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. Introduction

The coherence properties of partially incoherent optical waves propagating in nonlinear
media have been studied since the advent of nonlinear optics in the 1960s, because of
the natural poor degree of coherence of laser sources available at that time. However,
it is only recently that the dynamics of incoherent nonlinear optical waves received a
renewed interest. The main motive for this renewal of interest is essentially due to the
first experimental demonstration of incoherent solitons in photorefractive crystals [1,2].
The formation of an incoherent soliton results from the spatial self-trapping of incoher-
ent light that propagates in a highly noninstantaneous response nonlinearmedium [3,4].
This effect is possible because of the noninstantaneous photorefractive nonlinearity that
averages the field fluctuations provided that its response time, 𝜏R, is much longer than
the correlation time tc that characterizes the incoherent beam fluctuations, i.e., tc ≪ 𝜏R.
The remarkable simplicity of experiments realized in photorefractive crystals has led to
a fruitful investigation of the dynamics of incoherent nonlinear waves. Different theo-
retical approaches have been also developed to describe these experiments [5–8], which
have been subsequently shown to be formally equivalent to each others [9, 10].
In this way, the field of incoherent optical solitons has become a blooming area of

research, as illustrated by several important achievements, e.g., the existence of inco-
herent dark solitons [11, 12], the modulational instability of incoherent waves [13, 14],
incoherent solitons in periodic lattices [15, 16], in resonant interactions [17, 18], in liq-
uid crystals [19], in nonlocal nonlinearmedia [20–22], or spectral incoherent solitons in
optical fibers [23, 24]. Nowadays, statistical nonlinear optics constitutes a growing field
of research covering various topics of modern optics, e.g., supercontinuum generation
[25], filamentation [26], random lasers [27], or extreme rogue wave events emerging
from optical turbulence [28–32].
From a broader perspective, statistical nonlinear optics is fundamentally related to

fully developed turbulence [33, 34], a subject which still constitutes one of the most
challenging problems of theoretical physics [35,36]. In its broad sense, the kinetic wave
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Figure . Analogy between a system of classical particles and the propagation of an incoherent
optical wave in a Kerr medium. (a) As described by the kinetic gas theory, collisions between particles
are responsible for an irreversible evolution of the gas towards thermodynamic equilibrium. (b) In
complete analogy, the WT kinetic equation and the underlying four-wave mixing describe an
irreversible evolution of the incoherent optical wave toward the thermodynamic Rayleigh-Jeans
equilibrium state. (c) When the incoherent optical wave exhibits an inhomogeneous statistics, the
quasi-particles feel the presence of an effective self-consistent potential, V(r), which prevents them
from relaxing to thermal equilibrium: The dynamics is described by a Vlasov-like kinetic equation.
(d) In the presence of a noninstantaneous Raman-like nonlinearity, the causality condition inherent to
the response function changes the physical picture, and the dynamics of the incoherent wave can be
described by the weak Langmuir turbulence formalism.

theory provides a nonequilibrium thermodynamic description of developed turbulence.
We schematically report in Figure 12.1 (a) qualitative and intuitive physical insight into
the analogy which underlies the kinetic wave approach and the kinetic theory relevant
to gas systems. We may note that the wave turbulence theory occupies a rather special
place on the road-map of modern science, at the interface between applied mathemat-
ics, fluid dynamics, statistical physics and engineering. It has potential applications and
implications in a diverse range of subjects including oceanography, plasma physics and
condensedmatter physics.The review article [37] was aimed at showing that the kinetic
wave theory appears as the appropriate theoretical framework to formulate statistical
nonlinear optics. In this chapter we illustrate the applicability of the kinetic wave the-
ory to the specific example of optical fiber systems by considering three fundamentally
different formalisms.

1. Wave turbulence formalism: Consider the nonlinear propagation of a partially
coherent optical wave characterized by fluctuations that are statistically homoge-
neous in time (or in space). By complete analogy with a system of classical particles,
the incoherent optical field evolves, owing to nonlinearity, towards a thermodynamic
equilibrium state, as schematically illustrated in Figure 12.1 (a) and (b). A detailed
theoretical description of the process of dynamical thermalization constitutes a dif-
ficult problem. However, a considerable simplification occurs when the dynamics is
essentially dominated by linear dispersive effects, so that a weakly nonlinear descrip-
tion of the field becomes possible [33, 35, 36]. The weak- (or wave-)turbulence (WT)
theory has been the subject of a lot of investigations in the context of plasma physics,
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in which it is often referred to the so-called “randomphase-approximation” approach
[33, 38, 39]. This approach may be considered a convenient way of interpreting the
results of themore rigorous technique based on amulti-scale expansion of the cumu-
lants of the nonlinear field, as originally formulated in [40,41], and recently reviewed
in [42]. The so-called “random phase approximation” may be considered justified
when phase information becomes irrelevant to the wave interaction due to the strong
tendency of the waves to decohere. The random phases can thus be averaged out to
obtain a weak turbulence description of the incoherent wave interaction, which is
formally based on irreversible kinetic equations [33].The result is that, in spite of the
formal reversibility of the equation governing wave propagation, the kinetic equation
describes an irreversible evolution of the field to thermodynamic equilibrium. This
equilibrium state refers to the fundamental Rayleigh-Jeans spectrum, whose tails are
characterized by an equipartition of energy among the Fourier modes. The mathe-
matical statement of such irreversible process relies on the H-theorem of entropy
growth, whose origin is analogous to the Boltzmann’s H-theorem relevant for gas
kinetics.
Note that, besides this nonequilibrium kinetic approach, the equilibrium proper-

ties of a random nonlinear wave may be studied on the basis of equilibrium statis-
tical mechanics by computing appropriate partition function [43–45]. In this way,
the statistical properties of incoherent fields in random lasers have been analyzed by
applying methods inherited from spun-glass theory [46]. In Section 12.2.1 we will
review different processes of optical wave thermalization on the basis of theWT the-
ory, while in Section 12.2.2 some mechanisms responsible for its inhibition will be
discussed. In particular, we will see how the phenomenon of supercontinuum gener-
ation can be interpreted, under certain conditions, as a consequence of the natural
thermalization of the optical field toward the thermodynamic equilibrium state. On
the other hand, when a wave system is driven away from equilibrium by an exter-
nal source, it no longer relaxes toward the Rayleigh-Jeans equilibrium distribution.
A typical physical example of forced system can be the excitation of hydrodynamic
surface waves by the wind. We will review in Section 12.2.3 recent important efforts
aimed at providing a description of the turbulent dynamics of active and passive fiber
cavities by means of a nonequilibrium kinetic formulation based on the wave turbu-
lence equation.

2. Weak Langmuir turbulence formulation: When the incoherent wave propagates
in a noninstantaneous Raman-like nonlinear medium, the dynamics turn out to be
strongly affected by the causality property inherent to the nonlinear response func-
tion (see Figure 12.1).The kinetic wave theory reveals in this case that the appropriate
description is provided by a formalism analogous to that used to describe weak Lang-
muir turbulence in plasmas [23,47]. A major prediction of the theory is the existence
of spectral incoherent solitons [23, 24, 48]. This incoherent soliton is of a fundamen-
tal different nature from the incoherent solitons discussed here above. In particular,
it does not exhibit a confinement in the spatiotemporal domain, but exclusively in
the frequency domain. In Section 12.3, we will review the properties of these stable
nonequilibrium incoherent states, as well as those associated to the formation of a
novel form of spectral incoherent shock singularities [49].

3. Vlasov formalism: When the nonlinear material is characterized by a highly-
noninstantaneous response (temporal nonlocality), the dynamics of the incoherent
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wave turn out to be essentially governed by an effective nonlinear potentialV (r).This
potential is self-consistent in the sense that it depends itself on the averaged intensity
distribution of the random field, as schematically illustrated in Figure 12.1 (c). Actu-
ally, the mechanism underlying the formation of an incoherent localized soliton state
finds its origin in the existence of such self-consistent potential, which is responsible
for the self-trapping of the incoherent optical wave. In Section 12.4, we will review
recent works in which the phenomena of incoherent modulational instability and
incoherent localized temporal structures have been described in the framework of a
Vlasov formalism. We note that such a Vlasov formalism differs from the traditional
Vlasov equation considered for the study of incoherent modulational instability and
incoherent solitons in plasmas [50, 51], hydrodynamics [52] and optics [8, 53–55].
The structure of this Vlasov equation is in fact analogous to that recently used to
describe systems of particles with long-range interactions [56]. For this reasonwewill
term this equation “long-range Vlasov” equation. It is important to underline that the
long-range nature of a highly nonlocal nonlinear response prevents the wave system
from reaching thermal equilibrium [22]. This fact can be interpreted intuitively in
analogy with gravitational long-range systems and the Vlasov-like description of the
dynamics of galaxies in the universe [56].

. Wave Turbulence Kinetic Equation

In this section we illustrate the WT formalism by considering the process of optical
wave thermalization through SC generation, as well as different mechanisms responsi-
ble for the inhibition of thermalization. We also review recent important efforts aimed
at developing an appropriate kinetic description of the turbulent dynamics in optical
cavities.

12.2.1 Supercontinuum Generation

The phenomenon of SC generation is characterized by a dramatic spectral broadening
of the optical field during its propagation. This process has been extensively studied
and different regimes have been identified, which essentially depend on whether the
highly nonlinear photonic crystal fiber (PCF) is pumped in the normal or anomalous
dispersion regimes, or with short (subpicosecond) or long (picosecond, nanosecond,
and quasi-CW) pump pulses [25, 57].
As a rather general rule, the process of spectral broadening inherent to SC generation

is interpreted through the analysis of the followingmain nonlinear effects: the four-wave
mixing effect, the soliton fission, the Raman self-frequency shift and the generation of
dispersive waves [57]. Due to such a multitude of nonlinear effects involved in the pro-
cess, a complete and satisfactory theoretical description of SC generation is still lack-
ing. However, there is a growing interest in developing new theoretical tools aimed at
describing SC generation inmore details. Besides the theories describing the interaction
between individual soliton pulses and dispersive waves [58], we can quote the effec-
tive three-wave mixing theory and the underlying first-Born approximation success-
fully applied to describe femtosecond SC generation in different configurations [59,60].
We also mention recent works aimed at providing a complete characterization of the
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Figure . Schematic illustration of the
validity of the fundamental kinetic equations.
When the incoherent wave is characterized by
fluctuations that are statistically stationary in
time, the relevant kinetic description is
provided by the WT kinetic equation. If the
incoherent wave exhibits a nonstationary
statistics, the relevant description is provided
by the Vlasov formalism. If the response time
of the nonlinearity can no longer be ignored,
then the dynamics are ruled by the weak
Langmuir turbulence formalism. If the random
wave exhibits a non-stationary statistics in the
presence of a highly noninstantaneous
response, then the dynamics are governed by
a long-range Vlasov formalism.

coherence properties of SC light by using second-order coherence theory of nonsta-
tionary light [61–63].

Incoherent Turbulent Regime of SC Generation The general physical picture of SC genera-
tion in PCFs can be summarized as follows. When the PCF is pumped with long pulses
in the anomalous dispersion regime, MI is known to lead to the generation of a train
of soliton-like pulses, which in turn lead to the emission of Cherenkov radiation in the
form of spectrally shifted dispersive waves. These optical solitons are known to exhibit
a self-frequency shift toward longer wavelengths as a result of the Raman effect. One
encounters the same picture if the PCF is characterized by two zero dispersion wave-
lengths. In this case the Raman frequency shift of the solitons is eventually arrested in
the vicinity of the second zero dispersion wavelengths. The SC spectrum then is essen-
tially bounded by the corresponding dispersive waves [25, 58, 64–66]. The important
aspect to underline here is that in all these regimes the existence of coherent soliton
structures plays a fundamental role in the process of SC generation.
This physical picture of SC generation changes in a significant waywhen one considers

the regime in which long and intense pump pulses are injected into the PCF. Indeed, in
this highly nonlinear regime, the spectral broadening process is essentially dominated by
the combined effects of the Kerr nonlinearity and higher-order dispersion, i.e., by four-
wave mixing processes [67]. In this regime the optical field exhibits rapid and random
temporal fluctuations, which prevent the formation of robust and persistent coherent
soliton structures. It turns out that the optical field exhibits an incoherent turbulent
dynamics, in which coherent soliton structures do not play any significant role. In the
following we shall term this regime the “incoherent regime of SC generation” [68].

Wave Turbulence Approach to SC Generation In these last few years a nonequilibrium ther-
modynamic interpretation of this incoherent regime of SC generation has been formu-
lated [24, 48, 68–70] on the basis of the WT theory. This WT description can be intro-
duced through the analysis of the numerical simulation in Figure 12.3 (a). It reports a
typical evolution of the spectrum of the optical field in the incoherent regime of SC gen-
eration. It is obtained by integrating numerically the generalized nonlinear Schrödinger
(NLS) equation (see Eq. (12.1)), with the dispersion curve reported in Figure 12.3 (b).
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Figure . Incoherent turbulent regime of SC generation: (a) Numerical simulations of the
generalized NLS Eq. (12.1) reporting the spectral evolution as a function of propagation distance in a
50m long PCF, for an input CW power equal to 200W (𝛾 = 0.05 W−1m−1). The corresponding dispersion
curve of the PCF used in the simulations is illustrated in (b). The optical spectrum is characterized by
two main features: (i) A broad central part governed by the four-wave mixing process that exhibits a
process reminiscent of thermalization. (ii) A narrower low-frequency branch governed by the Raman
effect that self-organizes into a continuous, and subsequently a discrete, spectral incoherent soliton
(see Section 12.3).

The initial condition is a high-power (200W) continuous wave whose carrier frequency
𝜈0 = 283 THz (𝜆0 = 1060 nm) lies in the anomalous dispersion regime and thus leads to
the development of the modulational instability process.
We note in Figure 12.3 (a) that the spectrum of the field essentially splits into two

components during the propagation:

(i) On the one hand, one notices a broad central part whose evolution is essentially gov-
erned by the dispersion effects and the Kerr nonlinearity.These effects are inherently
conservative effects and lead to a process of wave thermalization through SC genera-
tion, a feature that has been discussed in [68–70] using theWT theory. Accordingly,
the saturation of SC spectral broadening can be ascribed to the natural tendency
of the optical field to reach an equilibrium state. Note, however, that, as will be dis-
cussed below, the phenomenon of wave thermalization through SC generation is not
achieved in a complete fashion, in the sense that the tails of the numerical spec-
tra exhibit some discrepancy with the corresponding expected tails of the Rayleigh-
Jeans distribution. While this discrepancy can be simply ascribed to a limited prop-
agation length in the PCF, another possible physical origin of such discrepancy will
be discussed in Section 12.2.2.1. This WT approach also reveals the existence of an
unexpected phase-matching process that can be interpreted on the basis of thermo-
dynamic properties.

(ii) On the other hand, one notices in Figure 12.3 (a) that a low-frequency spectral
branch moves away from the central part of the spectrum. This low-frequency
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branch is essentially governed by the dissipative Raman effect, whose noninstanta-
neous nonlinear nature is responsible for the generation of spectral incoherent soli-
tons, a feature that will be discussed in Section 12.3.

12.2.1.1 Generalized NLS Equation
The generalized NLS equation is known to provide an accurate description of the prop-
agation of an optical field in a PCF [57, 71],

i𝜕𝜓(z, t)
𝜕z

+
m∑

j≥2

ij𝛽j
j!
𝜕j𝜓(z, t)
𝜕tj
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(
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𝜕

𝜕t

)

𝜓(z, t)

×
∫

+∞

−∞
R(t′) |𝜓(z, t − t′)|2 dt′ = 0, (12.1)

where we note that 𝛾 refers to the nonlinear coefficient and R(t) = (1 − fR)𝛿(t) + fRhR(t)
to the usual nonlinear response function of silica fibers, which accounts for both
the instantaneous Kerr effect and the non-instantaneous Raman response function
hR(t) [𝜓̃(𝜔, z) = (2𝜋)−1∕2 ∫ 𝜓(t, z) exp(i𝜔t) dt] [71]. The linear dispersion relation of

Eq. (12.1) reads k(𝜔) =
∑m

j≥2
𝛽j𝜔

j

j! .
As discussed above through Figure 12.3 (a), wave thermalization is driven by the

combined effects of dispersion and Kerr nonlinearity, which are inherently conserva-
tive effects. On the other hand, the Raman effect [fR ≠ 0 in Eq. (12.1)] is a dissipative
effect and prevents the establishment of a thermodynamic equilibrium state (see Section
12.3). Note that this is consistent with the fact that the Raman effect breaks the Hamil-
tonian structure of Eq. (12.1). In this section we will thus ignore the dissipative Raman
effect.
We report in Figure 12.4 (a) exactly the same numerical simulation as that reported in

Figure 12.3 (a), except that we removed the Raman effect, fR = 0 in Eq. (12.1). We also
removed in this simulation the influence of the shock term (𝜏s = 0), whose influence has

Figure . Optical wave thermalization
through SC generation. (a) Same as in
Figure 12.3 (a), except that the Raman effect
and the shock term have been neglected,
fR = 𝜏s = 0: this simulations thus refers to the
numerical integration of the instantaneous
NLS Eq. (12.2). (b) Optical wave thermalization
is characterized by a process of entropy
production, which saturates to a constant
level once the equilibrium state is reached, as
described by the H−theorem of entropy
growth. (c) Comparison of the the
thermodynamic Rayleigh-Jeans equilibrium
spectrum neq(𝜔) (Eq. (12.5)) (continuous line),
and the numerical spectrum corresponding
to an averaging over the last 20m of
propagation. A good agreement is obtained
without adjustable parameters – note,
however, a discrepancy in the tails of the
spectrum (see the text for discussion).
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been considered in [70]. Comparison of Figures 12.3 (a) and 12.4 (a) clearly shows that
the essential role of the Raman effect is to lead to the generation of a spectral incoherent
soliton in the low-frequency branch in the SC spectrum. Besides spectral incoherent
solitons, a peculiar feature revealed by Figure 12.4 (a) is that the spectral broadening
inherent to SC generation saturates during the propagation, a feature related to the ther-
malization of the optical field.

12.2.1.2 Wave Thermalization through Supercontinuum Generation
Neglecting the Raman effect and the shock term, the generalized NLS Eq. (12.1) reduces
to

i𝜕𝜓
𝜕z

+
m∑

j⩾2

ij𝛽j
j!
𝜕j𝜓

𝜕tj
+ 𝛾|𝜓|2𝜓 = 0. (12.2)

We recall that, if only the second-order dispersion effect is retained (m = 2), Eq. (12.2)
recovers the completely integrable 1D-NLS equation. The corresponding infinite
number of conserved quantities prevents the thermalization of the wave toward
thermodynamic equilibrium, though the system still exhibits a relaxation toward
an equilibrium state of a different nature [72, 73]. This aspect will be discussed in
Section 12.2.2.
If one includes the influence of third-order dispersion (m = 3), the system exhibits a

process of anomalous thermalization [74, 75], which is characterized by an irreversible
evolution toward an equilibrium state of a fundamental different nature than the ther-
modynamic equilibrium state. This previous work [75] can be important to study the
evolution of an incoherent wave in a PCF characterized by a single zero dispersionwave-
length, and will be discussed in Section 12.2.2.
If one includes dispersion effects up to the fourth-order (m = 4), the simulations

reveal the existence of a phenomenon of “truncated thermalization”: The incoherent
wave exhibits an irreversible evolution toward the Rayleigh-Jeans thermodynamic equi-
librium state characterized by a compactly supported spectral shape.This aspect will be
discussed in Section 12.2.2.

Thermodynamic Equilibrium Spectrum In the following we consider realistic dispersion
curves of PCFs characterized by two zero dispersion wavelengths, whose accurate
description requires a high-order Taylor expansion of the dispersion relation (m > 4
and even). Starting from the high-order dispersion NLS Eq. (12.2), one can derive the
irreversible WT kinetic equation governing the evolution of the averaged spectrum of
the field n(z,𝜔) [⟨𝜓̃(z,𝜔1)𝜓̃∗(z,𝜔2)⟩ = n(z,𝜔1) 𝛿(𝜔1 − 𝜔2)]:

𝜕zn(z,𝜔1) = Coll[n], (12.3)

with the collision term

Coll[n] =
∫ ∫ ∫

d𝜔2 d𝜔3 d𝜔4 n(𝜔1)n(𝜔2)n(𝜔3)n(𝜔4)

×W [n−1(𝜔1) + n−1(𝜔2) − n−1(𝜔3) − n−1(𝜔4)] (12.4)

where “n(𝜔)” stands for “n(z,𝜔)” in Eq. (12.4). As usual in the WT kinetic equation, the
phase-matching conditions of energy and momentum conservation are expressed by
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the presence of Dirac 𝛿−functions in W = 𝛾2

𝜋
𝛿(𝜔1 + 𝜔2 − 𝜔3 − 𝜔4) 𝛿[k(𝜔1) + k(𝜔2) −

k(𝜔3) − k(𝜔4)], where k(𝜔) refers to the linear dispersion relation. Equation (12.3) con-
serves the power density N∕T0 = ∫ n(z,𝜔) d𝜔, the density of kinetic energy E∕T0 =
∫ k(𝜔) n(z,𝜔) d𝜔 and the density of momentum P∕T0 = ∫ 𝜔 n(z,𝜔) d𝜔, where T0 refers
to the considered numerical time window. It also exhibits a H-theorem of entropy
growth, 𝜕z ⩾ 0, where the nonequilibrium entropy reads (z) = ∫ log[n(z,𝜔)] d𝜔.The
Rayleigh-Jeans equilibrium distribution is obtained by maximizing the entropy under
the constraints imposed by the conservation of the energy, momentum and power,
which gives

neq(𝜔) = T
k(𝜔) + 𝜆𝜔 − 𝜇

, (12.5)

where T and 𝜇 are by analogy with thermodynamics the temperature and the chemi-
cal potential of the incoherent wave at equilibrium. The three parameters (T ,𝜇, 𝜆) are
calculated from the conserved quantities (E,N ,P) by substituting the equilibrium spec-
trum Eq. (12.5) into the definitions of E, N and P. One thus obtains an algebraic system
of three equations for three unknown parameters, which can be solved numerically. A
unique triplet solution (T ,𝜇, 𝜆) for a given set (E,N ,P) is usually obtained, a feature
which is consistent with the fact that a “closed” (conservative and Hamiltonian) system
should exhibit a unique thermodynamic equilibrium state.
Themeaning of the parameter 𝜆 becomes apparent through the analysis of the group-

velocity vg of the optical field [k′(𝜔) ≡ 𝜕k∕𝜕𝜔 = 1∕vg(𝜔)]. Indeed, recalling the defini-
tion of an average, ⟨⟩eq = ∫  neq(𝜔) d𝜔∕ ∫ neq(𝜔) d𝜔 and making use of the equilib-
rium spectrum Eq. (12.5), one readily obtains

< k′(𝜔) >eq= −𝜆. (12.6)

According to relation (12.6), the parameter 𝜆 denotes the average of the inverse of the
group-velocity of the optical field at equilibrium. We report in Figure 12.4 (c) the com-
parison of the theoretical prediction (12.5) with the results of the numerical simula-
tions of the high-order NLS Eq. (12.2). A quantitative agreement is obtained between
the simulations and the theory Eq. (12.5), without using adjustable parameters. The
Rayleigh-Jeans spectrum is characterized by a double-peaked structure, which results
from the presence of two zero dispersion wavelengths in the dispersion curve of the
PCF. The relaxation toward thermal equilibrium is also corroborated by the saturation
of the process of entropy production illustrated in Figure 12.4 (b). Note, however, that a
notable discrepancy is visible in the tails of the spectrum in Figure 12.4 (c), as if the ther-
malization process were not achieved in a complete fashion. Actually, the simulations
reveal that the tails of the spectrum exhibit a very slow process of spectral broadening,
which apparently tends to evolve toward the expected Rayleigh-Jeans tails – though the
required propagation length is extremely large. This aspect will be discussed in more
detail in Section 12.2.2 in the particular case where the dispersion relation is truncated
to the fourth-order (m = 4 in the dispersion relation).The good agreement between the
theory and the simulations has been obtained in a variety of configurations, e.g., under
cw or incoherent pumping, as discussed in detail in [69, 70].
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Thermodynamic Phase-Matching The thermodynamic equilibrium spectrum given in
Eq. (12.5) is characterized by a double peak structure, which originates from the two
zero dispersion wavelengths that characterize the PCF dispersion curve. It is impor-
tant to underline, however, that the frequencies (𝜔1,𝜔2) of the two peaks of neq(𝜔) do
not simply correspond to the minima of the dispersion relation, i.e. k′(𝜔1,2) ≠ 0. To fur-
ther analyze this aspect, let us write the thermodynamic equilibrium spectrum in the
form neq(𝜔) = T∕ (𝜔), with (𝜔) = k(𝜔) + 𝜆𝜔 − 𝜇.The two frequencies (𝜔1,𝜔2) which
maximize the equilibrium spectrum (12.5) satisfy  ′(𝜔1) =  ′(𝜔2) = 0, i.e., k′(𝜔1) =
k′(𝜔2) = −𝜆. This observation reveals that the two frequencies (𝜔1,𝜔2) of the double
peaked equilibrium spectrum (12.5) are selected in such a way that the corresponding
group-velocities coincide with the average group-velocity of the optical wave,

vg(𝜔1) = vg(𝜔2) = 1∕⟨k′(𝜔)⟩eq = −1∕𝜆. (12.7)

It can be shown that there exists, in principle, a unique pair of frequencies (𝜔1,𝜔2) sat-
isfying the conditions given by Eq. (12.7). In other terms, for a given thermodynamic
equilibrium spectrum (12.5), there exists a unique pair of frequencies (𝜔1,𝜔2) that leads
to amatched group-velocity of the double peaked spectrum [70]. In this sense, Eq. (12.7)
can be regarded as a thermodynamic phase-matching condition.
The thermodynamic phase-matching given by Eq. (12.7) then imposes a matching of

the group-velocities of the two spectral peaks of the SC spectrum.The fact that different
wave-packets naturally tend to propagate with the same group-velocity was discussed in
[76].This can be interpreted by analogy with basic equilibrium thermodynamic proper-
ties, namely that an isolated systemcan only exhibit a uniformmotion of translation (and
rotation) as a whole, while any macroscopic internal motion is not possible at thermo-
dynamic equilibrium [77]. In this way, it was shown that a velocity locking is required, in
the sense that it prevents “a macroscopic internal motion in the wave system.” We refer
the interested reader to [37, 70] for more details on this aspect.

12.2.2 Breakdown of Thermalization

A fundamental assumption of statistical mechanics is that a closed system with many
degrees of freedom ergodically samples all equal energy points in phase space. In order
to analyze the limits of this assumption, Fermi, Pasta and Ulam (FPU) considered in the
1950s a one-dimensional chains of particles with anharmonic forces between them [78].
They argued that, owing to the nonlinear coupling, an initial state in which the energy
is in the first few lowest modes would eventually relax to a state of thermal equilibrium
where the energy is equidistributed among all modes on the average. However, they
observed that, instead of leading to the thermalization of the system, the energy trans-
fer process involves only a few modes and exhibits a reversible behavior, in the sense
that after a sufficiently (long) time the system nearly goes back to its initial state. Fun-
damental mathematical and physical discoveries, like the Kolmogorov-Arnold-Moser
theorem and the formulation of the soliton concept, have led to a better understand-
ing of the Fermi-Pasta-Ulam problem, although it is still the subject of intense research
activity, see e.g., [78–80].
We should note that, in spite of the large number of theoretical studies, experimen-

tal demonstrations of FPU recurrences have been reported in very few systems. In
particular, the FPU recurrences associated with modulational instability of the NLS
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equation have been experimentally studied in deepwater waves [81], and,more recently,
inmagnetic feedback rings [82] and optical wave systems [79,83–85]. By considering the
one-dimensional NLS equation, we present in this section three different mechanisms
that inhibit the process of optical wave thermalization toward the Rayleigh-Jeans dis-
tribution. Depending on whether the dispersion relation is truncated up to the second,
third, or fourth-order, the wave system exhibits different types of relaxation processes.
Provided that the interaction occurs in the weakly nonlinear regime, the WT theory
provides an accurate description of such mechanisms of breakdown of thermalization.

12.2.2.1 Fourth-Order Dispersion: Truncated Thermalization
We consider here the 1D NLS equation in which the dispersion relation is truncated
to the fourth-order. In this case, the WT theory reveals the existence of an irreversible
evolution toward a Rayleigh-Jeans equilibrium state characterized by a compactly sup-
ported spectral shape [86]. This phenomenon of truncated thermalization may explain
the physical origin of the abrupt SC spectral edges discussed above in Section 12.2.1.2.
More generally, it can shed new light on the mechanisms underlying the formation of
bounded spectra in SC generation [64–66, 87]. Besides its relevance in the context of
SC generation, this phenomenon is also important from a fundamental point of view.
Indeed, it unveils the existence of a genuine frequency cut-off that arises in a system
of classical waves described by the generalized NLS equation, a feature of importance
considering the well-known ultraviolet catastrophe of ensemble of classical waves [37].
The starting point is the NLS Eq. (12.2) accounting for third- and fourth-orders dis-

persion effects, as well as the corresponding WT kinetic Eq. (12.3). The kinetic theory
reported in [86] reveals that the process of thermalization to the Rayleigh-Jeans spec-
trum (12.5) is not achieved in a complete way, but turns out to be truncated within a
specific frequency interval defined by the bounds, 𝜔 ∈ [𝜔−,𝜔+], with

𝜔± = − 𝛼̃

4𝛽𝜏0
±

√
21

12𝛽𝜏0

√

3𝛼̃2 + 8𝛽, (12.8)

where 𝛼̃ and 𝛽 refer to the normalized third- and fourth-orders dispersion parame-
ters, namely 𝛼̃ = Lnl𝛽3∕

(
6𝜏30

)
, and 𝛽 = Lnl𝛽4∕

(
24𝜏40

)
, where 𝜏0 =

√
𝛽2Lnl∕2 is the corre-

sponding healing time, i.e., the characteristic time for which linear and nonlinear effects
are of the same order of magnitude [37].
The confirmation of this process of truncated thermalization by the numerical simu-

lations has not been a trivial task. This is due to the fact that in the usual configurations
of SC generation discussed above, the cascade of MI side-bands generated by the cw
pump in the early stage of propagation spreads beyond the frequency interval predicted
by the theory. As already discussed, the MI process is inherently a coherent nonlinear
phase-matching effect which is not described by the WT kinetic equation (Eqs. (12.3)
and (12.4)). This explains why the numerical simulations reported above (or in [69, 70])
did not evidence a precise signature of this phenomenon of truncated thermalization.
In order to analyze the theoretical predictions in more detail, one needs to decrease

the injected pump power so as to maintain the (cascaded) MI side-bands within the
frequency interval (12.8). Intensive numerical simulations of the NLS equation in this
regime of reduced pump power have been performed in [86]. This study reveals that
the nonlinear dynamics slows down in a dramatic way, so that the expected process
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Figure . Truncated thermalization of incoherent waves: Spectra |𝜓̃|2(𝜔, z) obtained by solving the
NLS Eq. (12.2) with solely third and fourth-order dispersion effects (𝛼̃ = 0.1, 𝛽 = 0.02): (a) z = 200,
(b) z = 104, (c) z = 5 × 105, (d) z = 106. After a long transient, the wave relaxes toward a truncated
Rayleigh-Jeans distribution (Eq. (12.5), continuous line) (d). The dashed lines denote the frequencies 𝜔±
in Eq. (12.8) – 𝜔 is here in units of 𝜏−1

0 . Source: Barviau 2013 [86]. Reproduced with permission of
American Physical Society.

of thermalization requires huge nonlinear propagation lengths. This results from the
fact that the normalized parameters 𝛼̃ and 𝛽 decrease as the pump power decreases, so
that the NLSE approaches the integrable limit, which does not exhibit thermalization
[73] (see Section 12.2.2.3). We report in Figure 12.5 the wave spectra at different prop-
agation lengths obtained by solving the NLS equation with 𝛼̃ = 0.1 and 𝛽 = 0.02. In the
early stage of propagation, z ∼ 200, the spectrum remains confinedwithin the frequency
interval [𝜔−,𝜔+] predicted by the theory (Eq. (12.8)), although the spectrum exhibits a
completely different spectral profile than the expected Rayleigh-Jeans distribution. As
a matter of fact, the process of thermalization requires enormous propagation lengths,
as illustrated in Figure 12.5 (d), which shows that the wave spectrum eventually relaxes
toward a truncated Rayleigh-Jeans distribution. For more details on these numerical
simulations, we refer the reader to [37].

12.2.2.2 Third-Order Dispersion: Anomalous Thermalization
Here we discuss another mechanism that inhibits the natural process of thermal-
ization. We consider the 1D NLS equation by truncating the dispersion relation up
to the third order. We will see that the incoherent wave exhibits an irreversible
evolution toward an equilibrium state of a different nature than the conventional
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Rayleigh-Jeans equilibrium state. The WT kinetic equation reveals that this effect of
anomalous thermalization is due to the existence of a local invariant in frequency space
J𝜔, which originates in degenerate resonances of the system [74,75]. In contrast to con-
ventional integral invariants that lead to a generalized Rayleigh-Jeans distribution, here,
it is the local nature of the invariant J𝜔 that makes the new equilibrium states different
from the usual Rayleigh-Jeans equilibrium states. We remark that local invariants and
the associated process of anomalous thermalization have also been identified in the 1D
vector NLS equation, a configuration in which optical fiber experiments have been also
performed, see [74].
The starting point is the NLS Eq. (12.2) accounting for third-order dispersion effects,

as well as the correspondingWT kinetic Eq. (12.3). A refined analysis of theWT kinetic
equation reveals a remarkable property, namely the existence of a local invariant in fre-
quency space:

J(𝜔) = n(𝜔, z) − n(q − 𝜔, z), (12.9)

where q = 2s𝜔∗, 𝜔∗ being the zero-dispersion angular frequency, and s = sign(𝛽2)
[74,75]. This invariant is “local” in the sense that it is verified for each frequency 𝜔 indi-
vidually, 𝜕zJ(𝜔) = 0. It means that the subtraction of the spectrum by the reverse of itself
translated by q, remains invariant during the whole evolution of the wave. The invari-
ant (12.9) finds its origin in the following degenerate resonance of the phase-matching
conditions: a pair of frequencies (𝜔, q − 𝜔) may resonate with any pair of frequencies
(𝜔′, q − 𝜔′), because k(𝜔) + k(q − 𝜔) = sq2∕3 does not depend on𝜔. Because of the exis-
tence of this local invariant, the incoherent wave relaxes toward an equilibrium state of
fundamental different nature from the expected thermodynamic Rayleigh-Jeans spec-
trum:

nloc(𝜔) =
J𝜔
2

+ 1
𝜆

⎛
⎜
⎜
⎝

1 +

√

1 +
(
𝜆J𝜔
2

)2⎞
⎟
⎟
⎠

. (12.10)

Here, the parameter 𝜆 is determined from the initial condition through the conserva-
tion of the power. We remark that the equilibrium distribution Eq. (12.10) vanishes
exactly the collision term of the kinetic equation, i.e., it is a stationary solution. The
equilibrium distribution is characterized by a remarkable property: it exhibits a con-
stant spectral pedestal, nloc(𝜔) → 2∕𝜆 for |𝜔|≫ |𝜔∗|. We remark in this respect that
in the tails of the spectrum (|𝜔|≫ |𝜔∗|), the invariant J𝜔 vanishes, so that a constant
spectrum (n𝜔 = const) turns out to be a stationary solution of the WT kinetic equa-
tion. The existence of the process of anomalous thermalization has been confirmed
by the numerical simulations of both the NLS equation and the WT kinetic equa-
tion, as illustrated in Figure 12.6 in the color plate section. For more details on the-
oretical and numerical simulations of anomalous thermalization, we refer the reader
to [37, 75, 88].

12.2.2.3 Second-Order Dispersion: Integrable Limit
In this section we consider the case where the dispersion relation of the NLS equa-
tion is truncated to the second-order, so that the equation recovers the completely inte-
grable NLS equationwhich is known to admit genuine soliton solutions. During the past
fifty years, the question of the interaction among solitons has been extensively studied
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Figure . Anomalous thermalization of incoherent waves: (a) Spectral evolution obtained by
integrating numerically the NLSE with third-order dispersion (blue) and the corresponding WT kinetic
equation (red) at z = 20000 for 𝛼̃ = 0.05 (a). (b) Numerical simulations of the WT kinetic equation
showing the spectral profile n(z,𝜔) at different propagation lengths z: a constant spectral pedestal
emerges in the tails of the spectrum (𝛼̃ = 0.05). The spectrum slowly relaxes toward the equilibrium
state nloc(𝜔) given by Eq. (12.10) (blue). Source: Michel 2011 [88]. For a color version of this figure please
see color plate section.

by using the method of the inverse scattering transform (see, e.g., [89]). From a dif-
ferent perspective, the formation and the dynamics of shock-waves in the defocusing
regime have been studied in different experimental circumstances (see, e.g., [90–92]).
The evolution of a dense gas of uncorrelated NLS solitons has been also examined in
[93], in which a general method to derive kinetic equations describing the evolution of
the spectral distribution function of solitons has been proposed.
The non-integrability of the model equation is usually considered a prerequisite for

the applicability of WT theory: Applying the conventional WT procedure to the inte-
grable NLS equation, one finds that all collision terms in the kinetic equation vanish
identically at any order [94]. Accordingly, the traditional WT procedure predicts that
the spectrum of a weakly nonlinear wave does not evolve during the propagation. We
note in this respect that accurate experiments have been performed in optical fibers
since 2006 [95], which revealed that a significant evolution of the spectrum of the wave
occurs beyond the weakly nonlinear regime of propagation.This issue was subsequently
addressed in [72,73], in which a generalizedWT kinetic equation was proposed by con-
sidering that the fourth-order moment of the field is not necessarily a stationary quan-
tity. It is important to note that similar generalizations of theWT kinetic equation were
originally developed in the context of hydrodynamic waves (see [96] for a review), and
are still important when one considers the early stage of the evolution of the turbulent
system, see, e.g., [97]. From a broader perspective, the study of wave turbulence in the
framework of integrable, e.g., NLS, equations is an important field of research which
is attracting a growing interest in relation, e.g., with the phenomenon of intermittency
[98], or the formation of extreme rogue wave events [32, 99].
The starting point is the NLS Eq. (12.2) accounting solely for second-order disper-

sion. Since exact resonant interactions lead to a vanishing collision term in the con-
ventional kinetic equation, the idea here is to derive a generalized kinetic equation
by considering quasi-resonant four-wave interactions, i.e., interactions that do not
verify the phase-matching condition, Δk = k(𝜔1) + k(𝜔2) − k(𝜔3) − k(𝜔4) = 0, where
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k(𝜔) = 𝛽2𝜔
2∕2. In this way, one can derive a generalized form of the kinetic equation:

𝜕zn𝜔1
(z) = 𝛾2

𝜋2 ∫

z

0
dz′

∫ ∫ ∫
[n(z′)] cos[Δk(z′ − z)]

× 𝛿(𝜔1 + 𝜔2 − 𝜔3 − 𝜔4) d𝜔2d𝜔3d𝜔4. (12.11)

where [n] = n𝜔1
(z)n𝜔3

(z)n𝜔4
(z) + n𝜔2

(z)n𝜔3
(z)n𝜔4

(z) − n𝜔1
(z)n𝜔2

(z)n𝜔3
(z) − n𝜔1

(z)
n𝜔2

(z)n𝜔4
(z). Because of the presence of the cosine function, the collision term of this

kinetic equation no longer vanishes, despite the degenerate phase-matching interaction.
Actually, the evolution of the spectrum described by Eq. (12.11) is characterized by the
rapid growth of spectral tails that exhibit damped oscillations, until the whole spectrum
ultimately reaches a statistically stationary state. The kinetic equation provides an
analytical expression of the damped oscillations, which is found in agreement with
the numerical simulations of both the NLS and kinetic equations [73]. An interesting
experiment aimed at observing this phenomenon of irreversible relaxation in the limit
of the integrable NLS equation has been reported in [73], see Figure 12.7.
We conclude this paragraph by reminding that the applicability of the generalizedWT

kinetic equation to the description of the dynamics of the integrable NLS equation is
constrained by the usual assumption of weakly nonlinear interaction. A rigorous math-
ematical treatment of the evolution of the incoherent wave beyond this weakly nonlin-
ear regime would require the application of the inverse scattering machinery (see, e.g.,
[100,101]), a feature which is also of interest considering the recent Hanbury Brown and
Twiss experiment [102, 103].

12.2.3 Turbulence in Optical Cavities

The phenomenon of wave thermalization can be characterized by a self-organization
process, in the sense that it is thermodynamically advantageous for the system to gen-
erate a large-scale coherent structure in order to reach the most disordered equilibrium
state. A remarkable example of this counterintuitive phenomenon is provided by wave
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Figure . Irreversible relaxation process of the integrable NLS equation. (a) Shematic representation
of the experimental setup. HWP: half-wave plate. OSA: optical spectrum analyzer. (b) Spectra recorded
in experiments (black lines) and obtained from numerical simulations (red lines) of the integrable NLS
equation. Note that numerical simulations of a reduced form of the kinetic Eq. (12.11) provide identical
results (not represented here, see [73]). The narrow spectrum plotted in the black line is the spectrum
of the Nd:YVO4 laser launched inside the polarization maintaining fiber. The wide spectrum plotted in
the black line is the spectrum recorded at the output of the polarization maintaining fiber. For more
details on the experiments and the simulations, see [73]. Source: Suret 2011 [73].
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condensation [36, 104–108], whose thermodynamic equilibrium properties are analo-
gous to those of quantum Bose-Einstein condensation [105]. Classical wave condensa-
tion can be interpreted as a redistribution of energy among different modes, in which
the (kinetic) energy is transferred to small scales fluctuations, while an inverse process
increases the power (i.e., number of “particles”) into the lowest allowedmode, thus lead-
ing to the emergence of a large-scale coherent structure. The phenomenon of conden-
sation has been recently interpreted within a broader perspective in different active and
passive optical cavity configurations [109–116]. This raises important questions, such
as e.g., the relation between laser operation and the phenomenon of Bose-Einstein con-
densation. As a matter of fact, these questions are still the subject of vivid debate – we
refer the reader to [117–119] for some recent discussions on this important problem.
An important analogy with condensation has been also discussed in the dynamics of

activemode-locked laser systems in the presence of additive noise source [111,118,120].
On the basis of their previous works [121, 122], the authors showed that the formation
of coherent pulses in actively mode-locked lasers exhibits in certain conditions a tran-
sition of the laser mode system to a light pulse state that is similar to the Bose-Einstein
condensation, in the sense that it is characterized by a macroscopic occupation of the
fundamental mode as the laser power is increased. The analysis is based on statistical
light-mode dynamics with a mapping between the distribution of the laser eigenmodes
to the equilibrium statistical physics of noninteracting bosons in an external potential.
Another analogy with condensation has been pointed out to interpret the radiation
emitted by a random laser system in [109]. In this work, the analogy with condensa-
tion is supported by the fact that the random laser linewidth is ruled by a nonlinear
differential equation, which is the equivalent of the Schwalow-Townes law in standard
lasers, and is formally identical to the NLS (Gross-Pitaevskii) equation with a trapping
potential.

12.2.3.1 Wave Turbulence in Raman Fiber Lasers
The dynamics of Raman fiber lasers have been also shown to exhibit some interesting
analogies with condensation-like phenomena [110, 115, 116]. Here we discuss in more
detail these systems in light of the WT theory that has been developed to describe
their turbulent dynamics. For more details, we refer the interested reader to [114] for
an overview on the WT description of Raman fiber lasers (also see the more recent
work [123]).
In [124], the Raman fiber laser is modeled as a turbulent system whose optical power

spectrum results from a weakly nonlinear interaction among the multiple modes of the
cavity. Performing a mean field approach in which the Raman Stokes field does not
evolve significantly over one cavity round trip, the authors of [124] first establish a dif-
ferential equation for the evolution of the complex amplitude En of the nth longitudinal
mode

𝜏rt
dEn
dt

− 1
2
(g − 𝛿n)En(t) = − i

2
𝛾L

∑

l≠0
En−l(t)

×
∑

m≠0
En−m(t)E∗

n−m−l(t) exp(2i𝛽mlΔ2 c t). (12.12)
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In their approach, the time evolution of En is determined by the Raman gain g, the dis-
persion of the fiber, the losses 𝛿n of the fiber and of the cavity mirrors, and the four-wave
mixing process. 𝛾 is the Kerr coupling coefficient and 𝛽 represents the second-order
dispersion coefficient of the cavity fiber. Δ = 1∕𝜏rt = c∕2L is the free spectral range of
the Fabry-Perot cavity that has a length L. Gain, losses and dispersive effects occur-
ring inside the whole laser cavity are supposed to influence the formation of the opti-
cal power spectrum through their dependence in frequency-space. In particular, fiber
Bragg grating mirrors are considered as spectral filters introducing parabolic losses in
frequency space (𝛿n = 𝛿0 + 𝛿2(nΔ)2). Dispersive effects occurring inside the laser cav-
ity are supposed to be dominantly governed by the second-order dispersion 𝛽 of the
cavity fiber. It must be emphasized that Eq. (12.12) refers to the discretized version of
the one-dimensional NLS equation, in which gain and losses terms have been added
[125]. In other words, the approach developed by the authors of [124] amounts to apply
a WT treatment to a one-dimensional NLS equation, whose integrability is broken by
the presence of gain and loss terms.
Assuming an exponential decay for the correlation function among the modes,

⟨En(t)E∗
n(t

′)⟩ = In exp(−|t − t′|∕𝜏), the following WT kinetic equation that governs the
temporal evolution of the intracavity spectrum was derived [124]

𝜏rt
dI(Ω)
dt

= (g − 𝛿(Ω))I(Ω) + SFWM(Ω), (12.13)

where I(Ω) = ⟨EnE∗
n⟩∕Δ. The mathematical expression of the collision term SFWM(Ω)

can be separated into two parts

SFWM(Ω) = −𝛿NLI(Ω) + (𝛾L)2
∫

 [I] dΩ1 dΩ2

(3𝜏rt∕𝜏)[1 + (4𝜏L𝛽∕3𝜏rt)2Ω2
1Ω

2
2]
, (12.14)

where the functional reads  [I] = I(Ω − Ω1)I(Ω − Ω2)I(Ω − Ω1 − Ω2), while the non-
linear term responsible for four-wave-mixing-induced losses 𝛿NL reads

𝛿NL = (𝛾L)2
∫

[I] dΩ1 dΩ2

(3𝜏rt∕𝜏)[1 + (4𝜏L𝛽∕3𝜏rt)2Ω2
1Ω

2
2]
, (12.15)

where [I] = [I(Ω − Ω1) + I(Ω − Ω2)]I(Ω − Ω1 − Ω2) − I(Ω − Ω1)I(Ω − Ω1). A station-
ary solution of the WT kinetic Eq. (12.13) has been obtained by Babin et al. in [124],
which exhibits the following hyperbolic-secant structure, I(Ω) = 2I∕

(
𝜋Γ cosh(2Ω∕Γ)

)
,

where Γ is the width of the intracavity laser power spectrum. This analytical solution is
in very good agreement with spectra recorded in experiments in which the fiber laser
operates well above threshold, in various different configurations, even in regimes in
which the mean field approximation should no longer hold [126]. Although the WT
approach developed in [124] has undoubtedly provided a new insight into the physics
of Raman fiber lasers, some other numerical and experimental works have raised some
interesting questions concerning the applicability of the WT approach to the descrip-
tion of the spectral broadening phenomenon. In particular, numerical simulations of
the mean field equations introduced in [124] revealed that the shape of the laser optical
power spectrum strongly depends on the sign of the second-order dispersion coefficient
[110]. This cannot be captured by the WT theory, which is inherently insensitive to the
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sign of the second-order dispersion parameter. As pointed out in [125,127], the forma-
tion of the Stokes spectrum is also deeply influenced both by dispersive effects and by
the spectral shape of the fiber Bragg grating mirrors used to close the laser cavity.

Laminar-Turbulent Transition in Raman Fiber Lasers Fast recording techniques have
recently been exploited for the experimental characterization of a laminar-turbulent
transition in Raman fiber lasers [116].The fiber laser used in these experiments has been
specifically designed. It is made with dispersion-free ultra-wideband super-Gaussian
fiber grating mirrors. Slightly changing the pump power, an abrupt transition with a
sharp increase in thewidth of laser spectrumhas been observed, togetherwith an abrupt
change of the statistical properties of the Stokes radiation. The laminar state observed
before the transition is associated with a multimode Stokes emission with a relatively
narrow linewidth and relatively weak fluctuations of the Stokes power. On the other
hand, the turbulent state corresponds to a high multimode operation with a wider spec-
trum and stronger fluctuations of the Stokes power. The laminar-turbulent transition
has been also studied by means of intensive numerical simulations (see Figure 12.8 and
[110,115,116]). The simulations reveal that, by increasing the pump power, the mecha-
nism underlying the laminar-turbulent transition relies on the generation of an increas-
ing number of dark (or gray) solitons.This experimental work opens new fields of inves-
tigations, in particular as regard the impact of phase-defects on the turbulent dynamics
of purely 1D wave systems.

Wave Kinetics of Random Fiber Lasers Random lasers are a rapidly growing field of
research, with implications in soft-matter physics, light localization, and photonic
devices [27,128,129]. Considering a different perspective, the authors of [123] described
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Figure . Numerical simulations evidencing the laminar-turbulent transition in a Raman fiber laser.
The evolution of the laser optical power spectrum is plotted as a function of number of round trips
inside the laser cavity. Source: Turitsyna 2013 [116]. Reproduced with permission of Nature Publishing
Group.
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the cyclic wave dynamics inherent to laser systems by considering weakly dissipative
modifications of the integrable NLS equation. In this way, a “local kinetic equation”
describing the turbulent dynamics of a random fiber laser system is derived [123]. The
key property of this kinetic equation is that the 𝛿−function reflecting energy conser-
vation at each elementary four-wave interaction is replaced by an effective Lorentzian
function that involves a frequency dependent gain. As a remarkable result, the colli-
sion term of the local kinetic equation does not vanish in spite of the trivial resonant
conditions inherent to the 1D four-wave interaction with a purely quadratic dispersion
relation (see Section 12.2.2.3). From this point of view, the local kinetic equation exhibits
properties reminiscent of those considered in [38, 130], although the equations are dif-
ferent, e.g., as regard the renormalization of the dispersion relation by the nonlinearity
and the additional nonlinear damping. Then at variance with the purely conservative
(Hamiltonian) system, in active cyclic laser systems, the interactions are mediated by a
non-homogenous gain, which leads to an effective interaction over the finite interval of
the evolution coordinate. We also note that the local kinetic equation is derived under a
double separation of scales, i.e., the turbulent regime is dominated by dispersive effects
as compared to gain effects, and the gain itself is much larger than gain variation over
the typical spectral width of the radiation. Furthermore, the authors confirm their the-
oretical work by means of direct experimental measurements in random fibre lasers: In
the high-power regime, the equilibrium spectrum of the random laser measured exper-
imentally is found in good agreement with the nonequilibrium stationary solution of
the local kinetic equation, see Figure 12.9 in the color plate section. Finally, the theory
is also completed by means of a generalization of the linear kinetic Schawlow-Townes
theory. For more details, we refer the reader to [123].

Figure . Nonlinear kinetic description of the random fiber laser optical spectrum. (a) Optical
spectrum measured experimentally: near the generation threshold (blue curve, laser power = 0.025W),
slightly above the generation threshold (green curve, 0.2W) and well above the generation threshold
(red curve, 1.5W). The optical spectrum predicted by the local wave kinetic equation, for laser power
1.5W is shown by dashed red line. (b) Spectrum width as a function of the laser’s output power in
theory and experiment. Experimental data are shown by black circles. The prediction for the spectrum
broadening from the nonlinear kinetic theory based on the local wave kinetic equation (blue dashed
line). The prediction for the spectral narrowing from the modified linear kinetic Schawlow-Townes
theory (dashed green line). The red line denotes the sum of nonlinear and linear contributions. The
inset shows the spectral narrowing near the threshold in log-scale. For more details see [123].
Source: Churkin 2015 [123]. Reproduced with permission of Nature Publishing Group. For a color version
of this figure please see color plate section.
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12.2.3.2 Turbulent Dynamics in Passive Optical Cavities
As commented above, a classical wave can exhibit a genuine process of wave condensa-
tion as it propagates in a 2D conservative Kerr material, [36, 105, 107]. Actually, a phe-
nomenon completely analogous to such conservative condensation process can occur in
an incoherently pumped passive optical cavity, despite the fact that the system is inher-
ently dissipative [113]. For this purpose, let us consider a passive optical cavity pumped
by an incoherent optical wave, whose time correlation, tc, ismuch smaller than the round
trip time, tc ≪ 𝜏rt . In this way, the optical field from different cycles are mutually inco-
herent with one another, which makes the optical cavity non-resonant. Because of this
property, the cavity does not exhibit the widely studied dynamics of pattern formation
[131, 132]. Instead, the dynamics of the cavity exhibit a turbulent behavior that can be
characterized by an irreversible process of thermalization toward energy equipartition.
A mean-field WT equation was derived in [113], which accounts for the incoherent
pumping, the nonlinear interaction and both the cavity losses and propagation losses.
In spite of the dissipative nature of the cavity dynamics, the intracavity field undergoes
a condensation process below a critical value of the incoherence (kinetic energy) of the
pump. This phenomenon is illustrated in Figure 12.10 (a), which shows the temporal
evolution of the condensate fraction in the intracavity field: After a transient, the frac-
tion of power condensed in the fundamental transversemode of the cavity saturates to a
constant value, which is found in agreement with the theory. Figure 12.10 (b) reports the
condensation curve, i.e., the fraction of condensed power at equilibrium vs the kinetic
energy of the injected pump wave. This latter quantity reflects the degree of coherence
of the pump wave and plays the role of the control parameter of the transition to wave
condensation in the cavity configuration. We remark in Figure 12.10 (b) that the con-
densate fraction in this dissipative optical cavity is found in agreement with the theory
inherited from the conservative Hamiltonian NLS equation, without using adjustable

Figure . Wave condensation in an incoherently pumped passive optical cavity. (a) Evolution of the
fraction of condensed power N0(t)∕N(t) vs time t: The condensate growth saturates to a constant value
Nst

0 ∕Nst , which is in agreement with the theory [113]. (b) Condensation curve: fraction of condensed
power in the stationary equilibrium state Nst

0 ∕Nst vs the kinetic energy of the pump EJ . The
condensation curve is computed for a fixed value of the pump intensity J0, while EJ is varied by
modifying the degree of coherence of the pump (i.e., its spectral width). The solid line refers to the
(Bogoliubov) strong condensation regime. The dotted line refers to the weak condensation regime
beyond the thermodynamic limit (𝜇 ≠ 0), while the dashed line refers to the thermodynamic limit
(𝜇 → 0). The points correspond to the NLS numerical simulations with the cavity boundary conditions.
For more details, see [113]. Source: Michel 2011 [113]. Reproduced with permission of American Physical
Society.
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parameters. For more detail on the simulations and the theory, we refer the reader
to [113].
Let us note an important difference that distinguishes the thermalization and con-

densation processes discussed here with those reported in the quantum photon context
in [112, 133]. In these works the thermalization process is achieved thanks to the pres-
ence of dye molecules, which thus play the role of an external thermostat. Conversely,
in the passive cavity configuration considered here, the process of thermalization solely
results from the four-wave interaction mediated by the intracavity Kerr medium, while
the “temperature” is controlled by varying the kinetic energy (degree of coherence) of
the injected pump.

In a recent experimental work [134], the incoherently pumped passive cavity has been
implemented in a fully integrated optical fiber system, close to the zero-dispersionwave-
length of the fiber.The dynamics of the cavity exhibit a quasi-soliton turbulent behavior
which is reminiscent of the turbulent dynamics of the purely Hamiltonian wave system
considered in [135,136].The analysis reveals that, as the coherence of the injected pump
wave is degraded, the cavity undergoes a transition from the coherent quasi-soliton
regime toward the highly incoherent (weakly nonlinear) turbulent regime characterized
by short-lived and extreme rogue wave events. This transition can then be interpreted
by analogy with a phenomenon of quasi-soliton condensation.The experiments realized
in the incoherently pumped passive optical cavity have been characterized by means of
complementary spectral and temporal PDF measurements [134].
An unexpected result of [134] is that quasi-soliton condensation can take place effi-

ciently, even in the presence of a low cavity finesse, in contrast to wave-condensation
in 2D defocusing media discussed here above, which requires a high finesse [113].
This can be interpreted as a consequence of the fact that the process of thermal-
ization of an optical wave constitutes a prerequisite for the phenomenon of wave-
condensation in a defocusing medium, while wave thermalization is known to require
a high cavity finesse. There is another important difference which distinguishes wave-
condensation and (quasi-)soliton condensation.Wave-condensation is known to exhibit
a property of long-range order and coherence, in the sense that the correlation
function of the field amplitude does not decay at infinity, lim|r−r′|→∞⟨A(r)A∗(r′)⟩ ≠
0, a property consistent with the idea that the coherence length of a plane-wave
diverges to infinity [105]. This is in contrast with the spatial localized character of a
(quasi-)soliton, which naturally limits the range of coherence to the characteristic spa-
tial width of the (quasi-)soliton structure. Wave-condensation then appears to be more
sensitive to the “boundary conditions” of the system, and thus is less robust than
(quasi-) soliton condensation when considered in an optical cavity system. The under-
standing of this aspect requires further investigation.

. Weak Langmuir Turbulence Formalism

In this section we study the temporal evolution of a partially coherent wave that prop-
agates in a nonlinear medium characterized by a noninstantaneous response. As dis-
cussed in Section 12.1 through Figure 12.2, a delayed nonlinearity leads to a kinetic
description which is formally analogous to the weak Langmuir turbulence kinetic
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equation, irrespective of the nature of the fluctuations that may be either stationary
or non-stationary. In the presence of a temporal long-range response and a stationary
statistics of the incoherent wave, the weak Langmuir turbulence formalism reduces to a
family of singular integro-differential kinetic equations (e.g., Benjamin-Ono equation)
that describe incoherent dispersive shock waves and incoherent collapse singularities in
the spectral evolution of the random wave.

12.3.1 NLS Model

A typical example of noninstantaneous nonlinear response in one dimensional systems
is provided by the Raman effect in optical fibers [71]. We consider the standard 1D NLS
equation to account for a noninstantaneous nonlinear response function

i𝜕z𝜓 + 𝛽𝜕tt𝜓 + 𝛾𝜓
∫

+∞

−∞
R(t − t′) |𝜓|2(z, t′) dt′ = 0, (12.16)

where the response function R(t) is constrained by the causality condition. In the fol-
lowing we use the convention that t > 0 corresponds to the leading edge of the pulse, so
that the causal response will be on the trailing edge of a pulse, i.e., R(t) = 0 for t > 0.We
will write the response function in the form R(t) = H(−t)R̄(−t), where R̄(t) is a smooth
function from [0,∞) to (−∞,∞), while the Heaviside function H(−t) guarantees the
causality property. As we will see, this convention will allow us to easily compare the
dynamics of temporal and spatial incoherent solitons. Because of the causality property,
the real and imaginary parts of the Fourier transform of the response function

R̃(𝜔) = Ũ(𝜔) + i g(𝜔), (12.17)

are related by the Kramers-Krönig relations. We recall that Ũ(𝜔) is even, while the gain
spectrum g(𝜔) is odd. The causality condition breaks the Hamiltonian structure of the
NLS equation, so that Eq. (12.16) only conserves the total power (“number of parti-
cles”) of the wave = ∫ |𝜓|2(t, z) dt. The typical temporal range of the response func-
tion R(t) denotes the response time, 𝜏R. Note that 𝛽 = − 1

2𝜕
2
𝜔
k(𝜔) in Eq. (12.16), so that

𝛽 > 0 (𝛽 < 0) denotes the regime of anomalous (normal) dispersion.

12.3.2 Short-Range Interaction: Spectral Incoherent Solitons

The dynamics are ruled by the comparison of the response time, 𝜏R, with the ‘healing
time’, 𝜏0 =

√
|𝛽|Lnl.We note that theweakly nonlinear regime of interaction refers to the

regime in which linear dispersive effects dominate nonlinear effects, i.e., Ld∕Lnl ≪ 1
where Ld = t2c ∕|𝛽| and Lnl = 1∕(|𝛾|𝜌) refer to the dispersive and nonlinear character-
istic lengths respectively, tc being the correlation time of the partially coherent wave.
We consider here the case of a noninstantaneous nonlinearity characterized by a short-
range response time, i.e., 𝜏R ∼ 𝜏0. In this regime, it can be shown that the kinetic equa-
tion governing the evolution of the incoherent wave takes a form analogous to the WT
Langmuir kinetic equation [23, 37]:

𝜕zn𝜔(z) =
𝛾

𝜋
n𝜔(z)∫

+∞

−∞
g(𝜔 − 𝜔′) n𝜔′ (z) d𝜔′, (12.18)
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where we have implicitly assumed that the incoherent wave exhibits fluctuation that are
statistically stationary (homogeneous) in time—a generalized WT Langmuir equation
can be obtained for a non-stationary statistics [37].We first note that this equation does
not account for dispersion effects (it does not involve the parameter 𝛽), although the
role of dispersion in its derivation is essential in order to verify the criterion of weakly
nonlinear interaction, Ld∕Lnl ≪ 1. The fact that the dynamics ruled by the WT Lang-
muir equation do not depend on the sign of the dispersion coefficient has been veri-
fied by direct numerical simulations of the NLS Eq. (12.16) [48]. The kinetic Eq. (12.18)
conserves the power of the field N = 1

2𝜋 ∫ n𝜔(z) d𝜔. Moreover, as discussed above for
the Vlasov equation, the WT Langmuir Eq. (12.18) is a formally reversible equation [it
is invariant under the transformation (z,𝜔) → (−z,−𝜔)], a feature which is consistent
with the fact that it also conserves the non-equilibrium entropy S = 1

2𝜋 ∫ log[n𝜔(z)] d𝜔.
The WT Langmuir equation admits solitary wave solutions [23, 47, 48, 54]. This may

be anticipated by remarking that, as a result of the convolution product in (12.18), the
odd spectral gain curve g(𝜔) amplifies the low-frequency components of the wave at
the expense of the high-frequency components, thus leading to a global red-shift of the
spectrum.Wenote that these incoherent solitons are termed “spectral” because they can
only be identified in the spectral domain, since in the temporal domain the field exhibits
stochastic fluctuations at any time, t.

12.3.2.1 Numerical Simulations
Typical spectral incoherent soliton behaviors are reported in Figure 12.11. The ini-
tial condition is an incoherent wave characterized by a Gaussian spectrum with
𝛿−correlated random spectral phases, so that the initial wave exhibits stationary fluctu-
ations.TheGaussian spectrum is superposed on a background of small noise of averaged
intensity n0 = 10−5. This is important in order to sustain a steady soliton propagation,
otherwise the soliton undergoes a slow adiabatic reshaping so as to adapt its shape to
the local value of the noise background. The relative intensity of the background noise
with respect to the average power of the wave plays an important role in the dynam-
ics of discrete spectral incoherent solitons. Indeed, the continuous spectral incoherent
soliton is known to become narrower (i.e., of higher amplitude) as the intensity of the
background noise decreases. Accordingly, a transition from a continuous to a discrete
spectral incoherent soliton behavior occurs as the relative intensity of the background
noise is decreased: as the spectral soliton becomes narrower than 𝜔R, the leading edge
of the tail of the spectrum will be preferentially amplified, thus leading to the forma-
tion of a discrete spectral incoherent soliton. In order to test the validity of the WT
Langmuir theory, we reported in Figure 12.11 a direct comparison with NLS simula-
tions.We emphasize that an excellent agreement has been obtained between the simula-
tions of the NLS equation and theWTLangmuir equation, without using any adjustable
parameter [48].
Note that if the background noise level increases in a significant way and becomes of

the same order as the amplitude of the spectral soliton, the incoherent wave enters a
novel regime [137]. This regime is characterized by an oscillatory dynamics of the inco-
herent spectrum which develops within a spectral cone during the propagation. Such
spectral dynamics exhibit a significant spectral blueshift, which is in contrast with the
expected Raman-like spectral redshift.
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Figure . Spectral incoherent solitons: Transition from discrete to continuous solitons. Left column
(a–c): Evolution of the non-averaged spectrum of the optical field, |𝜓̃|2(z,𝜔) (in dB-scale), obtained by
integrating numerically the NLS Eq. (12.16) for three different values of the noise background, n0 = 10−7

(a), n0 = 10−5 (b), n0 = 10−3 (c). Right column (d–f ): Corresponding evolution of the averaged spectrum,
n(z,𝜔) (in dB-scale), obtained by solving the Langmuir WT Eq. (12.18). The comparison reveals a
quantitative agreement, without using adjustable parameters. We considered the typical Raman-like
gain spectrum, g(𝜔) (𝛽𝛾 < 0). Source: Michel 2011 [48]. Reproduced with permission of American
Physical Society.

12.3.2.2 Analytical Soliton Solution
The WT Langmuir kinetic equation (12.18) admits analytical soliton solutions [37, 54,
138]. More precisely, it is possible to compute the width and velocity of the soliton
given its peak amplitude nm in the regime nm ≫ n0, where n0 denotes the spectral
amplitude of the background noise. We introduce the antiderivative of the spectral
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gain G(𝜔) = − ∫
∞
𝜔

g(𝜔′)d𝜔′. The gain spectrum g(𝜔) is characterized by its typical gain
amplitude gi and its typical spectral width 𝜔i. Regardless of the details of the gain curve
g(𝜔), gi and 𝜔i can be assessed by two characteristic quantities, namely the gain slope
at the origin 𝜕𝜔g(0) and the total amount of gain G(0) = − ∫

∞
0 g(𝜔)d𝜔. A dimensional

analysis allows to express gi and𝜔i in terms of these two quantities, gi =
1
√
2
(−𝜕𝜔g(0))1∕2

[
− ∫

∞
0 g(𝜔)d𝜔

]1∕2, 𝜔i =
√
2
[
− ∫

∞
0 g(𝜔)d𝜔

]1∕2∕
[
− 𝜕𝜔g(0)

]1∕2. With these definitions,
the functionG(𝜔) can be written in the following normalized formG(𝜔) = gi𝜔ih(𝜔∕𝜔i),
where the dimensionless function h(x) verifies h(0) = 1, h′(0) = 0, and h′′(0) = −2. Pro-
ceeding as in [138], the profile of the soliton in the regime nm ≫ n0 is of the form [54],
log

(n𝜔(z)
n0

)
= log

(nm
n0

)
h
(
𝜔−Vz
𝜔i

)

, or equivalently:

n𝜔(z) − n0 =
(
nm − n0

)
exp

[

− log
(nm
n0

) (𝜔 − Vz)2

𝜔2
i

]

, (12.19)

where the velocity of the soliton is

V = −
nm − n0

log3∕2
(nm
n0

)
𝛾gi𝜔2

i
√
𝜋

, (12.20)

and its full width at half maximum is 𝜔sol = 2𝜔i log1∕2(2)∕ log1∕2(nm∕n0).

Spectral incoherent solitons have recently been generalized in the framework of the
generalized NLS equation accounting for the self-steepening term and a frequency
dependence of the nonlinear Kerr coefficient [139]. Such nonlinear dispersive effects
are shown to strongly affect the dynamics of the incoherent wave. A generalized WT
Langmuir kinetic equation is derived and its predictions have been found in quantita-
tive agreement with the numerical simulations of the NLS equation, without adjustable
parameters [139].
The structure of discrete spectral incoherent solitons can also be interpreted with an

analytical soliton solution of the discretized WT Langmuir equation derived in [140].
In this way, discrete frequency bands of the soliton are modelled as coupled Dirac
𝛿-functions in frequency space (𝛿−peak model). However, the simulations show that,
when injected as initial condition into the WT Langmuir equation with a Raman-like
gain spectrum, the analytical soliton solution rapidly relaxes during the propagation
toward a discrete spectral incoherent solution [48]. This property reveals the incoher-
ent nature of discrete spectral incoherent solitons.
We finally note that the emergence of continuous and discrete spectral incoherent

solitons has been identified experimentally owing to the Raman effect in photonic crys-
tal fibers in the context of supercontinuum generation, a feature discussed in detail
in [24].

12.3.3 Long-Range Interaction: Incoherent Dispersive Shock Waves

In this section we present the procedure which allows one to derive appropriate reduced
kinetic equations from theWT Langmuir equation in the long-range limit, i.e., the limit
of a highly noninstantaneous nonlinear response, 𝜏R ≫ 𝜏0. As discussed here above,
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the causality condition leads to a gain spectrum g(𝜔) that decays algebraically at infin-
ity, a property which introduces singularities into the convolution operator of the WT
Langmuir Eq. (12.18). The mathematical procedure consists in accurately address-
ing these singularities, see [49]. It reveals that, as a general rule, a singular integro-
differential operator arises systematically in the derivation of the reduced kinetic equa-
tion [49,141].The resulting singular integro-differential kinetic equation then originates
in the causality property of the nonlinear response function.
These singular integro-differential kinetic equations find a direct application in the

description of dispersive shock waves, i.e., shock waves whose singularity is regularized
by dispersion effects instead of dissipative (viscous) effects [142] – see Chapter 11 of this
book.Dispersive shockwaves have been constructedmathematically [143] and observed
in ion acoustic waves [144] long ago, though it is only recently that they emerged as a
general signature of singular fluid-type behavior in areas as different as Bose-Einstein
condensed atoms [145,146], nonlinear optics [90–92,147–149], quantum liquids [150],
and electrons [151]. We remark that dispersive shock waves have been also recently
studied in the presence of structural disorder of the nonlinear medium [92,152, 153].
These previous studies on dispersive shock waves have been discussed for coherent,

i.e., deterministic, amplitudes of the waves. Through the analysis of the WT Langmuir
equation, we will see that incoherent waves can exhibit dispersive shock waves of a
different nature that their coherent counterpart. They manifest themselves as a wave
breaking process (“gradient catastrophe”) in the spectral dynamics of the incoherent
field [49]. Contrary to conventional shocks which are known to require a strong non-
linear regime, these incoherent shocks develop into the weakly nonlinear regime. This
WT kinetic approach also reveals unexpected links with the 3D vorticity equation in
incompressible fluids [154], or the integrable Benjamin-Ono equation [155], which was
originally derived in hydrodynamics, and recently considered in the field of quantum
liquids [150].

12.3.3.1 Damped Harmonic Oscillator Response
Thederivation of singular integro-differential kinetic equations has been developed for a
general formof the response function (see the Supplement of [49]). Herewe illustrate the
theory by considering two physically relevant examples of response functions, which,
respectively, induce and inhibit the formation of incoherent shock waves.
Let us first consider the example of the damped harmonic oscillator response, R̄(t) =

1+𝜂2
𝜂𝜏R

sin(𝜂t∕𝜏R) exp(−t∕𝜏R). Figure 12.12 in the color plate section reports a typical evo-
lution of the spectrum of the incoherent wave obtained by numerical simulations of the
NLS Eq. (12.16). Here we considered the highly incoherent limit, Δ𝜔 ≫ Δ𝜔g (tc ≪ 𝜏R).
We see that the low frequency part of the spectrum exhibits a self-steepening process,
whose wave-breaking is ultimately regularized by the development of large amplitude
and rapid spectral oscillations typical of a dispersive shock wave. This behavior has
been described by deriving a singular integro-differential kinetic equation from theWT
Langmuir equation in the long-range regime (𝜏R ≫ 𝜏0):

𝜏2R𝜕zn𝜔 = 𝛾(1 + 𝜂2)
(

n𝜔𝜕𝜔n𝜔 − 1
𝜏R

n𝜔𝜕2𝜔n𝜔
)

, (12.21)

where the singular operator  refers to the Hilbert transform, f (𝜔) = 1
𝜋
 ∫

+∞
−∞

f (𝜔−u)
u du, where we recall that  denotes the Cauchy principal value. This kinetic
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Figure . Incoherent dispersive shock waves with a Raman-like response function: (a) Numerical
simulation of the NLS Eq. (12.16): The stochastic spectrum |𝜓̃|2(𝜔, z) develops an incoherent shock at
z ≃ 1200Lnl (𝜏R = 3𝜏0, 𝜂 = 1). Snapshots at z = 1040Lnl (b), z = 1400Lnl (c): NLS (12.16) (gray) is compared
with WT Langmuir Eq. (12.18) (green), singular kinetic equation (Eq. (12.21)) (dashed line), and initial
condition (solid black). (d) First five maxima of n𝜔 vs z in the long-term post-shock dynamics: the
spectral peaks keep evolving, revealing the non-solitonic nature of the incoherent dispersive shock
wave. Insets: (b) gain spectrum g(𝜔), note that Δ𝜔g is much smaller than the initial spectral bandwidth
of the wave [black line in (b)]. (c) corresponding temporal profile |𝜓 (t)|2 showing the incoherent wave
with stationary statistics. Source: Garnier 2013 [49]. Reproduced with permission of American Physical
Society. For a color version of this figure please see color plate section.

equation describes the essence of incoherent dispersive shock waves:The leading-order
Burgers term describes the formation of the shock, which is subsequently regularized
by the nonlinear dispersive term involving the Hilbert operator.We note in Figure 12.12
that a quantitative agreement is obtained between the simulations of Eq. (12.21) and
those of the NLS and WT Langmuir equations, without adjustable parameters. Also
note that in the presence of a strong spectral background noise, the derived singular
equation coincides with the Benjamin-Ono equation, which is a completely integrable
equation [49].

12.3.3.2 Exponential Response: Spectral Collapse Singularity
As described by the general theory reported in [49], the previous scenario of incoher-
ent dispersive shock waves changes in a dramatic way when the response function is
not continuous at the origin, as it occurs for a purely exponential response function,
R̄(t) = exp(−t∕𝜏R)∕𝜏R. In this case, considering the limit 𝜏R∕𝜏0 ≫ 1, the singular kinetic
equation takes the form:

𝜏R𝜕zn𝜔 = −𝛾n𝜔n𝜔 − 𝛾

𝜏R
n𝜔𝜕𝜔n𝜔 + 𝛾

2𝜏2R
n𝜔𝜕2𝜔n𝜔. (12.22)
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Figure . Inhibition of incoherent shocks with an
exponential response function. Without background
spectral noise the spectrum exhibits a collapse-like
behavior: NLS (12.16), gray; singular kinetic Eq. (12.22),
dashed (𝜏R = 5𝜏0). The dark continuous line denotes the
theoretical behavior ∼ 1∕[z2n0(𝜔 = c̃z)], with c̃ = −𝛾N∕𝜏R,
predicted from the first term of Eq. (12.22) and the
corresponding analytical solution Eq. (12.23).
Source: Garnier 2013 [49]. Reproduced with permission of
American Physical Society.

Interestingly, the first term of Eq. (12.22) was considered as a one-dimensional model
of the vorticity formulation of the 3D Euler equation of incompressible fluid flows
[154]. In this work, the authors found an explicit analytical solution to the equation
𝜏R𝜕zn𝜔 = −𝛾n𝜔n𝜔. For a given initial condition n𝜔(z = 0) = n0

𝜔
the solution has the

form

n𝜔(z) =
4n0

𝜔
(
2 + (𝛾z∕𝜏R)n0

𝜔

)2 + (𝛾z∕𝜏R)2(n0𝜔)2
. (12.23)

There is blow up if and only if there exists 𝜔 such that n0
𝜔
= 0 and n0

𝜔
< 0. Then the

blow up distance zc is given by zc = −2𝜏R∕[𝛾n0
𝜔=𝜔0

], where 𝜔0 is such that n0
𝜔0

= 0.
It can be shown [49] that, if the initial condition decays faster than a Lorentzian, the
spectrum exhibits a collapse-like dynamics, which is ultimately arrested by a small back-
ground noise. In this process, the spectrummoves at velocity c̃, while its peak amplitude
increases according to ∼4𝜏2R∕[𝛾

2z2n0(𝜔 = c̃z)]. This property is confirmed by the simu-
lations of the NLS equation, as illustrated in Figure 12.13.

Impact of Self-Steepening The previous results of incoherent spectral singularities have
been recently extended by considering the generalized NLS equation accounting for the
self-steepening term [141].The analysis reveals that self-steepening significantly affects
the spectral singularities: (i) It leads to a delay in the development of incoherent dis-
persive shocks, and (ii) it arrests the incoherent collapse singularity. Furthermore, the
spectral collapse-like behavior can be exploited to achieve a significant enhancement (by
two orders ofmagnitudes) of the degree of coherence of the optical wave as it propagates
in the fiber.

. Vlasov Formalism

In Section 12.3.3, we considered the role of long-range temporal responses for an inco-
herent wave characterized by a stationary (homogeneous) statistics. In this section we
consider statistically non-stationary random waves in the presence of a highly nonin-
stantaneous nonlinear response, 𝜏R ≫ 𝜏0. As discussed in the introductory section (see
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Figure 12.2), in this regime, the dynamics of the incoherent wave is ruled by a com-
pletely different Vlasov-like formalism. This formalism models the incoherent wave
as an ensemble of particles that evolve in a reduced phase-space (i.e., spectrogram),
(t,𝜔). The corresponding particle density is obtained from a Wigner-like transform
of the auto-correlation function of the field, n𝜔(t, z) = ∫ B(t, 𝜏 , z) exp(i𝜔𝜏) d𝜏 , where
B(t, 𝜏 , z) = ⟨𝜓(t − 𝜏∕2, z)𝜓∗(t + 𝜏∕2, z)⟩. Starting from the NLS Eq. (12.16) and consid-
ering a highly noninstantaneous nonlinear response, the temporal long-range Vlasov
kinetic equation takes the form [14,37, 156]:

𝜕zn𝜔(t, z) + 𝜕𝜔k̃𝜔(t, z) 𝜕tn𝜔(t, z) − 𝜕t k̃𝜔(t, z) 𝜕𝜔n𝜔(t, z) = 0, (12.24)

where the generalized dispersion relation reads

k̃𝜔(t, z) = k(𝜔) + V (t, z), (12.25)

with k(𝜔) = 𝛽𝜔2 and the effective potential

V (t, z) = −𝛾
∫

R(t − t′)N(t′, z) dt′. (12.26)

The intensity profile of the incoherent wave is N(t, z) = B(t, 𝜏 = 0, z) =
(2𝜋)−1 ∫ n𝜔(t, z) d𝜔. Equation (12.24) conserves  = (2𝜋)−1 ∬ n𝜔(t, z)d𝜔dt, and
more generally  = ∬ f [n]d𝜔dt where f [n] is an arbitrary functional of n. Because
of the causality property of R(t), Eq. (12.24) is no longer Hamiltonian [37]. As a
consequence, the incoherent wave-packet exhibits a spectral shift, as revealed by the
analysis of the total momentum, (z) = (2𝜋)−1 ∬ 𝜔 n𝜔(t, z) dt d𝜔, which is related to
the barycenter of the spectrum, ⟨𝜔⟩ = ∕ . An equation for the momentum can
easily be obtained from the Vlasov Eq. (12.24)

𝜕z(z) =
∫

VG(t, z) 𝜕tN(t, z) dt, (12.27)

where VG(t, z) = −𝛾 ∫ G(t − t′)N(t′, z) dt′ and G(t) = i
2𝜋 ∫ g(𝜔) exp(−i𝜔t) d𝜔 [37].

Remarking furthermore that G(t) can expressed in terms of the response function,
G(t) = 1

2
[
R(t) − R(−t)

]
, it becomes easy to see that a focusing (defocusing) nonlinear-

ity leads to a spectral red-shift, 𝜕z < 0 (blue-shift, 𝜕z > 0). We can remark that this
dependence of the spectral shift on the sign of the nonlinearity is also apparent in the
WT Langmuir (see Eq. (12.18)). Note that a spectral blue-shift induced by a defocusing
delayed nonlinearity is known to occur, e.g., in plasma [26, 157], in which, however, the
total power of the wave is no longer conserved (see Chapter 3 in this book).
It is also interesting to analyze the position of the wave-packet in the time domain,

 (z) = (2𝜋)−1 ∬ t n𝜔(t, z) dt d𝜔, which is related to the barycenter by ⟨t⟩ =  ∕ . The
evolution of  (z) can easily be obtained from the Vlasov Eq. (12.24)

𝜕z (z) = 2𝛽(z), (12.28)

so that  (z) =  (0) + 2𝛽 ∫ z
0 (z′) dz′. Accordingly, propagation in the normal (anoma-

lous) dispersion regime in the presence of a focusing (defocusing) nonlinearity leads
to an acceleration of the wave-packet toward t > 0. Equation (12.28) also reveals
that there is a close relation between the spectral shift and the temporal shift of a
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wave-packet.This can easily be interpreted by remarking that a spectral shift combined
with group-velocity dispersion leads to an acceleration of the wave-packet.

12.4.1 Incoherent Modulational Instability

The Vlasov formalism is known to predict the existence of an incoherent MI, a feature
which is in some sense an unexpected result. Indeed, as discussed above in this sec-
tion in the framework of theWT Langmuir formalism, one would expect that a statisti-
cally stationary incoherent wavewould exhibit a Raman-like spectral red-shift during its
propagation. However, a highly noninstantaneous response leads to a genuine process
of incoherent MI of the wave, which is characterized by the growth of two symmetric
MI bands within the spectrum of the incoherent wave [14].
The details of the incoherent MI analysis through a linearization of the long-range

Vlasov equation can be found in [14, 37]. In substance, one assumes that the inci-
dent field exhibits a stationary statistics, except for small perturbations that depend
on t and z. Note that any homogeneous stationary distribution, n0

𝜔
, is a solution of

the Vlasov equation, that is, 𝜕zn0𝜔 = 0. Perturbing this stationary solution according to
n𝜔(t, z) = n0

𝜔
+ 𝛿n𝜔(t, z), linearizing the Vlasov equation and then solving it by means of

a Fourier-Laplace transform, 𝛿n𝜔(Ω, 𝜆) = ∫
∞
0 dz ∫ +∞

−∞ dt exp(−𝜆z − iΩt) 𝛿n𝜔(t, z), gives
the following MI growth-rate:

𝜆(Ω) = −2Δ𝜔|𝛽Ω| + |Ω|
√

2𝛽𝛾N0R̃(Ω), (12.29)

where we assumed an initial Lorentzian-shaped spectrum, n0
𝜔
= 2N0Δ𝜔∕(𝜔2 + (Δ𝜔)2)

[i.e., N0 = (2𝜋)−1 ∫ n0
𝜔
d𝜔]. The corresponding incoherent MI gain reads gMI(Ω) =

2ℜ[𝜆(Ω)].This expression ofMI gain is formally analogous to the expression considered
in the spatial case, see Eq. (12.28), in [37]. However, because of the causality property
of the response function R(t), its Fourier transform is complex, R̃(𝜔) = Ũ(𝜔) + ig(𝜔).
Recalling that Ũ(𝜔) is even and g(𝜔) odd, the MI gain gMI(Ω) is always even, which
means that incoherent MI is characterized by the growth of two symmetric side-bands.
Another consequence of the fact that R̃(𝜔) is complex is that incoherent MI can also
occur in the normal dispersion regime, i.e., for 𝛾𝛽 < 0 [37].

Difference with Incoherent MI in Instantaneous Response Nonlinear Media We underline that
incoherent MI in noninstantaneous nonlinear media is of fundamental different nature
with respect to incoherent MI in instantaneous media [158]. In the limit 𝜏R → 0, inco-
herent MI can only take place if the spectral width of the incoherent wave is smaller
than the MI frequency, Δ𝜔 ≪ 𝜔MI [158]. This means that temporal modulations asso-
ciated to MI are more rapid than the time correlation, tc ≫ 𝜏0, i.e., MI modulations
take place within each individual fluctuation of the incoherent wave. This is in con-
trast with the incoherent MI discussed here, in which the optimal MI frequency gets
much smaller than the spectral bandwidth (𝜔MI ≪ Δ𝜔) as the nonlinearity becomes
noninstantaneous, i.e., as 𝜏R increases. This means that incoherent MI manifests itself
by a slowmodulation of thewhole randomwave profile, i.e., themodulation frequency is
smaller than the spectral bandwidth,𝜔MI ≪ Δ𝜔.This feature has been confirmed by the
numerical simulations of the NLS Eq. (12.16) and the corresponding long-range Vlasov
Eq. (12.24) in [14].
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12.4.2 Incoherent Solitons in Normal Dispersion

The study of the existence of incoherent soliton states in the temporal domain
revealed an unexpected remarkable result [156]. In contrast to a usual soliton, which
is known to require a focusing nonlinearity with anomalous dispersion, a highly non-
instantaneous nonlinear response leads to incoherent soliton structures which require
the inverted situation. In the focusing regime (and anomalous dispersion) the inco-
herent wave-packet experiences an unlimited spreading, whereas in the defocusing
regime (still with anomalous dispersion) the incoherent wave-packet exhibits a self-
trapping [156]. This remarkable result has been demonstrated by means of numer-
ical simulations of both NLS and Vlasov equations, and a quantitative agreement
has been obtained between them without adjustable parameters. We refer the reader
to [156] for details concerning the numerical simulations.
The unexpected existence of localized soliton states in the defocusing regime is

explained in detail by the long-range Vlasov Eqs. (12.24)–(12.26). The Vlasov simula-
tions reveal indeed that, after a transient, the wave-packet adopts an invariant profile
characterized by a linear spectral shift, which in turn induces a constant IS acceleration
(parabolic trajectory) in the temporal domain. More specifically, let us denote by 𝛼0 the
soliton velocity in frequency space. As discussed above through Eq. (12.27), themomen-
tum evolves linearly as (z) = 𝛼0z. Then Eq. (12.28) explicitly shows that, when com-
bined with group-velocity dispersion, this linear spectral shift induces an acceleration
of the incoherent soliton in the temporal domain given by Eq. (12.28)

 (z) =  (0) + 𝛽𝛼0z2. (12.30)

Both phenomena of linear spectral shift and constant acceleration of the incoherent
soliton are clearly visible in the numerical simulations, as illustrated in Figure 12.14.

� Temporal vs Spatial Incoherent Solitons To discuss the mechanism underlying the
formation of the incoherent soliton, it is instructive to comment first on an analogy
with a nonlocal spatial response. Contrary to temporal effects, nonlocal spatial effects
are not constrained by the causality condition, so that the spatial response function
U(x) is even, as well as the self-consistent potential V (x) = −𝛾U ∗ N . Then in the
focusing regime (𝛾 > 0), the optical beam induces an attractive potential V (x) < 0,
so that the beam is guided by its own induced potential. Conversely, in the defocus-
ing regime (𝛾 < 0) the repelling potential leads to the expected beam spreading, see
Figures 12.15 (a) and (b) [22].

� Vlasov Approach: Noninertial Reference Frame As a result of the causality prop-
erty of R(t), the self-consistent potential V (t) is shifted toward t < 0 in the tem-
poral domain (see Figures 12.15 (c) and (d). Moreover, as commented above
through Figure 12.14, the spectral-shift of the wave-packet, with spectral velocity
𝛼, leads to a constant acceleration of the IS. It thus proves convenient to study the
dynamics of the wave-packet in its own accelerating reference frame, 𝜉 = z, 𝜏 =
t − 𝛼𝛽z2, Ω = 𝜔 − 𝛼z. In this non-inertial reference frame the Vlasov Eq. (12.24)
reads 𝜕𝜉nΩ(𝜏 , 𝜉) + 2𝛽Ω𝜕𝜏nΩ(𝜏 , 𝜉) − 𝜕𝜏Veff (𝜏 , 𝜉) 𝜕ΩnΩ(𝜏 , 𝜉) = 0.This equation remark-
ably reveals the existence of an effective self-consistent potential

Veff (𝜏 , 𝜉) = V (𝜏 , 𝜉) + 𝛼𝜏 , (12.31)
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Figure . Spatial and temporal behaviors of temporal incoherent solitons. The soliton is
characterized by a constant acceleration: Parabolic trajectory of the intensity profile
N(t, z) = (2𝜋)−1 ∫ n𝜔(t, z)d𝜔 (a), and evolution of the spectral profile S(𝜔, z) = ∫ n𝜔(t, z)dt (b). The linear
increase of the incoherent soliton velocity w (constant acceleration) (c), results from the linear spectral
shift of the incoherent soliton (d). Source: Michel 2012 [156]. Reproduced with permission of American
Physical Society.

where V (𝜏 , 𝜉) = −𝛾 ∫ +∞
−∞ R(𝜏 − 𝜏′)N(𝜏′, 𝜉) d𝜏′. The linear part of the potential in

Eq. (12.31) finds its origin in the fictitious force which results from the non-inertial
nature of the reference frame. It is this fictitious force which prevents the IS structure
from dispersing toward the direction of increasing 𝜏 . Note that this force is analogous
to the effective gravity mimicked by an elevator, an analogy that was commented on
in [159].

This fictitious force due to the accelerating reference frame explains both phe-
nomena of self-trapping with a defocusing nonlinearity, as well as the inhibition of
self-trapping with a focusing nonlinearity. Let us first discuss the defocusing regime.
Recalling that the potential is induced by the wave-packet itself, an IS can only form
provided that the self-induced potential Veff (𝜏) has a local minimum at the pulse cen-
ter, i.e., at 𝜏 = 0 in the accelerating reference frame of the IS. Contrary to the spatial
case (Figure 12.15 (a)), it seems that this condition cannot be satisfied in the tempo-
ral case, since the causality condition shifts the potentials toward 𝜏 < 0. However, in
the defocusing regime, a local minimum can be restored at 𝜏 = 0 thanks to the fictitious
force due to the non-inertial reference frame, as illustrated in Figure 12.15 (d).More pre-
cisely, one canTaylor expand the effective potentialVeff (𝜏) = a + (b + 𝛼)𝜏 + c𝜏2 + (𝜏3)
at 𝜏 = 0, where b < 0 in the defocusing regime and c > 0 if the nonlinear response is slow
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Figure . Mechanism underlying the formation of temporal incoherent solitons: Intensity profile
N(x) (continuous dark line) and corresponding self-consistent potential V(x) = −𝛾U ∗ N (dashed line),
in the case of a spatial nonlocal nonlinearity in the focusing (a), and defocusing (b), regimes. Intensity
profile N(𝜏) obtained by integrating numerically the Vlasov equation (continuous dark line),
corresponding self-consistent potential V(𝜏) = −𝛾R ∗ N (dashed line), and effective potential Veff(𝜏)
[Eq. (12.31)] (continuous line) in the accelerating reference frame, in the case of a temporal
noninstantaneous nonlinearity in the focusing (c), and defocusing (d), regimes. The arrows indicate
the “particle motions” in the effective self-consistent potentials Veff(𝜏): The non-inertial fictitious force
inhibits (c) (induces (d)) the self-trapping in the defocusing (focusing) regime. Source: Michel 2012 [156].
Reproduced with permission of American Physical Society.

enough (see Figure 12.15 (d)). In these conditions the particular choice 𝛼0 = −b guaran-
tees that Veff (𝜏) has a local minimum at 𝜏 = 0 (see Figure 12.15 (d)). In other words, the
system spontaneously selects the amount of spectral shift, 𝛼0 = −𝜕𝜏V |𝜏=0, and hence
the amount of soliton acceleration, 2𝛽𝛼0, in such a way that the effective self-consistent
potential Veff (𝜏) admits a local minimum at 𝜏 = 0. This is confirmed by the numeri-
cal simulations of the Vlasov equation reported in Figure 12.15 (d) (for more details
see [156]).
Let us now discuss the focusing regime, which is characterized by a redshift of the

wave-packet, 𝛼 < 0. Following the same reasoning as above and remarking that we now
have b > 0 and c < 0, the choice 𝛼0 = −b still leads to an extremum of Veff (𝜏) at 𝜏 = 0.
However, contrary to the defocusing regime, this extremum refers to a local maximum,
as illustrated in Figure 12.15 (c). Actually, in the focusing regime, there is no value of
𝛼 such that Veff (𝜏) has a local minimum at 𝜏 = 0. The local maximum around 𝜏 = 0
then plays the role of a repelling potential, which explains the temporal broadening of
the incoherent pulse: the “unstable particles” located near by 𝜏 = 0 are either attracted
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toward the local minimum at 𝜏 < 0, or either pushed toward 𝜏 > 0 by the non-inertial
force (see Figure 12.15 (c)). For more details on the dynamics and the interaction of
temporal incoherent solitons, we refer the reader to [156, 160].

. Conclusion

In this section we briefly comment on some open interesting issues related to opti-
cal wave turbulence in fibers. An interesting problem concerns a proper description of
the emergence of extreme rogue waves from a turbulent environment. As discussed in
Chapter 10 in this book, a rather commonly accepted opinion is that RWs can be conve-
niently interpreted in the light of exact analytical solutions of integrable nonlinear wave
equations, the so-called Akhmediev breathers, or more specifically their limiting cases
of infinite spatial and temporal periods, the rational soliton solutions, such as Peregrine
and higher-order solutions of the integrable 1D NLSE – see the recent reviews [30, 31].
Rational soliton solutions can be regarded as a coherent and deterministic approach
to the understanding of RW phenomena. On the other hand, RWs are known to spon-
taneously emerge from an incoherent turbulent state [32, 98, 161–164]. This raises a
difficult problem, since the description of the turbulent system requires a statistical
WT approach, whereas rational soliton solutions are inherently coherent determinis-
tic structures. This problem was addressed in the optical fiber context in [135, 136] by
considering a specific NLSE model that exhibits a quasi-soliton turbulence scenario, a
feature that can be interpreted by analogy with wave condensation, see Section 12.2.3.2.
It was shown that the deterministic description of rogue wave events in terms of rational
soliton solutions is not inconsistent with the corresponding statistical WT description
of the turbulent system [136]. It is important to stress that the emergence of RW events
was shown to solely occur close to the transition to (quasi-)soliton condensation. From
a different perspective, the fluctuations of the condensate fraction in 2D wave conden-
sation have recently been computed theoretically, revealing that large fluctuations solely
occur near by the transition to condensation, while they are significantly quenched in the
strongly condensed Bogoliubov regime (small “temperature”), and almost completely
suppressed in the weakly nonlinear turbulent regime (high “temperature”). This result
is consistent with the general idea that nearby second-order phase-transitions, physical
systems are inherently sensitive to perturbations and thus exhibit large fluctuations.One
can then address a possible alternative point of view on the question of the spontaneous
emergence of rogue waves from a conservative turbulent environment: Is it possible to
interpret the sporadic emergence of RWevents as the natural large fluctuations inherent
to the phase transition to soliton condensation? This issue may pave the way for a sta-
tistical mechanics approach based on the idea of scaling and universal theory of critical
phenomena to the description of RWs.
An other interesting problem concerns a proper statistical description of nonlinear

partially polarized optical waves in the framework of the WT theory. In particular, a
remarkable phenomenon of nonlinear repolarization without loss of energy is discussed
in this book in Chapter 8. This effect of “polarization attraction” has been shown to
exhibit different properties depending on the experimental configuration, and on the
type of the optical fiber (isotropic, highly birefringent, as well as randomly birefrin-
gent fibers), see Chapter 8. Although significant progress has been achieved in order
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to interpret this phenomenon on the basis of Hamiltonian singularities (see, e.g., [165]),
so far, no statistical description has been developed to describe polarization attraction
with partially polarized waves.This problem raises important difficulties, since the phe-
nomenon of repolarization is inherently associated to the emergence of a mutual cor-
relation between orthogonal polarization components, while the basicWT theory does
not account for such phase-correlation effects. It would be interesting to construct a
generalized WT formulation of random nonlinear waves that would account for a pos-
sible mutual correlation between distinct incoherent wave components.
Finally, in this chapter we pointed out several remarkable properties of turbulent wave

systems that exhibit long-range interactions, by complete analogy with collective behav-
iors in self-gravitational systems (e.g., formation of galaxies) or 2D geophysical fluids
(e.g., Jupiter red hot spot) [56]. Recently, experiments in the spatial domain have been
performed in solutions of graphene nano-flakes in which the range of nonlocal inter-
action can be tuned over more than one order of magnitude. A different experimental
setting for the study of long-range wave turbulence in the temporal domain could be
hollow-core fibers (see Chapter 3 in this book). Indeed, one may exploit the easily tai-
lorable non-instantaneous response via the well-known Raman effect, as well as other
recently investigated mechanisms involving liquid-cores or photo-ionizable noble gases
and surface plasmon polaritons [166–168].
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