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THREE-DIMENSIONAL RANDOM WAVE COUPLING ALONG A
BOUNDARY AND AN ASSOCIATED INVERSE PROBLEM*

MAARTEN V. DE HOOPf, JOSSELIN GARNIER}, AND KNUT SOLNAS

Abstract. We consider random wave coupling along a flat boundary in dimension three, where
the coupling is between surface and body modes and is induced by scattering by a randomly hetero-
geneous medium. In an appropriate scaling regime we obtain a system of radiative transfer equations
which are satisfied by the mean Wigner transform of the mode amplitudes. We provide a rigorous
probabilistic framework for describing solutions to this system using that it has the form of a Kol-
mogorov equation for some Markov process. We then prove statistical stability of the smoothed
Wigner transform under the Gaussian approximation. We conclude with analyzing the nonlinear
inverse problem for the radiative transfer equations and establish the unique recovery of phase and
group velocities as well as power spectral information for the medium fluctuations from the ob-
served smoothed Wigner transform. The mentioned statistical stability is essential in monitoring
applications where the realization of the random medium may change.
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1. Introduction. Radiative transfer [10] has been used for a long time to model
waves in heterogeneous media like Earth’s crust [17, 24, 27, 28], biological tissue
[2], the atmosphere, and the ocean [1, 14]. The mathematical theory of radiative
transfer in open random media, which involves only body waves, is well established
[3, 4, 7, 6, 13, 22]. However, in a half-space, the coupling between surface waves
propagating along a boundary and body waves propagating in the bulk medium has
remained a challenging problem [15, 18, 26, 29]. In dimension two a preliminary
approach had been applied in the context of coupled mode theory in [8] and an
analysis of the mean Wigner transform (which satisfies a form of radiative transfer
equation) was presented in [11]. Here we deal with the full three-dimensional problem
which includes diffractive effects and we analyze the statistical stability of the Wigner
transform, which makes it possible to study the associated inverse problem.

The coupling between surface and body waves is essential in understanding, for
example, seismic coda (formed by scattered waves from numerous heterogeneities).
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Here, we analyze the coupling in dimension three. We consider a novel anisotropic
scaling in the random medium fluctuations and we study an associated inverse prob-
lem. Interestingly, seismograms recently acquired with SEIS on Mars show a behavior
that fits the hypotheses of our analysis about the properties of its crust [20]. The re-
sults reported in [20] suggest that (i) attenuation is much weaker than scattering,
(ii) the scattering properties are stratified, and (iii) smooth models of heterogeneity
seem appropriate and forward scattering is dominant. This is the regime we address
in our paper, and this justifies the relevance of the inversion procedure based on the
radiative transfer model for the coda waves because multiple scattering hampers the
identification and analysis of ballistic waves in a low-attenuation, strongly scattering
medium [24].

To describe the energy transport in the seismic coda, Margerin, Bajaras, and
Campillo [18] introduced a system of radiative transfer equations for coupled surface
and body waves in a scalar approximation for a half-space with a special Robin bound-
ary condition. They identified cross sections for surface-to-body and body-to-surface
waves scattering. They followed a phenomenological approach to obtain the specific
energy density of surface and body waves in a medium containing a homogeneous
distribution of point scatterers. Zeng [29] and Sato [23] have shown the importance
of each mode of wave propagation and their possible conversions, in the formation
of the seismic coda, suggesting that the scattered wave energy at different arrival
times may be dominated by different types of waves. Maeda, Sato, and Nishimura
[15] made important contributions in this regard, modeling the coda envelopes in an
inhomogeneous elastic half-space including P, SV, and Rayleigh waves in the single
scattering approximation. Messaoudi, Cottereau, and Gomez [21] developed a scal-
ing limit theory for the radiative transfer equations for scalar waves in the presence
of a boundary via the use of a method of images. The results give a modification
of the intensity in a domain within one wavelength of the boundary and where the
modification depends on the boundary condition.

Analytical solutions of the radiative transfer equations are known only in some
special cases. In [9] Celorio et al. used a spectral element model to numerically vali-
date predictions of the radiative transfer equations in a context of scalar waves, while
Shearer and Earle [25] introduced a heuristic Monte Carlo seismic phonon method.
A seismic phonon can be identified with a packet of energy. Barajas, Margerin, and
Campillo [5] analyzed phenomenologically the phonon propagation taking a proba-
bilistic approach similar to the one presented by Zhang et al. [30]. They studied the
typical time a seismic phonon passes through each part of the medium, and the typical
time it spends in each mode of propagation (here, as a body or a surface wave). Ac-
counting for the directionality of seismic phonons was earlier introduced by Margerin,
Sens-Schonfelder, and Margerin [19]. In our paper, we provide a rigorous probabilistic
framework for describing solutions to our system of radiative transfer equations using
that this system has the form of a Kolmogorov equation for some Markov process.

We conclude with analyzing the nonlinear inverse problem for radiative transfer
accounting for the coupling between surface and body modes and prove the unique
recovery of phase and group velocities as well as the power spectrum of the medium
fluctuations from the observed smoothed Wigner transform. The proof makes use of
an expansion of the associated albedo operator. In a follow-up paper we will give a
proof of unique recovery of the deterministic background wave speed from the phase
velocities assuming that it is piecewise constant in the boundary normal coordinate or
depth. Barajas, Margerin, and Campillo [5] considered the linearized version of this
inverse problem. We prove statistical stability of the smoothed Wigner transform,
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which implies that the coda is particularly amenable to time-lapse detection of small
changes in the background wave speed.

The paper is organized as follows. In section 2 we describe the configuration of
open random waveguides and wave propagation in these. In section 3, we introduce
the random medium fluctuations and their anisotropic scaling and give a description
of the stochastic evolution of the Fourier coefficients of the wavefield taking the form
of an It6—-Schrodinger equation. In section 4, we introduce the Wigner transform and
its mean and obtain the system of radiative transfer equations it satisfies. We also
present a probabilistic representation of the mean Wigner transform. In section 5,
we establish statistical stability of the smoothed Wigner transform. In section 6,
we introduce and analyze the transport albedo kernel associated with the system of
radiative transfer equations and its expansion; this expansion is used in section 7,
where we study the inverse problem for the system of radiative transfer equations.

2. Wave propagation in open, random three-dimensional waveguides.
We consider the three-dimensional scalar wave equation in the half-space R? x (0, +00):

) 2 or A gtz ) = (kv 2)o(),

o
for (z,y) € R?, z € (0,400), t € R, with A =82 + 92 + 92. We assume a Dirichlet
boundary condition at the surface z = 0: p(t,z,y,z = 0) = 0. The excitation is due
to a source located in the plane x = 0. The medium is quiescent before the source
excitation: p(t,x,y,z) =0 for t < 0.

2.1. Wave propagation in the ideal waveguide. We refer to the determinis-
tic case without random perturbations in the waveguide as the ideal waveguide case.
The pressure field in ideal waveguides is given by

* dw -~ —iwt
(22) po(t>$,y7z) = %Po(‘”,w,yaz)e )

— 00
with Fourier coefficients satisfying the Helmholtz equation

~

2,2
(23) 02 2+ 0+ 20 ) = Tl 20,

for (x,y) € R?, z € (0,00). In the ideal waveguide the index of refraction is (z,y)-
independent and equal to n,(z).

Assumption 2.1. The function n,(z) is such that n,(0) = ng, n,(z) is nonincreasing
on [0,d] from ng to n1 <mng, and n,(z) =n, for z >d.

We denote k = w/c,. The spectral problem associated to the one-dimensional
Schrédinger operator

(92 + k?ng(2))9(2) = vo(2)

with Dirichlet boundary condition at z =0 has been well studied [16, 11]:
e The spectrum is of the form (—oo,n?k?)U{B%,...,57}.
e The N modal wavenumbers 3; are positive and n3k? < % < --- < 7 < ndk>.
We have N >1 when w is large enough.
e The functions ¢;, j =1,...,N, are the modes corresponding to the discrete
spectrum. They decay exponentially in z for z > d.
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0 0
source| ==
d-
N

n(x,y.z)

FiG. 2.1. Left: Set-up in the plane y = 0. Right: profile of the perturbed index of refraction
n(x,y,2) = \/n2(z) + pn(x,y,2) as a function of z for fized x and y. The perturbation is localized
in the region z € (0,d).

e The functions ¢., v € (—oo,n}k?), are the modes corresponding to the con-
tinuous spectrum. They are oscillatory and bounded at infinity.
e The set of modes is complete in L?(0,+0o0).
The pressure field in the ideal waveguide can be expanded as

N(w) n1k2

(24) ﬁo(wvxaya Z pO,_] w €T y)¢](w Z) / pO,V(wvxvy)¢W(w7Z)d77
Jj=1 >

where the mode amplitudes satisfy the uncoupled system:

(2.5) (02 + 0] + 8 (w)] oy = — T3 (w,9)d(2),

(2.6) (02407 +7] Doy = —fw(w,y)ﬁ(x)

with f] wy)= [ f Flw,y, 2 2)¢;(w,z)dz and fv wy)= [ f Flw,y, 2 2) Py (w, 2)dz.

2.2. Wave propagation in perturbed waveguides. The pressure field in the
randomly perturbed waveguide satisfies the perturbed Helmholtz equation

~

2
(@27) 02402402+ S5 (n2(:) + (0,9, 2)) | Bl .9, 2) = — (0,9, 2)0(a)

o
for (z,y) € R%, 2z € (0,00). Here p,, models the perturbation of the index of refraction.
It is a random and zero-mean process. It is stationary in (z,y) and mixing in x. It is
supported in R? x [0,d] (see Figure 2.1).

Any function can be expanded on the complete set of the eigenfunctions of the

Schrédinger operator. In particular, the solution of the perturbed Helmholtz equa-
tion (2.7) can be expanded as the superposition of modes:

N(w) n%k2

(28)  Bwnn)= Y Bwans@)+ [ Bwao b,
j=1

— 00

3. Medium with anisotropic fluctuations. We assume that the source in
(2.7) is of the form

(3.1) f(t,y,2) =G (t)F(ey, 2),

where ¢ is a small dimensionless parameter defined as the ratio of the central wave-
length A\, and the transverse width 7, of the source. The function G¢(t) is supposed
to have carrier frequency w,, associated to the central wavelength A, = 27c,/w,. We
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will give the hypotheses that G¢ should satisfy in section 4. The separable form (3.1)
of the source is assumed for simplicity but is not essential for the analysis. Stan-
dard diffraction theory states that this source generates a paraxial beam and that the
Rayleigh length for this beam is of the order of 72/\, = \,/2. The Rayleigh length
can here be defined as the distance along the z axis from the beam waist (located in
the source plane in our case) to the place where the beam radius (in y) is doubled
by diffraction. Therefore, we look at the wavefield p solution of (2.7) at a cross-range
scale (in y) of order O(e~!), similar to r,, with A, being O(1) in our scaling. More-
over, we consider a range scale (in x) of order O(e~2), similar to the Rayleigh length
(see Figure 3.1). We rename the field in this scaling as

XY
3.2 (X, Y, 2)=p(t,—,—, 2 ).
(3.2) p XY =p (155 s)
We also assume that the medium perturbation in (2.7) is of the form

(3.3) wn(z,y,2) =cp(z, ey, 2).

The process fi, is anisotropic with a vertical correlation length (in z) of the order of
the wavelength, a horizontal correlation length in = of the order of the wavelength,
and a horizontal correlation length in y of the order of the beam radius. The standard
deviation (of the order of ¢) of the process pu,, is such that the cumulative scattering
effects are of order one as ¢ — 0. In Appendix A we address the case when the
medium perturbation is isotropic in the two horizontal directions and of the form
(A.1). We derive there the radiative transfer equation (A.8) that is satisfied by the
mean Wigner transform of the field (A.9) and that does not contain all the terms
that are included in the forthcoming radiative transfer equation (4.4). Indeed, the
anisotropy introduced in (3.3) is exactly the one that produces a radiative transfer
equation in which all conversion mechanisms between the different types of modes are
of the same order, hence, it is the right model to produce the most comprehensive and
general radiative transfer equation. We remark that the radiative transfer equation

Yy
A
0(5*2) ‘
O(1)
L Ly | OE™Y
Source n

FiG. 3.1. The source is located to the left and its support projected on the horizontal spatial
(surface) plane is the strip I'—, while the transmitted field is observed as a function of time on
the set Ty in the horizontal plane and centered at range X/e? and then subsequently processed to
form the smoothed Wigner transform. The figure also illustrates the situation with an additional
measurement centered at X/EQ‘
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(A.9) can be formally derived from the radiative transfer equation (4.4) by neglecting
the terms that induce conversion between different surface modes (i.e., the first term
in the right-hand side of (4.4)).

The Fourier transform of (3.2) is given by the scaled version of (2.8):

(w) n§k2

(3.4) (W, X,Y,z) = Z w, X, Y)pj(w, z) +/ P (w, X, V) (w, 2)dry.

— —0o0

As the wave field evolves in the range direction (x) the Fourier transformed field
changes and incorporates diffraction effects as well as mode coupling due to the ran-
dom medium fluctuations. After taking out a rapidly oscillating phase to get the
modal amplitudes the following proposition gives the description of this stochastic
evolution of the Fourier transform pc.

PROPOSITION 3.1. Let

(3.5) a5 (w, X,Y) = ﬁj(w,X,Y)exp(—iﬂj(w)X/e2).

Ase =0, a°(w,X,Y) = (a5(w, X,Y))}L, converges weakly and in distribution to
the diffusion Markov process a(w,X,Y) = (@;(w, X,Y))¥ The limit processes
a;(w, X,Y) solve the It6-Schrédinger equations

Jj=1"

doj(w,X,Y) = 0y a;(w, X,Y)dX +id;(w, X,Y) 0dB;(w, X,Y)

253( )

N(w)
+ > —=ai(w, X,Y)o (idBjy(w,X,Y) — dBj,(w, X,Y))
1=1,1#§ V2
1 . L ‘ _
(3.6) + E(fAj(w) — A5 (w) + ik (w))a; (w, X, Y)dX,

for X >0, starting from

Fj(w,Y +ee
B7) Gy, X=0,Y)= M Fy(w,Y) :/ F(Y, 2)6 (w, 2)dz.
B (w) 0
The correlated Brownian fields Bj(w, X,Y) are Gaussian processes that satisfy
(3.8) E[B;(w,X,Y)] =0,
(3.9) E[B;(w,X,Y)B(w, X" Y')] = min{X, X"} Rj;(w,Y = Y’),

with Rj; defined by
(3.10)
k4
Rjj(w,Y)= / / / 1(0,0,2)pu(, Y, 2" )| pj(w, 2)* i (w, 2')2dzdz' dx
4ﬂj Bl

45) Bl / / / O O Z _Y’ Z/)]¢l(wvz)2¢j(w,Z/)zdzdzld.r.

The Brownian fields Bj;(w, X,Y), BZ-A&J,X, Y') are independent and identically
distributed for j <l and satisfy B ; = B, Bij =—DBj1,
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(3.11) E[B,(w,X,Y)] =0,

(3.12) E[Bj(w, X,Y)Bj(w, X", Y")] = min{ X, X"}T,(w,Y = Y’),

where

(3.13) ;l(w,Y) 4@@ / Rji(w,z,Y) cos ((ﬂl( ) — ﬂj(w))z)dx, j#l,
314) TY) = g [T Ry ¥)sin (i) = B @)o)d, 5 £1

Rij(w,z,Y) / / didi(w, 2)E[u(0,0, 2)u(z,Y, 2" )b (w, 2" )dzdz’

(3.15) " / / 6165w, 2)EL(0,0, 2) s, — Y, 2] b5 (w, 2"z

(816)  Aw)= 3 I%(w,0),

I=1,I#]

nik*(w) 4
i mw=[ \’}ﬁ] [ Risten)cos (V7 = By a)or,
N(w)

Aw)= Y Thw0)

I=1,1#]

nik*(w) 4
(3.18) —|—/O 4\1}& / R (w,x)sin ((v7 = B (w))z)dzdy,

0 1
(3.19) Kj(w)= / 4\/%5 / R j (w, ) cos (B;(w)x)e™ VI drdy,

(320) Rj’Y(w7z) :2/0 /0 d)j(rb'}’(w?’z)]E[lu(OaO7Z)Iu(x707Z,)}¢j¢7(w7zl)d2dzl'

The It6-Schrédinger equations (3.6) allow us to describe moments of the wave
field and the statistics of the transmitted wave. In the case of the unperturbed
waveguide there is no coupling between the modal amplitudes and only the first term
on the right-hand side of the It6—Schrédinger equation, the lateral Laplacian term, is
present and describes diffraction in the lateral direction. In the case of the perturbed
waveguide the terms involving the driving Brownian fields, B;, B;, l,Bj 1, reflect the
effects of the random medium fluctuations. Note that the drlvmg Brownian fields are
correlated, as the modes sense the same medium, with the correlation reflecting the
correlations of the medium fluctuations when projected on products of eigenfunctions
of the one-dimensional unperturbed Schrodinger operator. The term involving B; is
the one also seen in the scalar, open medium case [13] and gives a randomization of
the mode due to random forward and lateral scattering. The terms involving B; ;, Bj,l
produce a coupling between different modes due to the random perturbations in the
waveguide and are of the type seen in the two-dimensional case [11].

Proof. For a fixed frequency w, we expand the wave field as in (2.8). Substituting
the result into (2.7) and taking into account the form (3.3) of the random medium
fluctuations, we find that the complex mode amplitudes satisfy the coupled equations
for x #0:

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/09/24 to 129.104.4.248 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

46 M. V. DE HOOP, J. GARNIER, AND K. SOLNA

N nlkr2
(3.21)  02p; + 0pp; + BB, = —ek® Y _ Cjulw,ey)pi — ek / Cjy (T, ey)Dy dy',

=1 o0
for j=1,...,N,
2k
(3:22)  07py + 02Dy + Dy = —ek? ZCM z,ey)p — ek’ / Cy oy (@,6y)Pydy,
=1

for v € (—oo,n2k?), where

CVj,l( ay) = (¢j’ ¢lli(337y, .))LQ P Cj77'(m7y) = (¢J7 ¢’Y’M('T7ya '))LZ P
C’Y,l( 7y) = (¢’y7¢l:u’(xvy7 '))L2 ) C’Y,"/’ (xvy) = (¢"/7¢)‘y’:u’($7yv '))L2 )

and (-,-);. stands for the standard scalar product in L?*(0,+00). We introduce the
generalized forward-going and backward-going mode amplitudes,

x
x

(323)  {a(z,9), bj(x,y), j=1,...,N} and {Gy(2,y), by (z,9), v € (0,n1k*)},
which are defined such that
) = 7 (e 4By ),
J
(3.24) 9upj(,y) =i/ B; (aj(x,y)eiﬁﬂ —Ej(x,y)e—iﬁﬂ), j=1,...,N,
and

oy 1 -~ ivyr | 7 —i\/yT
p’y(x,y):ﬂ(a'y(xay)eﬁ +b»y(.’£,y)€ \ﬁ )7
(3.25) OuDy (2, y) =17y /4( Sz, y)e Ve —Bv(x,y)e_iﬁg“), v € (0,n3k?).

We then substitute (3.24)—(3.25) into (3.21)—(3.22) in order to obtain the coupled
system of random differential equations satisfied by the mode amplitudes in (3.23),

azaj i 82/\_ ick? Z Jl/ x Sy [le(ﬁzl ﬁ])m+bl,el( Bir—Bj)x ]

25 =1 V Bl’ﬂ]

i 1.2 2p2
iek? [ Cﬂ(xey){ 1(\/7,8J)x+b,e(\/7,33)117:|d

2 Jo VB

ick? [0 C;.(z,e
(326) 5 3 ( y)p 'Lﬁjwd,y
— 00 1/ '
Oply = ——02a, + iek? i Cyp(@,ey) [a B =T L ] o ﬁl/fﬁ)x}
l/
Ty — f y 'Y 2 — f //Bl’
. 19 n?k?
iek” [T Oy (xey) [a VT =D ] ,ei<—ﬁ—ﬁ>z]dv’
2 4/ 7 Y Y
0 et
(3.27) ’“ CV B iy
VA
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We have similar equations for Bj and 37. The evanescent mode amplitudes p.,
7 € (—00,0), satisfy (3.22). We then take the scaled coordinates y =Y /e and x = X /&?
to get a system for a5(w, X,Y) =a;(w, X/e%,Y/¢e) and b5(w, X,Y) = b;(w, X/e?,Y /¢),
where we can use diffusion approximation results [12, Chapter 20] in a case with
rapidly oscillating phase terms. As shown in [12, section 20.2.6], the forward scat-
tering approximation is valid in our scaling regime, that is to say, we can make the
approximation bE ~ (0 and be ~ (). Indeed, for the type of medium fluctuations we con-
sider the couphng terms between the forward and backward propagating modes are
small. The coupling with the evanescent modes can be integrated out and only gives
rise to an effective deterministic phase modulation (this is the term in x;(w) in (3.6);
see [12, section 20.2.5]). The evolution equations for the forward mode amplitudes a5
then take the form

zk Cir(%,Y) 83X
Oxas ay i
5 € 12:21 VBB
.19 nfk2 Cf , X Y
(3.28) 4 Gir(G Y,

€
2e Jo VB

with the initial condition
Ej(w,X =0,Y)=

This system is in a form which allows for the application of the diffusion approxi-
mation theory set forth in [12, section 20.3.1]. This establishes the diffusion limit
for a5 (w, X,Y) = @5 (w, X,Y)/G*(w). The Ito-Schrédinger equation (3.6) is the Ito
diffusion corresponding to this limit. 0

4. The mean Wigner transform.

4.1. The radiative transfer equation satisfied by the mean Wigner
transform. We first formulate the radiative transfer equation satisfied by the mean
Wigner transform of the mode amplitudes. We assume from now on that the Wigner
transform of the source function G¢(t) satisfies

1 WA w’ !
(4.1) lim — / dw'e” ™t GE (w+€ 5 ) G* ( - 52(;> =Wg(t,w).
R

e—0 27

The typical situation we have in mind is a partially coherent source, for instance, a
zero-mean process with covariance function

4t2 2

(o (D)= on (5555,

where (-) is the statistical average, w, is the carrier frequency, 7. is the coherence
time, and oy /e? is the duration of the source envelope. We then have

— W, 2,2 2
Wt w) = VErmexp — @ Te L)
2 4o}
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PROPOSITION 4.1. The mean Wigner transform of the jth surface mode defined
by

(4.2)

1 I .
W (t w, X, Kz, Y, ’iy) = lim 7/ dw'da’ dY' e~ W t—ikar —iky Y
R3

e—0 21
qw’ o’ Y’ w’ ! Y’
XE|:§)\§<W+E §7X+E §,Y+7 j?\i UJ_EQ?,X_EQE,Y_7

has the form

(4.3) Wi(t,w, X, k3, Y, ky) = Wj(tw,X,Y,;4;1,)(5(%;1c — Bj(w)),

where the W;’s satisfy the system of radiative transfer equations

1
8XW + 5]( >ayW + (w)ath
S [ TSt i) Wil = ) = W, N,
LSy
(4.4 o / Ry ,) (W 0y — ) = W5 ), = A5 )75,
starting from
(4.5)
Wealt, Y\ = Y’ —iky Y gyt
Wj(t,w,X:(),Klﬁy):W/RFj <w7Y+2>F] <UJ,Y—2>6 deY
Here
(4.6) vj(w) =1/8;(w),
(4.7) f‘jl(wm):/I‘;(w,Y)e_mde,
R
(4.8) Ry, i) = / Ryy(w,Y)e Y dY.
R

We note that FC [(w, k) >0and R;j(w, k) >0 because they are proport1ona1 to the
power spectral densmes of stationary processes in (z,Y) ([ ¢;jdi(2)u(x,Y,z)dz and
J ¢3(2)u(x,Y, z)dz, respectively).

In radlatlve transfer equation (4.4), v; is the group velocity of the jth surface
mode, T¢ 5 and Rj; are the scattering cross-coefficients (T'j; is the conversion rate from
the lth surface mode to the jth surface mode and R] ;j is the conversion rate between
different x, components of the jth surface mode), and A} is the extinction coefficient
that takes into account leakage from the jth surface mode toward the body modes.
The scattering and extinction coefficients depend on the two-point statistics of the
fluctuations of the random medium.
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Proof. We denote

WXY VY 20 XY Y
i(w ', X YY) = (W‘FEW »€+)az(w—8w —>,

2 g2

and similarly for Us_, etc. By expanding 3;(w + e2w’/2) at w up to terms of order &2

so as to keep all nonnegligible terms in the phases, we get that U, satisfies

OxU5, mmU
B

ik? & le/(%,y-l—ﬂ) i VX gl _pgly X
_|_7:(,€. )U L+ #Uﬁlet(ﬁz’—ﬁg)jei(ﬁu—ﬁj) p)
J 3T o l/z:l \/m .
.o N , X _ Y/
_ ik o G Y )U‘El/e BN (B —B))

2 = VB B
- ny 2k2
ik? Ciy (62 Y45 ) Us Z(W—Bj)s%d’yle_iﬁé =

wh T vryE O

. n2k2 Y’
_ﬁ 1 Cl’Y (527Y )Ug /e \/7 ﬁ[) 2d’y€ 7,[31
2e Jo VYVB a

and we get similar equations for U . We introduce

/

Xw

1 y / /
Vatw X, Y,Y) = 27/ e~ =B @B TIVE (w,0, X, Y, V" )du
; T e ,
and similarly for V7. These quantities satisty

Bj(w) + B (w
Mat jE,l ﬂ 8Y8Y’ Jl-‘r ( :‘il)vvjs,l

Z]f C]l/(527Y+Y/)

+ P
2 = /B Bj

)

axVﬂ +

VE 1B —B5) %

7172@,1'(627 Ve, (i B=B) %
2 = VBB 7
. nk
+“€2/ Civ(ZY+% )Vj =B gy
2¢ Jo VAV B

/

. n2k? Y
B ’L]{}Q/ 1 Cl'y (€2aY )Vs —7(\/7 /Bl) zd,y
2% \/»\/7 J"/

The completion of the proof is as follows: We first establish a diffusion-approximation

result for V7, then establish the equation satisfied by the expectation, and finally

take a Fourier transform in Y’ to get the desired result. O

From the previous proposition we can formulate the radiative transfer equation
satisfied by the normal derivative of the wave field at the surface, which is the mea-
sured quantity in seismology, for instance.
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PROPOSITION 4.2. The mean Wigner transform defined by

(4.9)

has the

(4.10)

1 - . r . ’
W(t,w, X, ke, Y, k) =lim — [ dw/da’dY’ e ™ tmiraz —iryY

e—0 R3

Y/
XE[a <w+€X—|— ,Y+2,z:0>

/ Y/
x 0. <w—52°;,X—s22 Y- z:oﬂ

— hm i / dex/dY/ein—iﬁwx/—iﬁyY/
R3

e—0 g2
St T 5! Yy©
XE[azp (82+27X+€ §,Y+?,Z—O
[t o Yy'
Xazp <5227X€ E,Yfg,z—o

form

W(t,w, X, kg, Y, ky) = Z 0.0;(w,0)°W;(t,w, X, Y, k)0 (ks — Bj(w)),

where the W;’s satisfy (4.4).

4.2. Probabilistic representation of the mean Wigner transform. It
is possible to give a probabilistic representation of the mean Wigner transforms
W;(t,w,X,Y, k,) because (4.4) has the form of a Kolmogorov equation for a Markov
process that we describe in this subsection. This gives a mathematical background
to the phenomenological approach to the radiative transfer theory based on seismic
phonons discussed in [5, 25]. We first introduce the Markov process for a fixed w.

(i)

Let (J,, K )nen be a jump Markov process with state space {1,..., N(w)} xR
and transition kernel
1

Af(w) + Rjj(w,0)

Z/ f(, Ky — k) dr, —|—/RM V(G by — iy )dry, |

I#j

where Af(w) =>,; I'};(w). This transition kernel describes the type of mode
conversion that can happen from a mode (j,k,). When a mode conversion
happens from (j, k), with probability I';(w)/[Af(w) + R;;(w,0)] it is a mode
conversion to (I, k) with [ # j and with some &y, # r, (this conversion affects
both j and k) and with probability Rjj(w,0)/[AS(w)+ Rjj(w,0)] it is a mode
conversion to ( j7 y) with kj, # r, (this conversion only affects r, ). In the first
case, the new /@ is chosen randomly accordlng to the distribution with the
probability dens1ty function rj, I‘C (W, kg, — Ky ) /27T (w, 0)]. In the second
case, the new I{y is chosen randomvly according to the distribution with the
probability density function kj +— R;;(w, s}, — Ky)/[27 R;;(w,0)].

Conditioned on (J,,, K, )nen, let (D,)nen be a sequence of independent ex-
ponential random variables with parameters A (w) + Ry, ., (w,0). These
parameters govern the intensity rates of the mode conversions. The proba-
bility that there is a mode conversion from (j, k,) between X and X + 06X is

[Af(w) + Rjj(w,0)]6X for small §.X.

Elf(J1, K1)|Jo = j, Ko = ky| =
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(iii) For any X € [0,400), set (Jx, Kx) = (Jp, Ky) if >0 _ D <X<Yon D
(with the convention Z;leo D,, =0) and introduce (YX,TX)X€(07+OO) as the
solution of

Kx 1
; OxTx =— .
ﬁJX (w) VJix (w)

Then (Jx, Kx,Yx,Tx)xe[0,400) 18 @ Markov process with infinitesimal generator

OxYx =—

. 1 = .
L1Gy Yo = o [ 3 [ T, = ) = Gl
1 /R
Py b
Bj(w) v (w)
This implies that the solution u(X, j, £y, y,t) of the Kolmogorov equation Oxu = Lu,
w(X =0,4,ky,y,t) =uo(f, Ky, y,t), has the representation

+ / Rjj(w>“;)[f(ja Ky — “;) - f(jaﬁy)]d“;} - Oy [ — O f.
R

w(X, j, ky, Y, t) =Eluo(Jx, Kx,Yx,Tx)|Jo = j, Ko = ky, Yo =Y, Ty = t].

The solution of the damped Kolmogorov equation dxu = Lu + Vu, with Vf(j) =
—A%(w)f(4), has the representation (by the Feynman-Kac formula):

u(X,j sy, Yot) = E[uo(Jx, Kx, Y, Tx)

X exp ( — /X A%, (w)dX’)
0

Accordingly, the Wigner transform solution of (4.4) can be expressed as

J():j,KO:IﬁJy,YO:Y,TO:t .

W;(t,w, X,Y, k) :]E[WJX(TX,W,O,YX,KX)

(4.11) Xexp / A dX')

JO:j7KO:’%y7YO:Y7T0:t )

where W;(t,w,0,Y, k) is the initial Wigner transform at X =0.

An alternative representation in which the evolution variable is ¢ rather than X
is as follows. Replace step (ii) by the following: Conditionally to (J,, K, )nen, let
(Tn)nen be a sequence of independent exponential random variables with parameters
vy, (W)[AG (w)+ Ry, s, (w,0)]. Replace step (iii) by the following: For any ¢ € [0, +00),
set (Ji, Ky) = (Jn, Kp) if Z:;;:lo Tm << _oTm and introduce (Y, X¢)ie(0,400) 88
the solution of

Ktht( )
B (w)

Then (Ji, K¢, Ys, Xt)ie[o,400) 18 @ Markov process with infinitesimal generator

8{/)/; 3tXt = —vy7, ((.(.))

Lf(, ky Y, x)= [Z/ F ky = ky) = F(J, ky)]dry,

I#£5

+ [ Ry, m;>—f<j,ny>]dm;]—“;j’g“;’)ayf 030, .
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The Wigner transforms can then be expressed as

Wj(tawaX,KHy) =E WJt (07W7Xt7}/:f7Kt)

¢
xexp(—/ th,(w)Az}f/(w)dt/>’Jozj,KO:ny,YozY,onX ,
o :

where W;(0,w, X, Y, k) is the initial Wigner transform at ¢t =0.

5. Statistical stability of the Wigner transform. The previous section gives
a complete characterization of the mean Wigner transform (4.9) of the normal deriv-
ative of the wave field at the surface. The normal derivative of the wave field is
indeed the quantity that can be measured in the experimental configuration in which
receivers can only be deployed at the surface. From these measurements it is possible
to compute the Wigner transform defined by

1 o
VI/8 (t7 wa X7 KJ,’t’ 1/7 /‘iy) = 7 dw/dx/dyleilw t—ikoT 7”{?‘1}/
™ JR3

/ ! YI
X 0,D° (w—l—agL;,X—l—eﬂ;,Y—&—Q,z:O)

-~ oW e L Y

(5.1) 0.D <w 3 2,X € 27Y 2,,20).

From the measurements we cannot, however, compute the mean Wigner transform,
which is an average over the possible realizations of the random medium, because only
one realization of the random medium is available. In this section, we show that a
smoothed version of the Wigner transform (see (5.2)) is statistically stable, in the sense
that its typical value for one realization is close to its expectation. This means that
the smoothed Wigner transform can be measured and it can be related to quantities
that are characteristic of the medium by the radiative transfer equation. This gives
the right framework to solve a well-posed inverse problem in order to estimate the
medium.

We remark that the mean Wigner transform (4.9) is the limit expectation of the
Wigner transform (5.1). However, this quantity is practically difficult to compute
because of the three improper integrals over w’, 2/, and Y’, and it is not statistically
stable in the sense that its standard deviation is large compared to its expectation
(which is shown below). Let us define 9(s) = \/%exp(—g) and choose positive
smoothing parameters g, X, Y, Ty, Ky, Kys. We can then introduce the smoothed
Wigner transform

Wa(t,w, X k0, Y, iy) = lim v/27 dw’d:c’dY’dw”d:c”dy”e—iw”t—mww”—myy”

/ Y//
x 0,p° (w+€w+6 5 X +ela et — 5 Y+Y’+7 z—O)
1 Y//
X 0,pF (w—|—52 —X—i—sz 27Y+Y’—2,ZZO)
" i ‘*’; L i/ 7 Y’ "
(5.2) X P(w S)st Q. Xsﬂf X, Y(x Kzs)st Y. YY" Kys).

We note that the domains of the integrals are essentially bounded by the cut-off
function 1 so the overall integral becomes tractable. Using the general relation
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/ dr'e= g (T B T/) = eV (),
R Ts Ts
we get the equivalent representation
(5.3)
Ws(t,w, X, Kz, Y, Ky)

=lim [ dt'dw'dX'dr,dY’dr, We(t', ', X" K, Y k)

e—0 R6 T
1 t—t 1 w—w
. Tsw( T ) 5295w< 20} )
1 X-X"\ 1 Kz — KL\ 1 Y-Y'\ 1 Ky — Ky,
g 52Xf’( 7%, )K¢< K. )Y“’( Y, >Kysd’( K. )
which shows that (5.2) is indeed a smoothed version of the Wigner transform (5.1),

with smoothing in all variables (t,w, X, ks,Y, ky). The smoothing is carried out by a
convolution with a Gaussian kernel with width (T%,e2Q,e2 X, Kys, Vs, Kys).

ProrosiTiON 5.1. We have
(5.4)

E[Ws(t,W, X7 R, Y? “y)]
N(w)

1 t—t"\ 1 Y-Y’ 1 Ky — K,
/ / Y Y ! g,/ /
_E VV ' w, X,Y, )TS1/)(TS>Y51/)< Y. )K 1/1<K )dtdmde

ys
1 o —B;
X v (Kﬁf (”)) 0.6;(w,0)>.

Using the Gaussian approrimation (more exactly, using Isserlis’ formula to compute
the fourth-order moments of the wave field in terms of the second-order moments)
and considering that X is large enough so that |B;(w) — Bi(w)|Xs > 1 for all j #1,
the variance can be approximated by

(5.5)

Var(Wi(t,w, X, ks, Y, Ky))

N(w) " "
Y// K t” YII K
! / / / Yy
_E /]RG ( WXY+2K+2>Wj(t 2o.)XY 2I€y—2>
() e () o () v e,y
T2 T, Y, Y, Kys s My ys

Kys
)

" " " (27T)3 Ka — ﬂj (w ? 4

x dt'dt”"dY’'dY dn dk,, ) P 0.0;(w,0)".
K3 Kys

A complete expression of the variance is given in the proof. The first result (5.4)

shows that there is a smoothing of the mean Wigner transform in ¢ of order Tj, a

smoothing in Y of order Y, a smoothing in &, of order K., and a smoothing in .

of order K,s. The effect of the smoothing in w and X is negligible, as long as the
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smoothing parameters are of order £2. The smoothing in w is, however, important

because it reduces the variance. Indeed, the second result (5.5) shows that the relative
variance (also called coefficient of variation) is of order

(5.6) m =0 (1{ x min(At, Q1) x min(Ax,, Y, ') x min(AY, K;;)) ,

where Ak, respectively At, AY, is the width of the mean Wigner transform in &,
respectively in ¢, Y.

Proof. The first result is obtained by substituting (4.10) into the expectation of
(5.3). Using the Gaussian approximation makes it possible to express the expectation
of the square of Wy in terms of a double sum (over j and !) and multiple integrals
involving the product of two terms W, and W; (the solutions of (4.4)):

Var(Ws (ta w, X7 Kz, Ya Ky))
N(w)
= / dtldﬁyldyldtgdﬂdeYQWj (tl,w,X, Yl,l'iyl)VVl (tQ,UJ7X,}/2,Hy2)
ji=17RS

om? g ooy (e \' oy
X [ .. —
TPR2Y.K,. "\ T, K. Y.

Bilwithiw) _ .\ ) ) )
X1 <2> V(Qs(tr = 12)) 0 (Yalryr = ry2)) 0 (Kys(Y1 = 12))

KIS
x P((B;(w) = Bi(w)) X5) 0205 (w, 0)%0- 1 (w, 0)2.

The condition that X, is large then reduces the double sum over j,[ to a single sum
and gives the desired result. ]

We study the relative variance (5.6). We first remark that AY is in fact the radius
of the transverse envelope of the wave field and Ax,, is the reciprocal of the transverse
correlation radius of the wave field. For a coherent beam we have AYAr, ~ 1,
but for a partially coherent or incoherent wave as we deal with here, we may have
AY Aky 2 1 or AY Ak, > 1. If we want to resolve (by a factor Rs > 1) the dependence
of the Wigner transform with respect to the variables Y and &,, we need to choose
Y; =AY/R, and K,s = Ak, /R;.

If Q71 is larger than At, then the smoothing in w in (5.2) plays no role and the
relative variance is of order

Var(Wy) At . R?
. —_— = — AY Ak, ——— .
(5.7) AL 0] (Ts X min ( Ky, AYAFLy))

If Q7! is smaller than At, then the smoothing in w in (5.2) plays an important role
and the relative variance is of order

Var(Ws) 1 . R?
(58) E[WB]Q = O (QSTS X min <AYAI€y, MA/{;y)) y

which can be made smaller than one if Q! is small enough. This self-averaging effect
is due to the small coherence frequency of the field, and this is the main mechanism
that can ensure the statistical stability of the smoothed Wigner transform. Note that
the partial spatial coherence of the wave field can also give some stability. Indeed, if
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AY Ak, > 1 and we choose R, such that 1 < R?<AY Ak, (and therefore Y, K,s>>1),
then we get an extra reduction of the relative variance by the factor Y, K:

Var(Ws) 1 1
(5.9) W—O(MXY&,>

To summarize, the smoothing parameters are chosen as follows to ensure both
resolution and stability: We take Ty < At, Ky, < Ary, Ys < AY to get good
resolution. We take ;! < T to get good stability. The coefficient of variation is
then given by

s 1
(5.10) m =0 (QST x min(Ak,, Y, ") x min(AY, K, ))
which is always smaller than O(%) whatever the values of Y, and Kys If the

coefficient of variation is not small enough for the considered application, it is possible
to reduce it by taking Y, = AY/(AY Aky)® and Ky = Ak, /(AY Ak,)® for some

2a—1
€ (0,1), so that \s%‘/_‘fi) = O((Ayg’?ﬁyﬂ). ). As « becomes close to zero, we lose
resolution but we gain stability.

The stability results of this section will be important in the robust estimation of

the (background) medium and source parameters, which we discuss in section 7.

6. Transport Albedo kernel. We develop an expression for what we refer
to as the Albedo kernel which describes the mapping between the source and the
measurements in our framework. This description is useful in order to analyze the
announced inverse problem of inferring model parameters from the observed data.
We discuss this inverse problem in more detail in the next section.

We consider the mean Wigner transforms W;, j=1,..., N, solving the radiative
transfer equations (4.4). For a fixed frequency w we define the associated effective
Albedo kernel A(t,w, X,Y, ky;to, Y0, Ky 0) that is the N(w) x N(w) matrix solution of

3XA+diagj{ }atA_ —diag; {A )+ A% ( (w)} A

1
ﬂ]( )}aYA+dlag7{ J( )
+ % /Rdiagj {Rjj(w. k) } [Alky — K)) — A(ky)]dr),

1 I- i / /
6.0+ 5 [ Tl =),

with initial condition

(6.2) Alx=0=0Y —Y5)0(ky — £y,0)0(t — to)In,
where Z is the N x N identity matrix and

(6.3) T (w,my) = {15 (0. L} 141

The Albedo kernel relates the initial Wigner transform (V[/l(o))f\il at = 0 to the
mean transmitted Wigner transform (Wj)évzl at the range x = X /e%:

N
Wj(t7waX7Y7 liy) :Z/]RS -Aj,l(tawaX7Ya K}y;to,yb,lﬁ}yyo)

(64) X VVI(O) (w,to,YQ,Ky,o)dtod%dlﬁy,o.
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We next develop a closed-form expression for A. For n >0, let A(”)(t,w, X, Y, Kky;
to, Y0, Ky,0) solve

n : K n :
Ix AM™ + diag; {ﬂ](i)) } oy A 4 diag; {
= —diag; {AS(w) + A% (w) } A™
+—/dlagj [y (w,k)} [A™ (5 — K1) — A® (1)) di!,

1
(6.5) T op [ @R AT sy = )dr,

1
(n)
v;(w) } oA

starting from
(6.6) A |x_o=0(Y — Yy)d(ky — kiy0)d(t —to)Inlo(n), n=0,1,....

Here we use the convention A(~1) =0. We then find that
(6.7)

X ¢ .
A(O)(uw, X,Y, ki t0, Yo, kiy0) = (27r)_2diagj{(5<t _ ﬁ _ to)e_(/\j (W)+AT (@)X

Uj w
/ 6[0 Rjj(w n+X &/Bj(w))—Rjj(w, 0))dX/ 7'((YO Y+ry,0X/B5 (w)E+(ky,0— ’{y)n)dndé'}
R2

and for n>1
A(n) (tvvaava"{y;t()vYOaﬂy,O)
X
z/ dx’ dt’dY’dm;A(O)(t,w,X—X’,Y,/—@y;t',Y’,/i;)
0 R3

1 .
(68) X % / F(kay)A(nil)(tlava/aY/7H;/ - ’%yQthYO,“y,O)d’%y'
R

We introduce the operator £g?) defined by

0 1 ~ C\w
Eg()q)(t,Y,/@y) = - dt’dY’dﬁgl%/RdfﬁyA(o)(t,w,X,Y, Foyi Y Ry )T (w, Ry — Ky
(6.9) X <I>(t’,Y’7/<;'y)
for any square integrable test function ® : R3 — RN@XN(w)  The operator ﬁg?) is
such that
6.10 L)y <9(w) = N(w w,0
(6.10) 1200 <9(w) = N@w) | max - T5i(.0)
with
N (w)
(6.11) | @2 := Z/ dtdY dry®;4(t,Y, ky)2.
7,l=1

We then have convergence of E;'L:o AU) to A in the sense we describe next. With
® € L? it follows that we can write AP = E;‘)io AW, satisfying the precision bound
at order n:

((w)X)"*

Ry

(6.12) A—Eﬂ:AU) 3| (X)<

2
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where we used that ||.A®||5(X) < 1. Note that we have a rapid decay of the higher
order terms (large n) in the case of small medium fluctuations so that ¥(w) is small.
We discuss in more detail in the next section how a particular source condition cor-
responds to a particular form of ® so that the approximations Z;-L:O AW ® converge
to the full response function A®P as n goes to infinity. For the second-order term, we
have

AL (6,0, X, Y,y to, Yo, iy 0) = <2w>*3/
R
w M (@ X =55 1)+ H (w511 +E(X =571)/85,€)

dndgdr, IS (w, Ry — ky0)

(6.13) x e/ EQ0Y X =85, )Ry [Bisamy0 [BOTNE=R0)) 5 1 3y (s7)),

in which
(6.14)

H, (w0, X, m,€) = /0 [Ryj(w.n+ X'€/B;(w)) — Ry (w,0)]dX’ — [A(w) + Al(w)] X

and s}, is the solution of

X —s: 5%
(615) t—tozij’l+]7’l’
(% (Y

corresponding to “effective scattering” from mode [ to mode j at propagation distance
s’]'f)l and an “effective travel time” in mode [ being 5;71 /v; and in mode j being (X —
s ) vy v

The coefficient R;; determines the conversion rates between different x, compo-
nents of the jth surface mode and it depends on low-frequency components of the
fluctuations of the random medium. The coefficients I'¢, determine the conversion
rates between different surface modes (5 # [) and they depend on high-frequency
components of the fluctuations of the random medium because of the presence of the
term cos (B(w)—B;(w))x) in (3.13). We will consider a regime in which the coefficients
R;; are larger than the coefficients s More exactly, we will consider propagation
distances X such that

(6.16) XRjj(w,0)>1, XA (w) <1,

and we will call it the strongly heterogeneous regime.

The second hypothesis in (6.16) implies that the term A is much smaller than
A but much larger than the remainder 327 , A(™. The first hypothesis in (6.16)
makes it possible to obtain simplified expressions for A1) and A©). Indeed, assuming
that the first hypothesis in (6.16) holds and that, additionally, the covariance function
of the medium fluctuations is smooth enough so that we can expand

(6.17) Rjj(w,Y) = Ryj(,0) |1 - ;e;(/:)z’ * 0(6;(/:)2)}7

then we obtain

X
Ot w. X.Y k.t Yo =diag;qd|(t— —— —1
A ( s W, AL X, Kyjto, Oaﬁyo) 1ag] Uj(éd) 0

o= (A5 (@)+A7 (@)X K0 — Ky 1 Yo -V + w
(6.18) X w LA 1/} j
\/TjX \/’f’jX r; X3 r; X3

1257 1257
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with

(6.19) ri(w) =
Moreover, we find for j # [ that

A;.’ll) (t,w, X, Y, kysto, Yo, Ky 0) = %/ dRy f;l(w, Ry — Ky.0)
T JR
1 w(ky - ny> 1 w(% - Y+Kj,l(ﬁ;y))
hij hji Hj, Hij
(6.20)  xexp (—(Af(w) + AJ(w))(X = 55,) = (Af(w) + AT (w))s]4)) % Lio,x)(s7.)
with 7, ; defined by (6.15) and

Hj,

9 (X—s7)* 2 (55! * S5 (X—=s3,) | 2(X—st )7 | 2(s5))’
7 35]; + 7 3’512 + 2rjms7 (X — %) [ AT 3[3;‘;7 + 3,}3?

4hj, ’

Kji(Fy)

(X—S;,z)z ) pa 2¢* (X * Tiky,0 Tiky (sa*ll)z ps 2
_TTJ(K?J—’—K’?/)—F Sj,l( _Sj,l) T+ 5], + B T‘l("{‘y_ﬁ;y'i_ K;y,())
o 2h;

hjo=ri(X —sj,) +risj,.

In the next section, we analyze how this simplified form of the Albedo kernel allows
us to identify how model parameters can be inferred from the observed data.

7. Source response, data separation, and parameter identification. In
this section, we consider the situation with a Gaussian source and measuring the

transmitted field in the form of the smoothed Wigner transform in (5.2) in the strongly
heterogeneous random medium case (6.16). We show that in this case, we can stably
identify the parameters of the RTE in (4.4).

From Proposition 5.1 and the previous section, we find that the mean smoothed

Wigner transform W = E[W;] can be expanded up to second order as
(7.1)  Wi(t,w, X, ki, Yy hy) = WO (t,w0, X, ki, Yy ky) + W (80, X, K, Y Ry,

N (w)

" B 9 (n) 1 t—t
Ws( )(t7waX7 H.’£7Y7 Hy) - .lzlaZ(bj(w’O) /R3 7;‘,l (tlavavylvﬂ;)iw ( Ts
J7 =
1 Y-Y'\ 1 Ky — Ky,
—¢| ——— dt'dY'drk),
Xst( Y. )Kﬂ( K, K
1 Kz — Bj(w)
. — _— =0,1
(7.2) X me ( T , n=0,1,
in terms of the first (n =0) and second (n =1) order response functions
7;67)(t7w7X7KK’Z/)
(73) = dtodYOdlﬁy,oA;Z) (t,w,X,KHy;to,%,Ky7o)Wl(0)(to,w,Y0,Iiy70).

R3
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We assume that the source terms G¢(t) and F (Y, z) in (3.1) are such that

1) Wattw) =Y g (L) poy) = Lag (-1,

2 T 952
Ot 407 20y

for some positive constants 0,0, and smooth functions wg(w), fj(w). We then find
by (4.5) that

) 2 12 y2
7.5 w© t,w, Y, ky) = 7‘103 (w)[oy ex (— e 02,%2)

with wj(w) = Jwg(w) f;(w). Figure 3.1 illustrates the wave propagation configuration
that we consider. Note first that via the projections in (2.4) we reduce the problem to
an evolution problem in two space dimensions with x being the propagation (range)
direction and y the lateral space dimension. A source emits in the plane x =0 which
then produces a boundary condition on the incoming boundary I'_ (a strip on the y
axis), and the field is measured on the thin set I'; in the x —y plane. Here, ¢ is a small
parameter which characterizes the transverse radius and the propagation distance in
relation to the wavelength which is order one in our scaling. The propagated field is
measured on the receiver array at = = X/e2, denoted 'y, for a time duration O(1)
and subsequently processed to form the smoothed Wigner transform in (5.2). Note
that in the figure (z,y) denote the unscaled coordinates while the scaled coordinates
are (X,Y) = (¢2z,ey). We remark that the Albedo kernel developed in the previous
section gives the mapping from the initial data for the Wigner transform to the left,
at £ =0, in Figure 3.1 to the mean transmitted Wigner transform to the right, at the
range X /2.

We assume that Q; 1 < Ty, so that the coefficient of variation in (5.6) is much
smaller than one. We remark that we do not consider additive measurement noise,
although this could easily have been included. We emphasize that the medium pertur-
bations are responsible for generating the mode coupling and producing the particular
form for the Wigner transform in (7.2). As we show below, this form can be used
for parameter estimation. What is important to note here is that to identify the
medium information carried by the particular form in (7.2) we need to perform an a
priori smoothing step. This signal-to-noise enhancement step is indeed not so often
discussed in the transport literature, but nevertheless is important in the processing
of the measurements.

We discuss next how parameters in the radiative transport equations can be
identified based on these measurements. We have

(7.6)
0) B |wj(w)|20y47r3/2> 1 (t—X/Uj) 1 Ky
7;'71 (t7waX7Ya ’fy) - ( ﬁ]X \/ﬁO’tw \/§O't @w
AS(W)+AT (W)X !
\/7~]-)((1/?)+1/(20%523‘))+25?<75/X2

xe_(

X 1) ry(1+1/(207%)) —2Y B;/ X 1,(5)

\/rjX(1/3 +1/(202%;)) + 28202/ X2
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with 3;(w) =7;(w)X + 54, and

¢ (w, &y — K wi(w)|?e
TPt w, X, Y k) = /R 4dYodny,odf%ydto( salny ~ ryo)lun(w)] y)

273} (w)o

£ Yy 2. 2 1 Ry — Ky
% bty Yo 1
exp ( 4o? 05 Ty"iy.0 hji v hj

e b (YooY KRy
VH; VH;i

(7.7) x exp (—(Af(w) + Aj(w))(X = s7;) = (Af(w) + A7 (@))s]1) % Lo,x)(571)-

We make some simplifying assumptions to get more explicit expressions to ar-
ticulate the parameter estimation context. In the regime (6.16) O is the leading

contribution; moreover, we assume narrow temporal source and smoothing, that is,

(7.8)  (Af(w)+Aj(w) X <1,

(79 T.<o< 1}1;? ;7 (w) = v (W)X, Ko < . uin 185 = Bj=1] A BN (w)s

I
<GEN(w)
(7.10) Yy <oy A1) X (X/B5(w)), Ky <oyt Ay/ri(w)X Aoy (w)/X,

for all j =1,...,N(w). Note then that the term ¥((ky — 5;)/Kzs) in (7.2) makes it
possible to use the support in the variable k, and the dispersion in phase velocities
to separate the contributions to Wy associated with different j values (corresponding
to observing transmitted surface mode j). Moreover, note that 7}5?) =0,j #1 and
’7;(]1) =0 and that the term 1(g x)(s},;) is supported for t —to € X (v; Av;,v; V) in
view of (6.15). This then allows us to additionally separate the contributions to W;s
associated with different source modes [ due to the dispersion in group velocities and
in view of the fact that the observations have a high signal-to-noise ratio due to the
smoothing. We then find the following lemma.

LEMMA 7.1. Assume that the assumptions in Proposition 5.1 are satisfied and that
071 < Ty so that the coefficient of variation is much smaller than one. Moreover,
assume that the source assumptions in (6.16) and (7.8)—(7.10) are satisfied. Then the
components of the second-order smoothed Wigner transform

. . 1 [ttt
WD (t,w, X, kg, Y, by ) = 02005 (w, 0) / 7;fl><t’,w,x,Y’7m;)w( )
RB

T T,
1 (Y-Y'\ 1 Ky =Ky \ oo,
—( — e
Xst( Y. )Kysw< K, )Yy
1 Ky — Bj(w) )
X K$S¢( K:L‘s ) n 0) ) .]al 9 9 (W),

can be identified.

Next, we discuss the identification of the parameters of the radiative transfer
equation assuming additionally that the range X is known. We note first that the
group and phase velocities vj,w/B;, and the parameters

(711) Ot, Oy, Ty, 8Z¢?(w70)|wj(w)|2’
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can be identified from the leading-order smoothed Wigner response WS(O).
Now, we consider the second-order smoothed Wigner function contributions

(7.12)
Nw)

WO (b0, X, k0, Yory) = S 0:62(w,0) /}R TOW w0, XY, )
ji=1

1 [(t—t'\ 1 Y -Y'"\ 1 Ky =Ky ., 1 ke — B;(w)
L L ! ¢ Y di! @ J )
an(7;>nw( g )wa<1@s Y dry 0 TR,

We assume, finally, a fast decorrelation on the scale £, of the medium fluctuations in
the lateral direction, so that

7.13 by Loy N —————.
( ) y S0y (@)X

This then additionally allows for estimation of
(7.14) 0:6; (w,0)L5 (w, 0w (w)[*,  j#I=1,...,N(w).

In summary, using also that I' is symmetric, we get the following identification
result.

PROPOSITION 7.2. Assume that the conditions in Lemma 7.1 are satisfied, that
the identification conditions (7.13) are satisfied, and additionally that X is known;
then with the observations being the smoothed Wigner transform, this allows for iden-
tification of the group and phase velocities

(7.15) vj(w), w/Bjw), j=1,...,N(w),
as well as the source parameters
(7.16) o, oy, |wiw)|, j=1,...,Nw),

and the (coupling) medium parameters

(7.17) 10:¢;(w,0)], 75, T5,(w,0), j#l=1,...,N(w).

In Proposition 7.2 we assumed that the distance to the source is known. However,
from the form of the smoothed Wigner transform W; observations at arrays centered
at two values for the range coordinate z allow us to identify the distance from the
source. We have the following corollary.

COROLLARY 7.3. Assume that we measure on two arrays separated in range by a
distance of order O(e=2) compared to the wavelength; then the parameters in Propo-
sition 7.2 can be estimated without a priori knowledge of range.

We illustrate the situation with two measurement arrays in Figure 3.1. Here, we
have focused on wave propagation in the transport regime and can conclude that in
the high-frequency source and strongly heterogeneous random medium regime, we can
identify the parameters of the radiative transfer equation (4.4).
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8. Discussion. We have developed a general framework for studying coupling
between body and surface modes along a boundary with random medium layers be-
neath it, and an associated inverse problem. We shed light on various aspects moti-
vated by recent descriptions and observations of coupling published in the seismology
literature. While the inverse problem addressed the recovery of surface-wave phase
and group velocities, in a forthcoming paper we will present the unique recovery of
the background wave speed from the phase velocities if this is piecewise constant in
the boundary normal coordinate. The statistical stability of the “data” makes this
framework well suited for sensitive background monitoring applications when the re-
alizations of the random medium fluctuations may change in time. We expect that
the results obtained here carry over to the Rayleigh system.

Appendix A. The sedimentary paraxial regime. We assume again that
the source is of the form (3.1). As above we rescale the field as (3.2). This scaling
corresponds to the one discussed in the previous sections and illustrated in Figure 3.1.

However, here we assume that the medium perturbation is of the form

(A.1) pin (2,9, 2) =2 (e, ey, 2).

The process p, is anisotropic with a vertical correlation length (in z) of the order
of the wavelength and horizontal correlation lengths (in 2 and y) of the order of the
beam radius. It differs from the scaling discussed above in that the correlation length
in the x coordinate is of the order of the beam radius, rather than small compared to
this radius. The standard deviation (of the order of £3/2) of the process p, is such
that the cumulative scattering effects are of order one as € — 0.

The Fourier transform of (3.2) is given by the scaled version of (2.8),

N (w) n2k?
(AD FXYia) = 3 F K)o+ | X6 @,

— 00

and the modal amplitudes satisfy the following proposition.

PROPOSITION A.1. Let a5 (w, X,Y) be defined by (3.5). Ase—0, a"(w,X,Y)=
(@5 (w, X,Y))IL, converges weakly and in distribution to the diffusion Markov process
( X)Y) = (qj(w ,X,Y))J: . The limit processes @;j(w,X,Y) solve the It6-
Schr()’dinger equations

(A.3) daj(w,X,Y) = 038, (w, X,Y)dX +ia;(w, X,Y) odB;(w, X,Y),

2&( w)

for X >0, starting from

F; (w,Y)
Bi(w)’

Equations (A.3) are uncoupled for different j, but they are driven by correlated Brown-
ian fields B;(w, X,Y), satisfying

+oo
(A.4) aj(w,X=0Y)= Fj(w,Y) :/0 F(Y,2)p;(w,z)dz.

(A.5)
E[Bj(w,X,Y)]=0, E[B;(w,X,Y)B(w,X"Y")]=min{X,X'}Rj(w,Y —Y’),

with R defined by (3.10).
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The situation that the medium fluctuations in (A.1) have an isotropic scaling in
the horizontal variables rather than the anisotropic scaling in (3.3) gives a qualita-
tively different description of the modal amplitudes. By comparing Propositions A.1
and 3.1 we find that in the horizontally isotropic case the modal amplitudes are
dynamically uncoupled, while they are dynamically coupled in the anisotropic case.
Note, however, that in both cases the correlations of the Brownian fields B; give
statistical coupling of the mode amplitudes. We consider next the radiative transfer
equations for the Wigner transform modes and from the modal amplitude equations
we find the following proposition.

PROPOSITION A.2. If G° satisfies (4.1), then the mean Wigner transform

1 - . . ’
W;(t,w, X, kz, Yy ky) = lim — [ dw'da’dY’ e t=ime —iryY

e—0 27 R3

/ / Y/ / 7 Y/
D5 (w—l—aQL;,X%-gz,Y—&-Q)ﬁ; (w—eQZ,X—EQx,Y— )

(A.6) xE

has the form

(A7) W;(t,w, X, ke, Y, ky) = W;(t,w, X, Y, ky)6 (ke — B;(w)),
where W; satisfies the radiative transfer equation

(A.8)

Ox Wi+ Bj(y )aYW - ( )atW - 27‘(/RRjj(w7K;)[Wj(Hy7K,,y)7Wj(l€y)]d/ﬂ:;,

starting from (4.5). Here vj(w) =1/B}(w) and Rjj is defined by (4.7).

Note that (A.8) is (4.4) in the special case I'° = 0. Furthermore, note that f;l is
small if the relative phase velocity contrast |3; — 3] is large relative to the coherence
length of the fluctuations the range direction (see (3.13)), in which case the dynamic
mode amplitude coupling becomes small.

We can then conclude that in the case of isotropic fluctuations in the horizontal
directions we have the following proposition.

1

PROPOSITION A.3. The mean Wigner transform (4.9) has the form
(A.9) W(t,w, X, kg, Y, ky) = Z 0.0 (w,0)°W;(t,w, X, Y, k,)d (/*iw —ﬁj(w)),

where the W;’s satisfy (A.8).

Finally, we remark that in this scaling regime, via a smoothing step as in sec-
tion 5, we can obtain stable estimates of the group and phase velocities at the cen-
tral frequency w, v;(w),w/B;(w), as well as information about the scattering kernels
K Rjj(w, k) for j=1,...,N(w).
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