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SURFACE WAVES IN RANDOMLY PERTURBED
DISCRETE MODELS\ast 

JOSSELIN GARNIER\dagger AND BASANT LAL SHARMA\ddagger 

Abstract. We study the propagation of surface waves across structured surfaces with random,
localized inhomogeneities. A discrete analogue of the Gurtin--Murdoch model is employed, and
surface elasticity, in contrast to bulk elasticity, is captured by distinct point masses and elastic
constants for nearest-neighbor interactions parallel to the surface. Expressions for the surface wave
reflectance and transmittance, as well as the radiative loss, are provided for every localized patch of
point mass perturbation on the surface. As the main result in the article, we provide the statistics
of surface wave reflectance and transmittance and the radiative loss for an ensemble of random mass
perturbations, independent and identically distributed with mean zero, on the surface. In the weakly
scattering regime, the mean radiative loss is found to be proportional to the size of the perturbed
patch, to the variance of the mass perturbations, and to an effective parameter that depends on
the continuous spectrum of the unperturbed system. In the strongly scattering regime, the mean
radiative loss is found to depend on another effective parameter that depends on the continuous
spectrum, but not on the variance of the mass perturbations. Numerical simulations are found in
quantitative agreement with the theoretical predictions for several illustrative values of the surface
structure parameters.

Key words. random perturbations, lattice dynamics, discrete Laplacian, Gurtin--Murdoch, mul-
tiscale analysis
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1. Introduction. Surface waves play an important role at small length scales
in physical structures, in addition to their role in traditional engineering systems
[42, 23, 9, 2, 12]. However, surfaces and coatings are not perfect [26, 45], and this
leads to several challenges along with their diverse applications at nano-scale, though
sometimes defects are intentionally crafted for desired signal transmission. The high
frequency wave scattering, due to steps and serrations on crystal [22, 31], involves
the discreteness of structure, and the perturbations influence the dynamical and wave
phenomena [17, 11, 50]. Indeed, the physical understanding of surfaces and interfaces
has evolved over several decades [48, 29, 44, 47]. The nano-scale effects are becoming
increasingly relevant in current science such as the case of functional nanomaterials
and miniaturized structures [30, 28, 20] for their elastic, electronic, and thermal prop-
erties. On the other hand, the presence of randomness at small scales has led to an
impact on the fundamental physical principles [1, 8].

Restricting to the classical theories, within the continuum models of surface elas-
ticity, [18, 19] proposed an independent set of constitutive relations on the surface in
addition to the ones defined in the bulk; this modeling can be interpreted as an elastic
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SURFACE WAVES IN RANDOM DISCRETE MODELS 159

membrane glued on the material surface and is referred as the Gurtin--Murdoch model.
Recently, a discrete Gurtin--Murdoch model was introduced by [13], wherein a com-
parison of the surface waves between the continuous Gurtin--Murdoch model and the
discrete framework of lattice dynamics is also provided within the kinematic assump-
tion of antiplane shear deformation (out-of-plane motion). The problem of scattering
of such surface waves, due to specific surface inhomogeneities, has been tackled in
[41, 39, 40], where it is found that the energy flux of surface waves is ``leaked"" at the
defects in the form of bulk waves. In more general situations and complicated lat-
tices, indeed, it is quite common to find surface (phonon) bands in the crystal models
[7, 21, 48], though the calculations along the lines of [39, 40] are less convenient.

Specifically, in this article, a prototype of surface wave propagation in a semi-
infinite square lattice half plane representing the surface of a crystalline structure is
analyzed in the presence of random perturbations of the masses at the boundary. The
specific lattice model adopted, based on that introduced in [13], is shown schematically
in Figure 1. The techniques developed in the general problem of discrete scattering on
uniform square lattices [33, 34, 35, 24], without additional surface structure, do assist
in carrying forward the analysis to such structured half planes, while our recent work
on the one dimensional lattice model [16] paved way for the choice of the simplest form
of the half plane model. As a preliminary result, the exact solution of the problem of
scattering of surface waves due to a patch of size \ttL of perturbed masses is provided
using the lattice Green's function for the assumed structure; the latter corresponds
to the solution of the discrete Helmholtz equation in the semi-infinite lattice with a
point source at the surface [40]. The reflection and transmission coefficients for sur-
face wave propagation, from one side of the patch to another, can then be obtained
via the inversion of an \ttL \times \ttL matrix. Together with a conservation of energy relation,
the expressions of the reflection and transmission coefficients give in turn a formula
for the radiative loss, namely the fraction of incident energy flux that is ``leaked"" at
the interface in the form of bulk waves. The main result concerns the question about
the dependence of the physically important effects of randomness in the surface ma-

Fig. 1. Schematic of surface wave transmission in a randomly perturbed Gurtin--Murdoch lat-
tice model: A square lattice half plane endowed with a boundary with structure containing certain
random mass defects in a finite region of size \ttL sites.
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160 JOSSELIN GARNIER AND BASANT L. SHARMA

terial parameters. This is answered for the surface wave transmission problem by an
application of stochastic and multiscale analysis [14]. Such an approach has already
been successfully applied to wave propagation in randomly perturbed systems such as
acoustic, elastic, or electromagnetic waves, including wave propagation in randomly
perturbed waveguides [15, 4, 5] and surface wave propagation in a randomly perturbed
continuous half-space [10, 6]. In the case of the randomly perturbed discrete Gurtin--
Murdoch model addressed in this paper, it is possible to study the regime where the
relative standard deviation of the mass perturbations is small and the size \ttL of the
perturbed patch is large so that the cumulative effects of the mass perturbations onto
the propagation of an incident surface wave are of order one. A system of stochastic
differential equations for the reflection and transmission coefficients as functions of
the size of the perturbed patch can be obtained, which takes into account all relevant
phenomena, including the coupling with radiative and evanescent modes. This sys-
tem gives in turn the expressions of the moments of the reflection and transmission
coefficients and the radiative loss. An inspection of these expressions reveals that,
in the weakly scattering regime, the mean radiative loss is proportional to the size
of the randomly perturbed patch, to the variance of the mass perturbations, and to
an effective parameter that depends on the continuous spectrum of the unperturbed
system. In the strongly scattering regime, the mean radiative loss depends on another
effective parameter, but not on the variance of the mass perturbations. The numerical
calculations suggest that the dependence of transmittance and radiative loss on the
incident wave frequency is nonmonotone in surface wave band for each instance of
perturbation, while the mean values are monotone mostly. In general, the results
on transmittance and radiative loss are highly susceptible to the choice of values of
physical parameters associated with the unperturbed surface structure.

The present article is organized as follows. The discrete Gurtin--Murdoch lat-
tice model incorporating the surface structure is formulated in section 2 along with
a short description of the associated surface waves. Section 2 provides the complete
eigenbasis for the difference operator characterizing the unperturbed one dimensional
semi-infinite lattice model closely related to the lattice half plane. Section 2 also
contains details on the modal expansion of the solution of the unperturbed equation
of motion of the lattice half plane with surface structure. The exact solution of the
scattering problem of surface waves, due to a finite size of the patch, of possibly large,
mass perturbation on the boundary, appears in section 3 after solving the discrete
Lippmann--Schwinger equation. The expressions of reflection and transmission coef-
ficients are provided in section 3 using the Green's function for point source on the
boundary of the half plane. Section 3 also contains the energy conservation theorem,
which provides the statement of distribution of the energy flux of the incident surface
wave into reflected and transmitted surface waves apart from the waves radiated into
the half plane. The main result of this article appears in section 4 concerning the
effects on scattering of surface waves due to randomness in small mass perturbation
on a finite sized patch on the boundary. Proof of the main result is provided in sec-
tion 5 using a multiscale analysis of the the modal expansion of the solution of the
perturbed equation of motion, dealing with the role of the evanescent and radiative
modes. After concluding remarks, a list of references and two appendices complete
the article.

Mathematical preliminaries. Let \BbbZ denote the set of integers, let \BbbZ 2 denote
\BbbZ \times \BbbZ , and let \BbbZ  - denote the set of negative integers. The definitions

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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SURFACE WAVES IN RANDOM DISCRETE MODELS 161

\BbbH := \{ (\ttx ,\tty )\in \BbbZ 2 : \tty \leq 0\} ,(1.1a)

\r \BbbH := \{ (\ttx ,\tty )\in \BbbZ 2 : \tty \in \BbbZ  - \} , \partial \BbbH := \{ (\ttx ,\tty )\in \BbbZ 2 : \tty = 0\} (1.1b)

represent the square lattice half plane with boundary, without boundary, and the
boundary itself, respectively. Let \BbbR denote the set of real numbers, and let \BbbC denote
the set of complex numbers. For z \in \BbbC , Re z \in \BbbR denotes the real part, Im z \in \BbbR 
denotes the imaginary part, z denotes the complex conjugate Re z  - i Im z of z,
| z| denotes the modulus, and arg z denotes the principal argument. The square root
function has the usual branch cut in the complex plane running from  - \infty to 0. The
symbol \BbbT denotes the unit circle (as a counterclockwise contour) in the complex plane.
If f is a differentiable, real- or complex-valued, function, then f \prime denotes the derivative
of f . The decoration\v is used to represent the modal amplitudes in contrast to \^,\widehat 
for the incident wave. The subscript 0 typically accompanies entities related to the
surface wave, while the subscript s appears with surface structure parameters. The
usage of \ttx ,\tty is restricted to emphasize the lattice coordinates; in particular, \ttx ,\tty \in \BbbZ .
The symbol z is reserved for a complex variable.

2. Lattice model and completeness of eigenfunctions.

2.1. Discrete Gurtin--Murdoch lattice model. Consider the unperturbed
lattice model, ignoring the yellow patch in Figure 1, which provides a schematic
representation of the lattice model with surface structure and point mass perturbation.
Within the paradigm of the out-of-plane displacement field of a lattice structure, the
equation of motion on \r \BbbH , the portion of lattice half plane away from its boundary, is

\bigtriangleup \ttu \ttx ,\tty = \"\ttu \ttx ,\tty , (\ttx ,\tty )\in \r \BbbH ,
where \bigtriangleup \ttu \ttx ,\tty \equiv \ttu \ttx +1,\tty + \ttu \ttx  - 1,\tty + \ttu \ttx ,\tty +1 + \ttu \ttx ,\tty  - 1  - 4\ttu \ttx ,\tty ,

(2.1a)

while the equation of motion of the particles on the lattice half plane boundary \partial \BbbH ,
as the counterpart of (2.1a), is

\alpha s(\ttu \ttx +1,\tty + \ttu \ttx  - 1,\tty  - 2\ttu \ttx ,\tty ) + \ttu \ttx ,\tty  - 1  - \ttu \ttx ,\tty =ms\"\ttu \ttx ,\tty , \ttx \in \BbbZ ,\tty = 0,(2.1b)

where ms > 0 represents the possibly distinct mass of particles at \partial \BbbH and \alpha s > 0
denotes the elastic constants for nearest-neighbor interactions parallel to the surface.
Equations (2.1a), (2.1b) are postulated as the discrete Gurtin--Murdoch lattice model,
following the naming convention used in [13, 40], analogous to the continuous model
[18], and the physical scaling described in section 3 of [13]. Note that [18] provided the
boundary conditions for the continuum model in case of statics, while their linearized
version for the scalar case of antiplane motion appears as equation (2) in [13].

We consider the time-harmonic problem, with \omega > 0 as the frequency of excitation
of the wave field as shown schematically in Figure 1, so that

\bigtriangleup \ttu \ttx ,\tty + \omega 2\ttu \ttx ,\tty = 0, (\ttx ,\tty )\in \r \BbbH ,(2.2a)

and

\alpha s(\ttu \ttx +1,\tty + \ttu \ttx  - 1,\tty  - 2\ttu \ttx ,\tty ) + \ttu \ttx ,\tty  - 1  - \ttu \ttx ,\tty +ms\omega 
2\ttu \ttx ,\tty = 0, \ttx \in \BbbZ ,\tty = 0,(2.2b)

corresponding to (2.1a) and (2.1b), respectively.
The above equations, (2.2a) in \r \BbbH and (2.2b) in \partial \BbbH , allow a surface wave band for

the values of \alpha s and ms such that \alpha s <ms [13]; see [40] for an elementary justification
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162 JOSSELIN GARNIER AND BASANT L. SHARMA

of this condition, and, in particular, note that the case ms = \alpha s = 1 does not permit
such a surface wave band. Indeed, it is easy to see, after the substitution of

\ttu \ttx ,\tty = ei\itk 0\ttx +\eta (\itk 0)\tty , \itk 0 \in ( - \pi ,\pi ) \setminus \{ 0\} ,(2.3)

in (2.2a), (2.2b), that the common description of surface waves is satisfied, provided
\omega \equiv \omega (\itk 0) and \eta \equiv \eta (\itk 0)> 0 are implicitly obtained from the two coupled equations

\omega 2 = 4sin2(\itk 0/2) + 2 - 2cosh\eta , ms\omega 
2 = 4\alpha s sin

2(\itk 0/2) + 1 - e - \eta .(2.4)

Thus, \ttu in (2.3) represents a \its \itu \itr \itf \ita \itc \ite \itw \ita \itv \ite \itm \ito \itd \ite of dimensionless wavenumber \itk 0 \in 
( - \pi ,\pi ) \setminus \{ 0\} that decays exponentially into \BbbH with an attenuation coefficient \eta (\itk 0).
Note that

\omega (\itk 0)\in (0, \omega max) =:Ps, \itk 0 \in ( - \pi ,\pi ) \setminus \{ 0\} ,(2.5)

where \omega max is given by

\omega max =

\sqrt{} 
( - bs +

\sqrt{} 
b2s  - 4ascs)/(2as),(2.6)

with as =ms(ms  - 1), bs = - 8\alpha sms + 4\alpha s + 4ms + 1,

cs = 16\alpha 2
s  - 16\alpha s  - 4.

Note that \omega max < 2 according to the conditions (2.4) whenever the surface wave band
exists. For each given \omega \in Ps, there exist two surface wave modes of the form (2.3),
which can be classified as a left-going and a right-going wave based on the sign of the
propagation of energy flux. The group velocity of the surface wave (2.3) with wave
number \itk 0 \in ( - \pi ,\pi ) \setminus \{ 0\} is [7]

\itv s(\itk 0) :=
d

d\xi 
\omega (\xi )| \xi =\itk 0 =

sin \itk 0
\omega (\itk 0)

\alpha s + (e2\eta (\itk 0)  - 1) - 1

ms + (e2\eta (\itk 0)  - 1) - 1
.(2.7)

The surface wave (2.3) carries energy flux towards \ttx \rightarrow +\infty (resp.,  - \infty ) when \itk 0 \in 
(0, \pi ) (resp.,  - \itk 0 \in (0, \pi )) as \itv s(\itk 0)> 0 (resp., \itv s(\itk 0)< 0).

Before proceeding to the main results, for the randomly perturbed discrete Gurtin--
Murdoch model with localized mass perturbations on sites in \partial \BbbH , certain results re-
garding the spectral properties of the difference operator involved in (2.2a), (2.2b)
on \BbbH are needed. In retrospect, it is convenient to study a reduced one dimensional
lattice model on \BbbZ  - \cup \{ 0\} at first.

2.2. Completeness of eigenfunctions for a (reduced) one dimensional
semi-infinite lattice model. Suppose that \omega belongs to the regime when a surface
wave mode (2.3) exists on \BbbH and (2.2a), (2.2b) are satisfied, i.e., \omega \in (0, \omega max)\subset (0,2),
where \omega max is given by (2.6). Following Appendix A of [10], the objective is to show
that the solution of the unperturbed system can be expanded on a complete system
of eigenfunctions, which represent both the propagative modes, that is, surface mode
and the radiative modes, and the evanescent modes.

We first introduce the unnormalized functions \psi \gamma which appear in the expressions
of the eigenfunctions.

2.2.1. Unnormalized functions. For any \gamma \in \BbbR , we denote by \psi \gamma :\BbbZ  - \cup \{ 0\} \rightarrow 
\BbbC the unique solution of the second-order difference equation

(\Delta 1 + \omega 2)\psi \gamma (\tty ) = \gamma \psi \gamma (\tty ), \tty \in \BbbZ  - ,(2.8a)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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SURFACE WAVES IN RANDOM DISCRETE MODELS 163

\psi \gamma (\tty  - 1) - \psi \gamma (\tty ) +ms\omega 
2\psi \gamma (\tty ) = \alpha s\gamma \psi \gamma (\tty ), \tty = 0,(2.8b)

\psi \gamma (\tty ) = 1, \tty = 0,(2.8c)

where \Delta 1 is the one dimensional discrete Laplacian

\Delta 1\psi (\tty )\equiv \psi (\tty + 1) +\psi (\tty  - 1) - 2\psi (\tty ), \tty \in \BbbZ ,\psi :\BbbZ \rightarrow \BbbC .(2.8d)

The function \psi \gamma has the following form.
If \gamma \not = \omega 2, then there exists a unique \beta \not = 0 such that Re \beta \geq 0, Im \beta \geq 0,

and e\beta +e - \beta  - 2+\omega 2 = \gamma . Then \psi \gamma =A\gamma e
\beta \tty +(1 - A\gamma )e

 - \beta \tty , where A\gamma = ( - \alpha s\gamma  - 1+
ms\omega 

2 + e\beta )/(e\beta  - e - \beta ) (so that the two boundary conditions (2.8b), (2.8c) hold).
If \gamma = \omega 2, then \psi \gamma = 1 + A\gamma \tty , where A\gamma = (ms  - \alpha s)\omega 

2 (so that (2.8b), (2.8c)
hold).

(i) If \gamma \in (\omega 2 - 4, \omega 2), we have \beta =\pm i\zeta , \zeta \in ( - \pi /2, \pi /2) with 2cos \zeta  - 2+\omega 2 = \gamma .
For \tty \leq 0, \psi \gamma = A\gamma e

i\zeta \tty +A\gamma e
 - i\zeta \tty , with A\gamma = 1

2 + i
2 sin \zeta ( - cos \zeta + \alpha s\gamma + 1 - 

ms\omega 
2), which yields

\psi \gamma (\tty ) =
1

sin \zeta 

\bigl( 
(ms\omega 

2  - \alpha s\gamma  - 1) sin \zeta \tty + sin \zeta (\tty + 1)
\bigr) 
.(2.9)

Thus, \psi \gamma is bounded on \BbbZ  - .
(ii) If \gamma < \omega 2  - 4 or \gamma > \omega 2, then \psi \gamma is exponentially growing on \BbbZ  - as \tty \rightarrow  - \infty 

because A\gamma \not = 1 except for one value \gamma 0 > \omega 2 (assuming \alpha s < ms) which is
such that A\gamma 0

= 1. This value \gamma 0 yields an eigenfunction \psi \gamma 0
(\tty ) = e\beta 0\tty where

\beta 0 > 0 is such that

\omega 2 = 2+ \gamma 0  - 2cosh\beta 0, ms\omega 
2 = \alpha s\gamma 0 + 1 - e - \beta 0 .(2.10)

Thus, \psi \gamma 0
is square summable on \BbbZ  - .

2.2.2. Orthonormal eigenfunctions. We consider the weighted l2 space of
typical u :\BbbZ  - \cup \{ 0\} \rightarrow \BbbC with the norm defined by

\| u\| 22 := \alpha s| u0| 2 +
\sum 
\tty \in \BbbZ  - 

| u\tty | 2,(2.11)

and the associated inner product defined by

\langle u, v\rangle := \alpha su0v0 +
\sum 
\tty \in \BbbZ  - 

u\tty v\tty .(2.12)

In this context, recall that \alpha s > 0 so that the above definitions are nondegenerate.
Inspired by the equations (2.8a), (2.8b), (2.8c), consider the definition

(Lu)\tty :=

\left\{   
\Delta 1u\tty + \omega 2u\tty if \tty \in \BbbZ  - ,

1

\alpha s
(u - 1  - u0 +ms\omega 

2u0) if \tty = 0.
(2.13)

By a direct calculation, it is found that the operator L defined by (2.13) is self-adjoint
in l2, i.e.,

\langle u,Lv\rangle = \langle Lu, v\rangle 

for all u, v \in l2 with weighted inner product defined by (2.12).
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164 JOSSELIN GARNIER AND BASANT L. SHARMA

A sketch of the (standard) proof of spectral properties of L is as follows. Let us
fix some positive integer D. If one considers the domain [ - D,0] \cap \BbbZ with Dirichlet
boundary condition at \tty =  - D instead of ( - \infty ,0] \cap \BbbZ , then the operator L is self-
adjoint and compact (equivalent to a D \times D matrix in this case). By the spectral
theorem for D \times D symmetric matrices there exists an orthonormal basis consisting
of eigenfunctions of L. The eigenvalues are simple \gamma j,D and the eigenfunctions \phi \gamma j,D

(proportional to \psi \gamma j,D
) are orthogonal (the eigenvalues are simple because, for any \gamma ,

the solution of L\psi = \gamma \psi with \psi (0) = 1 is unique). One can then proceed as in [10,
Appendix A]. By taking the limit D\rightarrow +\infty one gets that the operator L on l2 has a
discrete spectrum made of one isolated eigenvalue \gamma 0 and a continuous spectrum on
(\omega 2  - 4, \omega 2).

Proposition 2.1. \itA \itn \ity \itf \itu \itn \itc \itt \iti \ito \itn u \in l2 (\itw \iti \itt \ith \itw \ite \iti \itg \ith \itt \ite \itd \iti \itn \itn \ite \itr \itp \itr \ito \itd \itu \itc \itt (2.12)) \itc \ita \itn 
\itb \ite \ite \itx \itp \ita \itn \itd \ite \itd \ita \its 

u\tty = \v u\gamma 0\phi \gamma 0(\tty ) +

\int \omega 2

\omega 2 - 4

\v u\gamma \phi \gamma (\tty )d\gamma ,(2.14)

\itw \iti \itt \ith \itt \ith \ite \itm \ito \itd \ita \itl \ita \itm \itp \itl \iti \itt \itu \itd \ite \its \itg \iti \itv \ite \itn \itb \ity 

\v u\gamma 0
= \langle u,\phi \gamma 0

\rangle ,(2.15a)

\v u\gamma = \langle u,\phi \gamma \rangle , \gamma \in (\omega 2  - 4, \omega 2),(2.15b)

\ita \itn \itd \ite \iti \itg \ite \itn \itm \ito \itd \ite \its \itg \iti \itv \ite \itn \itb \ity 

\phi \gamma 0(\tty ) =
\sqrt{} 
\rho (\gamma 0)\psi \gamma 0(\tty ),(2.15c)

\phi \gamma (\tty ) =
\sqrt{} 
\rho (\gamma )\psi \gamma (\tty ), \gamma \in (\omega 2  - 4, \omega 2),(2.15d)

\itw \ith \ite \itr \ite 

\rho (\gamma 0) =
1

\alpha s + (e2\beta 0  - 1) - 1
,(2.15e)

\rho (\gamma ) =
2

\pi 

\sqrt{} 
(\omega 2  - \gamma )(\gamma  - \omega 2 + 4)

 - 1

1 + (\gamma (2\alpha s - 1)+\omega 2(1 - 2ms))2

(\omega 2 - \gamma )(\gamma  - \omega 2+4)

, \gamma \in (\omega 2  - 4, \omega 2).(2.15f)

\itW \ite \ita \itl \its \ito \ith \ita \itv \ite \itt \ith \ite \itP \ita \itr \its \ite \itv \ita \itl \itr \ite \itl \ita \itt \iti \ito \itn 

\| u\| 22 = | \v u\gamma 0
| 2 +

\int \omega 2

\omega 2 - 4

| \v u\gamma | 2d\gamma (2.16)

\itf \ito \itr \ita \itl \itl u\in l2.
Proposition 2.1 shows that, after suitable normalization of \psi \gamma obtained in sec-

tion 2.2.1, a function in l2 can be expanded on the complete set of eigenfunctions \psi \gamma ,
\gamma \in (\omega 2  - 4, \omega 2) \cup \{ \gamma 0\} . An alternative way to arrive at the normalization of \psi \gamma is
provided in Appendix A.

2.3. Modal expansion of the solution of the unperturbed equation of
motion. In view of Proposition 2.1, the solution \ttu : \BbbH \rightarrow \BbbC , which satisfies the
equation of motion (2.2a) with the surface condition (2.2b) on \partial \BbbH for all \ttx \in \BbbZ , can
be expanded as the superposition of orthonormal modes obtained in section 2.2.2:
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SURFACE WAVES IN RANDOM DISCRETE MODELS 165

\ttu \ttx ,\tty = \v \ttu \gamma 0(\ttx )\phi \gamma 0(\tty ) +

\int \omega 2

\omega 2 - 4

\v \ttu \gamma (\ttx )\phi \gamma (\tty )d\gamma , (\ttx ,\tty )\in \BbbH ,(2.17)

with \v \ttu \gamma 0(\ttx ) = \langle \ttu \ttx ,\cdot , \phi \gamma 0\rangle ,(2.18)

\v \ttu \gamma (\ttx ) = \langle \ttu \ttx ,\cdot , \phi \gamma \rangle , \gamma \in (\omega 2  - 4, \omega 2),(2.19)

using the weighted inner product defined by (2.12). Note that \{ \ttu \ttx ,\tty \} \tty \in \BbbZ  - belongs to
l2 for each \ttx \in \BbbZ and, as mentioned before, we assume that \omega \in Ps = (0, \omega max) (2.5).

The modal amplitudes in (2.17) satisfy the uncoupled difference equations

\v \ttu \gamma (\ttx + 1) + \v \ttu \gamma (\ttx  - 1) + (\gamma  - 2)\v \ttu \gamma (\ttx ) = 0, \ttx \in \BbbZ .(2.20)

(i) If \gamma \in (0,4) then \v \ttu \gamma (\ttx ) has the form

\v \ttu \gamma (\ttx ) = aeik(\gamma )\ttx + be - ik(\gamma )\ttx , \ttx \in \BbbZ ,

with

k(\gamma ) = arccos
\Bigl( 
1 - \gamma 

2

\Bigr) 
\in (0, \pi ), \gamma \in (0,4),(2.21)

which shows that it is a propagative mode (the mode eik\ttx is right-going on
\partial \BbbH , and e - ik\ttx is left-going on \partial \BbbH ).

(ii) If \gamma < 0 then \v u\gamma (\ttx ) has the form

\v \ttu \gamma (\ttx ) = aek(\gamma )\ttx + be - k(\gamma )\ttx , \ttx \in \BbbZ ,

with

k(\gamma ) = arcosh
\Bigl( 
1 - \gamma 

2

\Bigr) 
= ln

\Bigl( 
1 - \gamma 

2
+

1

2

\sqrt{} 
\gamma (\gamma  - 4)

\Bigr) 
> 0, \gamma < 0,(2.22)

which shows that it is an evanescent mode.
To summarize, the discrete eigenvalue \gamma 0 >\omega 

2 corresponds to a propagative mode,
addressed as a surface wave mode (2.3) in section 2; the continuous spectrum has a
propagative (radiative) part for \gamma \in (0, \omega 2) and an evanescent part for \gamma \in (\omega 2  - 4,0).

\itR \ite \itm \ita \itr \itk 2.2. For the discrete eigenvalue \gamma 0, the attenuation coefficient \beta 0 in (2.10)
corresponds to \eta (\itk 0), and the wave number k(\gamma 0) in (2.21) corresponds to \itk 0 in the
surface wave mode (2.3). For the continuous spectrum with a propagative (radiative)
part \gamma \in (0, \omega 2), the wave numbers \zeta \equiv \zeta (\gamma ) in (2.9) and k\equiv k(\gamma ) in (2.21) correspond
to the wave vectors (k, \zeta ) \in \BbbR 2 of bulk lattice waves, which have the form eik\ttx +i\zeta \tty 

[7, 33, 40] and satisfy the bulk dispersion relation \omega 2 = 4sin2 1
2k+ 4sin2 1

2\zeta .

3. Exact solution on \BbbH for arbitrary localized mass perturbation on \bfpartial \BbbH .
Suppose \ttL is a given positive integer representing the size of patch on \partial \BbbH containing
the mass defect. Let µ\ttx describe the relative perturbation in mass at the lattice site
(\ttx ,0) \in \partial \BbbH . For \ttx \in \{ 1,2, . . . ,\ttL  - 1,\ttL \} as there is a mass defect µ\ttx ms, the mass of
particle is ms(1+µ\ttx ) in place of ms in (2.2b). Note that the case of arbitrarily large
perturbation in point masses associated with surface structure is permitted as long
as the mass of individual particles remains positive.

We use \itu \ttx ,\tty to represent the scattered field in response to an incident surface wave
mode \widehat \ttu \ttx ,\tty for all (\ttx ,\tty )\in \BbbH ; naturally, the total field on \BbbH is given by \ttu \ttx ,\tty = \itu \ttx ,\tty +\widehat \ttu \ttx ,\tty .
We assume that \omega \in Ps = (0, \omega max) (2.5), that is, \omega belongs to the regime when a
surface wave mode (2.3) can exist in the unperturbed lattice model, where \omega max is
given by (2.6).
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166 JOSSELIN GARNIER AND BASANT L. SHARMA

We consider a propagative (surface) wave mode incident from the left side of the
surface patch on \partial \BbbH between \ttx = 1 and \ttx = \ttL (see yellow patch and wave schematic
in Figure 1):

\widehat \ttu \ttx ,\tty = \^a ei\itk 0\ttx +\eta (\itk 0)\tty , \itk 0 \in (0, \pi ),(3.1)

where \^a\in \BbbC is the amplitude; we assume that \^a \not = 0.
We consider the equation of motion (2.2a) with the surface condition (2.2b) on

\partial \BbbH satisfied by the total field \itu \ttx ,\tty + \widehat \ttu \ttx ,\tty for all \ttx \leq 0 and \ttx \geq \ttL +1 and the surface
condition with perturbed masses, i.e., \alpha s(\itu \ttx +1,\tty + \itu \ttx  - 1,\tty  - 2\itu \ttx ,\tty ) + \itu \ttx ,\tty  - 1  - \itu \ttx ,\tty +
ms(1+µ\ttx )\omega 

2\itu \ttx ,\tty +\alpha s(\widehat \ttu \ttx +1,\tty +\widehat \ttu \ttx  - 1,\tty  - 2\widehat \ttu \ttx ,\tty )+\widehat \ttu \ttx ,\tty  - 1 - \widehat \ttu \ttx ,\tty +ms(1+µ\ttx )\omega 
2\widehat \ttu \ttx ,\tty = 0 is

satisfied for \ttx \in [1,\ttL ] \cap \BbbZ and \tty = 0. As the equation of motion (2.2a) on \r \BbbH with the
surface condition (2.2b) on \partial \BbbH is satisfied by the incident wave \widehat \ttu , therefore we find
that the scattered wave field \itu \ttx ,\tty needs to satisfy (2.2a) on \r \BbbH and at \tty = 0,

\alpha s(\itu \ttx +1,\tty + \itu \ttx  - 1,\tty  - 2\itu \ttx ,\tty ) + \itu \ttx ,\tty  - 1  - \itu \ttx ,\tty +ms\omega 
2\itu \ttx ,\tty =

\ttL \sum 
j=1

\delta \ttx ,jfj \forall \ttx \in \BbbZ ,(3.2)

where

fj := - ms\omega 
2µj(\itu j,0 + \widehat \ttu j,0), j = 1, . . . ,\ttL .(3.3)

By inspection of (2.2a) and (3.2), it is clear that the solution can be expressed in
terms of a Green's function. In particular, we consider the Green's function G\ttx ,\tty for
all (\ttx ,\tty ) \in \BbbH that satisfies (2.2a), (2.2b) with a point source \delta \ttx ,0\delta \tty ,0. The Kronecker
delta is defined by

\delta \ttx ,n := 0, if \ttx \not = n, and \delta \ttx ,n := 1, if \ttx = n, \ttx , n\in \BbbZ .(3.4)

The Green's function G satisfies the following equations:

(G\ttx +1,\tty + G\ttx  - 1,\tty ) + G\ttx ,\tty +1 + G\ttx ,\tty  - 1  - 4G\ttx ,\tty + \omega 2G\ttx ,\tty = 0, (\ttx ,\tty )\in \r \BbbH ,(3.5a)

\alpha s (G\ttx +1,0 + G\ttx  - 1,0  - 2G\ttx ,0) + G\ttx , - 1  - G\ttx ,0 + \omega 2\itm sG\ttx ,0 = \delta \ttx ,0, (\ttx ,0)\in \partial \BbbH .(3.5b)

The solution of the above system of equations (3.5) can be found in terms of a contour
integral as the function G :\BbbH \rightarrow \BbbC given by

G\ttx ,\tty =
1

2\pi i

\int 
\BbbT 

\lambda  - \tty (z)z| \ttx |  - 1

\frakK s(z)
dz, (\ttx ,\tty )\in \BbbH ,(3.6)

where \BbbT denotes the counterclockwise unit circle contour in the complex plane, and

\frakK s(z) = \lambda (z) + \frakF s(z), \lambda (z) =
\ttr (z) - \tth (z)

\ttr (z) + \tth (z)
,

\tth (z) =
\sqrt{} 
\ttQ (z) - 2, \ttr (z) =

\sqrt{} 
\ttQ (z) + 2, \ttQ (z) = 4 - z - z - 1  - (\omega + i\varepsilon )2,

and \frakF s(z) =ms\omega 
2  - 1 + \alpha s(z+ z - 1  - 2),

(3.7)

with \varepsilon > 0 representing a vanishingly small absorption [33]. To obtain (3.6) from (3.5),
we first replace \omega by \omega + i\varepsilon in (3.5) and seek the solution G\equiv G(\varepsilon ) that exponentially
decays at infinity. The application of transform GF

\tty (z) =
\sum 

\ttx \in \BbbZ G\ttx ,\tty z
 - \ttx facilitates

finding that (1) GF
\tty ,\tty \in \BbbZ  - \cup \{ 0\} , is analytic in an annulus A such as the one shown

schematically in Figure 2 containing the unit circle \BbbT , (2) by (3.5a), GF
\tty = GF

\ttzero \lambda 
 - \tty ,
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SURFACE WAVES IN RANDOM DISCRETE MODELS 167

where \lambda (3.7) is analytic and nonvanishing in the same annulus A, (3) by (3.5b), GF
\ttzero 

satisfies \frakK sG
F
\ttzero = 1, where \frakK s (3.7) also does not vanish in A, in particular on \BbbT . The

formula (3.6) follows using the analyticity of \lambda  - \tty /\frakK s in the integrand of the contour
integral on \BbbT and Cauchy's residue theorem. See section 8(a) in [40] for few more
details regarding the Green's function; see also section 5(c) in [40] and section 2.2 in
[33] regarding the definitions that appear in (3.7).

\itR \ite \itm \ita \itr \itk 3.1. Note that G\ttx ,\tty (3.6) decays exponentially as | \ttx | , | \tty | \rightarrow \infty on \BbbH under
the assumption \varepsilon > 0. As \varepsilon \rightarrow 0+, the scattering solution, which satisfies radiation
conditions [32] in the present two dimensional case, is recovered; see also [27], where
the choice of sign in the imaginary part of the spectral parameter in the resolvent of
the discrete Laplacian operator is clarified.

Let

z0 := ei\itk 0 ,(3.8)

where \itk 0 is the incident surface wave number in (3.1). Due to the presence of absorp-
tion \varepsilon > 0, z0 lies inside the unit disk in complex plane \BbbC , i.e., | z0| < 1. Moreover,
according to the definition in (3.7), \lambda (z0) = \lambda (z - 1

0 ) = e - \eta (\itk 0).

\itR \ite \itm \ita \itr \itk 3.2. Note that \frakF s(z) = \frakF s(z
 - 1) and \lambda (z) = \lambda (z - 1) so that \frakK s(z) =\frakK s(z

 - 1).
Also note that \frakK s(z0) = 0 and \widehat \ttu \ttx ,0 = \^az\ttx 0 according to (3.1), (3.8), and, in general,\widehat \ttu \ttx ,\tty = \^az\ttx 0\lambda 

 - \tty (z0) using the definition in (3.7).

\itR \ite \itm \ita \itr \itk 3.3. In connection with the eigenfunctions stated earlier, especially
(2.15e), (2.15f), note that

\rho (\gamma 0) =
(z0  - z - 1

0 )

z0\frakK 
\prime 
s(z0)

, \rho (\gamma ) =
1

\pi 

Im \lambda \gamma 
| \frakK s(z\gamma )| 2

,(3.9)

where \lambda \gamma \equiv \lambda (z\gamma ) using the following mappings:

\gamma \equiv \gamma (z) = 2 - z - z - 1 and z\gamma \equiv z(\gamma ) such that | z\gamma | < 1.(3.10)

In addition to Remark 2.2, note that z\gamma 0
= z0 defined in (3.8) while \gamma (z0) = \gamma 0. In this

context, see Appendix A as well.

Using the formula of the Green's function, stated as (3.6), the solution of (2.2a)
and (3.2) can be expressed, in terms of the point sources \{ fj\} \ttL j=1 (3.3), as

\itu \ttx ,\tty =

\ttL \sum 
j=1

G| \ttx  - j| ,\tty fj , (\ttx ,\tty )\in \BbbH .(3.11)

The solution (3.11) decays exponentially as | \ttx | , | \tty | \rightarrow \infty on \BbbH under the assump-
tion \varepsilon > 0. However, the definition (3.3) includes the scattered field \{ \itu \ttx ,0\} \ttL \ttx =1 on
the perturbed sites. Indeed, by substituting (3.3) into (3.11), we find that \itu \ttx ,\tty =
 - ms\omega 

2
\sum \ttL 

j=1 G| \ttx  - j| ,\tty µj(\itu j,0 + \widehat \ttu j,0), (\ttx ,\tty ) \in \BbbH , so that by restricting the solution \itu 
(3.11) to \partial \BbbH , we have the discrete Lippmann--Schwinger equation

\itu \ttx ,0= - ms\omega 
2

\ttL \sum 
j=1

G| \ttx  - j| ,0µj(\itu j,0 + \widehat \ttu j,0), \ttx \in \BbbZ ,(3.12)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

01
/0

9/
25

 to
 1

29
.1

04
.7

8.
16

7 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



168 JOSSELIN GARNIER AND BASANT L. SHARMA

where according to (3.6)

G| \ttx | ,0 =
1

2\pi i

\int 
\BbbT 

z| \ttx |  - 1

\frakK s(z)
dz.(3.13)

The above equation (3.12) for \ttx \in [1,\ttL ] \cap \BbbZ yields a closed system of linear algebraic
equations for \{ \itu \ttx ,0\} \ttL \ttx =1 so that the problem is reduced to the inversion of an \ttL \times \ttL 

matrix.

\itR \ite \itm \ita \itr \itk 3.4. Consider the following Fourier transforms:

f(z) =
\sum \ttL 

j=1
z - jfj , \itu F

0 (z) =
\sum 

\ttx \in \BbbZ 
\itu \ttx ,0z

 - \ttx , GF
0 (z) =

\sum 
\ttx \in \BbbZ 

G\ttx ,0z
 - \ttx ,(3.14)

using (3.3) in the first expression and (3.13) in the third. Using (3.12) and the Fourier
transforms f,\itu F

0 , GF
0 defined in (3.14), it follows that

\frakK s(z)\itu 
F
0 (z) = f(z),(3.15)

as \frakK s(z)G
F
0 (z) = 1. Further, by Remark 3.2, GF

0 satisfies the property

GF
0 (z) = GF

0 (z
 - 1).(3.16)

Using the expression (3.13) for the Green's function evaluated on \partial \BbbH , and the def-
inition (3.3), the scattered field, as given by (3.12), on the perturbed sites can be
concisely, but formally, solved to obtain

\bfitu = (\bfitI  - \bfitT \bfitD (µ)) - 1\bfitT \bfitD (µ)\widehat \bfitu ,(3.17)

where

\bfitT =Toeplitz(G0,0,G1,0,G2,0, . . . ,G\ttL  - 1,0)\in \BbbC \ttL \times \ttL ,(3.18a)

\bfitD (µ) = - ms\omega 
2diag(µ1,µ2, . . . ,µ\ttL )\in \BbbC \ttL \times \ttL ,(3.18b)

\bfitu = (\itu 1,0,\itu 2,0, . . . ,\itu \ttL ,0)\in \BbbC \ttL , \widehat \bfitu = \^a z0(1, z0, z
2
0, . . . , z

\ttL  - 1
0 )\in \BbbC \ttL ,(3.18c)

and \bfitz = z(1, z, z2, . . . , z\ttL  - 1)\in \BbbC \ttL .(3.18d)

Note that \bfitT (3.18a) is a symmetric Toeplitz matrix due to the properties of Green's
function as evident from (3.12) and (3.13). Using the above result (3.17) component-
wise in (3.3), the complete solution for the scattered field on \BbbH is given by (3.11).

3.1. Reflection and transmission coefficients for surface wave incidence.
For \ttx \in \BbbZ  - , as \varepsilon \rightarrow 0+ and \ttx \rightarrow  - \infty , according to (3.12),

\itu \ttx ,0 = - ms\omega 
2

\ttL \sum 
j=1

µjG - \ttx +j,0(\itu j,0 + \widehat \ttu j,0) =R\^az - \ttx 
0 .(3.19)

Hence, using the Cauchy residue theorem to evaluate (3.13) considering the fact that
z0 < 1 for \varepsilon > 0, the reflection coefficient is given by

R= - ms\omega 
2

\^a

\biggl( 
1

z\frakK \prime 
s(z)

\biggr) 
| z=z0

\ttL \sum 
j=1

µjz
j
0(\itu j,0 + \widehat \ttu j,0)

=
1

\^a

\biggl( 
1

z\frakK \prime 
s(z)

\biggr) 
| z=z0z0(1, z0, z

2
0, . . . , z

\ttL  - 1
0 ) \cdot \bfitD (µ)(\bfitu + \widehat \bfitu ),(3.20)
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SURFACE WAVES IN RANDOM DISCRETE MODELS 169

where the second line uses (3.18c)2. The factor 1/\^a in (3.20) appears due to our,
slightly general, choice of nonnormalized incident wave (3.1), but it eventually cancels
with the contribution from the amplitude of the incident field and scattered field (by
linearity) so that R is independent of \^a.

For \ttx > \ttL , as \varepsilon \rightarrow 0+, \ttx \rightarrow +\infty , \itu \ttx ,0 =  - ms\omega 
2
\sum \ttL 

j=1 µjG\ttx  - j,0(\itu j,0 + \widehat \ttu j,0), which
in turn implies that the total field behaves as

\itu \ttx ,0 + \widehat \ttu \ttx ,0 = \widehat \ttu \ttx ,0 + ( - ms\omega 
2)

\ttL \sum 
j=1

µjG\ttx  - j,0(\itu j,0 + \widehat \ttu j,0) = T\^az\ttx 0.(3.21)

Simplifying the expression in the same way as that of the reflection coefficient R
(3.20), we find that the transmission coefficient is, therefore, given by

T = 1+
( - ms\omega 

2)

\^a

\biggl( 
1

z\frakK \prime 
s(z)

\biggr) 
| z=z0

\ttL \sum 
j=1

µjz
 - j
0 (\itu j,0 + \widehat \ttu j,0)

= 1+
1

\^a

\biggl( 
1

z\frakK \prime 
s(z)

\biggr) 
| z=z0z

 - 1
0 (1, z - 1

0 , z - 2
0 , . . . , z - \ttL +1

0 ) \cdot \bfitD (µ)(\bfitu + \widehat \bfitu ).(3.22)

With \widehat \bfitu = \^az0(1, z0, z
2
0, . . . , z

\ttL  - 1
0 ) as in (3.18c)2, using (3.17), the reflection coeffi-

cient R (3.20) can be succinctly expressed as

R=
1

\^a2

\biggl( 
1

z\frakK \prime 
s(z)

\biggr) 
| z=z0\bfitD (µ)\widehat \bfitu \cdot (\bfitI  - \bfitT \bfitD (µ)) - 1\widehat \bfitu ,(3.23)

while the transmission coefficient T (3.22) is given by

T = 1+
1

| \^a| 2

\biggl( 
1

z\frakK \prime 
s(z)

\biggr) 
| z=z0\bfitD (µ)\widehat \bfitu \cdot (\bfitI  - \bfitT \bfitD (µ)) - 1\widehat \bfitu .(3.24)

The expressions (3.23), (3.24) are utilized later in the article for numerical evaluations
and graphical illustrations. At this point it is clear that, using the coefficients (3.20),
(3.22), one can determine the energy flux in the surface waves reflected by the patch
of size \ttL of perturbed masses and transmitted across it. More importantly, what
remains to be proven is the fact that all propagative waves, including waves excited
in the bulk lattice, carry energy flux that equals that of the incident wave. This task
is carried out next.

3.2. Energy conservation. The energy flux in the surface wave (2.3) is [7]

E (\itk 0) =
1

2
\omega 2| u0,0| 2\mu s(\itk 0)\itv s(\itk 0),

with \mu s(\itk 0) := (\itm s  - 1) + (1 - e - 2\eta (\itk 0)) - 1,
(3.25)

where \itv s is defined as in (2.7). The effective mass \mu s satisfies \mu s(\itk 0) = \mu s( - \itk 0) as
\eta (\itk 0) = \eta ( - \itk 0) while \itv s(\itk 0) =  - \itv s( - \itk 0). Using the expression (3.25), the incident
surface wave carries the energy flux [40]\widehat E= E (\itk 0),(3.26)

with \widehat \ttu 0,0 = \^a replacing u0,0. The expression of energy flux is obtained, as in Appendix
1 of [40], from the standard definition [7]

\widehat E := lim
\ttx \rightarrow  - \infty 

1

2
Re

\sum 
\tty \in \BbbZ  - \cup \{ 0\} 

\widehat \ttf \ttx ,\tty \.\widehat \ttu \ttx ,\tty ,(3.27)
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170 JOSSELIN GARNIER AND BASANT L. SHARMA

where \widehat \ttf \ttx ,\tty denotes the force on particle at (\ttx ,\tty ) from the interaction with (\ttx  - 1,\tty )

while \.\widehat \ttu \ttx ,\tty denotes the velocity of the particle at (\ttx ,\tty ); indeed, \.\widehat \ttu \ttx ,\tty =  - i\omega \widehat \ttu \ttx ,\tty . In
view of Remark 3.1 and the statements regarding the recovery of scattered field via
the absorption principle, it is noted that the limits \ttx \rightarrow  - \infty and \varepsilon \rightarrow 0+, in (3.27),
do not commute, and, in particular, the former is carried out after the latter. The
expression (3.25), (3.26) can be simplified for the incident surface wave, as in (3.1)
with amplitude \^a, to the form

\widehat E=
1

2
| \^a| 2\omega sin \itk 0

\rho (\gamma 0)
,(3.28)

where, using (3.8) and Remark 3.3,

1

\rho (\gamma 0)
=

z0\frakK 
\prime 
s(z0)

(z0  - z - 1
0 )

=
| \frakK \prime 

s(z0)| 
2 sin \itk 0

.(3.29)

Under the assumption of point mass perturbation of finite size, we observe that the
transmitted surface wave \itu T has the same form as the incident wave \widehat \ttu and the same
wave number \itk 0. Therefore, analogous to (3.27), the energy flux carried by the trans-
mitted surface wave, with amplitude T , is

ET =
1

2
| \^a| 2| T | 2\omega sin \itk 0

\rho (\gamma 0)
.(3.30)

We also observe that the reflected surface wave \itu R has the same form as the incident
wave \widehat \ttu but wave number  - \itk 0; in the complex plane the corresponding point is z - 1

0

and \itu R
\ttx ,0 = \^aRz - \ttx 

0 (recall the discussion in the context of (3.20)). Thus, the energy
flux in the reflected surface wave, with amplitude R, is given by

ER =
1

2
| \^a| 2| R| 2\omega sin \itk 0

\rho (\gamma 0)
.(3.31)

The energy leaked into the half space is

E\r \BbbH = - lim
\tty \rightarrow  - \infty 

1

2
Re

\sum 
\ttx \in \BbbZ 

\ttf \ttx ,\tty \.\itu \ttx ,\tty ,(3.32)

where \ttf \ttx ,\tty denotes the force on particle at (\ttx ,\tty ) from the interaction with (\ttx ,\tty  - 1)
while taking into account the scattered wave field \itu on \BbbH . With \varepsilon \rightarrow 0+, using the
Parseval theorem with the Fourier transforms (3.14), and the property (3.16), we find
that the definition (3.32) leads to the expression

E\r \BbbH =
1

2
\omega 

1

2\pi i

\oint 
CB

Im \lambda (z)
1

2
(| \itu F

0 (z)| 2 + | \itu F
0 (z

 - 1)| 2)z - 1dz,(3.33)

since | \lambda | = 1 on CB and | \lambda | < 1 outside CB , where CB is a counterclockwise contour
almost coinciding with the branch cut for \lambda inside the unit circle. Note that the
branch cut for \lambda coincides with the continuous spectrum (propagating and evanescent
bulk waves) in the z plane. To obtain formula (3.33) from (3.32), assuming \varepsilon > 0, the
contour \BbbT in the associated contour integral similar to (3.13) is deformed into CB tak-
ing into account the zeros of \frakK s in (3.7) (recall Remark 3.2 in this calculation). After
this the limit \varepsilon \rightarrow 0+ is taken and then the limit \tty \rightarrow  - \infty in (3.32) is considered using
the statement immediately preceding Remark 3.2. See Figure 2 for an exaggerated
schematic of CB assuming \varepsilon > 0.
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SURFACE WAVES IN RANDOM DISCRETE MODELS 171

Fig. 2. Schematic of the counterclockwise contour CB in the complex plane \BbbC . \~CB is related
to CB by the mapping z \mapsto \rightarrow 1/z. The thickness of gray annular region A containing the unit circle
depends on \varepsilon and shrinks as \varepsilon \rightarrow 0+.

Proposition 3.5. \itW \ite \ith \ita \itv \ite \itt \ith \ite \itc \ito \itn \its \ite \itr \itv \ita \itt \iti \ito \itn \ito \itf \ite \itn \ite \itr \itg \ity \itr \ite \itl \ita \itt \iti \ito \itn 

ER + ET + E\r \BbbH = \widehat E,(3.34)

\itw \ith \ite \itr \ite \widehat E \iti \its \itg \iti \itv \ite \itn \itb \ity (3.27), ER \iti \its \itg \iti \itv \ite \itn \itb \ity (3.31), ET \iti \its \itg \iti \itv \ite \itn \itb \ity (3.30), \ita \itn \itd E\r \BbbH \iti \its 
\itg \iti \itv \ite \itn \itb \ity (3.33).

\itP \itr \ito \ito \itf . Recall Remark 3.4. Using (3.15), (3.14), (3.28), (3.30), (3.31), and (3.33),
and (3.7), the statement of energy balance (3.34) becomes

1

2
\omega 

1

2\pi i

\oint 
CB

Im \lambda \gamma 
1
2 (| f(z)| 

2 + | f(z - 1)| 2)
(\frakF s + \lambda )(\frakF s + \lambda  - 1)

z - 1dz

+
1

2
\omega 
| f(z - 1

0 )| 2 + | f(z0)| 2

 - 2iz0\frakK 
\prime 
s(z0)

+
1

2
\omega Im (f(z0)) = 0.

(3.35)

The first two terms in (3.35) can be combined by an application of Cauchy's residue
theorem to rewrite (3.34) as

1

2
\omega 

1

2\pi i

\oint 
\BbbT 

Im \lambda \gamma 
1
2 (| f(z)| 

2 + | f(z - 1)| 2)
(\frakF s + \lambda )(\frakF s + \lambda  - 1)

z - 1dz+
1

2
\omega Im (f(z0)) = 0.(3.36)

Consider the expression W := - 1
2 Re

\sum \ttL 
\ttx =1 f\ttx \.\itu \ttx ,0 using (3.3). By an application of

the Plancherel theorem

W = - 1

2
\omega 

1

2\pi i

\oint 
\BbbT 
| f(z)| 2 1

2
Im

\biggl( 
1

\frakK (z)
+

1

\frakK (z - 1)

\biggr) 
z - 1dz,(3.37)

which upon using the definitions (3.7) leads to

W =
1

2
\omega 

1

2\pi i

\oint 
\BbbT 

Im \lambda \gamma 
1
2 (| f(z)| 

2 + | f(z - 1)| 2)
(\frakF s + \lambda )(\frakF s + \lambda  - 1)

z - 1dz.(3.38)

On the other hand, using (3.3) and by the direct substitution of expression of the
incident wave, it is found that

W = - 1

2
\omega Im (f(z0)).(3.39)

The equations (3.38), (3.39) lead to (3.36).
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172 JOSSELIN GARNIER AND BASANT L. SHARMA

\itR \ite \itm \ita \itr \itk 3.6. The statement of Proposition 3.5 can be equivalently expressed as

| R| 2 + | T | 2 +D= 1,(3.40)

where D= E\r \BbbH /
\widehat E > 0 is the energy flux radiated into the lattice half plane \r \BbbH per unit

incident wave energy flux while | R| 2 and | T | 2 represent the surface wave reflectance
and transmittance, respectively.

4. Multiscale analysis for small, random mass perturbations. We assume
again that \omega belongs to the regime when a surface wave mode (2.3) can exist in the
unperturbed lattice model, i.e., \omega \in (0, \omega max), where \omega max is given by (2.6). We assume
that there is a unit-amplitude forward-going (normalized) surface mode incoming
from the left region \ttx \leq 0 and radiation condition into the right region \ttx \geq \ttL +1 (the
radiation condition expresses the fact that no left-going surface wave is incoming from
the right region).

The total wave field \ttu is solution of (2.2a) for \tty \not = 0,

\alpha s(\ttu \ttx +1,\tty + \ttu \ttx  - 1,\tty  - 2\ttu \ttx ,\tty ) + \ttu \ttx ,\tty  - 1  - \ttu \ttx ,\tty +ms\omega 
2\ttu \ttx ,\tty = 0, \tty = 0,(4.1)

for \ttx \not \in [1,\ttL ]\cap \BbbZ , and

\alpha s(\ttu \ttx +1,\tty + \ttu \ttx  - 1,\tty  - 2\ttu \ttx ,\tty ) + \ttu \ttx ,\tty  - 1  - \ttu \ttx ,\tty +ms(1 + µ\ttx )\omega 
2\ttu \ttx ,\tty = 0, \tty = 0,(4.2)

for \ttx \in [1,\ttL ]\cap \BbbZ .
We denote by \widehat \ttu the propagative surface wave mode that is incident from the left

side: \widehat \ttu \ttx ,\tty = eik(\gamma 0)\ttx \phi \gamma 0(\tty ),(4.3)

where k(\gamma 0) is actually \itk 0 as previously stated in Remark 2.2; however we use the
former to bring out the role of the function k (2.22). Note that the expression (4.3)
coincides with that stated in (3.1) provided the amplitude is chosen such that \^a =\sqrt{} 
\rho (\gamma 0).
We denote by \itu = \ttu  - \widehat \ttu , as in section 3, the scattered field that satisfies the

following radiating conditions:
(i) for \gamma \in (0, \omega 2) \cup \{ \gamma 0\} , \langle \itu \ttx ,\cdot , \phi \gamma \rangle exp(ik(\gamma )\ttx ) does not depend on \ttx for \ttx \leq 0

and \langle \itu \ttx ,\cdot , \phi \gamma \rangle exp( - ik(\gamma )\ttx ) does not depend on \ttx for \ttx \geq \ttL +1;
(ii) for \gamma \in (\omega 2  - 4,0), \langle \itu \ttx ,\cdot , \phi \gamma \rangle exp( - k(\gamma )\ttx ) does not depend on \ttx for \ttx \leq 0 and

\langle \itu \ttx ,\cdot , \phi \gamma \rangle exp(k(\gamma )\ttx ) does not depend on \ttx for \ttx \geq \ttL +1.
We define by R the amplitude of the left-going surface mode in the left region

\ttx \leq 0 and by T the amplitude of the right-going surface mode in the right region
\ttx \geq \ttL +1:

R= \langle \itu \ttx ,\cdot , \phi \gamma 0
\rangle exp(ik(\gamma 0)\ttx ) for \ttx \leq 0,(4.4)

T = \langle \itu \ttx ,\cdot , \phi \gamma 0
\rangle exp( - ik(\gamma 0)\ttx ) for \ttx \geq \ttL +1.(4.5)

We refer to R, respectively, T , as the reflection, respectively, transmission, coefficient,
as in section 3.

The total wave field \ttu can be expanded as (2.17). The modal amplitudes \v \ttu \gamma (\ttx ) =
\langle \ttu \ttx ,\cdot , \phi \gamma \rangle satisfy the coupled difference equations

\v \ttu \gamma (\ttx + 1) + \v \ttu \gamma (\ttx  - 1) + (\gamma  - 2)\v \ttu \gamma (\ttx ) = - msµ\ttx \omega 
2
\sqrt{} 
\rho (\gamma )

\times 

\Biggl[ \sqrt{} 
\rho (\gamma 0)\v \ttu \gamma 0

(\ttx ) +

\int \omega 2

\omega 2 - 4

\sqrt{} 
\rho (\upsilon )\v \ttu \upsilon (\ttx )d\upsilon 

\Biggr] 
, \ttx \in [1,\ttL ].(4.6)
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SURFACE WAVES IN RANDOM DISCRETE MODELS 173

4.1. Moments of the reflectance, transmittance, and radiative loss. We
assume that the (µ\ttx )\ttx \in [1,\ttL ]\cap \BbbZ are independent and identically distributed random vari-
ables with mean zero and variance \sigma 2. We address the regime where the fluctuations
of the lattice parameters within the perturbed region are small but the perturbed re-
gion is large, so that the effect of the perturbations will be of order one. Accordingly,
we here carry out a multiscale analysis in the asymptotic framework \sigma \ll 1 and \ttL \gg 1
such that \ttL \sigma 2 =O(1). We prove, in section 5, the following proposition, which is the
main result of the paper.

Proposition 4.1. \itL \ite \itt \itu \its \itd \ite \itn \ito \itt \ite 

1

\ttL loc
=
\sigma 2m2

s\omega 
4\rho (\gamma 0)

2

4 sin2(k(\gamma 0))
, \Lambda =

\sigma 2m2
s\omega 

4\rho (\gamma 0)

2 sink(\gamma 0)

\int \omega 2

0

\rho (\gamma )

sink(\gamma )
d\gamma .(4.7)

\itW \ite \itd \ite \itn \ito \itt \ite \itb \ity R\sigma 
p (\~L) = \BbbE [| R(\ttL = [\~L\ttL loc])| 2p], p \geq 0, \itt \ith \ite \itm \ito \itm \ite \itn \itt \its \ito \itf \itt \ith \ite \itr \ite fl\ite \itc \itt \iti \ito \itn 

\itc \ito \ite ffi\itc \iti \ite \itn \itt \itf \ito \itr \ttL = [\~L\ttL loc] (\itw \ith \iti \itc \ith \iti \its \ito \itf \itt \ith \ite \ito \itr \itd \ite \itr \ito \itf \sigma  - 2 \itw \ith \ite \itn \~L \iti \its \ito \itf \ito \itr \itd \ite \itr \ito \itn \ite ).
\itI \itn \itt \ith \ite \itl \iti \itm \iti \itt \sigma \rightarrow 0, \itt \ith \ite \itm \ito \itm \ite \itn \itt \its \ito \itf \itt \ith \ite \itr \ite fl\ite \itc \itt \iti \ito \itn \itc \ito \ite ffi\itc \iti \ite \itn \itt (R\sigma 

p )p\geq 0 \itc \ito \itn \itv \ite \itr \itg \ite \itt \ito 
\itt \ith \ite \its \ito \itl \itu \itt \iti \ito \itn (Rp)p\geq 0 \ito \itf \itt \ith \ite \its \ity \its \itt \ite \itm 

\partial \~LRp = p2
\bigl( 
Rp+1 +Rp - 1  - 2Rp) - 2\~\Lambda pRp,(4.8)

\its \itt \ita \itr \itt \iti \itn \itg \itf \itr \ito \itm Rp(\~L= 0) = 10(p), \itw \ith \ite \itr \ite 

\~\Lambda =\Lambda \ttL loc = 2
sink(\gamma 0)

\rho (\gamma 0)

\int \omega 2

0

\rho (\gamma )

sink(\gamma )
d\gamma .(4.9)

Similarly, we find that (\BbbE [| R| 2p| T | 2])p\geq 0 converges to the solution (Tp)p\geq 0 of the
system

\partial \~LTp =
\bigl( 
(p+ 1)2(Tp+1  - Tp) + p2(Tp - 1  - Tp)

\bigr) 
 - \~\Lambda (2p+ 1)Tp,(4.10)

starting from Tp(\~L = 0) = 10(p), and (\BbbE [| R| 2p| T | 4])p\geq 0 converges to the solution
(Up)p\geq 0 of the system

\partial \~LUp =
\bigl( 
(p+ 2)2(Up+1  - Up) + p2(Up - 1  - Up)

\bigr) 
+
\bigl( 
2 - \~\Lambda (2p+ 2)

\bigr) 
Up,(4.11)

starting from Up(\~L= 0) = 10(p),
Following [14, section 9.2.2], the solutions of these systems have probabilistic

representations (see Appendix B for a brief introduction to jump Markov processes).
In particular,

Rp(\~L) =\BbbE 

\Biggl[ 
1NR

\~L
=0 exp

\Biggl( 
 - 2\~\Lambda 

\int \~L

0

NR
x dx

\Biggr) 
| NR

0 = p

\Biggr] 
, p\geq 0,(4.12)

where (NR
x )x\geq 0 is a jump Markov process with state space \BbbN and with generator

LRf(n) = n2
\bigl( 
f(n + 1) + f(n  - 1)  - 2f(n)

\bigr) 
. This expression for p = 1 gives the

expectation of | R| 2, and the expressions for p= 1 and p= 2 give the variance of | R| 2
in the limit \sigma \rightarrow 0. Similarly,

Tp(\~L) =\BbbE 

\Biggl[ 
1NT

\~L
=0 exp

\Biggl( 
 - \~\Lambda 

\int \~L

0

2NT
x + 1dx

\Biggr) 
| NT

0 = p

\Biggr] 
, p\geq 0,(4.13)
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174 JOSSELIN GARNIER AND BASANT L. SHARMA

where (NT
x )x\geq 0 is a jump Markov process with state space \BbbN and with generator

LT f(n) = (n+ 1)2(f(n+ 1) - f(n)) + n2(f(n - 1) - f(n)). This expression for p= 0
gives the expectation of | T | 2 in the limit \sigma \rightarrow 0. We also have

Up(\~L) = exp
\bigl( 
2\~L
\bigr) 
\BbbE 

\Biggl[ 
1NU

\~L
=0 exp

\Biggl( 
 - \~\Lambda 

\int \~L

0

2NU
x + 2dx

\Biggr) 
| NU

0 = p

\Biggr] 
, p\geq 0,(4.14)

where (NU
x )x\geq 0 is a jump Markov process with state space \BbbN and with generator

LUf(n) = (n+ 2)2(f(n+ 1) - f(n)) + n2(f(n - 1) - f(n)). This expression for p= 0
gives the second moment of | T | 2, which in turn gives the variance of | T | 2 in the limit
\sigma \rightarrow 0. These results can also be exploited to determine the moments of the radiative
loss. Indeed, using the energy conservation relation (3.40) D + | R| 2 + | T | 2 = 1, the
mean radiative loss is

\BbbE [D] = 1 - \BbbE [| R| 2] - \BbbE [| T | 2],(4.15)

and its variance is

Var(D) =\BbbE [| R| 4] + 2\BbbE [| R| 2| T | 2] +\BbbE [| T | 4] - \BbbE [| R| 2]2  - 2\BbbE [| R| 2]\BbbE [| T | 2] - \BbbE [| T | 2]2.
(4.16)

4.2. Closed form expressions for two regimes. It seems that it is not possi-
ble to find closed form expressions for R1(\~L) and T1(\~L), which means that we cannot
give closed form expressions for \BbbE [| R| 2] and \BbbE [| T | 2] when \ttL = [\~L\ttL loc] in the limit
\sigma \rightarrow 0. However, we can find closed form expressions for the Taylor series expansions
of R1(\~L) and T1(\~L) when \~L\ll 1. This means that we can give approximate expres-
sions for \BbbE [| R| 2] and \BbbE [| T | 2] when \ttL = [\~L\ttL loc] in the limit \sigma \rightarrow 0 that are valid up to a
relative error equal to \~L (or even \~L2 if one takes the second-order series expansions).
The regime \~L \ll 1 is called the weakly scattering regime, because \BbbE [T | 2] \simeq 1 as we
will see below. A similar statement is true when \~L\gg 1 and this regime is called the
strongly scattering regime, because \BbbE [T | 2]\simeq 0.

(1) When \~L\ll 1, we can expand (4.12) and (4.13) to get (in the limit \sigma \rightarrow 0)

\BbbE [| R| 2] = \~L - (1 + \~\Lambda )\~L2 +O(\~L3),(4.17)

\BbbE [| T | 2] = 1 - (1 + \~\Lambda )\~L+

\biggl( 
1 + \~\Lambda +

1

2
\~\Lambda 2

\biggr) 
\~L2 +O(\~L3),(4.18)

\BbbE [| R| 4] = 2\~L2 +O(\~L3),(4.19)

\BbbE [| T | 4] = 1 - 2(1 + \~\Lambda )\~L+ (4+ 4\~\Lambda + 2\~\Lambda 2)\~L2 +O(\~L3),(4.20)

\BbbE [| R| 2| T | 2] = \~L - (3 + 2\~\Lambda )\~L+O(\~L3),(4.21)

and hence

\BbbE [D] = \~\Lambda \~L - 1

2
\~\Lambda 2 \~L2 +O(\~L3) = \~\Lambda \~L+O(\~L2),(4.22)

Var(D) = \~L2 +O(\~L3) =O(\~L2).(4.23)

In particular, we observe that the mean radiative loss is proportional to \Lambda to leading
order:

\BbbE [D]\simeq \~\Lambda \~L=\Lambda \ttL ,(4.24)
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SURFACE WAVES IN RANDOM DISCRETE MODELS 175

Fig. 3. (a) Mean (4.29) and (b) variance (4.30) of the radiative loss D as functions of \~\Lambda in the
strongly scattering regime \~L\gg 1.

and the relative variance of radiative loss is constant:

Var(D)/\BbbE [D]2 \simeq 1/\~\Lambda 2.(4.25)

(2) When \~L\gg 1, proceeding as in [14, section 9.2.3], we find \BbbE [| T | 2] = 0 and

\BbbE [| R| 2] = 1 - 2\~\Lambda exp(2\~\Lambda )E1

\bigl( 
2\~\Lambda 
\bigr) 
,(4.26)

where

E1(x) :=

\int \infty 

1

exp( - xt)
t

dt(4.27)

and we remark that \~\Lambda does not depend on \sigma . More generally, when \~L\gg 1, we have
\BbbE [| T | 2q| R| 2p] = 0 if q\geq 1 and

\BbbE [| R| 2p] = \~\Lambda 

\int \infty 

0

\Bigl( s

2 + s

\Bigr) p
exp( - \~\Lambda s)ds(4.28)

for any integer p. In particular, we observe that the mean radiative loss is a mono-
tonically increasing function of \~\Lambda :

\BbbE [D] = 2\~\Lambda exp(2\~\Lambda )E1

\bigl( 
2\~\Lambda 
\bigr) 
,(4.29)

where E1 is defined as in (4.27), and the variance of the radiative loss is a function of
\~\Lambda as well (see Figure 3):

Var(D) =
\bigl[ 
1 - 2\~\Lambda exp(2\~\Lambda )E1

\bigl( 
2\~\Lambda 
\bigr) \bigr] \bigl[ 

1 + 2\~\Lambda + 2\~\Lambda exp(2\~\Lambda )E1

\bigl( 
2\~\Lambda 
\bigr) \bigr] 

 - 1.(4.30)

4.3. Comparison of ensemble of exact solutions versus asymptotics. In
the right of Figure 4(a), we compare the empirical averages of numerical simulations
(for many different realizations of the random mass perturbations) in the left part
of Figure 4(a) with the theoretical predictions for the expectation \BbbE [| T | 2] and the
standard deviation Std(| T | 2) =Var(| T | 2)1/2. The numerical simulations are based on
the exact solution (3.24) and the theoretical predictions are based on (4.13) and (4.14).
In a similar manner, in Figures 4(b) and 4(c), we compare the empirical averages of
numerical simulations with the theoretical predictions for the expectation \BbbE [| R| 2],
\BbbE [| R| 2 + | T | 2], and the standard deviation Std(| R| 2). We again obtain an excellent
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176 JOSSELIN GARNIER AND BASANT L. SHARMA

Fig. 4. Left: Realizations of (a) | T | 2, (b) | R| 2, (c) | R| 2+| T | 2 using Green's function based exact
solution (3.24) and independent and identically distributed mass perturbations. Right: Expectations
and standard deviations of (a) | T | 2, (b) | R| 2, (c) | R| 2 + | T | 2. Blue curves are asymptotic formulas
(4.12), (4.13). Red curves are empirical averages using (3.24). Green curves represent the theoretical
results (4.31) when \Lambda = 0 (no coupling with radiative modes). The surface structure parameters
ms, \alpha s are assumed to be constant outside the perturbed patch [1,\ttL ]. Here ms = 2, \alpha s = 1.3, \ttL = 40,
\sigma = 0.05. (Color available online.)

agreement. We can observe that the behavior of the transmittance close to the right
endpoint \omega max (given by (2.6)) of the propagative band exhibits large deviations from
the perfect transmission. The transmittance goes to one as \omega \rightarrow 0 and to zero as
\omega \rightarrow \omega max. The numerical calculations of the exact solution for R and T for \omega very
close to \omega max suffer from small errors associated with the evaluation of contour integral
and vanishing of group velocity of the surface wave; this can be rectified by employing
refined techniques, but we did not pursue that as it is a very narrow regime, and our
focus remains on asymptotic results. Finally, the green curves in Figure 4 are the---
wrong---predictions obtained by a theoretical analysis that would neglect the radiative
modes. In such a case we have | R| 2 + | T | 2 = 1 and [14, section 7.1.5]

\BbbE [| T | 2] | \Lambda =0= exp
\Bigl( 
 - \ttL 

\ttL loc

\Bigr) \int \infty 

0

exp
\Bigl( 
 - s2

\ttL 

\ttL loc

\Bigr) 2\pi s sinh(\pi s)
cosh2(\pi s)

ds.(4.31)

As seen in Figures 4(a)--(b) both the reflectance and transmittance are significantly
overestimated by this wrong approach. It is, therefore, of utmost importance to take

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

01
/0

9/
25

 to
 1

29
.1

04
.7

8.
16

7 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



SURFACE WAVES IN RANDOM DISCRETE MODELS 177

(a) (b)

Fig. 5. Mean radiative loss \BbbE [D] = 1 - \BbbE [| R| 2 + | T | 2] at frequency (a) \omega = 0.5\omega \mathrm{m}\mathrm{a}\mathrm{x} and (b) \omega =
0.9\omega \mathrm{m}\mathrm{a}\mathrm{x}, as a function of surface structure parameters ms and \alpha s. For these plots, \sigma = 0.05,\ttL = 40,
and we use (4.12) and (4.13).

Fig. 6. Mean radiative loss \BbbE [D] = 1  - \BbbE [| R| 2 + | T | 2] at frequency (a) \omega = 0.5\omega \mathrm{m}\mathrm{a}\mathrm{x} and (b)
\omega = 0.9\omega \mathrm{m}\mathrm{a}\mathrm{x}, as a function of surface structure parameters ms and \alpha s. For these plots, \sigma =
0.05,\ttL = 5000, and we use (4.12) and (4.13).

Fig. 7. Mean radiative loss \BbbE [D] = 1  - \BbbE [| R| 2 + | T | 2] at frequency (a) \omega = 0.5\omega \mathrm{m}\mathrm{a}\mathrm{x} and (b)
\omega = 0.9\omega \mathrm{m}\mathrm{a}\mathrm{x}, as a function of surface structure parameters ms and \alpha s. For these plots, \ttL \rightarrow \infty , and
we use (4.29).

into account the coupling between surface and radiative modes, which can result in a
significant amount of radiative loss.

4.4. Radiative loss: Dependence on surface structure. In Figures 5--7 we
plot the mean radiative loss evaluated at \omega = 0.5\omega max (left) and \omega = 0.9\omega max (right)
as functions of the surface structure parameters ms and \alpha s (recall that \omega max is given
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178 JOSSELIN GARNIER AND BASANT L. SHARMA

by (2.6)). We can observe that the radiative loss becomes close to one in the strongly
scattering regime and when ms and \alpha s are close to each other. Indeed, when ms

and \alpha s are close to each other, the discrete eigenvalue of the operator (2.13) is close
to the continuous spectrum, or equivalently, the wavenumber of the surface mode is
close to the wavenumber interval of the radiative modes. Under such circumstances,
the coupling between the surface mode and the radiative modes induced by the mass
perturbations is strong, which explains the value close to one of the radiative loss.

5. Proof (multiscale analysis).

5.1. Modal expansion of the solution of the perturbed equation of mo-
tion. We introduce the generalized forward-going (right-going) and backward-going
(left-going) mode amplitudes,\bigl\{ 

a\gamma 0(\ttx ), b\gamma 0(\ttx )
\bigr\} 
and

\bigl\{ 
a\gamma (\ttx ), b\gamma (\ttx ), \gamma \in (\omega 2  - 4, \omega 2)

\bigr\} 
,(5.1)

which are defined by

a\gamma (\ttx ) =
e - ik(\gamma )\ttx 

2i
\sqrt{} 
sink(\gamma )

\Bigl( 
\v \ttu \gamma (\ttx + 1) - e - ik(\gamma )\v \ttu \gamma (\ttx )

\Bigr) 
,(5.2)

b\gamma (\ttx ) =
eik(\gamma )\ttx 

2i
\sqrt{} 
sink(\gamma )

\Bigl( 
 - \v \ttu \gamma (\ttx + 1) + eik(\gamma )\v \ttu \gamma (\ttx )

\Bigr) 
,(5.3)

and which are such that

1\sqrt{} 
sink(\gamma )

\bigl( 
a\gamma (\ttx )e

ik(\gamma )\ttx + b\gamma (\ttx )e
 - ik(\gamma )\ttx 

\bigr) 
= \v \ttu \gamma (\ttx ),(5.4) \bigl( 

a\gamma (\ttx ) - a\gamma (\ttx  - 1)
\bigr) 
eik(\gamma )\ttx +

\bigl( 
b\gamma (\ttx ) - b\gamma (\ttx  - 1)

\bigr) 
e - ik(\gamma )\ttx = 0,(5.5)

and

\v \ttu \gamma (\ttx + 1) + \v \ttu \gamma (\ttx  - 1) + (\gamma  - 2)\v \ttu \gamma (\ttx ) = - 2i
\sqrt{} 
sink(\gamma )eik(\gamma )\ttx 

\bigl( 
a\gamma (\ttx  - 1) - a\gamma (\ttx )

\bigr) 
= 2i

\sqrt{} 
sink(\gamma )e - ik(\gamma )\ttx 

\bigl( 
b\gamma (\ttx  - 1) - b\gamma (\ttx )

\bigr) 
.(5.6)

From (4.6) we obtain the coupled system of random difference equations satisfied by
the mode amplitudes in (5.1) for \gamma \in (\omega 2  - 4, \omega 2)\cup \{ \gamma 0\} ,

a\gamma (\ttx  - 1) - a\gamma (\ttx )

= - 
ims\omega 

2
\sqrt{} 
\rho (\gamma )\rho (\gamma 0)

2
\sqrt{} 
sink(\gamma ) sink(\gamma 0)

µ\ttx 

\Bigl[ 
a\gamma 0(\ttx )e

i(k(\gamma 0) - k(\gamma ))\ttx + b\gamma 0(\ttx )e
i( - k(\gamma 0) - k(\gamma ))\ttx 

\Bigr] 
 - 
ims\omega 

2
\sqrt{} 
\rho (\gamma )

2
\sqrt{} 
sink(\gamma )

µ\ttx 

\int \omega 2

0

\sqrt{} 
\rho (\upsilon )\sqrt{} 

sink(\upsilon )

\Bigl[ 
a\upsilon (\ttx )e

i(k(\upsilon ) - k(\gamma ))\ttx + b\upsilon (\ttx )e
i( - k(\upsilon ) - k(\gamma ))\ttx 

\Bigr] 
d\upsilon 

 - 
ims\omega 

2
\sqrt{} 
\rho (\gamma )

2
\sqrt{} 
sink(\gamma )

µ\ttx 

\int 0

\omega 2 - 4

\sqrt{} 
\rho (\upsilon )\v \ttu \upsilon (\ttx )e

 - ik(\gamma )\ttx d\upsilon ,

(5.7)
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SURFACE WAVES IN RANDOM DISCRETE MODELS 179

b\gamma (\ttx  - 1) - b\gamma (\ttx )

=
ims\omega 

2
\sqrt{} 
\rho (\gamma )\rho (\gamma 0)

2
\sqrt{} 
sink(\gamma ) sink(\gamma 0)

µ\ttx 

\Bigl[ 
a\gamma 0

(\ttx )ei(k(\gamma 0)+k(\gamma ))\ttx + b\gamma 0
(\ttx )ei( - k(\gamma 0)+k(\gamma ))\ttx 

\Bigr] 
+
ims\omega 

2
\sqrt{} 
\rho (\gamma )

2
\sqrt{} 
sink(\gamma )

µ\ttx 

\int \omega 2

0

\sqrt{} 
\rho (\upsilon )\sqrt{} 

sink(\upsilon )

\Bigl[ 
a\upsilon (\ttx )e

i(k(\upsilon )+k(\gamma ))x + b\upsilon (\ttx )e
i( - k(\upsilon )+k(\gamma ))\ttx 

\Bigr] 
d\upsilon 

+
ims\omega 

2
\sqrt{} 
\rho (\gamma )

2
\sqrt{} 
sink(\gamma )

µ\ttx 

\int 0

\omega 2 - 4

\sqrt{} 
\rho (\upsilon )\v \ttu \upsilon (\ttx )e

ik(\gamma )\ttx d\upsilon .

(5.8)

This system is supplemented with boundary conditions corresponding to a unit-
amplitude forward-going surface mode incoming from the left region \ttx \leq 0 and radi-
ation conditions into the right region \ttx \geq \ttL +1:

b\gamma (\ttL +1) = 0, a\gamma (0) = 1\gamma 0(\gamma ).(5.9)

5.1.1. Role of the evanescent modes. The coupling with the evanescent
modes can be captured by substituting the expression of the evanescent modes into
the last terms of (5.7) and (5.8): for \gamma \in (\omega 2  - 4,0),

\v \ttu \gamma (\ttx ) = - 
\sum 
\tty 

µ\tty ms\omega 
2
\sqrt{} 
\rho (\gamma )

\Bigl[ \sqrt{} 
\rho (\gamma 0)\v \ttu \gamma 0(\tty ) +

\int \omega 2

\omega 2 - 4

\sqrt{} 
\rho (\upsilon )\v \ttu \upsilon (\tty )d\upsilon 

\Bigr] 
G\gamma (\ttx  - \tty ),

where G\gamma (\ttx ) is the radiating solution of

G\gamma (\ttx + 1) +G\gamma (\ttx  - 1) + (\gamma  - 2)G\gamma (\ttx ) = 10(\ttx ),

that is to say,

G\gamma (\ttx ) = g\gamma 10(\ttx ) + h\gamma e
 - k(\gamma )| \ttx | (1 - 10(\ttx )),

g\gamma =
1+ ek(\gamma )(\gamma  - 2)

\gamma  - 2 + (\gamma 2  - 4\gamma + 2)ek(\gamma )
,(5.10)

h\gamma = - e2k(\gamma )

\gamma  - 2 + (\gamma 2  - 4\gamma + 2)ek(\gamma )

for \gamma \in (\omega 2  - 4,0). The coupling with evanescent modes gives rise to an effective
dispersion (i.e., a frequency-dependent phase modulation) as we will see below.

5.1.2. Diffusion approximation. It is not possible to directly apply diffusion
approximation theory to the system (5.7)--(5.8) with boundary conditions (because
the solution is not adapted to the filtration of the driving process µ, in the sense that
the solution depends on (µ\ttx )\ttx \in [1,\ttL ]). The strategy is to apply diffusion approximation
theory to the system (5.7)--(5.8) with initial conditions and to use the linearity of the
system to deduce the behavior of the solution of the system with boundary conditions.

We first study the system (5.7)--(5.8) supplemented with initial conditions at

\ttx = 0 instead of (5.9), and we denote such a solution by (a
(i)
\gamma (\ttx ), b

(i)
\gamma (\ttx )). We apply

the diffusion approximation theory set forth in [14], as in [10, Appendix B]. If \ttL =

[L/\sigma 2] and \sigma 2 \rightarrow 0, then (a
(i)
\gamma 0 ([x/\sigma 

2]), b
(i)
\gamma 0 ([x/\sigma 

2]))x\in [0,L] converges to the solution

(a
(i)
\gamma 0 (x),b

(i)
\gamma 0 (x))x\in [0,L] of the diffusion equation
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180 JOSSELIN GARNIER AND BASANT L. SHARMA

d

\Biggl( 
a
(i)
\gamma 0 (x)

b
(i)
\gamma 0 (x)

\Biggr) 
=

1\surd 
Lloc

\Biggl\{ \biggl( 
i 0
0  - i

\biggr) \Biggl( 
a
(i)
\gamma 0 (x)

b
(i)
\gamma 0 (x)

\Biggr) 
dW0(x) - 

1\surd 
2

\biggl( 
0 1
1 0

\biggr) \Biggl( 
a
(i)
\gamma 0 (x)

b
(i)
\gamma 0 (x)

\Biggr) 
dW1(x)

+
1\surd 
2

\biggl( 
0  - i
i 0

\biggr) \Biggl( 
a
(i)
\gamma 0 (x)

b
(i)
\gamma 0 (x)

\Biggr) 
dW2(x)

\Biggr\} 
+
\lambda + i\kappa 

2

\biggl( 
 - 1 0
0 1

\biggr) \Biggl( 
a
(i)
\gamma 0 (x)

b
(i)
\gamma 0 (x)

\Biggr) 
dx,(5.11)

with the prescribed initial conditions and with

1

Lloc
=

1

\sigma 2 \ttL loc
=
m2

s\omega 
4\rho (\gamma 0)

2

4 sin2(k(\gamma 0))
,(5.12)

\kappa =
m2

s\omega 
4\rho (\gamma 0)

sink(\gamma 0)

\int 0

\omega 2 - 4

\rho (\upsilon )g\upsilon d\upsilon ,(5.13)

\lambda =
\Lambda 

\sigma 2
=
m2

s\omega 
4\rho (\gamma 0)

sink(\gamma 0)

\int \omega 2

0

\rho (\upsilon )g\upsilon d\upsilon .(5.14)

Here W0, W1, W2 are independent standard Brownian motions and g\gamma is defined by

g\gamma = i
1 + e - ik(\gamma )(\gamma  - 2)

\gamma  - 2 + (\gamma 2  - 4\gamma + 2)e - ik(\gamma )

=
1\sqrt{} 

(4 - \gamma )\gamma 
=

1

2sink(\gamma )
for \gamma \in (0, \omega 2),(5.15)

which is real, positive valued. We can see that the coupling with the evanescent
modes induces an effective dispersion term proportional to \kappa and the coupling with
the radiative modes induces an effective diffusion term proportional to \lambda . We also
remark that \sigma 2 does not appear in the expression of Lloc, \kappa , and \lambda , but remember
that \ttL = [L/\sigma 2] and (a

(i)
\gamma 0 (x),b

(i)
\gamma 0 (x)) is the limit of (a

(i)
\gamma 0 ([x/\sigma 

2]), b
(i)
\gamma 0 ([x/\sigma 

2])) as \sigma \rightarrow 0

so that (a
(i)
\gamma 0 (\ttx ), b

(i)
\gamma 0 (\ttx ))\simeq (a

(i)
\gamma 0 (\sigma 

2\ttx ),b
(i)
\gamma 0 (\sigma 

2\ttx )) for \ttx \in [1,\ttL ], \ttL = [L/\sigma 2].

5.1.3. Propagator, reflection, and transmission. We denote the solution of
(5.11) with the initial condition a

(1)
\gamma 0 (x = 0) = 1, b

(1)
\gamma 0 (x = 0) = 0 by (a

(1)
\gamma 0 (x),b

(1)
\gamma 0 (x)).

Also, we denote the solution of (5.11) with the initial condition a
(2)
\gamma 0 (x = 0) = 0,

b
(2)
\gamma 0 (x= 0) = 1 by (a

(2)
\gamma 0 (x),b

(2)
\gamma 0 (x)).

By linearity of the system (5.7)--(5.8), if \ttL = [L/\sigma 2] and \sigma 2 \rightarrow 0, then the mode
amplitudes (a\gamma 0

([x/\sigma 2]), b\gamma 0
([x/\sigma 2]))x\in [0,L] (with (a\gamma , b\gamma ) solution of (5.7)--(5.8) with

the boundary conditions (5.9)) converge to (a\gamma 0
(x),b\gamma 0

(x))x\in [0,L], which satisfies\biggl( 
a\gamma 0

(x=L) = T
b\gamma 0(x=L) = 0

\biggr) 
=

\Biggl( 
a
(1)
\gamma 0 (x=L) a

(2)
\gamma 0 (x=L)

b
(1)
\gamma 0 (x=L) b

(2)
\gamma 0 (x=L)

\Biggr) \biggl( 
a\gamma 0

(x= 0) = 1
b\gamma 0

(x= 0) =R

\biggr) 
,(5.16)

where T and R are the limits of the transmission and reflection coefficients of the
surface mode for the randomly perturbed region corresponding to a unit-amplitude
right-going surface wave coming from  - \infty (i.e., boundary conditions (5.9)).

We can also define the transmission and reflection coefficients corresponding to
a unit-amplitude left-going surface wave coming from +\infty (i.e., boundary conditions
b\gamma (\ttL +1) = 1\gamma 0(\gamma ), a\gamma (0) = 0):\biggl( 

a\gamma 0(x=L) = \~R
b\gamma 0

(x=L) = 1

\biggr) 
=

\Biggl( 
a
(1)
\gamma 0 (x=L) a

(2)
\gamma 0 (x=L)

b
(1)
\gamma 0 (x=L) b

(2)
\gamma 0 (x=L)

\Biggr) \biggl( 
a\gamma 0

(x= 0) = 0

b\gamma 0
(x= 0) = \~T

\biggr) 
.(5.17)
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SURFACE WAVES IN RANDOM DISCRETE MODELS 181

The pairs (R,T ) and ( \~R, \~T ) have the same distribution because (µ\ttx )
\ttL 
\ttx =1 has the same

distribution as (µ\ttL +1 - \ttx )
\ttL 
\ttx =1. From (5.17) the reflection and transmission coefficients

( \~R, \~T ) are given in terms of (a
(2)
\gamma 0 (x=L),b

(2)
\gamma 0 (x=L)) as

\~R=
a
(2)
\gamma 0 (x=L)

b
(2)
\gamma 0 (x=L)

, \~T =
1

b
(2)
\gamma 0 (x=L)

.

We then find from (5.11) and It\^o's formula that, as a function of L, the pair ( \~R, \~T ) is
a diffusion process which is a solution of the stochastic differential equation

d \~R=
1\surd 
Lloc

\biggl( 
2i \~RdW0(L) - 

1\surd 
2
(1 - \~R2)dW1(L) - 

i\surd 
2
(1 + \~R2)dW2(L)

\biggr) 
 - 3

Lloc

\~RdL - (\lambda + i\kappa ) \~RdL,

d \~T =
1\surd 
Lloc

\Bigl( 
i \~TdW0(L) +

1\surd 
2
\~R \~TdW1(L) - 

i\surd 
2
\~R \~TdW2(L)

\Bigr) 
 - 1

Lloc

\~TdL - 1

2
(\lambda + i\kappa ) \~TdL,

starting from \~R(L = 0) = 0 and \~T (L = 0) = 1. The application of It\^o's formula then
gives that the moments of the reflection coefficient \~Rp =\BbbE [| \~R| 2p] satisfy the system

\partial L \~Rp =
p2

Lloc

\bigl( 
\~Rp+1 + \~Rp - 1  - 2 \~Rp) - 2\lambda p \~Rp,(5.18)

starting from \~Rp(L = 0) = 10(p). This gives the desired result stated in Proposi-
tion 4.1.

6. Conclusion. Surface wave propagation across randomly perturbed surfaces
of lattices is analyzed in this article. The perturbed constitution of surface associ-
ated with the discrete Gurtin--Murdoch model, in contrast to uniform bulk elasticity,
is captured by uniform mass and elastic constant for nearest-neighbor interactions
parallel to the surface with a finite patch of point mass inhomogeneities. The exact
expression for surface wave reflectance and transmittance is provided for every such
finite patch of mass perturbation on the surface. The exact semianalytical expres-
sions, as a result of stochastic, multiscale analysis for an ensemble of random mass
perturbations, independent and identically distributed with mean zero, form the main
result of this article. In the exposition, the cases of weakly and strongly scattering
regimes are included, which permit closed form expression for the moments of the
radiative loss D. It is found that the mean value of D shows distinct types of depen-
dence of its behavior on the assumed structure parameters. In particular, the mean
value of D in the weakly scattering regime is found to be proportional to an effective
parameter that depends on the continuous spectrum of the unperturbed system, while
in the strongly scattering regime, it is found to depend on another effective parameter
but not on the variance of the mass perturbations. The theoretical predictions are
supported by illustrations of their excellent agreement with numerical simulations for
several choices of surface structure parameters.

Regarding the potential applications of the mathematical analysis of the assumed
prototype model, the considerations of this article also apply to electronic transport
via edge states in graphene-like structures [49, 25, 46, 3] (see schematic in Figure 8).
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182 JOSSELIN GARNIER AND BASANT L. SHARMA

Fig. 8. Schematic of zigzag graphene edge with localized perturbations.

The tight-binding approximation in such a situation, in the presence of surface per-
turbations, leads to equations similar to the ones analyzed in this article. A detailed
and realistic model may not permit an exact theory as developed here, but the quali-
tative nature of the results is anticipated to be the same; see, for example, [36, 37, 38]
for some recent results involving the simplified tight binding models that utilize tech-
niques similar to ones employed in the first part of the article.

Appendix A. Alternative derivation of the normalized eigenbasis. The
following is an alternative derivation, using Green's function [43], to obtain the nor-
malized eigenbasis described in section 2.2 for the semi-infinite (reduced) one dimen-
sional lattice model.

Based on (2.8a) and (2.8b), consider

(\Delta 1 + \omega 2)\psi (\tty ) = z\psi (\tty ), \tty \in \BbbZ  - ,(A.1)

\psi (\tty  - 1) - \psi (\tty ) +ms\omega 
2\psi (\tty ) = \alpha sz\psi (\tty ) - 1, \tty = 0.(A.2)

Let

Fs := (ms\omega 
2  - \alpha s\gamma  - 1).(A.3)

Thus, \psi (\tty ) =\psi (0)\ell  - \tty , with (\ell + Fs(z))\psi (0) = - 1, where

\ell + \ell  - 1  - 2 + \omega 2 = z, so that \ell =
1

2
(z + 2 - \omega 2 \pm 

\sqrt{} 
(z + 4 - \omega 2)(z  - \omega 2)),(A.4)

and the sign is chosen such that | \ell | < 1 when \omega is replaced by \omega + i\varepsilon and \varepsilon > 0.
With the point source at \tty = 0, in terms of the symbolic use of Green's function, let
\psi (\tty ) = \ttG (\tty ,0;z). Thus,

\ttG (\tty ,0;z) =
 - 1

(\ell + Fs(z))
\ell  - \tty , \tty \leq 0.(A.5)

Also, in terms of the eigenfunctions of L [43],

\ttG (\tty ,0;z) = \rho (\gamma 0)
1

z  - \gamma 0
\psi \gamma 0(\tty )\psi \gamma 0

(0) +

\int \omega 2

\omega 2 - 4

d\gamma \rho (\gamma )
1

z  - \gamma 
\psi \gamma (\tty )\psi \gamma (0),(A.6)

i.e., as \psi \gamma (0) = 1,

\ttG (\tty ,0;z) = \rho (\gamma 0)
1

z  - \gamma 0
\psi \gamma 0

(\tty ) +

\int \omega 2

\omega 2 - 4

d\gamma \rho (\gamma )
1

z  - \gamma 
\psi \gamma (\tty ).(A.7)

At z = \gamma 0, i.e., at the discrete eigenvalue, the residue

Resz=\gamma 0
\ttG (\tty ,0;z) =

 - 1

(\ell (z) + Fs(z))\prime 
\ell (z) - \tty | z=\gamma 0

, \tty \leq 0,(A.8)
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can be simplified to get

\rho (\gamma 0) =
1

\alpha s + 1/(\ell  - 2
0  - 1)

, \psi \gamma 0(\tty ) = \ell 
 - \tty 
0 .(A.9)

For \gamma \in (\omega 2  - 4, \omega 2), i.e., on the continuous band, \ttG (\tty ,0;\gamma + i0)  - \ttG (\tty ,0;\gamma  - i0) =
 - [ 1

(\ell +Fs(z))
\ell  - \tty ]| \gamma +i0

\gamma  - i0, which can be simplified to get i
2\pi (\ttG (\tty ,0;\gamma +i0) - \ttG (\tty ,0;\gamma  - i0)) =

i
2\pi 

\ell + - \ell  - 1
+

| \ell ++Fs| 2\psi \gamma (\tty ), leading to

\rho (\gamma ) = - i

2\pi 

\ell +  - \ell  - 1
+

| \ell + + Fs| 2
.(A.10)

Appendix B. Kolmogorov equations for jump Markov processes. A
jump Markov process (Nx)x\geq 0 with state space \BbbN is a stepwise constant Markov
process which takes values in \BbbN [14, Chapter 6]. Its distribution is characterized by
its generator L, which is of the form

Lf(n) = \lambda (n)
\sum 
k\in \BbbN 

Q(n,k)
\bigl( 
f(k) - f(n)

\bigr) 
(B.1)

for any test function f , where for any integer n \lambda (n) > 0 and k \mapsto \rightarrow Q(n,k) is a
probability distribution on \BbbN (i.e., Q(n,k)\geq 0 and

\sum 
k\in \BbbN Q(n,k) = 1).

The generator makes it possible to compute any moment of the jump Markov
process. Indeed, if we denote u(x,n) = \BbbE [f(Nx)| N0 = n], then u satisfies the Kol-
mogorov equation

\partial xu=Lu, x > 0,(B.2)

starting from u(x= 0, n) = f(n).
It is also possible to get a probabilistic representation for the solution of an

equation of the form

\partial xu=Lu - V u, x > 0,(B.3)

starting from u(x = 0, n) = f(n), where V : \BbbN \rightarrow [0,+\infty ). Using the Feynman--Kac
representation formula, we have

u(x,n) =\BbbE 
\Bigl[ 
f(Nx) exp

\Bigl( 
 - 
\int x

0

V (Ny)dy
\Bigr) \bigm| \bigm| N0 = n

\Bigr] 
.(B.4)

The random dynamics of the jump Markov process (Nx)x\geq 0 starting from N0 = n
is as follows:

\bullet Sample a random variable \tau 1 with exponential distribution with parameter
\lambda (n), sample a random variable Z1 with the distribution Q(n, \cdot ), and set
T1 = \tau 1 and

Nx = n for x\in [0, T1).(B.5)

\bullet For k \geq 2, recursively, sample a random variable \tau k with exponential dis-
tribution with parameter \lambda (Zk - 1), sample a random variable Zk with the
distribution Q(Zk - 1, \cdot ), and set Tk = Tk - 1 + \tau k and

Nx =Zk - 1 for x\in [Tk - 1, Tk).(B.6)
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