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a b s t r a c t

We study the focusing dynamics of incoherent wave-packets (speckle beams) in the presence of a
nonlocal nonlinear response in the framework of the nonlocal nonlinear Schrödinger (NLS) equation.
In the highly nonlocal regime, we show that the speckle beam develops a collective incoherent
collapse instability — at variance with a conventional collapse that is inherently a coherent object,
here it is the incoherent beam as a whole that develops a collapse. More specifically, we study the
impact of a homogeneous incoherent background on the development of the incoherent collapse
instability. Despite the fact that the homogeneous background is modulationally stable, we show that
it significantly strengthens the formation of the incoherent collapse instability. Our theoretical analysis
is based on a wave turbulence formulation of the Vlasov equation, which allows us to introduce
an effective hydrodynamic model that is subsequently solved by the method of characteristics. A
quantitative agreement is obtained between the simulations of the NLS equation, the Vlasov equation
and the hydrodynamic model, without using adjustable parameters. The interaction between the
background and the collapsing structure is described by means of a coupled system for the singular
and smooth components of the solution of the Vlasov equation. The theory reveals that the mechanism
underlying the background-induced collapse enhancement is due to a transfer of momentum from the
background to the collapsing structure, while there is no ‘mass’ exchange among them. Furthermore,
we show that a strong background level significantly boosts the collapse dynamics. Our work should
stimulate the development of nonlinear experiments aimed at observing the incoherent collapse
phenomenon in nonlinear thermal media. From a broader perspective, these investigations pave the
way for the study of novel forms of global incoherent collective behaviors in wave turbulence, such
as the formation of incoherent rogue waves.

© 2022 Elsevier B.V. All rights reserved.
1. Introduction

1.1. Weak turbulence, solitons and collapses

The wave turbulence theory provides a powerful tool to
escribe the nonequilibrium behavior of random dispersive non-
inear waves in the weak nonlinear limit. It has been successfully
pplied to various different contexts such as ocean waves, quan-
um fluids, plasmas, nonlinear optics [1–8], and more recently
o gravitational waves [9,10]. However, the weak turbulence
inetic equation breaks down for strong nonlinearities, when
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the turbulent flow can be affected by strongly nonlinear ex-
citations, e.g., collapsing wave-packets, rogue waves, vortices,
(quasi-)solitons, or shock waves [2–8,11–18]. In this strongly
nonlinear turbulent regime, a systematic theoretical approach is
still missing [5].

A rather general physical mechanism responsible for the emer-
gence of nonlinear coherent structures in a turbulent regime is
provided by the inverse turbulence cascade, which carries ‘mass’
(power or wave-action) toward the low wave-number, i.e., to-
ward the large scales. The inverse cascade increases the level
of the nonlinearity up to a point where the weak turbulence
description breaks down. In the defocusing regime, this nonlinear
stage leads to a phenomenon of wave condensation [2,19–25]. On
the other hand, in the focusing regime the homogeneous wave
(condensate) is unstable and the Benjamin–Feir modulational

instability leads to the formation of soliton-like states [4,7,12,
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Fig. 1. Defocusing (annular singularity) vs. focusing (point singularity): Numerical simulations of the 2D NLS equation in the defocusing (upper) and focusing (lower)
egimes. (a) Initial condition of the 2D speckle beam. Blue (red) frame shows the dynamics in the defocusing (focusing) regime at the propagation length z = 90Lnl
(z = 40Lnl). (b1,c1) report the 2D intensity distributions, while (b2,c2) report the corresponding lineouts at y = 0. The yellow arrows in (b1,c1) indicate the orientation
of the momentum, which is radially ingoing (outgoing) in the focusing (defocusing) regime. (b3,c3) report the corresponding phase-space representation (or optical
spectrogram). In the defocusing regime the random wave-packet exhibits an annular collapse singularity (the folding of the spectrogram takes place on the boundary
of the beam), whereas in the focusing regime it exhibits a point collapse singularity (the folding of the spectrogram takes place at the beam center x ≃ 0). (b4,c4)
eport the evolutions of the linear contribution E(z) (blue line), and nonlinear contribution U(z) (black line), to the conserved Hamiltonian H = E + U (dashed red
ine). Note that in both the defocusing and focusing regimes, the singularity develops in the strongly nonlinear regime, with E(z = 0) ≪ |U(z = 0)|. The collapse
itself is incoherent, as evidenced by the broad spectral width at x ∼ 0 in the spectrogram (c3) (see Eq. (19)), and the zoom over the 2D intensity distribution nearby
x ∼ 0 (see the inset in (c1)). The nonlocal range is σ = 100Λ.
26,27], or collapsing structures in relation with intermittency in
turbulence [2,5,7,28].

It is important to recall that the nonlinear wave collapse has
been widely studied for coherent waves. It refers to a strong con-
traction of the wave that leads to a catastrophic increase (blowup)
of its amplitude after a finite time or a finite propagation distance.
It has been observed in different branches of physics [29–32],
including plasmas waves [33–35], Bose–Einstein condensates [36,
37], deep-water waves [38] and self focusing nonlinear optics
[39–41]. It is worth-noting that collapse singularities also play a
key role in astrophysics, where the gravitational attraction tends
to compress stars above a critical mass leading to their collapse
into neutron stars or even black holes [42]. The collapse dynam-
ics has been widely discussed in the context of the nonlinear
Schrödinger (NLS) equation, which is known as a universal model
for dispersive nonlinear wave systems [29–32,43–46].

The collapse singularity signals a breakdown of the considered
model equation: Nearby the singularity, the wave reaches an
extreme high amplitude while the spatial and temporal scales
get extremely small. However, the limit of validity of the model
can be overcome by introducing different physical mechanisms.
More specifically, the catastrophic collapse singularity can be reg-
ularized by introducing higher-order nonlinear effects describing
the saturation of the nonlinearity [29], or higher-order dispersion
effects describing non-paraxiality [47]. On the other hand, per-
turbative linear losses [30], and spatial incoherence [48–50], do
not inhibit the collapse, while their effect is mainly to modify the
blow-up threshold.

The nonlocal nature of the nonlinear interaction is another
important physical effect that is known to arrest the collapse
singularity [51–53]. A nonlocal wave interaction means that the
response of the nonlinearity at a particular point is not deter-
mined solely by the wave intensity at that point, but also depends
on the wave intensity in its neighborhood. Nonlocality thus con-
stitutes a generic property of a large number of nonlinear wave
systems [43,54–83].
2

1.2. Panoramic overview on different regimes

Our aim in this article is to investigate the collapse instability
of random waves in the framework of the nonlocal NLS equation.
In order to properly introduce our work, we start with a sort of
panoramic overview over different relevant regimes. First of all,
in order to favor the development of a collapse singularity, we
consider the strongly nonlinear regime λ0c ≫ Λ, where λ0c denotes
the (initial) correlation length of the incoherent wave and Λ the
healing length, i.e., the length scale such that linear and nonlinear
effects are of the same order of magnitude [8]. In other terms, the
strongly nonlinear regime means that the nonlinear contribution
to the Hamiltonian dominates over the linear contribution, |U| ≫

E , see Fig. 1 (see Section 2.1 for the definitions of E and U .)
Let us now discuss the impact of the nonlocality by introduc-

ing the spatial range σ of the nonlocal interaction. If the nonlinear
response is quasi-local σ ≲ Λ(≪ λ0c ), the incoherent wave-
packet develops several coherent collapses: Since the range of the
nonlocal response is much smaller than the correlation length,
each individual fluctuation (speckle) will undergo a collapse in-
stability, which is, in a loose sense, almost independent of the
collapse that occurs on a neighboring fluctuation. In other terms,
in this quasi-local and strongly nonlinear regime, the speckle
beam develops a series of coherent collapse singularities. This is in
marked contrast with the highly nonlocal regime σ ≫ λ0c ≫ Λ,
where the incoherent wave-packet exhibits a collective behav-
ior. This collective dynamics was analyzed in a previous work
[68], where the propagation of a speckle beam was studied in
the defocusing regime. Indeed, in the highly nonlocal defocusing
regime, the speckle beam has been shown to exhibit a collective
shock singularity. At variance with conventional shocks studied
with coherent waves in local nonlinear media [84–95], here, the
shock is termed ‘collective’ in the sense that it is the speckle beam
as a whole that leads to the formation of the shock singularity,
as illustrated in Fig. 1(b1)–(b2). In this defocusing regime, the
fluctuations of the incoherent beam are ‘pushed’ toward the
boundary of the beam, so that the front of the incoherent shock

carries most of the stochastic fluctuations as well as most of
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Fig. 2. Impact of an incoherent background on the collapse instability: Numer-
ical simulations of the 2D NLS equation in the focusing regime showing the
impact of an incoherent background. Initial speckle beam without background
(a), and corresponding collapse peak formed at the propagation length z = 68Lnl
(b). (c) Same initial condition as in (a), but superimposed on a (modulationally
stable) incoherent background, and corresponding collapse peak formed at the
propagation length z = 60Lnl (d). The presence of the incoherent background
enhances the collapse peak amplitude (compare (b) and (d)).

the power (or ‘mass’). As a consequence, the shock singularity is
accompanied by the formation of an annular collapse singularity
on the boundary of the beam, see Fig. 1(b1)–(b2). This double
shock-collapse singularity is characterized by a specific folding of
the spatial spectrogram (phase-space), as evidenced in Fig. 1(b3).

In the present paper, we consider the focusing regime of the
highly nonlocal NLS equation. The physical picture for this regime
is illustrated in the simulation reported in Fig. 1(c). At vari-
ance with the defocusing regime where the (average) momentum
is radially out-going, in the focusing regime the momentum is
inverted toward the center of the incoherent beam, see Fig. 1(c1)–
(c2) where the arrows schematically indicate the orientation of
the momentum pNLS ∼ ℑ(ψ∗

∇ψ). As a result, the fluctuations are
now ‘pushed’ toward the center of the beam, which thus exhibits
a dramatic degradation of coherence (reduction of the coherence
length). Indeed, as the system approaches the singular point,
the spectral width increases dramatically at the beam center, a
peculiar feature that is characterized by an inverted folding of the
spectrogram, see Fig. 1(c3) nearby x ≃ 0. We stress again that
the collapse is a collective incoherent phenomenon: At variance
with the quasi-local regime where the individual fluctuations
(speckles) of the incoherent beam exhibit a singularity almost
independently of each other, here, it is the incoherent beam as
a whole that exhibits a collective collapse singularity, i.e., the
collapse is an incoherent object made of random waves. This
aspect is evidenced in Fig. 1(c3) by the broad spectral width
nearby the collapse point x ≃ 0. It is also evidenced by the
2D intensity distribution at the collapse point, which exhibits a
speckle structure, see the zoom in the inset of Fig. 1(c1).

Our aim in this work is to characterize this collective inco-
herent collapse phenomenon. In particular, we study the im-
pact of a homogeneous incoherent background on the incoherent
collapse instability. It is important to note that we consider a
regime where the background itself is stable, otherwise the in-
coherent modulation instability of the background becomes the
main mechanism that affects the collapse behavior. A remarkable
result of our theoretical analysis, which is confirmed by the
numerical simulations, is that the stable background favors the de-

velopment of the incoherent collapse instability. This is illustrated

3

in the 2D-NLS simulation in Fig. 2. In Fig. 2(a)–(b) the incoherent
beam develops the collapse singularity in the absence of the
background. In Fig. 2(c)–(d) we consider exactly the same initial
condition (same speckle beam with identical fluctuations), except
that we superpose it on a homogeneous stable background. In this
example, the ratio between the average background power and
the average peak power of the speckle envelope is about 15%,
which leads to a significant enhancement of the collapse peak,
by a factor ∼2. In this work we will provide a more quantitative
analysis of the impact of the background on the enhancement
of the collapse peak instability through the analysis of different
reduced effective models, see in particular Fig. 7. From a broader
perspective, we remark that the impact of a background on the
collapse instability has not been the subject of a systematic study.
We note in particular that, at variance with the results reported
here, in some specific regimes of the cubic-quintic NLS equation a
coherent wave background has been shown to arrest the collapse
instability [96]. On the other hand, in the case of the cubic
NLS equation with long-range interactions (σ ≫ Λ) considered
in this work, the modulationally unstable coherent wave back-
ground can strengthen the development of the coherent collapse
instability, as evidenced by numerical simulations.

In order to develop a theoretical analysis, we discuss in this
article the mechanism of background-enhanced collapse insta-
bility in two different regimes, namely the weak background
case (Section 3) and the strong background case (Section 4).
Starting from the nonlocal NLS equation, our theory is based on
a wave turbulence formulation of the long-range Vlasov equa-
tion (Section 2). The Vlasov equation is reduced to an effective
hydrodynamic model for the singular collapse structure that is
coupled to a reduced Vlasov-like equation describing the inco-
herent background. The analysis remarkably reveals that, in spite
of the (modulational) stability of the homogeneous background,
a transfer of momentum (instead of ‘mass’) takes place from the
background toward the collapsing structure, which in turn leads
to an enhancement of the collapse peak amplitude. We conclude
in Section 5 by discussing the possible experimental verification
of our theoretical predictions in nonlinear optics, by considering
the propagation of speckle beams in thermal nonlinear media.

2. Theoretical modeling

2.1. Nonlocal NLS equation

A nonlocal nonlinearity is found in several systems, such as
dipolar Bose–Einstein condensates [54], atomic vapors [43,55],
nematic liquid crystals [7,58–60], glasses [61–64], thermal liquids
[65–75], plasmas [76] and gravitational interactions [77–83]. We
consider a general form of the nonlocal NLS equation in spatial
dimension d = 1 or d = 2 describing the field propagation:

i∂zψ = −
α

2
∇

2
dψ − γψ

∫
U(r − r ′) |ψ |

2(r ′, z) dr ′, (1)

where α denotes the diffraction parameter. Diffraction takes place
in the transverse plane [r = x and ∇

2
1 = ∂2x for d = 1; r = (x, y)

and ∇
2
2 = ∂2x + ∂2y for d = 2], while the propagation axis z plays

the role of an effective time variable. γ denotes the nonlinear
coefficient and the interaction term includes an isotropic nonlocal
response function [U(r) that depends only on r = |r|] with
typical width σ denoting the range of the nonlocal interaction.
We consider the focusing (attractive) nonlinear regime γ > 0.
The healing length is defined by Λ =

√
αLnl, where Lnl = 1/(γ ρ)

is the nonlinear characteristic length, and ρ = L−d
∫

|ψ |
2dr the

average intensity over the numerical window [−L/2, L/2]d. We
recall that the NLS Eq. (1) conserves two important quantities, the
power N =

∫
|ψ(r, z)|2dr and the Hamiltonian H = E+U , which
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as a linear contribution E(z) = α
∫

|∇ψ(r, z)|2dr and a nonlin-
ar contribution U(z) = −

γ

2

∫∫
|ψ(r, z)|2U(r−r ′)|ψ(r ′, z)|2drdr ′.

As discussed in the previous section, we consider in this work
initial conditions in the strongly nonlinear regime, so that |U| ≫

E , see Fig. 1.

2.2. Wave turbulence Vlasov equation

The collapse-like behavior evidenced through the numerical
simulations of the nonlocal NLS Eq. (1) in Figs. 1–2 refers to a
single realization of the incoherent field ψ(r, z), which is inher-
ently a stochastic function. To describe theoretically the collapse
singularity, we need to resort to a deterministic description of the
incoherent field that is based on an average over the realizations
⟨.⟩. Our theoretical description is developed in the general frame-
work of the wave turbulence formalism. The wave turbulence
theory has been shown to provide a natural asymptotic closure
of the hierarchy of moment equations for a system of weakly
nonlinear dispersive waves [1,3,5]. Here, the evolution of the
incoherent wave-packet is characterized by fluctuations that are
not homogeneous in space, so that, at leading order the dynamics
is dominated by a long-range version of the Vlasov equation
[8,68,97,98]. Note that the long-range Vlasov equation differs
from the conventional Vlasov equation describing random waves
(e.g., incoherent modulational instabilities, or incoherent solitons)
in optics [8,99], hydrodynamics [12,18] or plasmas [100,101],
while its structure is analogous to that describing systems of
particles with long-range, e.g. gravitational, interactions [102].
In addition, at variance with conventional weak-turbulence ap-
proaches [1], the long-range Vlasov equation is valid beyond the
weakly nonlinear regime of interaction [8,68,97,98,103,104]. We
will see in the following that the long-range Vlasov Eq. (2) is
found in quantitative agreement with the simulations of the NLS
Eq. (1) in the strongly nonlinear regime.

We introduce the ‘local’ spectrum of the random wave that is
defined as the Wigner-like transform of the correlation function

nk(r, z) =

∫
B(r, y, z) exp(−ik · y) dy,

with B(r, y, z) = ⟨ψ(r + y/2, z)ψ∗(r − y/2, z)⟩. As discussed
above through Figs. 1–2, the spectrum is ‘local’ in the sense that
it depends on the position r , because the statistics of the random
wave is not homogeneous in space. Starting from the nonlocal
NLS Eq. (1) and considering the nonlocal regime of interaction
σ ≫ Λ, the local spectrum nk(r, z) can be shown to be governed
by the long-range Vlasov equation [8]:

∂znk(r) + ∂kΩk(r) · ∂rnk(r) − ∂rΩk(r) · ∂knk(r) = 0, (2)

where Ωk(r, z) = ω(k) + V (r, z) is the generalized dispersion
relation, with ω(k) = α|k|

2/2. Here, the effective potential reads

V (r, z) = −
γ

(2π )d

∫
U(r − r ′)N(r ′, z) dr ′, (3)

where N(r, z) =
∫
nk(r, z)dk = (2π )d

⟨
|ψ(r, z)|2

⟩
denotes the

verage intensity. We recall that the Vlasov Eq. (2) conserves two
mportant quantities, the total power (‘mass’) N =

∫
N(r, z)dr

nd the Hamiltonian H =
1

(2π )d
∫∫
ω(k)nk(r, z)dkdr +

1
2(2π )d

V (r, z)N(r, z)dr .
We call the kinetic Eq. (2) ‘wave turbulence Vlasov equation’

o distinguish it from the conventional collisionless Boltzmann
Vlasov) equation in kinetic gas theory [105]. The Vlasov Eq. (2)
escribes the smooth evolution of the second-order moment
k(r, z) that is defined from the average over the realizations
f the random wave, which differs from the spiky distribution
olution of the collisionless Boltzmann kinetic equation.
4

The long-range Vlasov Eq. (2) describes a phenomenon of
incoherent modulational instability. Incoherent modulational in-
stability was originally described in the context of plasma physics
[106]. More recently, incoherent modulational instability has
been the subject of a detailed investigation in the optical context
with an inertial response of the photorefractive nonlinearity
[8,99,107,108]. A distinguished feature of incoherent modula-
tional instability with respect to conventional modulational insta-
bility of a coherent wave is that it does not occur unconditionally
for a focusing nonlinearity: The analysis reveals the existence of
a damping term in the dispersion relation, which introduces a
threshold for the incoherent modulational instability — the higher
the degree of incoherence, the higher the value of the nonlinearity
to exceed the threshold. Note that, the existence of a threshold
for incoherent modulational instability was shown to be formally
related to an effective Landau damping [109]. The modulational
instability in the framework of the long-range Vlasov Eq. (2)
is discussed in particular in Ref. [8]. As a consequence of the
existence of a threshold, the incoherence of the waves can com-
pletely suppress the modulational instability. In the following and
throughout the paper, we consider a homogeneous background
that is always modulationally stable. In this way, the mechanism of
background-enhanced collapse singularity discussed here is not
due to the modulational instability of the background.

3. Impact of a weak background on the incoherent collapse

In this section we analyze both theoretically and numerically
the impact of a weak background on the development of the
incoherent collapse structure. Note that the Vlasov Eq. (2) de-
scribes the 2d-dimensional phase-space (r, k) evolution of the
random wave ψ(x, z) that evolves in d spatial dimensions. In
order to perform accurate numerical simulations of the Vlasov
Eq. (2) within a limited computational time, here we consider the
purely one-dimensional case d = 1, while the extension to d = 2
will be considered later in Section 5.2.

3.1. Singular component coupled to a smooth component

In order to study the impact of the background on the col-
lapsing structure, we split the general solution of the Vlasov
Eq. (2) into a singular component (Ns(x, z), Ks(x, z)) and a smooth
component describing the modulationally stable incoherent weak
background, mk(x, z):

nk(x, z) = NS(x, z)δ
(
k − KS(x, z)

)
+ m(1)

k (x, z), (4)

with

NS(x, z) = N (0)(x, z) + N (1)(x, z), (5)
KS(x, z) = K (0)(x, z) + K (1)(x, z). (6)

We note that the singular component with the Dirac δ−function
over the momentum finds its origin in the strongly nonlinear
regime that is characterized by an extremely narrow spectral
distribution. The singular solutions of the form of the first term on
the right-hand side of Eq. (4) are also called ‘mono-kinetic’ [102],
in the sense that each spatial position (x) corresponds to a unique
spectral (velocity) component (k).

We assume that the homogeneous background is weak and
thus N (1)(x, z), K (1)(x, z) and m(1)

k (x, z) are of higher order with
respect to N (0)(x, z), K (0)(x, z). More precisely, we have N(x, z) =∫
nk(x, z)dk = NS(x, z) + M (1)(x, z) = N (0)(x, z) + N (1)(x, z) +

M (1)(x, z) with M (1)(x, z) =
∫
m(1)

k (x, z)dk and N (0)(x, z) ≫ N (1)

(x, z),M (1)(x, z). Then ‘weak’ background means that the average
intensity of the background M (1)(x, z) is much smaller than that
of the perturbation N (0)(x, z). The sign of N (1)(x) is important and
denotes an enhancement or a decrease of the collapsing structure
due to the presence of the stable background.
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Fig. 3. Collapse dynamics without background: hydrodynamic and characteristic ODE simulations. Numerical simulations of the hydrodynamic model Eq. (7)–(9)
(blue line), and of the coupled system of characteristics ODE Eqs. (10)–(14) (filled circles). Evolution of the intensity envelope N (0)(x, z) [or φ(z)] (a), the momentum
K (0)(x, z) [or w(z)] (b), the ‘temporal’ z−gradient of the momentum ∂zK (0)(x, z) [or τ (z)] (c), and the spatial x−gradient of the momentum ∂xK (0)(x, z) [or ξ (z)] (d),
for different characteristics X(z) (e). The momentum K (0)(x, z) exhibits a shock singularity (b), i.e. a collapse singularity for the gradient ∂xK (0)(x, z) (d), which in
turn induces a collapse singularity for the intensity envelope N (0)(x, z) (a). Evolutions during the propagation of the intensity envelope φ(z) (f), and gradient of the
momentum ξ (z) (g), of the incoherent beam along the characteristic X(z) = 0 (e). Their evolutions exhibit the power-law divergence ∼ (z∞ − z)−1 predicted by the
theory in Eqs. (17)–(18) (dashed red lines) (σ = 200Λ).
n
O
X
c
t
X

[
t

3.2. Collapse dynamics at the leading zero-th order: No background

We substitute the general form of the solution given in Eqs.
(4)–(6) into the Vlasov Eq. (2). We obtain at zero-th order the
following set of hydrodynamic-like equations for the evolutions
of the density and momentum:

∂zN (0)
+ α∂x(N (0)K (0)) = 0, (7)

∂zK (0)
+ αK (0)∂xK (0)

+ ∂xV (0)
= 0, (8)

V (0)(x, z) = −
γ

2π

∫
U(x − x′)N (0)(x′, z)dx′. (9)

This set of equations is closed and describes the evolution of the
system at the leading order.

Starting from K (0)(x, z = 0) = 0, the momentum K (0)(x, z)
is initially driven by the last nonlinear term in (8), while the
Burgers-like (second) term of (8) subsequently leads to the gra-
dient catastrophe of K (0)(x, z) toward the point x = 0. The finite
‘time’ (distance, z) shock singularity of K (0)(x, z) is responsible for
a collapse singularity of the intensity envelope N (0)(x = 0, z).
These singular behaviors can be described theoretically by solving
the hyperbolic Eqs. (7)–(8) by the method of characteristics [110].
We define w(z) = K (0)(X(z), z), τ (z) = ∂zK (0)

(
X(z), z

)
, ξ (z) =

∂xK (0)
(
X(z), z

)
, and φ(z) = N (0)

(
X(z), z

)
, which can be shown to

satisfy a set of coupled ordinary differential equations (ODE):

Ẋ(z) = αw(z), (10)
ẇ(z) = τ (z) + αw(z)ξ (z), (11)
τ̇ (z) = −∂2zxV

(0)(X(z), z) − αξ (z)τ (z), (12)

ξ̇ (z) = −∂2x V
(0)(X(z), z) − αξ 2(z), (13)

φ̇(z) = −αξ (z)φ(z). (14)

In Eqs. (10)–(14), the dots denote the ‘temporal’ derivatives,
Ẋ(z) = ∂zX(z), and so on. For a given characteristic X(0) = x0, the
initial conditions are w(0) = 0, τ (0) = −∂xV (0)(x0, z = 0), ξ (0) =

0, φ(0) = N (0)(x0, z = 0).
The collapse singularity of N (0)(x, z) occurs nearby x = 0,

then there exists some ‘time’ (distance, z) above which the
 W

5

width of N (0)(x, z) becomes much smaller than the range of
the nonlocal nonlinearity, σ , so that the effective potential can
be approximated by V (0)(x, z) ≃ −γN (0)U(x), with N (0)

=

(2π )−1
∫
N (0)(x, z)dx. Note that, to study the behavior of the

solution nearby x ∼ 0, one can consider the characteristic
with x0 = 0. Then if U(x) is smooth and maximal at x = 0
(such as the Gaussian-shaped response function considered in
the simulations), then ∂xU(0) = 0, so that τ (z) = 0, w(z) = 0,
X(z) = 0 along this characteristic.

More generally, by defining κ2
= −γN (0)∂2x U(0) > 0, the

solutions to Eqs. (13)–(14) read

∂xK (0)(0, z) = −
κ

√
α

tan(
√
ακz), (15)

N (0)(0, z) =
N (0)(0)

cos(
√
ακz)

. (16)

This shows that the gradient of the spectrogram and the intensity
exhibit a finite time collapse at x = 0, with z∞ = π/(2κ). In
particular, just before the singularity

∂xK (0)(0, z) ≃
−1

α(z∞ − z)
, (17)

N (0)(0, z) ≃
N (0)(0)

√
ακ(z∞ − z)

. (18)

We have performed numerical simulations of the hydrody-
amic model Eqs. (7)–(8), and the complete set of characteristic
DE Eqs. (10)–(14), see Fig. 3. The evolutions of the characteristics
(z) are reported in panel Fig. 3(e) for an ensemble of initial
onditions X(0) = x0, which evidence that the characteristics
end to converge nearby the shock point along the characteristic
(z) = 0. The evolution of the momentum w(z) of the incoherent

beam for such a set of initial conditions exhibits a shock singu-
larity, see Fig. 3(b). The gradient catastrophe is reflected by the
evolution of ξ (z) that exhibits a (negative) collapse singularity
see Fig. 3(d)], which in turn induces a collapse singularity of
he intensity envelope φ(z) of the incoherent beam, see Fig. 3(a).
e have also verified that φ(z) and ξ (z) exhibit a finite time
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Fig. 4. Collapse dynamics without background: NLS, Vlasov and hydrodynamic simulations. (a)–(b) Numerical simulations of the NLS Eq. (1) (gray line), Vlasov Eq. (2)
(green line) and hydrodynamic model Eqs. (7)–(8) (dashed red line), showing the evolutions during the propagation of the intensity (a), and the momentum (b), of
the random field. The dashed-blue lines in (a) show the intensity envelopes of the initial wave-packets. (c) Corresponding phase-space evolution obtained from the
NLS simulation. (d) Corresponding phase-space evolution obtained from the Vlasov simulation. The good agreement between the simulations of the NLS, Vlasov and
hydrodynamic equations has been obtained without using adjustable parameters. Parameters are the same as in Fig. 3, σ = 200Λ, the initial incoherent beam has a
aussian envelope.
V

ingularity with the expected power-law divergence given by
17)–(18), as illustrated in Fig. 3(f)–(g).

In order to test the validity of the theory within the original
odel equations, we have also performed simulations of the NLS
q. (1) and the Vlasov Eq. (2). We report in Fig. 4 the simulation of
he NLS equation starting from a spatially localized random wave
ith Gaussian envelope, and the corresponding Vlasov simula-
ion. As discussed in the introduction section, the initial condition
s strongly nonlinear E(z = 0) ≪ |U(z = 0)| with H = E + U < 0
(see Fig. 1(c4)), or λ0c ≫ Λ. The corresponding phase-space (x, k)
evolution of the fields is also reported in Fig. 4, which evidences
the excellent agreement that is obtained between the simulations
of the NLS Eq. (1) and Vlasov Eq. (2) without using adjustable
parameters, see panels (c) and (d) in Fig. 4. The peculiar folding
of the phase-space spectrogram is characterized by a significant
local increase of the spectral width nearby the collapse point at
x ≃ 0 and z ≃ 160Lnl. Note that the spectral width at the collapse
point is of the order

∆k∞ ≃ 2π/λ∞

c ≃ 2π/Λ, (19)

see panels (c4) and (d4) in Fig. 4. This means that the singularity is
regularized when the correlation length becomes of the order of
the healing length, λ∞

c ∼ Λ. Nearby the collapse point, the field
intensity exhibits a large incoherent peak at x ∼ 0, with peak
power about ∼ 10 times larger than the peak intensity of the
6

initial Gaussian envelope (denoted by the blue line in Fig. 4(a)).
Note that, as discussed here above through the characteristic Eqs.
(10)–(14), the hydrodynamic model Eqs. (7)–(8) exhibits a finite
‘time’ singularity, so that the model breaks down nearby the
collapse point z ≲ z∞, while the singularity is regularized in the
NLS and Vlasov equations by higher-order terms neglected in the
hydrodynamic model Eqs. (7)–(8).

3.3. Dynamics at the first-order: Impact of the weak background

Let us now study the impact of a weak background on the
collapse dynamics. For this purpose, we consider the perturbation
expansion at the next first-order. By substitution of the expansion
given in Eqs. (4), (5), (6), we obtain the following set of equations:

∂zN (1)
+ α∂x(N (0)K (1)

+ N (1)K (0)) = 0, (20)
∂zK (1)

+ α∂x(K (0)K (1)) + ∂x(V (1)
+ V (1)

M ) = 0, (21)

∂zm
(1)
k + αk∂xm

(1)
k − ∂xV (0)∂km

(1)
k = 0, (22)

with

V (1)(x, z) = −
γ

2π

∫
U(x − x′)N (1)(x′, z)dx′, (23)

(1)
M (x, z) = −

γ
∫

U(x − x′)M (1)(x′, z)dx′. (24)

2π
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Fig. 5. Collapse dynamics with weak background: NLS, Vlasov and hydrodynamic simulations. (a) Numerical simulations of the NLS Eq. (1) (gray line), Vlasov Eq. (2)
(green line) and hydrodynamic equations (dashed red line). The hydrodynamic model consists of the zero-order contribution (N (0)(x, z), K (0)(x, z)) given by Eqs. (7)–(8),
and the first-order contribution (N (1)(x, z), K (1)(x, z)) given by Eqs. (20)–(21) that is coupled to the incoherent background m(1)

k (x, z) governed by the reduced Vlasov
Eq. (22): The dashed red line reports N(x, z) = N (0)(x, z)+N (1)(x, z)+M (1)(x, z). (b) Corresponding phase-space evolution obtained from the simulation of the Vlasov
Eq. (2). The parameters are the same as in Fig. 4, except that a modulationally stable weak background has been added. The good agreement between the simulations
of the NLS, Vlasov and hydrodynamic equations has been obtained without using adjustable parameters. The nonlocal range is σ = 200Λ.
Fig. 6. Collapse dynamics with weak background: Detailed hydrodynamic simulations. Numerical simulation of the complete hydrodynamic model, which includes
the zero-order contribution (N (0)(x, z), K (0)(x, z)) given by Eqs. (7)–(8) (in (c) and (g)), the first-order contribution (N (1)(x, z), K (1)(x, z)) given by Eqs. (20)–(21) (in (b)
and (f)) and its coupling to the incoherent background m(1)

k (x, z) governed by the reduced Vlasov Eq. (22) (in (d) and (h)), with the intensity M (1)(x, z) =
∫
m(1)

k (x, z)dk
in (e)). The sum of the intensity contributions N(x, z) = N (0)(x, z) + N (1)(x, z) + M (1)(x, z) is reported in (a). The different colors report the quantities at different
ropagation lengths, see the legend in (a). The transfer of momentum K (1)(x, z) between the background and the collapse structure drives the background-enhanced
ollapse: The sign of N (1)(x) is important and denotes an enhancement (N (1)(x) > 0) or a decrease (N (1)(x) < 0) of the collapsing structure due to the presence of the
table background. The ‘mass’ on both sides of the localized beam N (1)(x, z) is transferred toward the beam center, which leads to an enhancement of the collapse
structure at x ≃ 0. We recall that there is no ‘mass’ exchange between the background and the collapse structure (

∫
N (1)(x, z)dx = 0 for any z). Parameters are the

same as in Fig. 5.
The initial conditions verify K (0)(x, t = 0) = K (1)(x, t = 0) =

N (1)(x, t = 0) = 0. Note that, if there is no background,
m(1)

k (x, z) = 0, then V (1)
M (x, z) = 0, so that N (1) does not grow:

N (1)(x, z) = 0 throughout the evolution, i.e., we recover the
leading zero-order evolution described by Eqs. (7)–(8).

The following quantities are conserved during the evolution
in z: N (0)

= (2π )−1
∫
N (0)(x, z)dx, N (1)

= (2π )−1
∫
N (1)(x, z)dx,

M(1)
= (2π )−1

∫
M (1)(x, z)dx. This means that the collapse en-

hancement mediated by the background, is not due to a transfer
of ‘mass’ (power) from the background toward the collapsing
structure. It is due to a transfer of momentum from the back-
ground toward the singular component: the last term ∂xV

(1)
M in

Eq. (21) originates in the background and it induces a local growth
of the momentum K (1). In turn, this induces a growth of N (1)
7

nearby the singular point (x ≃ 0, z ≲ z∞), which leads to an
enhancement of the collapse structure.

This key mechanism of background-enhanced collapse insta-
bility is evidenced by the numerical simulations of the hydro-
dynamic Eqs. (20)–(21) for (N (1), K (1)) coupled to the Vlasov-like
Eq. (22) for the incoherent background m(1)

k (x, z). The results of
the simulation are reported in Figs. 5–6. Aside from the good
agreement between the NLS Eq. (1) and Vlasov Eq. (2), we also
note the good agreement with the hydrodynamic model. This lat-
ter model includes the leading zero-order contribution (N (0), K (0))
[Eqs. (7)–(8)], the first-order contribution [Eqs. (20)–(21)] and
its coupling to the incoherent background m(1)

k (x, z) ruled by
the Vlasov-like Eq. (22). The dashed red line in Fig. 5(a) reports
N(x, z) = N (0)(x, z) + N (1)(x, z) + M (1)(x, z) (with M (1)(x, z) =
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∫

m(1)
k (x, z)dk), which is in quantitative agreement with the sim-

ulation of the original Vlasov Eq. (2).
As commented above, there is no transfer of ‘mass’ (power)

rom the background to the collapsing structure since N (0), N (1)

nd M(1) are conserved. However, we clearly see in Fig. 6(b) that
he initial homogeneous profile of N (1)(x) is modified in such a
ay that the ‘mass’ on both sides of the localized beam is trans-

erred toward the beam center, which leads to a reinforcement
f the collapse peak at x = 0. The peculiar deformation of N (1) is
ue to a transfer of momentum from the incoherent background
o the collapse structure, as evidenced by the evolution of K1(x, z)
n Fig. 6(f). As discussed above, such a transfer of momentum is
riven by the last term in Eq. (22). Notice that the peculiar defor-
ation of N (1) is also observed in the evolution of the incoherent
ackground intensity M (1)(x, z), as shown in Fig. 6(d)–(h).

. Impact of a strong background on the incoherent collapse

In the previous section, we have shown that a weak homoge-
eous incoherent background enhances the development of the
ncoherent collapse instability. However, since the background is
f small amplitude, its impact on the collapse dynamics is moder-
te. In this section we study the impact of a strong homogeneous
ncoherent background. As we will see, such a strong background
ignificantly boosts the collapse dynamics, despite the fact that
he background is modulationally stable.

.1. Singular component coupled to a smooth component

In order to study the impact of a strong background on the
ollapsing structure, we need to modify the approach discussed
n Section 3. In the case of a strong background, the leading order
olution is the stable homogeneous background m(0)

k . We split the
eneral solution of the Vlasov equation into a singular component
nd a smooth component describing the strong background m(0)

k
nd its perturbation m(1)

k (x, z):

nk(x, z) = N (1)(x, z)δ
(
k − K (1)(x, z)

)
+ mk(x, z), (25)

ith

k(x, z) = m(0)
k + m(1)

k (x, z). (26)

Accordingly, we have N(x, z) =
∫
nk(x, z)dk = N (1)(x, z) + M (0)

+

M (1)(x, z) with M (0)
=

∫
m(0)

k dk, M (1)(x, z) =
∫
m(1)

k (x, z)dk, and
M (0)

≫ M (1)(x, z),N (1)(x, z). Then ‘strong’ background means that
the average intensity of the background M (0) is much larger than
that of the perturbation N (1)(x, z). The sign of M (1)(x) is impor-
tant, it denotes an enhancement or a decrease of the collapsing
structure due to the presence of the stable background.

By substitution of (25)–(26) into the Vlasov Eq. (2), the differ-
ent components satisfy

∂zm
(1)
k + αk∂xm

(1)
k − ∂xV (1)∂km

(0)
k = 0, (27)

∂zN (1)
+ α∂x(N (1)K (1)) = 0, (28)

∂zK (1)
+ αK (1)∂xK (1)

+ ∂xV (1)
= 0, (29)

starting from N (1)(x, z = 0) = N (1)
o (x), m(1)

k (x, z = 0) = 0,
K (1)(x, z = 0) = 0, with

V (1)(x, z) = −
γ

2π

∫
U(x − x′)[N (1)

+ M (1)
](x′, z)dx′. (30)

The only approximation is in Eq. (27) where we have not taken
into account the term −∂ V (1)∂ m(1) which is of higher order.
x k k

8

4.2. Strong collapse boost mediated by the stable homogeneous
background

The quantities N (1)
= (2π )−1

∫
N (1)(x, z)dx and M(1)

=

2π )−1
∫
M(x, z)dx are conserved during the evolution in z. As in

the case of the weak background regime discussed in Section 3,
the enhancement of the collapse mediated by the background,
is not due to a transfer of ‘mass’ from the background toward
the collapsing structure, but a transfer of momentum. To see this,
we recall that the momentum K (1)(x, z) is initially driven by the
last nonlinear term in (29) and then the Burgers-like term of
(29) develops the gradient catastrophe of K (1)(x, z) toward the
point located at x = 0. As we show below, the presence of the
background m(0)

k has an impact on the initial drive of K (1)(x, z).
In the absence of background, the singular component satisfies

28)–(29)–(30) with M (1)
= 0. In the presence of background,

the term M (1) is not zero for positive z. From (27), the mass M (1)

satisfies:

∂zM (1)
= −α∂xP (1), P (1)

=

∫
km(1)

k dk. (31)

For small z, we find that ∂zm
(1)
k + αk∂xm

(1)
k = −

γ

2π ∂x(U ∗
(1)
o )∂km(0), which gives

(1)
k (x, z) = −

γ

2π

∫ z

0
∂x(U ∗ N (1)

o )(x − αkz ′)dz ′∂km
(0)
k

≃ −
γ z
2π
∂x(U ∗ N (1)

o )(x)∂km
(0)
k .

(32)

Recalling that the functions U ∗ N (1)
o vs. x, and m(0)

k vs. k, are
bell-shaped, then the function m(1)

k (x, z) gets square-shaped in
phase-space (x, k). The counter-streaming flow with positive ve-
locity (for k > 0) and negative velocity (for k < 0), then leads
to a twist of the square-shaped pattern, as evidenced in Fig. 7(f).
Furthermore, substituting (32) into (31), we find P (1)

≃
γ

2π ∂x(U ∗

N (1)
o )M (0)z and

M (1)(x, z) ≃ −
αγM (0)z2

4π
∂2x (U ∗ N (1)

o )(x).

his means that the presence of the background changes the
nitial drive ∂xV (1)

= −
γ

2π ∂x(U ∗ Ñ (1)) in Eq. (29) by modifying
˜ (1)

= N (1)
o into Ñ (1)

= N (1)
o −

αγM(0)z2

4π ∂2x (U ∗ N (1)
o ). Since αγ > 0,

this modification induces an enhancement of the amplitude of
the peak Ñ (1) and a reduction of its radius, which in turn implies
through (29) a stronger gradient catastrophe and through (28) a
stronger collapse singularity.

The numerical simulations confirm this qualitative analysis, as
illustrated in Fig. 7. We have solved numerically the set of coupled
Eqs. (27)–(30). The enhancement of the collapse instability medi-
ated by the background is evidenced by the sign of M (1)(x, z) =

m(1)
k (x, z)dk, see Fig. 7(c). The background depletes on both sides

of the localized beam M (1)(x, z), and the corresponding ‘mass’
contracts on the collapse structure at x ≃ 0, while there is
no ‘mass’ exchange between the background and the collapse
structure. The simulation of the Vlasov Eq. (2) also confirms the
global behavior, as revealed by the corresponding phase-space
evolution, where the local spectrum of the wave-packet exhibits
the expected peculiar folding discussed above, see Fig. 7(d). Note
that in Fig. 7, the perturbative regime (25)–(26) considered in the
theory is well verified during the first stage of propagation (z ≲
90Lnl), while it is not verified nearby the singularity (z ≃ 90Lnl).

The simulations of the Vlasov equation also evidence the en-
hancement of the collapse peak mediated by the background.
We report in Fig. 7(g) the enhancement of the collapse peak
intensity for different background levels M (0). Starting from the
same Gaussian intensity profile, we vary the background levels
M (0), revealing that the collapse peak increases significantly with
the background level.
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Fig. 7. Collapse boost mediated by a strong background. Numerical simulations of the set of Eqs. (27)–(30). It includes the hydrodynamic model for the singular
collapse structure (N (1)(x, z), K (1)(x, z)) given in Eqs. (28)–(29), which is coupled to the incoherent background. The incoherent background is composed of
he strong constant background M (0) , and its small deformation m(1)

k (x, z) governed by the reduced Vlasov Eq. (27). The sum of the intensity contributions
(x, z) = N (1)(x, z) + M (0)

+ M (1)(x, z) is reported in (a). The different colors report the quantities at different propagation lengths, see the legend in (a). The
ransfer of momentum K (1)(x, z) between the background and the collapse structure drives the background-enhanced collapse: The sign of M (1)(x, z) =

∫
m(1)

k (x, z)dk
s important and denotes an enhancement (M (1)(x) > 0) or a decrease (M (1)(x) < 0) of the collapsing structure due to the presence of the stable background: The
mass’ on both sides of the localized beam M (1)(x, z) is transferred toward the beam center, which leads to an enhancement of the collapse structure at x ≃ 0. We
ecall that there is no ‘mass’ exchange between the background and the collapse structure,

∫
M (1)(x, z)dx = 0 for any z. (d) nk(x) obtained by simulation of the

Vlasov Eq. (2), for z = 110Lnl (log10-scale). (e) Evolution of the first-order momentum. (f) The square-shaped pattern of m(1)
k (x) can be explained through the early

stage analysis of the evolution, see Eq. (32) (linear scale). (g) Simulations of the Vlasov Eq. (2) showing the collapse peak enhancement mediated by the background,
∆N = Nmax − M (0) for different background levels M (0) .
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5. Discussion and conclusion

5.1. Toward an incoherent rogue wave phenomenon

In summary, by considering the nonlocal NLS equation, we
have shown that an incoherent speckle beam that evolves in the
strongly nonlinear and highly nonlocal regime exhibits a collec-
tive incoherent collapse, which is characterized by a significant
reduction of the coherence length at the beam center while the
peak of the incoherent beam envelope increases dramatically.
We have shown that the presence of a homogeneous incoherent
background favors the development of the incoherent collapse,
in spite of the fact that the background is modulationally stable.
The theoretical analysis is based on the wave-turbulence Vlasov
equation. By looking for solutions to the Vlasov equation in the
form of singular components coupled to smooth components, we
have shown that the collapse dynamics is governed by a hy-
drodynamic model coupled to the incoherent background by an
effective Vlasov equation. In this way, we have treated the weak
and strong background regimes, and we have shown that the
strong incoherent background significantly boosts the collapse
instability.

We briefly comment here the possible applicability of our
study to extreme wave events, e.g., rogue, or freak waves [18,
111]. Although extreme wave amplitudes have been shown to
emerge from a turbulent state, so far, the rogue wave itself has
been always considered as being inherently a coherent localized
entity. Here, we have shown that a weak intensity perturbation
with a coherence higher than that of the underlying incoherent
background, can lead to the formation of a high-amplitude inco-
herent event, a feature that may be interpreted in analogy with an
incoherent rogue wave phenomenon. Indeed, as discussed above,
the ‘mass’ of the background tends to concentrate on the singular
collapse: The depletion of the background on both sides of the
collapse structure strengthens the growth of the collapse insta-
bility. It turns out that the intensity profile of the giant collapse
peak observed in Fig. 7(a) exhibits some resemblance with a
 ∂

9

‘breather’ structure [111–122], which is known as a prototype
for an extreme event featured by a spatiotemporal localization
of a coherent pulse over a constant-finite background. In future
investigations we plan to study the spontaneous emergence and
the statistics of the incoherent collapse events revealed in this
work.

5.2. Theoretical description of the 2D incoherent collapse

The theory of the incoherent collapse phenomenon discussed
above has been restricted to 1D spatial systems. Here we extend
the theory to 2D, which is particularly relevant to nonlinear
optics experiments, see Section 5.2.2. The main result is that
the incoherent collapse occurs more efficiently in 2D systems as
compared to 1D systems.

Exploiting the property of radial symmetry and strong non-
linear interaction, it was shown in Ref. [68] that the 2D Vlasov
Eq. (2) can be reduced to an effective 1D radial Vlasov equation:

∂z ňk(r, z) + βk∂r ňk(r, z) − ∂rV∂kňk(r, z) = 0, (33)

where ňk(r, z) = kr nk(r, z), with r = |r| and k = |k|. We have

V (r, z) = −
γ

(2π )2

∫
∞

0
Ũ(r, r ′)Ň(r ′, z)dr ′, (34)

˜ (r, r ′) =

∫ 2π

0
U

(√
r2 + r ′2 − 2rr ′ cos θ

)
dθ, (35)

Ň(r, z) =

∫
∞

0
ňk(r, z)dk = rN(r, z). (36)

Following the procedure discussed above in 1D, we study the
ollapse behavior through the analysis of singular solutions of the
ffective Vlasov Eq. (33):

ˇk(r, z) = Ň(r, z)δ
(
k − K (r, z)

)
, (37)

here the ‘density’ Ň(r, z) and ‘momentum’ K (r, z) satisfy the
ydrodynamic-like equations

Ň + α∂ (ŇK ) = 0, (38)
z r
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Fig. 8. Collapse dynamics with a thermal nonlinear optical response. Numerical simulations of the 2D NLS Eq. (1) realized with the thermal nonlinear optical response
U(r) given in Eq. (52) that is relevant to nonlinear optics experiments in lead glasses. The simulation has been realized with parameters that are accessible to currently
available experiments, see the text for details on experimental parameters. Injected speckle beam without background (a), and corresponding collapse peak formed
at the output of the sample (b). (c) Same injected speckle beam as in (a), but superimposed on a (modulationally stable) incoherent background, and corresponding
collapse peak formed at the output of the sample (d).
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∂zK + αK∂rK + ∂rV = 0. (39)

e follow the 1D procedure, and solve these hyperbolic equa-
ions by the method of characteristics. Defining the quantities
(z) = K (R(z), z), τ (z) = ∂zK

(
R(z), z

)
, ξ (z) = ∂rK

(
R(z), z

)
,

(z) = Ň
(
R(z), z

)
= R(z)N

(
R(z), z

)
, we obtain

Ṙ(z) = αw(z), (40)
ẇ(z) = τ (z) + αw(z)ξ (z), (41)
τ̇ (z) = −∂2zrV (R(z), z) − αξ (z)τ (z), (42)

ξ̇ (z) = −∂2r V (R(z), z) − αξ 2(z), (43)

φ̇(z) = −αξ (z)φ(z). (44)

with the initial conditions R(0) = r0, w(0) = 0, τ (0) =

−∂rV (r0, z = 0), ξ (0) = 0, φ(0) = Ň(r0, z = 0). We now analyze
the collapse singularity separately for a smooth response function
and a singular response function, this latter being relevant to
nonlinear optics experiments.

5.2.1. Smooth nonlinear response
We assume that the nonlinear response function U(r) is

smooth and maximal at r = 0, such as a Gaussian-shaped
response. We consider the case where the initial intensity profile
is much narrower than that of the potential, so that we can
approximate V (r, z) ≃ −γNU(r). The analysis is similar to the
1D case, however, caution should be exercised because in 2D
we have N

(
R(z), z

)
= φ(z)/R(z), so that, contrary to 1D, we

an no longer choose the characteristic R(z) = 0 to study the
ingularity. We thus consider a characteristic R(z) starting from
a small but positive r0 > 0. We obtain the following solutions to
the characteristic equations:

ξ (z) = −
κ

√ tan
(√
ακz

)
, (45)
α

10
τ (z) =
τ (0)

cos
(√
ακz

) , (46)

φ(z) =
φ(0)

cos
(√
ακz

) , (47)

with φ(0) = Ň0(r0), τ (0) = γN∂rU(r0) < 0 and κ =

γN |∂2r U(0)|. In deriving these expressions, we consider that
R(z) remains smaller than r0 so that the approximation −γN∂2r U
R(z)) ≃ κ2 is valid. Therefore we find

(z) = τ (0)
sin

(√
ακz

)
√
ακ

, (48)

R(z) = r0 + τ (0)
1 − cos

(√
ακz

)
κ2 . (49)

or small r0 we have τ (0) ≃ γN∂2r U(0)r0+O(r20 ) = −κ2r0+O(r20 ),
o that R(z) ≃ r0 cos

(√
ακz

)
and we also have φ(0) = r0N0(r0) =

0N0(0) + O(r20 ), so that, by taking the limit r0 → 0:

(r = 0, z) = lim
r0→0

φ(z)
R(z)

=
N0(0)

cos2
(√
ακz

) .
To summarize, just before the singularity, we have in 2D:

∂rK (0, z) ≃
−1

α(z∞ − z)
, (50)

N(0, z) ≃
N0(0)

ακ2(z∞ − z)2
. (51)

hen the divergence of the gradient of the momentum has the
ame form as in 1D, see Eq. (15). On the other hand the intensity
eak diverges as ∼ z−1 in 1D (see Eq. (16)), whereas in 2D the

divergence is accelerated as ∼ z−2, which reflects the intuitive
idea that the nonlinear contraction of the beam intensity occurs
more efficiently in 2D than in 1D.
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.2.2. Thermal (singular) nonlinear response
Our work should stimulate nonlinear optics experiments by

onsidering the propagation of a speckle beam in a focusing ther-
al nonlinear medium, such as a lead glass. Lead glasses exhibit
highly nonlocal nonlinear response with a focusing nonlinearity
nd they have been widely used for the observation of spatial
ptical solitons [61–64]. In lead glasses, the laser beam acts as
heat source in the material. Heat then diffuses in the material
ielding a non-uniform temperature distribution and the induced
hange of the refractive index follows a diffusion heat equation.
s a consequence, the normalized nonlinear response in the 2D
LS Eq. (1) takes the form [68,74,78]

(r) =
1

2πσ 2 K0(r/σ ), (52)

where K0(x) denotes the modified Bessel function of second kind
(zero-th order).

To show that the singular response function (52) also leads to
a collapse singularity, we analyze the behavior of the potential
∂2r V (r, z) involved in Eq. (43) for the gradient of the momentum
ξ (z). We consider again the case where the initial intensity profile
is much narrower than that of the potential. Given the log-
singularity of U at 0, the behavior of the potential V (r, z) in
he neighborhood of r = 0 requires special attention. We have
K0(s) = −(log s− ln 2+ γ )(1− s2/4)− s2/4+ o(s2) for small s so
that

∂rV (r, z) = −
γ

(2πσ )3

∫
∞

0

∫ 2π

0
K ′

0(
√
r2 + r ′2 − 2rr ′ cos θ )

×
r − r ′ cos θ√

r2 + r ′2 − 2rr ′ cos θ
dθ Ň(r ′)dr ′

≃
γ

(2πσ )3

∫
∞

0

∫ 2π

0

r − r ′ cos θ
r2 + r ′2 − 2rr ′ cos θ

dθ Ň(r ′)dr ′,

or small r (i.e., smaller than σ ). Since∫ 2π

0

r − r ′ cos θ
r2 + r ′2 − 2rr ′ cos θ

dθ =
2π
r

1[0,r](r ′),

where 1[0,r](r ′) = 1 for 0 ≤ r ′
≤ r and zero for r ′ > r , we find

that

∂rV (r, z) ≃
γ

(2π )2σ 3r

∫ r

0
Ň(r ′)dr ′,

for small r (i.e., smaller than σ ). Using Ň(r) = rN(r), we finally
find that the second derivative of V has the form

∂2r V (r, z) ≃
γ

(2π )2σ 3

(
N(r) −

1
r2

∫ r

0
r ′N(r ′)dr ′

)
,

or small r (i.e., smaller than σ ), and it is equal to γN(0)
2(2π )2σ3 at

he center r = 0. Since this is positive, then Eq. (43) can be
ounded as ξ̇ (z) ≤ −αξ 2, and thus ξ (z) blows up in finite ‘time’.
urthermore, we have φ(z) ∼ exp(−α

∫ z
0 ξ (s)ds) from Eq. (44),

nd the envelope intensity of the incoherent beam also blows
p in finite ‘time’. Then the dynamics described in the case of a
mooth response function in Section 5.2.1 can be observed with
he singular potential in Eq. (52).

We have confirmed this conclusion by performing numerical
imulations of the NLS equation by considering a thermal nonlin-
arity. Our aim here is to confirm that a thermal nonlinearity with
response function U(r) of the form given by Eq. (52) provides
collapse singular behavior similar to that discussed above for
smooth response function. We have performed simulations of

he NLS Eq. (1) with parameters that should be accessible to
urrently available experiments realized in lead glasses. In the
imulation reported in Fig. 8, we consider a laser (wavelength
.5 µm) that passes through a diffuser to generate a speckle beam
11
f ≃ 2.9 mm (FWHM), with correlation length λ0c ≃ 80 µm,
and average power ≃ 1.85 W, which is injected in a lead glass
sample of length ≃12.6 cm. With these parameters the healing
length is Λ ≃ 4.26 µm. As discussed in detail in Ref. [78], the
nonlocal length involved in Eq. (52) is essentially determined by
the boundary conditions imposed by the lead glass sample [78].
We have considered in Fig. 8 a value of σ ≃ 3.4 mm that is
compatible with typical lead glass samples considered in Refs.
[62,78]. In this way, we verify the required separation of spatial
length scales σ ≫ λ0c ≫ Λ. The simulations reported in Fig. 8(a)–
(b) confirm that the speckle beam exhibits a collapse instability.
Furthermore, Fig. 8(c)–(d) also confirms that the development of
such a collapse is favored by the presence of a homogeneous in-
coherent background — we have considered a correlation length
≃ 4 µm in Fig. 8(c)–(d).
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