crucial to design Bayesian inference algorithms that are both theoretically sound and
computationally effective in arbitrarily high dimensions. A way to achieve this is by lifting these
problems to an infinite-dimensional space and designing inference methods directly in that setting.
This approach, sometimes referred to as “apply-algorithm-then-discretize”—or, in the context of
Bayesian inference, “Bayesianize-then-discretize”—allows for the development of algorithms that
are inherently discretization-invariant, as the Bayes formula and algorithms are properly defined on
Hilbert spaces [3}[7]. In contrast, the opposite approach—*“discretize-then-Bayesianize”—can lead to
several issues, such as instability as the discretization of the underlying problem is refined, or worse,
methods that seem stable but whose results are theoretically implausible [8} 9].

These considerations manifest clearly even in simple scenarios. In Figure[T|we consider two examples
involving a vanilla diffusion Langevin sampler. In the first one, we sample from a Gaussian posterior.
While the method appears numerically stable and produces samples with seemingly reasonable
behavior, a closer inspection shows that the samples carry infinite energy—they do not belong to
the infinite-dimensional Hilbert space. That is, the algorithm is producing objects that are not valid
functions in the limit of refined discretization. In the second example, we attempt to fix this by
choosing a trace-class prior, which ensures that samples have finite energy and are well-defined in a
Hilbert space. This theoretically-motivated structure, however, comes at a cost: without adjustments,
the drift of the vanilla Langevin sampler may diverge at fine scales.

Langevin Loss Sample paths vs analytic posterior Posterior variance

Neg. log-posterior
&
8

8

«  Empirical var
—— Analytic posterior var

[ 2000 4000 6000 8000 10000 0 20 0 60 80 100 0 20 40 60 80 100
teration Mode index Mode index

Langevin Loss Sample paths vs analytic posterior Posterior variance

— Analytic Posterior mean «  Empirical var
+20 —— Analytic posterior var

0 2500 5000 7500 10000 12500 15000 17500 20000 o 20 £ 60 80 100 0 20 40 60 80 100
Reration Mode index Mode index j

Figure 1: We consider the toy linear inverse problem y; = Aij(()J )+ n; in the basis (v;) of the
Hilbert space H, with A;; = %17 and n; ~ N(0,0.05%), for j < 100. In the top row, we sample
the posterior using an identity prior covariance on X,. The Langevin diffusion seems stable, but
the eigenvalues of the posterior covariance do not decay at infinity and therefore the samples do not
belong to the Hilbert space H. In the bottom row, we use a trace-class covariance prior with diagonal
terms ~ 1/;2; the drift of the vanilla Langevin sampler starts diverging at fine scales.

These types of challenges, intrinsic to the infinite-dimensional setting, have long been studied in
the Bayesian inverse problems community, but are now receiving renewed attention with the rise
of deep learning methods for posterior sampling. One popular class of methods that still lacks a
complete theoretical understanding in this context is score-based generative models (SGMs), which
generate samples from complex distributions by first learning the (Stein) score—the gradient of
the log-density [LO]—and then using it in various sampling algorithms [11} [12]. For example, [13]
employs the learned score in a Langevin-based sampler, while [14]] unified SGMs and diffusion-based
methods [[15,116] through a stochastic differential equation (SDE) framework, known as score-based
diffusion models. After their introduction, SGMs have been applied successfully to Bayesian inverse
problems, either by learning the score conditioned on data [[17H19]], or by using the score of the prior
distribution—the unconditional score model—within Langevin-type samplers. Crucially, with a few
exceptions [20-23], these approaches assume that the posterior is supported in a finite-dimensional
space, leaving the challenges of infinite dimensions to heuristics and ad hoc solutions.



In this work, we present a detailed analysis of SGMs for Bayesian inference of linear inverse problems,
going beyond the common assumption that the posterior is supported on a finite-dimensional space.
We focus on a widely used posterior sampling technique that combines SGMs—used as powerful
learned priors to capture complex features—with a Langevin-based sampler [24-26]. Lifting the
problem directly to function spaces is not a mere technicality: we show that, to provably sample the
posterior, the Langevin diffusion must be modified by a preconditioning operator C' acting on the
Hilbert space. This preconditioner is not an ad hoc fix but rather built into the fabric of the infinite-
dimensional setting: it first appears in the forward diffusion process (3)) whose time-reversal is used to
learn the prior, and must then be carried through into the Langevin sampler to ensure convergence to
the correct posterior (Section [3). Crucially, C' cannot be the identity: for the time-reversed diffusion
to remain Hilbert-space-valued, C' must be trace class. Setting C' = I leads to the same theoretical
and numerical issues as highlighted in Figure[T]above.

The importance of preconditioning in function spaces has been well established in the context
of posterior sampling [3 [8, 27H30]], but its implications have not yet fully explored for infinite-
dimensional SGMs. In this setting, we characterize the interplay between the preconditioner C, the
trace-class prior, the score approximation error, and the linear forward map of the inverse problem.
In particular, we analyze the impact of the score approximation error at small times—where the
score is learned in practice—and identify a theoretically optimal preconditioner that ensures uniform
convergence rates across posterior modes (Section[d). We carry out the analysis by focusing on two
cases: a Gaussian prior measure, and a more general class of priors which are absolutely continuous
with respect to a Gaussian measure (Section [5). Illustrations are provided in Section [6]

Related Work. There exists a large body of literature on infinite-dimensional MCMC algorithms
[3} 18} 27H40], which include a variety of preconditioning strategies for posterior sampling. However,
these works precede the recent wave of papers on SGMs and therefore do not address the central focus
of our analysis: the interplay between the score approximation error, the preconditioning operator,
the trace-class prior, and the sampler convergence, which we study in detail in both the Gaussian and
non-Gaussian settings.

Closest to our work are the papers that use SGMs for posterior sampling, such as [21} 24-26]], which
employ SGMs as learned priors in a Langevin-type diffusion algorithm. Among these works, the
theoretical analysis of [25] is the most directly related to ours. However, there are key differences.
[25]] analyze Langevin dynamics with SGMs for posterior sampling in finite dimensions, as their
results provide convergence error estimates that explicitly depend on the score approximation error
but diverge as the dimension of the problem increases. In contrast, our error analysis, since it is formu-
lated directly in infinite dimensions, provides conditions to ensure global boundedness (Theorem|3. IJ).
Moreover, the finite-dimensional setting of [25] does not address the role of preconditioning, which
becomes essential in infinite dimensions. Other related works include [41}42] which investigate pre-
conditioning in Langevin dynamics with SGMs. However, these analyses are also finite-dimensional
and do not account for the score approximation error. As a result, they do not capture the critical role
of preconditioning, which—as we show in Section [f}—becomes crucial in function spaces.

As we have pointed out several times, the learned score plays a key role in our analysis. Among the
theoretical frameworks defining SGMs in infinite dimensions [23}14348]], we follow those of [20} 49]]
for continuous-time diffusions. An important contribution of our work is to show that the convergence
bound depends explicitly on the accuracy of the approximated score, and that controlling this error is
key to designing a preconditioner that ensures convergence in function spaces (Theorem [4.T).

Finally, we note that [21] also explores the role of preconditioning to ensure convergence in infinite
dimensions in the context of SGMs. Their analysis is conducted in a more complex setting—nonlinear
inverse problems. Their argument builds on the proof of [25], but the difficulties of the nonlinear
setting prevent them from identifying an optimal preconditioner. In contrast, our work takes full
advantage of the linear setting, where the distributions at play admit explicit formulas. This allows
us to derive detailed error estimates in the small diffusion time regime, where the score is typically
learned, and discuss the impact of the score approximation error on posterior sampling—including
the effects of preconditioning on the bias error. Furthermore, their analysis focuses only on Gaussian
priors, while we generalize and consider non-Gaussian priors (Section [5).



2 Langevin Posterior Sampling with Score-Based Generative Priors

We work in the setting of a linear Bayesian inverse problem formulated in infinite dimension. Let
H be a separable Hilbert space with inner product (-, ), and let C,C,, : H — H be trace-class,
positive-definite, symmetric covariance operators. The unknown quantity of interest is an H-valued
random variable X ~ u, where the prior measure p is assumed to be absolutely continuous with
respect to a Gaussian reference measure (0, C),), with density

M(X)ocexp(fb()f)). ()

The observations y € RY are modeled as
y= AXO + n,

where A : H — RY is a linear operator, and n ~ N(0,02Iy) is Gaussian observational noise
independent of X. Since we consider an observational model corresponding to observing a finite-
dimensional subspace of H, there exists an orthonormal basis (v;) of H such that Av; = 0 for all
j > N. Let (e;) denote the standard basis of R". Then the observation model can be written as

Y = Zj\,:l A”X(()j) —+ ni, Where Aij = <€i,AUj>, Y = <y, €i>, X(()j) = <X0,’Uj>, and n; = <’/L,8¢>.

The posterior distribution 7, of X conditioned on the observations y is absolutely continuous with
respect to N (0,C),):
dm, 1

e (X) o exp (= D(X) = o5 | AX — y|?). 2

W ey ) e (=200 554X @
The goal of infinite-dimensional Bayesian inference is to design sampling methods for 7, whose
performance remains stable as the underlying discretization is refined. To this end, we study a
widely used sampler—a Langevin-type diffusion driven by score-based generative priors—this time
formulated directly in infinite dimensions rather than in the usual finite-dimensional setting. In
particular, we consider the continuous-time SDE

dX; = So(Xy,7; p)dt + OV x log p(y — AX,)dt + V2CdW,, 3)

where p is the noise density, C' acts as a preconditioner, V x denotes the Fréchet derivative with
respect to X, W; is a Wiener process on H, and Sy(X¢, 7; 1) is a neural network approximation of
the score function

S(X,75 ) = —(1— e ) HX — e TPE[Xo| X, = X]), @

which corresponds to the drift term in the time-reversed SDE of the Hilbert-space-valued forward
diffusion

1
X, = =5 Xodr + VCAW,, Xy~ p. 5)

There are two important aspects to note here. First, both the Langevin SDE (3) and the forward
diffusion (5) are driven by a C-Wiener process, where C is trace-class, which is crucial for ensuring
that the samples are supported on the Hilbert space. Most of the technical difficulties in infinite
dimensions arise from this. Second, although the score is often expressed as V log p, in finite-
dimensional settings, the density p, is not defined in infinite dimensions, since a Lebesgue reference
measure does not exist. For this reason, in the following we adopt the conditional expectation
representation of the score—or, more precisely, an equivalent formulation derived from it, as stated
in the next proposition, which was first proved in [49].

Proposition 2.1. The score {@) can be written as
S(X,7; p) = —*E[C(C,C-HTIVO(Xy) | Xy = X] - CCI1X, (©6)
where C. = e 7Cy, + (1 —e™7)C.

The idea behind samplers like (3)) is simple yet powerful. By training Sp(X, 7; 1) to approximate
S(X,7; ), one can effectively learn potentially complex priors y—since, once Sy (X, 7; 1) is known,
one can sample from p by simulating the backward-in-time dynamics—and then incorporate such
priors within a Langevin sampling scheme. What remains less understood, however, is how this



approach extends to the infinite-dimensional setting, particularly in relation to the error introduced
by approximating the score and whether the sampler remains stable. In the sections that follow, we
address this gap—we prove convergence of (3) to the correct posterior and derive error bounds, along
with conditions ensuring a globally bounded convergence error. We also elucidate the role of the
preconditioner C. Our analysis is divided into two parts: one addressing the case of Gaussian priors,
and the other the non-Gaussian case.

3 Error Analysis in the Gaussian Setting

We begin our analysis of the continous-time Langevin SDE (3)) in the infinite-dimensional setting
by examining the case where the prior of X is a Gaussian measure. While this case may seem
to defeat the purpose of using a score-based generative model to learn a simple prior, it provides
illuminating insights, as it allows us to detail the impact of the score approximation error on the
stationary distribution of (3), offers a clear interpretation of the infinite-dimensional difficulties, and
paves the way for the derivation of an explicit form of the optimal preconditioner (Section ).

We assume in this section that ® = 0. The posterior (2)) is Gaussian:
my =N ([Crt 07247 A] 0724 Ty, [ +o2ATA] )

We also assume that both C' and C,, are diagonal in the basis (v;), with eigenvalues (\;) and (u;),
respectively. We can make a few remarks:

* In the (v,) basis, the posterior decomposes into a Gaussian wév on the span of the first /N observed

modes and a product of marginal Gaussian over the unobserved modes j > N.

* For the observed modes—i.e., those 5 < N influenced by the data through the forward operator
A—the distribution is

-1 —1
Wév =N ([le + U_2A]—\F,AN} o2 ALy, C;}V + O'_QA;AN} ) , with C,, v = Diag (u; ).
1<j<N
* For the unobserved modes j > NN, which lie in the nullspace of A, the posterior coincides with the
prior: ) = AN (0, ;).

A

* The score function is S(X, 73 p) = — >, s;(7; )X Do, with s;(7; p) = PEEgT s Py

The block diagonalization of the system by (v;) justifies the following assumption on the form of the
score approximation error.

Assumption 1. We consider an approximate score So(X, T; p) such that

<S(X,T; w) — Se(X, 75 1), vj> = 6?(T)X(j) —|—€?(7).

Define XV = Z;\le XUy, and similarly let WY denote the projection of W, onto the first N
modes. By Assumption [T} for the observed modes j < N, the preconditioned Langevin dynamics
become

Xy = {Diag (sj(: 1) + Diag (£§(r)) + Cno?AyAx | X" dt
1<j<N 1SN

+ {CN(;?AJTV;/ Diag (g5(r)) | dt + /2CndW}Y,

1<GSN

with Cy = Diag (\;). For the unobserved modes j > N, we have
1<G<N

dX) = = [s;(r; 1) + €4(r)] X\t — b(r)dt + /20w

We are now ready to derive the stationary distribution of the continuous-time SDE (3)). The following
proposition makes explicit the dependence on the score approximation error; its proof is included in

Appendix



Proposition 3.1. The stationary distribution 7, of the preconditioned Langevin diffusion with approx-
imate score in the drift term is the Gaussian measure with mean /() = (N (1), (m; (7)) j>N+1)
and covariance ¥(1) = 9N (1) @ Diag (9;(7)). For the observed modes j < N, we have

J>N+1

—1

oN(r) = {CNl Diag (s;(7; 1)) + o 2ANAN + OY! Diag (5?(7)) , @)
1<j<N 1<j<N
m (1) =" () {UQAM — Cy' Diag (¢5())], ®)
1<j<N
while for the unobserved modes 7 > N, we have
. — —1 a -1 . . _
bi(r) = [N si(mm) + AN (D)), my(r) = —o()A el (7). e

Based on Proposition we make a few comments:

* If we have access to the perfect score, that is, 5‘; = 5? = 0 for all 7, then
—1 _
m(r) = O +o2ATA] o2aTy TR [0+ 02ATA] 0 2ATy,
_1 _
(1) = [C’;l + aiZATA} =< C. '+ o 2AT A] '

That is, we recover the posterior 7, given the data. It does not depend on the preconditioner C.
* The error £5 can have an impact on the stationary distribution of X, t(j ) , but as long as it is smaller
than \; /115 (i.e., the relative error in the approximation of the score is small), the impact is small.
b
J
is amplified by )\j_l. The preconditioner cannot prevent from this bias.

e The error
(4)
y

can induce a bias. The bias can be large because the mean of the j-th mode marginal

of 7

We can make our analysis more quantitative by presenting mode-by-mode and global convergence
error estimates for the preconditioned Langevin sampler in the Gaussian setting. To simplify the
discussion, the following theorem is stated by assuming that A\ A is diagonal.

Theorem 3.1. We define p; = X/, for all j. Let ﬁéj) and ﬂ'éj) denote the j-th mode marginals of
the approximate and true posterior distributions, 7, and 7, respectively. Suppose that p;15? (1) =

O(r), )\;15?(7) = O(1). Then, for j < N, the Kullback-Leibler divergence satisfies

. . 1
Dxki (fr?(f) H?Tfﬂ) = §Aj 25?(7’)2
B )\;15?(7)
L+ 072u (AN AN)jj

(0_2(A]T\,y)j — )\;152-(7')) ((pj - )7 — pj_lzf?(T)) +0(7?). (10)

For j > N, we have DKL(frl(,j) H wl(/j)) = )\;25?(7)2 (% +(pj — 1)1 — pjfla‘}(T)) +0(r?).

Proof. The proof relies on Proposition and the fact that the j-th mode marginals 7?79 ) and w?(,] )
are Gaussian, N (17;(7), 0, (7)) and N'(m;, v;), respectively, hence the Kullback-Leibler divergence
has an explicit form and standard perturbation arguments lead to the desired estimates. Full details
are provided in Appendix [A.2] O

Remark 3.1. Note that Theorem can provide a set of sufficient conditions that ensure that the
global convergence error of the sampler is bounded in infinite dimensions: > j |/\j_1€? (7’)| < 0o,

|p;1€f;(7)| < C4, and ’(A;y)ﬂ < Cy, where Cy, Cs do not depend on j.

4 The Essence of Preconditioning

We now elucidate the role of the preconditioner C' in the infinite-dimensional Gaussian setting
introduced in the previous section. We begin with two preliminary remarks:

6



* In our analysis, C first appears in the forward diffusion (5), whose time-reversal learns the prior,
and must be carried through the Langevin sampler (3)) to target the correct posterior.

» (' cannot be the identity: it must be trace-class to keep the diffusion well-posed and to stabilize
the Langevin updates across all modes. Indeed, if C' = Diag()\;), the drift in the j-th mode
contains the factor Aj[e™"u; + (1 — e~ 7)A;] 71, which, unless ); decays sufficiently fast, blows
up like uj_l as j — oo, making the sampler unstable at fine scales. This is a consequence of the
infinite-dimensional setting, where C,, must be trace-class.

Since the preconditioner plays a role in the rate of convergence across all posterior modes, it is natural
to ask whether there exists a C' that ensures a uniform convergence rate for the Langevin sampler. To
this aim, in the next propositionwe derive the mean reversion rate  of the preconditioned Langevin
dynamics (3); the proof is given in Appendix[B.1]

Proposition 4.1. Assume that A%A N is diagonal. For the observed modes j < N, the mean
reversion rate is

j -7 -7 -1 - —1_a
KU = ), ([e pi+ (L= N] + 0 2 (ANAN); + A e (T)), (11)
while for the unobserved modes j > N, K9 = \;[[e™"p; + (1 — e_T))\jrl + )\;15?(7)].

We can make a few comments:

« For the unobserved modes j > N, the convergence rate is Aj[e™ " 4+ (1 — e~ ")A;] 71 (= \j/p;
for small 7) when the error €7 is negligible, and therefore we should choose A; = p; for all j to
get a convergence uniform in j, that is to say, C' = C|,.

* For the observed modes j < N, the convergence rates for those modes such that pu; <
o?/(ANAN);; (or (AGAN);; = 0) are \j/u;, whereas for modes such that u; >
0?/(ALAN);; the convergence rates are A\jo 2(ALAN);j;. We should then choose \; =
[u; '+ 072(AL AN) ;] or equivalently C = [C! + 02 AT A] 7

We now refine our analysis of the preconditioner by incorporating a first-order correction that accounts

for the score approximation error at small 7, the regime in which the score is typically learned. The
proof of the following theorem relies on a straightforward perturbation argument; full details are

given in Appendix
Theorem 4.1. In addition to Assumption|l| we further suppose that A]TVA N is diagonal, and that
ef(r) =¢fT + O(72). Under these conditions, the optimal preconditioner C' is also diagonal in the

basis (v;), with eigenvalues that admit the expansion \; = )\go) + )\51)7 + O(72). For the observed
modes j < N, we have

AEO’ = [u '+ o2 (ApAN)] Ag'l) - )‘5'0) - AJ(‘O) Hy' e )‘E'O)' (12)

For the unobserved modes j > N, we have A§O) = U, )\gl) = —pjes.
Based on Theorem [4.1] we make a few comments:

» To compute the preconditioner C', one would need information on AT A, o, Cy, and the score
approximation error. Our analysis, however, suggests a simple and practical choice: take C as
close as possible to the prior covariance C|,. For higher-order modes, the leading-order term of the
preconditioner coincides with C),, and this approximation is particularly justified when the prior
decays quickly, so that u;l > U_Q(AEA ~ ) for the low-order modes. Any available knowledge

of the posterior covariance or score error can then be used to refine this first approximation.

* This is not the first occurrence in the literature of an optimal preconditioner for diffusion models
in infinite dimensions. For example, while analyzing the convergence error of time-reversed SDE
dynamics in infinite dimensions, Pidstrigach et al. [49] derived a similar result for the optimal
C by minimizing the Wasserstein-2 distance between the true data distribution and the learned
sample distribution. Interestingly, assuming no data model and a perfect score, our framework
yields the same optimal C, with a few caveats: in our case, the preconditioner arises directly from
the mean-reversion rate of the Langevin dynamics. Hence, the optimal covariance we identify
does not merely minimize an upper bound: it represents, under the stated assumptions, the best
achievable choice in practice for ensuring a uniform rate of convergence across all modes.



S Non-Gaussian Sampling

We can generalize the results of Sections [3] and ] by considering the case of a general class of
prior measures y assumed to be absolutely continuous with respect to a Gaussian reference measure
N(0,C,,) with density proportional to exp(—®). We present the main ideas here, relegating the
more quantitative results and proofs in Appendix [C|

To reproduce the approach of the Gaussian setting, one first needs to diagonalize the Langevin SDE
system, which in turn requires diagonalizing the score function S(X, 7; u).

Proposition 5.1. We assume that C and C,, have the same basis of eigenfunctions (v;) and we define
XU) = (X, v;). We assume that ®(X) = > $; (X D). The score function (6) can be written as
S(X, 13 p0) =32, SUNX D) 75 p)vj, where

SOXD 75 p) = =2;0;65(X D, 7) = s5(r, ) X, (13)

with §;( XD, 7) = —log E exp(—¢;(X§")) | XY = X)), and

Xéj) 14 e_T/z;U/j
~ . ~ . 14
<X7(—j) N 07 €_T/2,Uj E_T/ij + (1 _ B_T)Aj ( )

We assume a more general form of the score approximation error.

Assumption 2. We consider an approximate score So(X, T; p) such that
(S(X,75 1) = Sa(X, 75 1), v5) = e5(r) [XD) + 0;05(X )] + 5(7).
With the learned score, the preconditioned Langevin SDE for the observed modes j < [N becomes

AXN = —MyXNdt + bydt + /2CxdW),

where
My = Diag (s;j(m;p)) + Cno 2A AN + Diag (5?(7)) ,
1<j<N 1<j<N
by =Cno 2ALy — Cx Diag (9;¢,) — Diag (s;(r)aquj(xt(”)) — Diag (<%(7)).
1<j<N 1<j<N 1<j<N

The SDE for the unobserved modes j > N can be obtained by taking Ay = 0 above.

The stationary distribution of the preconditioned Langevin SDE is derived in the following proposition,
which makes explicit the dependence on the score approximation error.

Proposition 5.2. Let Assumption2|hold true. Under the hypotheses of the previous proposition, the
preconditioned Langevin with approximate score in the drift term has 7, as its stationary distribution.
It is absolutely continuous with respect to N'(1a(7), (7)), and is given by the density

di,

W(X7 T) X exp (f<I>(X, T)) . (15)

For the observed modes j < N, the negative log-density is ® (XN 1) = Z;VZI [(]5] (XU 1) +

)\j_lé‘?(’r)qu (Xt(j))], the covariance vN (1) and mean 1™ (1) are given by . For the unobserved

modes j > N, the negative log-density is ) (X)) = ¢;(XU) 1) + )\;153?(7)@- (Xt(j)), the

covariance ©9) (1) and mean 9 (1) are given by (@

The interested reader can find in Appendix [C|a quantitative analysis of this general case, including
Theorem|[C.I] which provides an error analysis analogous to Theorem 3.1]for the Gaussian case. Here
we make a few qualitative comments:

. x 70 i - T—=0 _ _ —1
c Ifef = 5? = 0 for all j, then ®(X,7) "= > o; (XD, (1) 3 [C’Hl +o072ATA] T,

m(r) 3 [Ct+02AT A] 1 52ATy, that s to say, we get the posterior given the data.



* The preconditioner influences the convergence rate. Consider the case in which ¢; is convex,
i.e., 8]2% > Cy ;> 0. In this case, for the unobserved modes j > N, the convergence rate of
the j-th mode is ~ \; [,u;l + Cy,] for small 7, assuming the error e} is negligible. To achieve
a convergence rate that is uniform in j, we should then choose \; = [,uj_l + Cy,] . For the
observed modes j < NN, and assuming A\ Ay is diagonal for simplicity, we should instead choose
Aj= 1t + 02 (AR AN) ; + Coyl 7

* If the error |7 | < ), its impact on the stationary distribution of Xt(j ) is small. Like the Gaussian

b

case, the error £/ can induce a bias. It can be large since )\;1 — 400 as j — 4o0.

6 Illustrations

We verify our theory by applying the preconditioned Langevin dynamics with SGM (3) to two linear
inverse problems: one based on the Karhunen-Loeve (KL) expansion of the Brownian sheet [50]], and
the other one on an inverse source problem for the heat equation [3]. Both examples are consistent
with the theory of the paper. Implementation and further details are provided in Appendix [D}]

Brownian sheet.  We illustrate the discretization-invariance property of our approach on the
Brownian sheet, represented by its truncated KL expansion BY (z) = Z;\,fkﬂ bik(@)NjK, T €
[0, 1]2, where n; ; ~ N(0, f1;,x) and (¢; x, it x) are the KL eigenpairs. For M < N, the inverse
problem consists of reconstructing the KL coefficients and Brownian sheet from noisy data y; ;, =
Mg + ks Jo kb < M, with 7., ~ N(0, s x), €56 ~ N(0,0.01%) (i.e. Aj, =1if j =k < M and
0 otherwise). Figure shows the robustness of our approach with respect to the number of modes M?2.

True sheet

- 1.00 L
3 0.75

. & 0.
¥ 050

- ¥ 025 o

> ¥ >

0.00

. 0.

. 0.

X 0.

Precond. posterior mean (M = 75) Precond. posterior mean (M = 200) lepusterior meanM =7 00

o . 10 s

8 o8 08 - .
0.4 .

6 02 0.6 . .
00 ™ =

4 0.4 .
02 -02

2 o4 0.2 —o4 .
-0 -0

0 0.0 .

00 02 04 06 08 10 00 02 04 06 08 10
X X

Figure 2: Discretization invariance in reconstructing the KL expansion of the Brownian sheet for
increasing number of observed modes M 2 with M = 75 and M = 200. Here N = 200.

e —0.25
—0550

-0.75
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Heat equation. We verify the benefits of the optimal preconditioner C' from Theorem E}] by
considering the ill-posed inverse problem of recovering the initial condition u(z, 0), z € [0, 1], of
the heat equation from noisy observations of the solution u(x,T’) at time T" = 0.1. Expanding in the
eigenpairs (1;,x, () of the Dirichlet Laplacian, one finds that u(z,t) = 3_, ; e Siktgs k) k(z),
where g; 1 = (u(-,0),%; 1). The inverse problem diagonalizes: we observe y; x = e~ +Tg; ;. +¢; 1,
gk < M, with gj . ~ N(0,e7P%*), B = 0.1, gj ~ N(0,0.0052). In Figurewe compare
reconstructions using Langevin dynamics preconditioned with the optimal C' (3rd column) and vanilla
Langevin (4th column). Both samplers use a score perturbed by a relative error €5 ~ N(0,0.12)
scaled by a small 7, as assumed in Theorem@.T} The results support our theory: (i) the preconditioned
sampler is robust to score approximation error, as expected from the design of C' (Theorem {.1)); ii)
as shown in the autocorrelation plot in Figure ] (corresponding to the top row of Figure[3), the modes
converge faster and more uniformly than with the vanilla dynamics, since C' targets the optimal mean
reversion rates (Proposition[4.1)) ; iii) vanilla Langevin deteriorates as the score error increases (Figure
[) due to amplification at fine scales, reproducing the pathological behavior seen in Figure [T}

7 Discussion and Future Work

We studied a popular sampler—a Langevin-type diffusion driven by score-based generative priors—
directly in the infinite-dimensional Bayesian setting, rather than in the usual finite-dimensional
one. We showed that naively applying standard techniques in infinite dimensions leads to several
issues. To ensure provable posterior sampling and discretization-invariance, our analysis shows that
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Figure 3: Effects of preconditioning in Langevin sampling for the inverse heat source problem. M
15; top row: 7 = 103, bottom row: 7 = 10~!. The 4th column shows the issues of Figure
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Figure 4: Mode autocorrelation. Left: Preconditioned Langevin with SGM. Right: Vanilla Langevin.

preconditioning the vanilla Langevin is necessary. We prove detailed convergence error estimates and
the existence (and form) of an optimal preconditioner—depending on both the forward map A and
the score error—that yields uniform convergence across all modes.

As is standard in infinite-dimensional analysis, our results rely on some simplifying assumptions:
finite-dimensional data, and co-diagonalizability of the prior and the diffusion’s noise covariance. In
some parts, we also assumed that AT A is diagonal, a common assumption in the theory of linear
Bayesian inverse problems [3] 4]]. This is not merely a technical convenience: in many classical linear
inverse problems, such as the heat equation, tomography, or inverse scattering for Schrodinger-type
operators under the Born approximation, the forward operator A is compact, and hence one can
always find a basis in which AT A is diagonal.

Nevertheless, the main conclusions of our analysis remain valid even without the diagonalization
assumption. For example, the asymptotic expansion in Eq. of Theorem [3.1] can be extended
to non-diagonal by replacing scalar expansions with their corresponding matrix-series counterparts,
while the arguments for the higher-order modes remains the same. Likewise, in Section [] one

can verify that under a perfect score function the optimal preconditioner still takes the form C =
[C;1 +072AT AL

Several open questions remain. In particular, how do these results extend to nonlinear inverse
problems? Extending the analysis of to determine an optimal preconditioner for nonlinear
inverse problems represents an important direction for future work.
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A Proofs of Section 3

A.1  Proof of Proposition 3.1]

By Assumption|[T] for the observed modes j < N, the preconditioned Langevin dynamics (3) reduces
to the SDE

dxN = {Diag (sj(r: ) + Diag (e5(r)) + Cno ?AZAx | X{¥dt

1<j<N 1<j<N (16)
+ {CNU_QAEy — Diag (5;’(7)) dt +/2CndW},
1<j<N
with Cny = Diag ();). For each unobserved mode j > N, we have
1<j<N
dXt(j) =— [sj(T; w) + 5?(7’)] Xt(j)dt — 6?(7’)dt + \/T)vth(j). a7

Both (I6) and are Ornstein-Uhlenbeck (OU) processes. In particular, X "25° X% in distribu-
tion, where the distribution of X is the stationary distribution of (T6):

XN N (mN(T),TJN(T)) ,

with
(’7’
-1
{Dlag (sj(r; 1)) + Diag (5;1(7')) +CN0_2A;AN} [CNU_2AEy— Diag (5?(7))}
1<j<N 1<j<N 1<j<N

-1
{C 'Diag (s;(r;p))+Cy' Diag (6?(T))+U_2AEAN:| [J_2A}y—CN1Diag (52’-(7))}7
1<j<N 1<j<N 1<j<N

and vV (7) is such that it solves the Lyapunov equation

{ Diag (s;(7;p)) + Diag (£5(7)) + CNJ_QA—I\DAN} oM (1)
1<j<N 1<j<N

.
+ oM (1) {Diag (sj(1: 1)) + Diag (£5(7)) +CN02A}AN} =20Y.

1<j<N 1<j<N
Then .
{JN(T) = {CNl Diag (s;(7; 1)) —|—C;,1 Diag (E‘;(T)) + 0'_2ALAN:| ,
1<j<N 1<j<N
since
{ Diag (s;(7;p)) + Diag (e}(7)) + CNUZA;AN] o™ (1)
1<j<N 1<j<N
= Cn (V) 8V () = Cw,
and

oV (1) [C’Nl Diag (s;(T;p)) + C&l Diag (E?(T)) + O'_QAEAN] Cxy

1<G<N 1<G<N
= oV(r) (8V()) "' Cw = Cn.
For each j > N, (TJ) is a one-dimensional OU process with rate s;(7; 1) + £%(7), mean shift
—[sj (s 1) + €9(7)]'e%(7). and noise /2);. Hence XU 128 X in distribution, where the
distribution of X 52;’ is the stationary distribution of

@ o[- &;(7) Aj
N < s; (75 ) +€5(r)" 55(75 1) +6?(T)> '

These results are valid as soon as s;(7; ut) + 6?(7’) is a positive number for all j.

14



A.2  Proof of Theorem 3.1]
For each mode j, define
fi = pj [e7T + (1 —eM)py] -
The proof can be divided into two cases: one for the observed modes ;7 < N, and one for the

unobserved modes j > N. Since the KL divergence for the unobserved modes can be obtained by
taking Ay = 0 in the expression for the observed modes, we focus only on the latter.

The marginal distributions of the j-th mode for the approximate and true posterior, for j < N, are
given respectively by

» 1 VN _
7753) =N <Lig + 0 2(ANAN);; + A 1€j (7')} [0 2(ANy); — Y 15?(7')] ,

1 N
o + 0 2(ANAN) j + A 15j (7)} ) ;
j

and

, 1 o LI -
) :/\/<[M+a Q(A;AN)jj] o2 (ANY);, [M+o Z(AEANM] )

The KL divergence between these two Gaussian distributions admits the explicit formula

1 I
~log ([u ; a-2<A;AN>jJ} [ﬂ, o2 (AfAN); + Ajls?mD
J

111 11 -
-5+3 [ + U_Q(AJEAN)jj:| { [ﬂ +0 2 (ANAN); + Ajlsg(T)}
J

We study its limiting behavior as 7 — 0. From the first term, we derive

1 T
log ([M + U_Q(AX]AN)J‘J} [ﬂ_ +0 H(ARAN); + )‘jIE?(T>]>
g J

1 -2 T -1 _a
P + 0 ui(ANAN)jj +p; €] (T)D

(I—e M)+ "=Dp;
=1 1 el
og < + 140 20, (AL Ax),; [ P +p; € (1)

1

(

~tog (1+ 1 (=7l = 1)+ 55 e5(0) + 06
¢ Lo 2 (ARAn)y; L Pi %

_ 1 _ L —1_a 2
EET=TE o (=7(pj = 1) +p; ‘i (1)) + O(7?).

= log ([1 + UﬁQMj(ALAN)jj]il {

(18)
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We now consider the other terms of the KL divergence. First, we derive

1 -1
[[L' + U_Q(A;AN)jj + >\j1€?(7):|
j

_ _ 1 -t

< [o %Aij—xj%ﬂﬂ}—[u_+a %ALAN»J o2(A%y);
J

L+ 1 (I—e")+ (e ™ =1)p;

1+ J*Quj(A;AN)jj eT+(l—e"T)p;

1+02u;(ANAN) ;

—1

- p}163(7)> [0 2(ANy); — A e (n)] — U‘Q(Avay)j}
— Hj 1 i —1_a 2 -
1+ 0 2u;(ANAN) { [1 * L+ 072 (AN AN)jj (=7(p; = 1) TD; 1EJ (r) +O(7 ))}

x [0 (Ajy); — A7 e (n)] — O_Q(Aﬁy)j}

- o] {1 +
1+ 072 (AN AN)jj 1+ 072 (AN AN)jj

&@—n—m%ﬂﬂ+m#ﬂ

x [0 (Axy); — Aj e (n)] — UZ(AEy)j}

T 1402 (AL AN);; 1+ 02 (ANAN)

o (ANY);
1+ 0721 (AN AN)ji

: A
Hj {A;1€?(T) )\j 5]( ) (T(pj N 1) 7pj_1€?(7_))

(T(pj -1 pj_lfz‘?(T))} +0(7?).

Taking the square yields

1 - a1

([ﬂj + 0 M (ANAN) ;A e (Tﬂ

1 -t ’

x [o72(Axy); + X e ()] - Lt‘ + UQ(A;AN)jj] UQ(ALZ/)J)
J

2
K —2_ b/ \2
(1+02uj(AEAN)jj)2l i)
~1
2] 5?(7)
1+ 072 (AyAN)ji

(A 'e5(r) = o2 (Axy);) ((p; = 1) —pj €5 (7)) | +O(?).

(19)
Next, we consider
1 —2 T —1_a -
;+0 (ANAN)j; + N e5(T)
J
T 1 1 2 -
= J 1+ —7(p; — 1)+ p; €% 1)+ O(r }
(1+U_2uj(A—]\r,AN>jj>2|: 1+U_2Mj(A]TVAN)jj ( (pj ) p] J( ) ( ))
2
,Uj |: 2 —1_a 2
= 1+ T(p; — 1) —p;e¥(r)) + O(r
(1+072u;(ALAN)jj)? L+ 07 2u; (AL AN)jj (s ~ D =ry i) + ) (20)



Putting (T8)), (T9), and (20) together, we obtain

ol : 1
DKL<773(JJ) Hﬁéj)) = 5)\j 25?(7’)2

—1_b
A e(7)

1z 2 (AL AN (sz(A}y)j — )\;15?(7)) (t(p; — 1) —pj_lsy(T)) +0(7?).

B Proofs of Section d

B.1 Proof of Proposition [4.1]

If we assume that A}, Ay is diagonal in (v;), for the observed modes j < N the preconditioned
Langevin dynamics 3] becomes

dX\) = = [s;(7; ) + €2(r) + \jo 2(ARAN)z5] X dt — [Njo~2(ARy); — €4(r)] dt

+ /22 dw ) 21)
while for each unobserved mode j > IV, one obtains
dxV = — [55 (5 1) +€5(7)] xWat — eb(r)dt + V2N AW (22)

Let mU)(t) = IE[Xt(j )]. For the observed modes j < N, taking the expectation in the SDE above
gives the linear ODEs

dm ) ) i | )
o = [si(mn) + 5(0) + Njo (AR AN) ] mO (1) + (o (ARy); — (7))
while for each unobserved mode j > IV one obtains
dm) ) '
S == [si(mim) + €5 ()] mU) (1) — ().

Given mU)(0) = mgj ), both have unique solution. For j < N,
=20 AT b
. a -2 T
sj(Tip) +e4(1) + Njo 2 (AyAn
n )\jO'_2(AEy)j - 82(7’)
si(T5p) +e3(1) + Ajo 2 (AN AN) ;7

e~ [5;(Ts)+ed () +x0 2 (AL An) 5]t
)i

which for ¢ — oo decays exponentially fast to the mean
Njo 2(ANy); — 5?(7’)
si(T510) +€5(7) + \jo 2 (AL An) 5

with rate
K9 = s5(7; ) +€5(T) + X0 (AR AN) 5
-7 -7 -1 — —1_a
=24 ([6 i+ (L= eTN] T+ o (AR AN + AT e (T)) :

For the unobserved modes j > N,

m(J)(t) = (m(J) (0) —+ m) e*[sj(‘l';,u)JrE;’.’('r)]t _ 5?(7‘)

which converge to the mean

with rate
KU) = s;(T5 ) +€4(7)
—T —T -1 — a
= )\j[ [6 wi+(1—e )/\j] + A 15j(7')].
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B.2 Proof of Theorem 4.1

We consider only the case of the observed modes 5 < IV, since the case for the unobserved modes
7 > N follows directly by setting Ay = 0.

By Proposition.1] ensuring uniform convergence rate for (3)) using an approximate score function—
as described in Assumption [[—amounts to solving the equation

A _ “

[TJ» + Ao 2 (ANAN)j; +€5(r) =1, (23)
J

where i, = p;[e” " 4+ (1 — e 7)p;].

Assume the expansions

N=A AT 10(?), () =€+ 0(r?)
Then we compute
. 0
fis = iy + iy — D7+ O(r%) = iy + 207 — 7+ 0(72),
using that p; = \;/p; Substituting into (23], we obtain that )\5»0) and )\J(D must satisfy

A A O A7) 4 em2 (AT A (0

(0) (1) a 2y _
; A r)+5jr+0(r)_1.

J
Rearranging the terms, we get )\(-0) 71 + )\(»O)U’Q(AEAN)M = 1, which gives

MO = [+ 072 (AR An)5]

and
py (_A§o> {M;ugm _ 1} + Agn) o2 (A AN et =,
yielding

1 O — 0 — 0 a

C Non-Gaussian Sampling: Technical Details

C.1 Proof of Proposition

By ®(X) = Y_, ¢;(X 1)), the prior ;1 has Radon-Nikodym derivative with respect to the Gaussian

N(0,C,,) given by
dJ\/(O C) ) o HeXp ( ”)) ‘

Since C and C, are both diagonalized by the same basis (v, ), the prior factorizes as a product of
independent one-dimensional ma.rginals in the coordinates X (7):

dNOC chou] X9,
where
dp'9)
AN(0, 15)
We can then work mode by mode. For each j, define the one-dimensional OU process
X ~ N0, 1), X0 = e 2X0) 4 VT =g,
with €U) ~ N(0, \;) independent of X’ Notice that

5(3(()]) 1L T/2/l
~7 |~ 0 7 J . 24
(X,gj) N ) e—T/Zuj e_T/J/j + (1 —e T))\j ( )
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The OU transition kernel is
HXD = 20 | X§) = w0) = N (e 20, (1 — e )\;) (),

where N (j1,0%)(z) is the density at = of the normal distribution with mean y and variance 0. We
push forward the prior e~%i N/(0, ;) through the OU kernel. Mode by mode, its density is

i) (2,) o /eXP(—%‘(ﬂEO))N(O»Mj)(fﬂo)ﬁ(% | 20)dzo
:/eXP(—¢j($o))ﬁo,r($0,xr)dwoa

where Do (2o, x,) denotes the joint density of ()?éj),f(ﬁj)). Let i = e T + (1 —e T)A;.
Dividing by the marginal Gaussian density of )?ﬁj ), we get
() =
Hr (xr) / Dbo T(‘r07 .137-)
————— x| exp(—¢;(xg)) ———"dxy
N0, ;) (2+) ! pr(27)

- / exp(—; (z0))B(xo | 2+)dzo
= Elexp(—¢,(X§")) | X9 = z,).

Since SV (z,,7; ;) = A\;0; log MN(TJ(EJ(ZZS + A\N(0, 1) (), we obtain

Aj

x )
e T+ (L—e )N

SO (i 1) = 0 log Elexp(~¢; (X§7)) | X9 = 2] -

C.2  Proof of Proposition[5.2]

For each mode 7, define
$;(XD, 1) = —log E[exp(—¢; (X)) | X = X)),

Under Assumption 2] the first NV coordinates of the preconditioned Langevin dynamics (3) corre-
sponding to the observed modes j < N satisfy

dxN = - [ Diag (s;(1;p)) + Cnyo 2ANAn + Diag (5?(7))} XNat

1<G<N 1<G<N

+ [CNUQAMCN Diag (9;6;(x”)) — Diag (4(rd;0;(X”))  @5)
1<j<N 1<j<N

— Diag (82’(7’))} dt + /2CndW}.

1<j<SN
The SDE for the unobserved modes j > N can be obtained by taking Ax = 0 above:
dxV) = — [55(s 1) +€5(7)] x9at
+ [~0505(X) - 30505 (X)) = 4(r)] dt + /2w,

Both (23) and (26) are preconditioned overdamped Langevin SDEs. In particular, one checks that
(23) can be written as

(26)

dXYN = —CnVUN(XN)dt + \/2CxdW ],
where the potential Uy is

1
Un(X™) :§XNT [0&1 Diag (s;(7; 1)) + 0 2AyAn + Cy' Diag (5?(7))} X
1<j<N 1<j<N

N
- [a—QA?vy ~Cy' Diag (e;’-(r))] XV 3065 = A7 e 7)oy (X))
1<GEN =
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Its stationary distribution is ﬁév , which is absolutely continuous with respect to the Lebesgue measure
over RV:
Y O s exp(~Ux (X))
X N X exp(—Un N))-
We split Uy into quadratic and non-quadratic terms. Hence
dr) (XN)
dXN

where N (1 (1), 9V (7)) (X ) is the density at X 5 of the multivariate Gaussian with mean 71" (1)
and covariance % (1), with

ZN:{ (X, 7 +A1a¢j(X<y>)}

Jj=1

X exp (_(i)N(XNvT)) N(mN(T%{)N(T))(XN)v

-1
@N(T) = {CNl Diag (s;j(T;p)) + U_2AJ—'\—,AN + C&l Diag (5?(7)) ,

1<G<N 1<j<N

ThN(T)ZTJN(){ ZANy — C{! Dlag(]())}

1<j<N

By the same argument, for each j > N, the one-dimensional potential of (26) is

2
Xt(])

U (X9) =X s (ms ) + A e9(7)] FATEN XD + 6 (X)) + AT e (1) (X)),

Its stationary distribution is therefore
a7 (X))
dX ()

where N () (), 50) (7)) (X)) is the density at X7) of the multivariate Gaussian with mean
) (7) and covariance 97) (1), with

x exp <,<i)(j)(X(j)77—)) N(Th(j)(T), @(j)(T))(X(j))’

(XD, 7) = §; (X, 7) + A ety (X)),
5D (7) = [)\; si(T;p) + A;lE?(T)]_la
D (1) = 60 ()2, 7 el (7).

C.3 Error Analysis in the Non-Gaussian Setting

For the sake of completeness, we present a result analogous to Theorem [3.1] for the non-Gaussian
case. As the interested reader will notice, the calculations are significantly more involved, but remain
relatively straightforward.

Theorem C.1. We assume £}(7) = O(T) el (7‘) = O(1), and Ay = Diag;;<n(Ajj). The
Kullback-Leibler divergence between ﬁg(f ) and 7r3(,] )

DKL( () ‘Wéj)) = B;(1) + E;(7),

is given by

where B;(T) is a bias term given by

Bj(1) =— 2/\;152(7)Eﬁ;ﬂ [z] + A ! _1( b))+ log/e_¢j(Z)_ﬁ[A-“Z_yJ]QN(O,,uj)(z)dz
~log [ Oz N (el (), ) ()

and E;(T) is an error term

Ei(r) = Ej(-l) (r)T+ EJ(»Q) (T)A;

J

'e5(r) + O,
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:C2
EJ(‘I)(T) = <]E7vr:’(4j) [M:| — )\j—lpj—lgg-(T)Q) (1—py)+ %Eﬁg‘) [/\j ((b; (1;)2 — ¢;/(l‘))
J

—¢5(x)(1 - 2p;)x| — Z(E?(T)7Ajja y;) ! /eﬂz’j(z)*za%[Aszfyj]QN(—pgleg(T),uj)(z)

(W - e -, 4rylr)
} lQ(Ajw (2 — () — ()1~ 23y)2) + (N
z —1.0(1))2
+<+pjwfj<>>_;><1_pj>]dz,

and
E®(r) = E.o [2* = ¢;(@)]

J
() L (A p—yi]? _
— B2 = Z(E ) Ajyy) ! [ O N (el ) ) (2

X [— ¢i(2) + =z +p]715?(7') + (z +pj715?(7'))2 — 'UQJ} dz,

with

]2

2 Ay = [ OO N (e ), )

Proof. In the following E_¢;) [¢] and E_;) [¢(2)] stand for [ w(x)dfr?(f )(J;) Recall that for j < N
the j-th mode marginal of the approximate posterior distribution 7Ty 18

i ) 1 5 . i : 1 ) 2
D (X D) =—— exp ( =6;(XD) = X7 <8 (1) (X)) = 55 [455XD - ]
Zﬁm 20

x dN <_ [:J + Ajlg;(T)} B A el (T), [:] + Ajlg;(T)} 1) (X)),

while the true posterior is

; , 1
dﬂ?(lj)(X(J)) =

iréj)

. 1 , 2
exp ((ﬁj(X(])) ~ 5,0 {Aij(]) - yy} > dN (0, ).
For the unobserved modes j > N, we set A;; = 0. For each j, we have

o )

1 U 1 N
= ]Efr;j) llog/\/ < [ﬂ] + )\j 16]’ (7’)} )‘j 15?(7’), [ﬂ] + )\j 1gj (T)} ) — logN(O,uj)]
first term
. ; Z_ &
+ ]Eﬁy') ([1 — ;€] (m)]o; — qu) +log 7 (y'_)
second term H/ﬂ—i/
third term
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First term We derive

log A (— Uj + A;leg(f)} - ;e (), Uj + /\;15;?(7)] _1> ()

-1
1 1 1.
= —ilog(Qﬂ') ~5 log [[Lj +Aj ] (T)]

_% F_ +/\j1€?(7)] (3}—1‘ {1 +)\j15?<7'):|_1)\j15?(7')>27

Hj Hj
and
1 1 1 22
log N'(0, i) () = —5 log(2m) — 5 log 1 — 20
Hence
1 -1 1 -1
]Eﬁéj) log N/ ( [/J +)\j_15}1(7)} )\;16?(T), [/I +)\j_15}1(7)} > - log/\/(O,uj)]
J J

L 1 eyt - ke, [ 1 e

= —lo e (T —=E_ i [— el

2 B\ ¥ (1—e"7)p, Pi € 2 7y pi \e T+ (1—e"T)p; Pi
2

1 —1_a - -1 z?

We have

%log (e—T T (11_ s +pj15‘;(7')> = % ((1 —pj)T —|—p;163-‘(7)) +0(7?),

and

1 1
E._o) |— +p; el (T
7 [Mj <€‘T+(1—6‘T)pj Py el >>

1 -1 - —1.b i a?
X T+ |:e—7+<1_e—7)pj +p] 6j(T):| pj gj(T) 7@
_ z? _ 1
= [(1=pj)T +p; 155(7)]Eﬁy> LJ +2); 152(7)1Eﬁ;j> [z] + A, 'py el (r)?
J

x [1= (1 =py)r —p;lef(n)] +0(r2).

Second term We have

E [exp (<6, (%0)) | % = o] = [[exp(-s,() g enp (-2 )

where

and




By the change of variable w = Zﬁ\mﬁ*(m) , we obtain

UVr

E {exp (—¢j()~(0)> | X, = x}

= [t @)= (‘(Z_ZW) -

_ / exp(—¢; (vorw + mT(x)))\/%TT exp(—w?/2)duw
= exp(~65()) [1+ {2 [94(0)? — (@) ~ 9}()(1 — 2m)a} £ + O]
where we used the Taylor expansion for exp(—@; (y/vrw + m-(z))) as /7T — 0 and

/\/%exp(—wQ/Q) =0, /\;;rexp(—wQ/Q) =1

E, o (9;(z) = 6;(2))
= E, g log |1+ {X; [¢/(@)? = ¢/(2)] — &}(a)(1 — 2p;)a} £ +O(r*?)].

Hence

Third term For the unobserved modes j > N, we analyze

/€_¢-7(Z)N(O, i) (2)dz

S @)
[ SO ON i+ AT A B, g A )
We use that
51(2) = 65(2) — [M(64 (2 — (2)) - (=)L~ 2))2] T + O,

which implies

o~ bi ()= ed (1) (2)

= 40 (14 [N (9]0 = 6 (2)) = () (1 = 2p,)2] 5 = A7 '<565(2) + O(*?)).
Now we consider the density of N'( — [ji; ' + A 'e%()] 1A T eb(7), [ + A 1ed ()] 7Y):

2
4 [t AT ()] TNl ()
1 exp _( [J J T J J ) ' (28)

~—1 —1_a —
V2l 7 e ()] 2y + A e (O

We have

— ! — — = \/21# 4 [1 - %(1 —pj)T — %p;lzf?(T) + 0(72)] (29)
V2l g e ()] K
We now look at the exponent of (28). Its numerator reduces to
(2 + 05 5(7)? = 2(z + p; ej (M)A = pj)T +p5 €5 (7)) + O(7?),
while the reciprocal of its denominator (28) reduces to

1 —1_a
o [1 + (1= py)T +p; el (r) + O(2)].
Hj

Then the exponent of (28) can be expanded as

1 1
. —']);25}’-(7')2 - z)\;la;’-(T)

2p 21 !
z “leb(r z “1eb(7))?
( +pj -5]( )) +( +p32 6]( )) ]((1—pj)T—FpJ»_l&?(T))—FO(TQ),
Mg g
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and the exponential term in (28) becomes

( (z +p{16§(7))2>
exp| ——————

2145
24p; 'er) | (2 +p; ()’ o
x 1+< 4 o )((1—pj)T+pjls?<T))+O(T2)1.
1 2145

Putting together (29) and (30) we get that the Gaussian density (28) is expanded as
N(=p; 'e(r), 1) (2)
- (z tre) | Ehpem)? 1

X
K 14 2

We can now expand for small 7

-1
[/ e~ %A E3'1(7)‘1’9'd/\/‘(—[/};l + )\;15?(7')]_1/\;15?(7), [/1;1 + Ajleg(f)]_l)] .

- ) (1 —=pj)T —|—pj_1€?(7')) +O(7?%)

Let
(ebn) = [P ON 5y ), ) )

We derive

761 2o
y /e_¢j(z)N(_p;1€?(7)7Mj)(z) [()\j(qy(z)z — ¢7(2)) = ¢ (2)(1 - 2pj)z)%

1 z4pylei(n)  (z4piei(n)? 1 e
_)\j 15]—(T)¢j(2)+ < 1 + 1 —2> <(1_pj)T+pj 15]-(T))]d2}

+ 0(7'3/2).
Then (27) can be expanded as
log Z;(0) — log Z;(<%())

=) [P ON 1)@ | (V@6 - )

z -1 b—T z -1 bT 2
—¢§-(Z)(1—2pj)2);—Ajla‘;(T)qu(z)Jr( +pLj€J( )+( +pjﬂjsj( ) _;)

dz + O(73/%).

x (14 p;j)T +p; e} (7))

Now let
Zi(e5(), Ajjy5) = /6“’”‘”‘ﬁ[““z_y”z/\f(—p}lsi(ﬂ,uj)(Z)dZ-
For the observed modes 7 < N, we get
log Z;(0, Aj;,y;) — log Z;(5(7), Ajj, u5)

= 2(e5(r), Agj ) ! / e 4O N (p el (r), ) (2) [(Ajw'(z)? - ¢(2))

z 4 p;lel(r 24+ pTieb ()2
¢;(z)(12pj)z);Aj—lgg(ﬂ%(z”( +pj:]( ), +pjﬂjsj( ) ;)

dz 4+ O(r%/?).

X (1 =py)7+p; €5 (7))
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Remark C.1. If ¢; is smooth and 5?(7’) = O(1), then E;(1) — 0as T — 0.

D Ilustrations: Additional Details

Here we provide additional details on the theoretical setup underlying the illustrations. All illustrations
were generated on Google Colab (13 GB of RAM), and all code executions took less than one minuteﬂ

D.1 Recovering the KL coefficients of the Brownian sheet

The Brownian sheet B(x1,x2) is a Gaussian process with zero mean and covariance
Cov(B(z1,22), B(y1,¥2)) = min(z1, y1) min(z2, y2).
Its Karhunen-Loeve expansion [S0] is
Blay,w2) = > ¢jk(@1, 22)0)k, (z1,22) € [0,1]?,
.k

where 7); , ~ N (0, 11;,1) are independent Gaussian random variables, and

05 (1,2) = 25in (ﬂ <J- - ;) m) sin (ﬂ <l<; - ;) x) ,
(- -97)

In Section[6] we truncate the KL expansion after N modes

N
N
BN (z1,m2) = > din(x1, 2)050k,
k=1
and consider the inverse problem of recovering the first N2 coefficients from noisy observations
corresponding to the first M2 < N? modes

Yik = Tk + Ejk J k<M,

where the prior is 7 ~ N(0, ;%) and the noise ;) ~ N(0,0%). This setup satisfies the
assumptions of our theory, since the prior diagonal in the KL basis (¢, ) and the forward map is
simply the projection onto these modes, so that

Ajk g =050k, 5,0k k<M,

and zero otherwise. As a result, the posterior for each coefficient remains Gaussian
Wik | Yk ~ 7P = N(mj g, 05),
with, for j, k < M,
-1 g2 .
-1 -2 Hj kO Kk
Uk:(,u + o ) - — mj i = Yik
Js 5,k Mj.,k + 027 ) /~Lj,k 4 0_2 7,k

and for j > M or kK > M (unobserved modes) the posterior simply coincides with the prior,
Vjk = M k> My = 0.

Experimental details In Figure[2] within the theoretical setup described above, we set the noise
level 0 = 1072, chose N = 200, and varied the number of observed modes M? = 7522002 to
illustrate the discretization-invariance of the preconditioned Langevin sampler. This is confirmed by
the small errors reported in the fourth column of Figure[2] The preconditioned Langevin dynamics,
using the preconditioner Cay = Diag, < r<nr(Ajk)s Ajk = [115 + 027!, was run for 5 - 10°
iterations with a fixed step-size of 5 - 1071, We assumed access to the exact score function, i.e.,

¢ =1 =0in ().

'Code to reproduce results can be found at https:/github.com/balorenz1/SGM-Inf-Langevin
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D.2 Inverse source problem for the heat equation
Let = [0,1]? C R2. Consider u : © x [0,T] — R solving the heat equation

Opu(z,t) = Au(z,t), (z,t) € Qx (0,77,

u(x,0) = g(x), x € Q,

u(z,t) =0, x € 90 x (0,T].
Set u(wy, xo5t) = 375 ujk(t) ¥k (21,22), Where (¥ x, (1) are the Dirichlet eigenpairs of
—Aon[0,1]2%:

{—A%,k(th) =Gk (e, 22), (x1,22) € [0,1]7,
¥j klajo,12 = 0.
We have
Y e(21, z2) = 2sin(jray) sin(knzs), Gk = 72 (5% + k?).

The coefficients evolve as

wik(t) = e 9 gin,  gik = (9 bjk)-

In Section[f] we consider the the so-called backward heat equation—the ill-posed inverse problem of
recovering the initial condition g from noisy measurements of (-, T) inside

yik =e 9 gi e +ein, 5,k <M,

by adopting a Bayesian approach [3]. We assume a Gaussian prior g ~ N(0, e~P%+) and
independent Gaussian noise ;5 ~ N (0, 0?). The forward map is diagonal in (1, ), with

—C: . T ..
g =€ 408 160, 3,5 kK < M.
As a result, the posterior for each coefficient remains Gaussian
Gik | Yjge ~ N(mj,kavj,k)a
with, for j, k < M,

=Bk 52 _
R € ko o [k T
ok e~ (B+21)Gik 4 g2 Mk = e~ (B+2T)¢n 4 026 Yjk-

For j > M or k > M (unobserved modes), the posterior simply coincides with the prior.

Experimental details In Figure[3| within the theoretical setup described above, we fixed the noise
level at 0 = 5 - 1073, chose M = 15 (i.e. 225 observed modes), and set 7 = 0.1. We then ran the
preconditioned Langevin sampler—with the optimal preconditioner C' from Theorem using the
exact score function perturbed by a relative error £ ~ N(0,0.1%), scaled by 7 = 10~ in the top row
of Figureand by 107! in its bottom row, and with zero bias (i.e. 52 = 0) to simulate a learned score.
This sampler was run for 5 - 103 iterations with a fixed step-size of 10~2. For comparison, we also
executed the vanilla Langevin sampler for 1.5-10% iterations with a fixed step-size of 10~. To further
illustrate the quality of our preconditioned posterior samples, Figure [5| below shows uncertainty
quantification for Figure[3] For the first 35 modes, we plot the conditional posterior mean (red), the
95% credible interval (orange shading), and the ground truth (dotted black line).

02

i, PEN

————
;
A

o H 10 5 20 25 0 B3 o 5 10 15 20 25 E 3

Figure 5: Uncertainty quantification for preconditioned posterior sampling. Left: 7 = 1073, Right:
=101
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