
Research Article Vol. 39, No. 8 / August 2022 / Journal of the Optical Society of America A 1309

Scintillation of partially coherent light in
time-varying complex media
Josselin Garnier1,3 AND Knut Sølna2,4

1Centre deMathématiques Appliquées, Ecole Polytechnique, Institut Polytechnique de Paris, 91128 Palaiseau Cedex, France
2Department ofMathematics, University of California, Irvine, California 92697, USA
3e-mail: josselin.garnier@polytechnique.edu
4e-mail: ksolna@math.uci.edu

Received 10 January 2022; revised 13 May 2022; accepted 14 June 2022; posted 15 June 2022; published 5 July 2022

We present a theory for wave scintillation in the situation of a time-dependent partially coherent source and a
time-dependent randomly heterogeneous medium. Our objective is to understand how the scintillation index of
the measured intensity depends on the source and medium parameters. We deduce from an asymptotic analysis of
the random wave equation a general form of the scintillation index, and we evaluate this in various scaling regimes.
The scintillation index is a fundamental quantity that is used to analyze and optimize imaging and communication
schemes. Our results are useful to quantify the scintillation index under realistic propagation scenarios and to
address such optimization challenges. ©2022Optica PublishingGroup
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1. INTRODUCTION

We consider the fundamental problem of characterizing the
scintillation of optical measurements with a time-dependent
partially coherent source and a time-dependent random
medium. The scintillation index corresponds to a measure
of the signal-to-noise ratio or relative strength of fluctuations
in intensity. If I is the measured intensity (irradiance), then we
define the scintillation index by

S =
E[I 2
] −E[I ]2

E[I ]2
, (1)

where E[·] stands for the statistical expectation obtained by
averaging over repeated measurements under independent and
identically distributed conditions. Modeling and analysis of
laser speckle and scintillation are classic challenges in optics
[1–3]. A rigorous mathematical analysis and quantification of
scintillation has been a long standing open question despite the
long history and importance of this challenge. General insight
about what governs scintillation is important in the design of
optical systems, for instance, for imaging and communica-
tion through a turbulent atmosphere [4] and through oceanic
turbulence [5].

Here our focus is on a qualitative understanding about how
the source and detector characteristic time scales affect scintil-
lation. The related challenge of choosing appropriate specific
source beams for scintillation control has also received a lot of
attention [6,7]. The motivation for our paper is to consider
simple models for the space and time covariance functions of the
medium fluctuations and the source, which makes it possible
to identify the different time and length scales of the problem

and to carry out calculations to determine the dependence of the
scintillation on these time and length scales. This approach is
standard and gives insight about complex scattering situations
in turbulent media [8]. Here we carry out a rigorous analysis
of the equation that governs the fourth moments of the wave
field and the scintillation index without approximation (such
as a Gaussian approximation that makes it possible to express
fourth-order moments in terms of second-order moments).
In [9,10], we presented an analysis of the scintillation prob-
lem for deterministic coherent beams and plane wave sources
and time-independent media. In this paper, we consider the
scintillation problem when the source is partially coherent in
time and space and the medium has time and space random
fluctuations. Partially coherent sources have indeed been pro-
moted for reducing scintillation at a receiving end in the context
of laser propagation [6,11–13]. Most of these studies rely on
physical experiments or numerics and Monte Carlo simula-
tions to evaluate the scintillation index. From the theoretical
point of view, analysis of wave propagation can be carried out
in a perturbative regime using in particular Rytov theory with
small fluctuations in the wave field to obtain insight about the
scintillation [14,15]. The fluctuations of intensity and how they
depend on source coherence time have been studied in [16,17]
in the situation when the detector response time is either short
or long compared to the source coherence time, but in general,
short compared to the time scale at which the medium changes.
We shall refer to the case when the detector averaging time is
short, respectively, long, compared to the source coherence
time as a fast, respectively, slow, detector. In [16,17], the case
with a spatially coherent (plane wave) source is considered.
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When turbulence is weak, the author uses an approximation
in terms of a phase with Gaussian distribution to character-
ize the scintillation. When turbulence is strong he assumes a
Gaussian field statistics to compute the fourth-order moment.
In [18], this analysis is extended to the case when the source is
also spatially incoherent (delta correlated) in a regime of weak
turbulence. Similar analyses are carried out in [19,20], which
address cases with slow and fast detectors and with a spatially
incoherent source. In [21], it is shown how scintillation with
a spatially partially coherent source can be enhanced by weak
turbulence using the Rytov approximation. The case with a
slow detector, but general spatial coherence, is considered in
[22], which also considers application to communication and
an explicit analysis of a bit error rate. Here we present an analysis
that is valid also in the case of strong turbulence without using
a Gaussian assumption for the distribution of wave field fluc-
tuations and for general magnitudes of the detector response
time and the source coherence radius and time as well as for the
medium coherence time. A case with aperture averaging and
small scintillation index is analyzed mathematically in [23] with
a focus on how scintillation depends on the smoothness of the
deterministic initial condition. Issues related to averaging are
also considered in [24] in the context of deterministic sources
by using a path integral approach for modeling the effect of
turbulence.

In our paper, we consider the high-frequency situation
where the effect of the random medium can be captured by a
white-noise term in the Itô–Schrödinger equation that gov-
erns the evolution of the wave field [25,26]. This equation can
address both weak intensity fluctuations and strong intensity
fluctuations (saturated regime). The response time of the photo-
detector, the coherence times of the source, and the random
medium can be arbitrary, provided that they are larger than the
travel time of the field from the source to the detector through
the medium. Under such circumstances, the effective reduced
system (A13) for the fourth-order moments of the wave field
can be derived from the Itô–Schrödinger equation and used
for numerical evaluation of the scintillation index in the gen-
eral high-frequency situation. Based on this system we here
obtain explicit expressions of the scintillation index in three
scaling regimes determined by the ratio of the correlation radius
of the source over the correlation radius of the medium. We
characterize scintillation with partially coherent sources and
time-dependent random media and quantify how the space–
time statistical parameters of the source and medium affect
the scintillation index. An important aspect of our analysis is
indeed that we allow the medium to be time dependent, so that
it changes on a time scale that is slow relative to the travel time
of the optical field. This is the situation in the context of laser
beam propagation in the atmosphere with turbulence creating
slow temporal changes of the medium. The detector in our
modeling has a finite response time that can be on the time scale
of the changes in the medium. The averaging at the detector can
have a strong impact on the scintillation index depending on the
characteristic time scales involved.

The configuration that we consider is illustrated in Fig. 1
with a partially coherent source field impinging from the left
and propagating through a random medium, and then the
scintillating intensity pattern is recorded at the receiver end.

Fig. 1. Configuration that we consider. A partially coherent source
fluctuating randomly in space and time is impinging on a complex
medium from the left, and the intensity pattern is recorded at the
receiver end to the right.

The complex medium is modeled as random and changes in
space and time. The time changes in the medium happen on
the recording time scale of the detector, but are slow relative to
the travel time of the wave over the considered range. Due to
time averaging, the detector measures a smoothed version of the
intensity, and we seek to characterize the scintillation index of
this measurement, which corresponds to a signal-to-noise ratio.
We assume here scalar wave propagation and model the random
medium in terms of the random fluctuations in the index of
refraction; moreover, we assume no absorption. The scattering
associated with the index of refraction fluctuations produces a
scrambling of the wave field as it propagates. Thus, we have two
sources of randomness in that the source field is partially coher-
ent and modeled as a random field itself, which is then further
randomized due to the medium fluctuations. Our objective is to
characterize the scintillation index of the observed transmitted
intensity pattern shown to the right in the figure.

We comment on a special, but important, case corresponding
to the wave field having a Gaussian distribution. Indeed it is a
well-accepted conjecture that the statistics of the complex wave
field becomes circularly symmetric complex Gaussian when the
wave propagates through a turbulent atmosphere [27,28], and
the conjecture can be proved in certain situations [29–31]. In
the Gaussian case, the intensity is the sum of the squares of two
independent Gaussian random variables, which up to a scaling
has χ -square distribution with two degrees of freedom, that is,
an exponential distribution. This situation gives a unit scintil-
lation index. Based on an analysis of the fourth moment of the
wave field, we identify in this paper regimes that correspond to a
unit value for the scintillation index and that are consistent with
the Gaussian conjecture. The case with a field with Gaussian
statistics is the critical situation with the signal-to-noise ratio of
the intensity being one. In general, the scintillation index can
be below one for small fluctuations in intensity and can reach
values beyond one when the intensity distribution has heavier
tails than those corresponding to the exponential distribution.
We encounter both situations in this paper and discuss what
type of scaling regime may lead to such situations. It is one of the
main points of the paper to show that the analysis of the second-
order moments of the intensity (or fourth-order moments of
the wave field) depends on parameters that are not the ones that
determine the behavior of the second-order moments.

The outline of the paper is as follows. We formulate the prob-
lem in Section 2. This involves defining the statistical models
for the source and the medium and deriving the stochastic par-
tial differential equation, the Itô–Schrödinger equation, that
characterizes the wave field. We then relate the solution of the
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stochastic partial differential equation to the measured scin-
tillation index. The main theoretical foundation for analyzing
the scintillation is a framework for analyzing the fourth-order
moment of the wave field, and we discuss this in Section 3. In
Section 4, we give the main results that characterize the scintil-
lation index in various scaling regimes. In Section 5, we present
an example involving data presented in [12]. Technical calcu-
lations associated with the fourth-order moment equations are
presented in the appendices.

2. PROBING TIME-DEPENDENT COMPLEX
MEDIA WITH PARTIALLY COHERENT SOURCES

In this section, we outline the modeling and the problem that we
will consider. In Section 2.A, we describe the statistical modeling
of the source and of the random medium. In Section 2.B, we give
the Itô–Schrödinger equation that describes the evolution of the
wave field in the random medium. In Section 2.C, we relate the
random transmitted wave field to the quantity of interest, which
is the scintillation index of the measurements.

A. Source and Medium Modeling

The time-harmonic field U(z, x , t) satisfies the Helmholtz
equation

1U + k2
o n2(z, x , t)U =−δ(z) f (x , t), (z, x) ∈R×R2,

(2)
where ko = 2π/λo is the central wavenumber (λo is the cen-
tral wavelength). Here t is the slow time corresponding to the
time at which the random medium and the source change.
Furthermore, 1= ∂2

x1
+ ∂2

x2
+ δ2

z is the Laplacian in the spa-
tial variables. The coherence times of the medium and source
are assumed to be much larger than the travel time from the
source to the detector through the medium, so that t is a frozen
parameter in Eq. (2).

The source f in the plane z= 0 is partially coherent, sta-
tistically stationary in space and time. We model it as a complex
Gaussian process with mean zero, variance one, and covariance:

E
[

f
(

x +
y
2
, t +

τ

2

)
f̄
(

x −
y
2
, t −

τ

2

)]
= F

(
τ

τs

)
exp

(
−
| y|2

4`2
s

)
, (3)

where the bar represents complex conjugation, `s , respectively,
τs , is the correlation radius, respectively, the coherence time,
of the source, and the time covariance function F is normal-
ized so that F (0)= 1 and

∫
∞

0 F (s )ds =O(1). We may use
F (s )= exp(−s 2/4), for instance. Here the correlation radius
of the source `s is assumed to be small relative to the range L ,
and the coherence time τs is assumed to be much larger than
the propagation time L/c o , where c o is the background speed
of propagation, and L is the distance from the source to the
detector. For convenience, we use here a Gaussian correlation
function for the spatial source correlations, but we remark that
we could have used a more general form. A more detailed model
for the source, in particular a discussion of realization via spatial
light modulators (SLMs) can be found in [11,32]. For other

approaches to the generation of the partially coherent source, we
refer to [33], for instance.

The medium is random, and we denote by ν the relative
fluctuations in the square index of refraction: n2(z, x , t)=
1+ ν(z, x , t). The stochastic process ν is stationary in space
and time and zero-mean, and its covariance function is of the
form

E[ν(z′ + z, x ′ + x , t + τ)ν(z′, x ′, t)]

= σ 2
mG

(
τ

τm

)
Cm

(
z
`m
,

x
`m

)
, (4)

where `m , resp. τm , is the correlation radius, resp., the coherence
time, of the random medium fluctuations, σm is the standard
deviation of the fluctuations of the square index of refraction,
and functions G and Cm are normalized so that G(0)= 1,∫
∞

0 G(s )ds = 1, Cm(0, 0)= 1,
∫
R Cm(ζ, 0)dζ = 1, and∫

R2 Cm(0, χ)dχ = 1. The special case where the correlation
function corresponds to Kolmogorov turbulence is discussed
in [34]. Here the correlation radius of the random medium `m

is assumed to be small relative to the range L , and the coher-
ence time of the medium τm is assumed to be much larger than
the propagation time L/c o . Thus, the “turnover time” of the
medium is long compared to the propagation time; however,
we assume that it may be on the scale of the coherence time
of the source τs . Our interest is now in determining how the
characteristics of these source and medium statistics determine
the scintillation index of the transmitted wave field. We discuss
next the equation that can be used to describe the evolution of
the statistics of the wave field, that is, the equation that describes
how the interaction with the random medium modifies the
statistical distribution of the wave field.

B. Itô–Schrödinger Equation

The complex amplitude field u that modulates the carrier plane
wave,

U(z, x , t)=
i

2ko
exp(iko z)u(z, x , t),

satisfies the Itô–Schrödinger equation [35]

du(z, x , t)=
i

2ko
1x u(z, x , t)dz+

iko

2
u(z, x , t) ◦ dB(z, x , t),

(5)
with the initial condition in the plane z= 0:

u(z= 0, x , t)= f (x , t).

Here1x is the transverse Laplacian in x , and t is the slow time
scale corresponding to the time at which the source and the
random medium change. The time t is a frozen parameter in
Eq. (5). This is a consequence of our assumption that the coher-
ence times of the source and of the medium are long relative to
the travel time of the field over the range L . Equation (5) can
also be written in the more familiar form ([36], Section 20.1)

∂zu(z, x , t)=
i

2ko
1x u(z, x , t)+

iko

2
u(z, x , t)Ḃ(z, x , t),

(6)
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provided we interpret Ḃ as a Gaussian process delta-correlated
in z and compute moments involving products of the form
u Ḃ by the Furutsu–Novikov formula ([36], Appendix 20.B).
Equation (6) is also referred to as the Markov approximation
in the physical literature [37,38]. The derivation of Eq. (5)
from Eq. (2) is given in [9,35]. The derivation involves a limit
theorem valid in the white-noise paraxial regime, when the
wavelength is much smaller than the correlation radii of the
source and of the medium, which are themselves much smaller
than the propagation distance. Note that in Eq. (5) the symbol
◦ stands for the Stratonovich stochastic integral. There are,
indeed, different definitions of the stochastic integral; the most
standard definition is the Itô one, which is encountered in finan-
cial mathematics, for instance. In the Itô sense, Eq. (5) takes the
form

du(z, x , t)=
i

2ko
1x u(z, x , t)dz+

iko

2
u(z, x , t)dB(z, x , t)

−
k2

oσ
2
m`m

8
u(z, x , t)dz.

(7)

The derivation of Eq. (5) from Eq. (2) clarifies that the stochas-
tic integral that should be used for the Schrödinger Eq. (5)
is Stratonovich, and this gives the familiar form Eq. (6). The
derivation of Eq. (5) from Eq. (2) does not involve the assump-
tion that the fluctuations of the index of refraction are Gaussian
or delta-correlated. It follows from the derivation that the proc-
ess Ḃ is Gaussian and delta-correlated. From Eq. (5) and Itô’s
formula, it becomes straightforward to derive closed equations
for all moments as we will see below.

In Eq. (5), the process B(z, x , t) is a real-valued Brownian
field over [0,∞)×R2

×R with a covariance that derives from
the model for the medium fluctuations in Eq. (4):

E[B(z, x , t)B(z′, x ′, t ′)]

= σ 2
m`m min{z, z′}G

(
t − t ′

τm

)
C
(

x − x ′

`m

)
, (8)

where C(χ)=
∫
R Cm(ζ, χ)dζ , which is such that C(0)= 1.

The first- and second-order moments of the wave field are well
known (see [36], Chapter 20] and references therein). They can
also be obtained from the Itô–Schrödinger model Eq. (5) by
Itô’s formula [35,39]. The first-order moment of the wave field
is zero. The second-order moment of the wave field (mutual
coherence function) defined by

µ2(z, x , y; τ)=E
[

u
(

z, x +
y
2
, t + τ

)
u
(

z, x −
y
2
, t
)]
(9)

satisfies [9]

∂µ2

∂z
=

i
ko
∇x · ∇ yµ2 +

k2
oσ

2
m`m

4
U2(x , y; τ)µ2, (10)

with the potential U2(x , y; τ)= G(τ/τm)C( y/`m)− 1 and
the initial condition µ2(z= 0, x , y; τ)=E[ f (x + y/2, t +
τ) f (x − y/2, t)], which are both independent of x . The
second-order moment is given by

µ2(z, x , y; τ)= F
(
τ

τs

)

× exp

[
−
| y|2

4`2
s

−
σ 2

mk2
o `m z
4

(
1− G

(
τ

τm

)
C
(

y
`m

))]
.

(11)

By inspection of the behavior of the second-order moment when
τ = 0,

E
[

u
(

z, x +
y
2
, t
)

u
(

z, x −
y
2
, t
)]

= exp

[
−
| y|2

4`2
s
−
σ 2

mk2
o `mz
4

(
1−C

(
y
`m

))]
,

we find that the scattering mean free path `sc (that is, the typical
propagation distance over which a coherent wave becomes inco-
herent) is

`−1
sc =

σ 2
mk2

o `m

4
. (12)

Note that the scattering mean free path therefore is inversely
proportional to the medium correlation length σ 2

m`m . When
C is smooth at zero, C(χ)= 1− c 2|χ |

2
+ o(|χ |2), the

correlation radiusρc (z) of the wave field is

ρ−2
c (z)= `−2

s + 4c 2
z
`sc
`−2

m . (13)

By inspection of the behavior of the second-order moment when
y= 0,

E[u(z, x , t + τ)u(z, x , t)]

= F
(
τ

τs

)
exp

[
−
σ 2

mk2
o `mz
4

(
1− G

(
τ

τm

))]
,

we can see that when F (s )= exp(−s 2/4) and G is smooth at
zero, G(s )= 1− g 2s 2

+ o(s 2), the coherence time τc (z) of the
wave field is

τ−2
c (z)= τ−2

s + 4g 2
z
`sc
τ−2

m . (14)

Therefore, for deep probing, both the correlation radius and
coherence time of the wave field are proportional to the recip-
rocal of the square root of the propagation distance. They both
depend on the ratio of the propagation distance over the scat-
tering mean free path. These calculations are valid as long as the
white-noise, paraxial approximation is valid, that is to say, as
long as ρc (z) is larger than λo . By Eq. (13), this means that the
propagation distance should be smaller than the transport mean
free path:

`tr =
`m

σ 2
m

. (15)

We discuss next the measurements of intensity associated
with the field u and the associated scintillation index.
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C. Measurements and the Challenge of
Understanding Scintillation

The intensity at lateral location x in the plane z= L of the
photodetector is

IT(x)=
1

T

∫ T

0
|u(L, x , t)|2dt . (16)

The intensity profile forms a smoothed speckle pattern. This
smoothed speckle pattern depends in particular on the values of
the integration time T, and coherence times of the source τs and
of the medium τm , and we aim to understand how.

The empirical scintillation index measured by the
photodetector of total aperture A is

S =
1
|A|

∫
A IT(x)2dx −

(
1
|A|

∫
A IT(x)dx

)2

(
1
|A|

∫
A IT(x)dx

)2 . (17)

Here we have assumed that the detector has pixels that are
smaller than the correlation radius of the beam. A more detailed
model for the detector, in particular a discussion of the role
of finite sized pixels of a (CCD) camera, can be found in, for
instance, [12,40]. If the diameter of the photodetector aperture
A is large (much larger than the correlation radius of the beam),
then

S =
E[IT(0)

2
] −E[IT(0)]

2

E[IT(0)]
2 , (18)

which is equal to

S =
2

T

∫ T

0

(
1−

τ

T

) Cov(|u(L, 0, 0)|2, |u(L, 0, τ )|2)

E[|u(L, 0, 0)|2]
2 dτ,

(19)
which is our quantity of interest. Note that the expectation
here and below refers to expectation with respect to both
the randomness of the medium and of the source. Note also
that it follows from [9], Section 5, that E[|u(L, 0, t)|2] = 1.
Therefore, to analyze S, it remains to compute the fourth-order
moment E[|u(L, 0, 0)|2|u(L, 0, τ )|2]. We discuss the task of
computing this moment next.

3. FOURTH-ORDER FIELD MOMENT AND
SCINTILLATION

It is convenient to introduce the notation

fτ = F
(
τ

τs

)
, g τ = G

(
τ

τm

)
. (20)

We also introduce a notation for the fourth moment:

µ4(z, x1, x2, y1, y2; τ)

=E[u(z, x1, t + τ)u(z, y1, t + τ)u(z, x2, t)u(z, y2, t)].
(21)

Here we focus on the fourth moment, while in [41], moments of
all orders were considered under some simplifying assumptions
of a different type. The fourth moment in Eq. (19) is a special

case of the general fourth moment in Eq. (21) corresponding
to evaluation at one spatial point only. The motivation for
introducing the general fourth moment is that we can identify
a partial differential equation satisfied by this general moment,
and we will subsequently discuss the simplification that follows
from evaluating this at particular values for the arguments. The
general fourth moment satisfies the equation

∂µ4

∂z
=

i
2ko

(1x1 +1x2 −1 y1 −1 y2)µ4

+
k2

oσ
2
m`m

4
U4(x1, x2, y1, y2; τ)µ4, (22)

with the generalized potential

U4(x 1, x 2, y1, y2; τ)=C
(

x 1 − y1

`m

)
+C

(
x 2 − y2

`m

)

+ g τC
(

x 1 − y2

`m

)
+ g τC

(
x 2 − y1

`m

)

− g τC
(

x 1 − x 2

`m

)
− g τC

(
y1 − y2

`m

)
− 2,

(23)

and the initial condition

µ4(z= 0, x1, x2, y1, y2; τ)

=E[ f (x1, t + τ) f ( y1, t + τ) f (x2, t) f ( y2, t)].

Equation (22) was derived and studied in [41–44] and [36],
Section 20.13, for time-independent media, and the time-
dependent case (with the frozen assumption) is a rather
straightforward extension. Equation (22) follows from Eq. (5)
using Itô calculus for Hilbert space valued processes [10,45].
Using the Gaussian property of the source and Isserlis formula
(for the computation of high-order moments of the multivariate
normal distribution in terms of its covariance matrix [46]), the
initial condition for the fourth-order moment is

µ4(z= 0, x1, x2, y1, y2; τ)

= exp

(
−
|x1 − y1|

2

4`2
s
−
|x2 − y2|

2

4`2
s

)

+ f 2
τ exp

(
−
|x1 − y2|

2

4`2
s
−
|x2 − y1|

2

4`2
s

)
. (24)

We can now express the quantity of interest, the scintillation
index Eq. (19), in terms of the general fourth moment:

S =
2

T

∫ T

0

(
1−

τ

T

) µ4(L, 0, 0, 0, 0; τ)−µ2(L, 0, 0; 0)2

µ2(L, 0, 0; 0)2
dτ,

(25)
where µ2(L, 0, 0; 0)=E[|u(L, 0, t)|2] = 1. Thus, it is the
special fourth moment µ4(L, 0, 0, 0, 0; τ) that is needed
to analyze the scintillation index. The explicit solution of the
problem Eq. (22) is not known. In some scaling regimes, we can,
however, identify asymptotic solutions using the framework
introduced in [10]. In Appendix A, we discuss a fundamental
transformation of the fourth-moment equation in Eq. (22) to
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a simplified problem from which the special fourth moment
µ4(L, 0, 0, 0, 0; τ)derives.

4. SCINTILLATION IN CANONICAL SCALING
REGIMES

We discuss here the three scaling regimes for scintillation. In
these regimes, we can solve for the fourth moment in Eq. (22)
explicitly. This allows us to get quantitative insight about the
behavior of the scintillation and how it depends on the charac-
teristic parameters in the problem, and we comment on this in
detail. The first two regimes are particular cases of the far-field
(or Fraunhofer) regime λo L

min (`s ,`m )
2 � 1, when L & `sc. The

third regime is a special Fresnel regime λo L
min (`s ,`m )

2 ∼ 1, when
L� `sc. The parameter determining the different regimes of
scintillation is the ratio of the correlation radius `s of the source
over the correlation radius `m of the medium fluctuations. If we
address a multiscale medium such as a turbulent medium with
a Kolmogorov spectrum, then we may think that the regime
`s ∼ `m is the relevant one, as the wave will be affected mostly by
the structures with the same scale as its correlation radius [47].
The analysis of the three canonical regimes `s � `m , `s ∼ `m ,
`s � `m goes beyond the Kolmogorov spectrum and makes it
possible to clarify the roles of the different scales.

A. Source with Large Correlation Radius

We consider first the regime in which the correlation radius `s

of the source is larger than the correlation radius of the medium
`m , so that λo L

`2
m
� 1 but λo L

`m`s
. 1. We carry out the analysis

of this regime in Appendix B.1 where we derive the following
expression for the scintillation index Eq. (25):

S =
2

T

∫ T

0

(
1−

τ

T

)
×

[
f 2
τ exp

(
−2
(1− g τ )L

`sc

)
+Qg τ (L)+ f 2

τ Q1(L)
]

dτ,

(26)

where

Qg (L)= exp

(
−2

L
`sc

)
1

2π

∫
R2

exp

(
−
|s |2

2

)

×

[
exp

(
2

L
`sc

g
∫ 1

0
C
(

L s s ′

ko`m`s

)
ds ′
)
− 1

]
ds .

(27)

When λo L
`m`s
� 1, the expression is simpler:

Qg (L)= exp

(
−2

L
`sc
(1− g )

)
− exp

(
−2

L
`sc

)
,

which depends only on the scattering mean free path. In general,
for λo L

`m`s
. 1, the function Eq. (27) depends on the two-point

statistics of the random medium fluctuations and reflects their
cumulative effects onto the wave propagation over the propa-
gation distance L . Note that g = 0 corresponds to the situation

with intensities of wave fields having propagated through
uncorrelated random media and that indeedQ0(L)= 0.

The first term in the square brackets in Eq. (26) corresponds
to the scintillation contribution from the fluctuations of the
source, and this contribution is damped by temporal decorre-
lation of the medium fluctuations as well as temporal averaging
at the detector. The second term in the square brackets is the
scintillation contribution produced by the random medium
fluctuations and is again damped by temporal decorrelation of
the random medium fluctuations. The last term in the square
brackets is a cross term reflecting the scintillation contribution
from the combined effect of medium and source fluctuations.

We next discuss the behavior of the scintillation index in vari-
ous special cases.

• Note first that a rapid decay of fτ corresponds to rapid
decorrelation of the source in time. Such a rapid decorrelation
serves to reduce the scintillation index due to averaging by the
photodetector. Similarly, a rapid decay of g τ corresponds to
rapid decorrelation in the medium fluctuations and reduced
scintillation due to averaging over incoherent contributions. We
find from Eq. (26) that when T becomes much larger than the
coherence times of the source and of the medium, and assuming
that τ 7→ fτ ∈ L2 (i.e., is square-integrable) and that g τ goes
to zero at infinity fast enough so that τ 7→ Qg τ (L) ∈ L1 (i.e., is
integrable), then we have

S ' 0

for any propagation distance.
• When the response time T of the detector is smaller

than the coherence time of the medium, we have g τ ≡ 1 for all
τ ∈ [0, T]. In other words, the medium is frozen on the response
time window of duration of the detector. We then have

µ4(L, 0, 0, 0, 0; τ)−µ2(L, 0, 0)2

µ2(L, 0, 0)2
= f 2

τ + (1+ f 2
τ )Q1(L),

(28)
for all τ ∈ [0, T]. This implies that when τ is larger than the
source coherence time, the initial fields at two times sepa-
rated by τ are independent ( fτ = 0), but the intensities of the
transmitted fields at two such times are correlated. Under such
circumstances, the correlation degree Eq. (28) is zero at L = 0, it
is not zero for positive L , and it goes to zero as L→+∞. When
τ is smaller than or of the same order as the source coherence
time, the initial fields at two times separated by τ are correlated
and the transmitted intensities are correlated with the correla-
tion degree Eq. (28). As a consequence, the scintillation index is
given by

S =
2

T

∫ T

0

(
1−

τ

T

)
[ f 2
τ + (1+ f 2

τ )Q1(L)]dτ, (29)

so that when T becomes much larger than the coherence time of
the source, and assuming that fτ ∈ L2, then we have

S 'Q1(L).

This shows that the scintillation index corresponding to averag-
ing of the initial incoherent intensity is zero, while the one corre-
sponding to the transmitted intensity is not.
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• When the response time T of the detector is smaller than
both the coherence times of the source and the medium, we have
fτ = g τ = 1 for all τ ∈ [0, T], and we have

S =
µ4(L, 0, 0, 0, 0; 0)−µ2(L, 0, 0; 0)2

µ2(L, 0, 0; 0)2
= 1+ 2Q1(L).

(30)
Thus, initially the scintillation index is one (because the source
has Gaussian distribution), then it reaches beyond one in a
mixing region and returns to one for large propagation dis-
tances. Indeed, the fluctuations of the initial field happen on a
spatial scale that is large relative to the scale of the field variations
imposed by the random medium fluctuations resulting in a non-
Gaussian mixture situation with a scintillation index beyond
one.

• Consider the regime where the propagation distance is
larger than the scattering mean free path:

αL := 2
L
`sc
� 1, (31)

so that in the case of coherent sources, most of the wave energy
has been transferred to incoherent wave energy. We will in this
context assume that C is smooth and isotropic, so that we have
(remember C(0)= 1)

C(χ)= 1− c 2|χ |
2
+ o(|χ |2). (32)

Then we we can compute a simplified expression forQg (L) and
find

Qg (L)
αL�1
' exp

(
−2

L
`sc
(1− g )

)
1

1+ c2σ
2
m L3g

3`m`
2
s

, (33)

so that Q1(L) goes to zero when the propagation distance L
becomes larger than the critical length:

`c := σ
−2/3
m `1/3

m `2/3
s , (34)

which is not the scattering mean free path, nor the transport
mean free path. It is larger than the scattering mean free path
because `

3/2
c /`3/2

sc ∼ (`m`s )/(`scλo )� (`m`s )/(Lλo )& 1,
and smaller than the transport mean free path because
`

3/2
c /`

3/2
tr ∼ `s /`tr� 1.

In Fig. 2, we illustrate the behavior of scintillation in the
regime `s � `m , so that the lateral coherence scale of the source
is larger than the correlation range of the medium. The figure
shows how the scintillation index in Eq. (30) depends on the
propagation distance. We introduce the length parameter

`=
`m`s

λo
.

Then we show the scintillation index as a function of L/` for
three different values of the parameter

α` = 2
`

`sc
,

when C(χ)= exp(−|χ |2/2). Note that with stronger medium
fluctuations, the maximum value for the scintillation index is
larger and happens for shorter propagation distances.
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Fig. 2. Scintillation indexS as a function of the relative propagation
distance L/` for three values of α` = 2`/`sc. The figure corresponds
to the regime `s � `m for small recording times at the detector (small
means smaller than the coherence times of the source and of the
medium) so that the scintillation index is given by Eq. (30).

B. Source with Intermediate Correlation Radius

We consider next the case when the correlation radius of the
source is of the same order as the correlation radius of the
medium, so that λo L

`2
m
� 1 and λo L

`m`s
� 1. We carry out the analy-

sis in Appendix B.2 where we derive the following expression for
the scintillation index Eq. (25):

S =
2

T

∫ T

0

(
1−

τ

T

) [
f 2
τ exp

(
−

2(1− g τ )L
`sc

)]
dτ . (35)

As above, the term in the square brackets corresponds to scin-
tillation contribution from the fluctuations in the source, and
this contribution is damped by fast temporal decorrelation of
the medium fluctuations (small g τ ), moreover, by smoothing
at the detector. Note that this term corresponds to the first term
in the square brackets in Eq. (26). Indeed, the last two terms in
the square brackets in Eq. (26) become small when `s is reduced,
so that λo L

`m`s
� 1. The situation with `s ∼ `m is the regime

considered here. If we further reduce `s so that `s � `m , then we
transition towards the regime considered in the next section. In
the regime `s ∼ `m , we can observe the following behaviors.

• In the case when T becomes much larger than the coher-
ence time of the source, and assuming that fτ ∈ L2, we have

S ' 0

for any propagation distance due to averaging at the
photodetector.

• For T smaller than the coherence times of both the source
and the medium, we have fτ = g τ = 1 for all τ ∈ [0, T], and
then

S ' 1.

Here the field behaves as a complex Gaussian field, because
the fluctuations in the source and in the medium happen at the
same scale.

In Figs. 3 and 4, we illustrate the behavior of the scintillation
index in the regime `s ∼ `m . The figures show how the scintilla-
tion index depends on the magnitudes of the integration time at
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Fig. 3. Scintillation index S as a function of the coherence times
of the source and of the random medium, plotted here as a function
of T/τs and T/τm , with T the recording time of the detector, in the
regime `s ∼ `m[see Eq. (35)]. Here αL = 2L/`sc = 3. The two solid
black lines correspond to contour levels S = .8 and .2. Note that here
and below, we adapt the color scale to the particular distribution of
scintillation index values.

Fig. 4. As in Fig. 3, but hereαL = 2L/`sc = 1/3.

the detector relative to the coherence times of the source and of
the medium. The two figures correspond to two different values
for the parameter αL = 2L/`sc. The time coherence functions
fτ and g τ are chosen to be Gaussian:

fτ = exp

(
−
τ 2

2τ 2
s

)
, g τ = exp

(
−
τ 2

2τ 2
m

)
. (36)

Note how strong medium fluctuations serve to reduce the
scintillation index in the case with a time-dependent random
medium and temporal averaging at the detector, moreover, how
also long duration detector temporal averaging serves to reduce
the scintillation index.

C. Source with Small Correlation Radius

We finally consider the regime in which the correlation radius of
the source is smaller than the correlation radius of the medium,
and we have λo L

`2
s
. 1. A similar regime (called spot-dancing

regime) has already been considered in the literature to study
coherent and narrow beam propagation: the beam propagates
with the same transverse profile as in a homogeneous medium,
but its center randomly wanders, more exactly, its center is a
random process whose standard deviation increases with propa-
gation distance [9,48]. Here we also assume that C is smooth
and isotropic with an expansion as in Eq. (32). We carry out
the analysis in Appendix B.3 where we derive the following
expression for the scintillation index Eq. (25):

S =
2

T

∫ T

0

(
1−

τ

T

)  f 2
τ

1+ c2 L3

`3
c
(1− g τ )

 dτ, (37)

where `c is defined by Eq. (34). The numerator within the
square brackets corresponds to the scintillation contribution
of the Gaussian source, while the denominator corresponds to
damping of the scintillation index due to temporal decorrelation
in the random medium. We can moreover make the following
observations.

• When T becomes much larger than the coherence time of
the source, and assuming that fτ ∈ L2, then we have

S ' 0

for any propagation distance. Note that the scintillation index
is small even if the medium is frozen since the medium fluctu-
ations do not strongly contribute to the intensity correlations
with the very small source correlation radius.

• For T smaller than the coherence times of the source and
of the medium, we have fτ = g τ = 1 for all τ ∈ [0, T], and it
follows that

S ' 1.

This corresponds to a Gaussian situation since the random
medium fluctuations again do not strongly affect the corre-
lations in this case with a source with rapid stationary spatial
fluctuations. This is in contrast to the situation with a deter-
ministic beam source when the spot-dancing property produces
a heavy-tailed intensity distribution and large scintillation
index (a non-central chi-square distribution with two degrees of
freedom, also known as the Rice–Nakagami distribution [9]).

In Figs. 5 and 6, we illustrate the behavior of the scintillation
index in the regime `s � `m . The figure shows how the scintil-
lation index depends on the magnitudes of the coherence times
of the source and of the medium relative to the integration time
at the detector. The two figures correspond to two different
values for the ratio of the propagation distance L over the critical
length `c defined by Eq. (34), and we again assume a Gaussian
time coherence function fτ as in Eq. (36). As above, note how
strong medium fluctuations serve to reduce the scintillation
index in the case with a time-dependent random medium and
temporal averaging at the detector, moreover, how again long
detector temporal averaging serves to reduce the scintillation
index.
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Fig. 5. Scintillation index S as a function of (reciprocal) coherence
times of the source and of the random medium, respectively, τs and τm ,
relative to T, recording time of the detector, in the regime `s � `m [see
Eq. (37)]. Here c 2 L3/`3

c = 9. The two solid black lines correspond to
contour levelsS = .8 and .2.
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Fig. 6. As in Fig. 5, but with c 2 L3/`3
c = 1.

5. EXAMPLE WITH EXPERIMENTAL DATA

We discuss an example with real data taken from [12] by Nelson
et al . The experiment in [12] involves an over-the-water laser
beam link at the United States Naval Academy. The source is
partially coherent (multi-Gaussian Schell model) and realized
via a SLM. The measurement procedure at the CCD camera
corresponds to a recording time of T = 60 s. The experiment is
carried out for various values for the source coherence time τs
realized via varying the SLM cycling rate. The field trials were
conducted in July and were performed during the night in calm
weather conditions over a maritime link of 323 m. We refer to
[12] for a more detailed description of the experimental setup.
Assuming a frozen medium in view of calm weather, we can then
model the observed scintillation index as in Eq. (29):

S =
2

T

∫ T

0

(
1−

τ

T

)
[ f 2
τ + (1+ f 2

τ )Q1(L)]dτ
τs�T
→

d1

τ−1
s

+ d2,

(38)
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Fig. 7. Measurements of scintillation index as function of the SLM
cycling rate (red stars). The observations conform well with the theo-
retical predictions in Eq. (29) (dashed line) assuming a frozen medium.
The dotted line corresponds to fitting of the model in Eq. (39) taken
from [18].

and we can fit the parameters d1, d2 via least squares. The results
are shown in Fig. 7 by the dashed line, and we can see an excel-
lent fit between model and data. The regime of a slow detector
relative to the temporal source coherence time and with a short
source spatial coherence scale and frozen medium was analyzed
in [18] using the extended Huygens–Fresnel principle, and it
gives the following scintillation model:

S '
d2√

1+ d1τ 2
s

. (39)

By a least squares fit of d1, d2, we get the dotted line in Fig. 7.

6. CONCLUSION

We have considered the scintillation of a wave field that is
observed after propagation through a time-dependent random
medium. The source is partially coherent in time and space and
constitutes a random field in lateral space and time variables.
We consider a high-frequency and far-field regime. We give here
precise characterizations of the scaling regimes leading to the
different canonical forms of scintillation. The central scaling
parameters are the temporal and spatial statistical coherence
lengths of the source and of the random medium, in addition
to the propagation range and the strength of random medium
fluctuations, and the response time of the photodetector. In
the high-frequency and far-field regime, three scaling regimes
are identified depending on the magnitude of the spatial cor-
relation radius of the source relative to that of the medium.
We identify general formulas for the scintillation index in each
regime and discuss special cases corresponding to an effective
Gaussian situation with a scintillation index equal to one, a
non-Gaussian mixture situation with a scintillation index reach-
ing beyond one, and situations with a small scintillation index
corresponding to a desirable high signal-to-noise ratio for the
measured intensity. In particular, temporal averaging creates
situations with a low scintillation index. In the context of, for
instance, communication, however, long recording times are
not in general desirable, and our analysis presents quantitative
insights about appropriate trade-offs that can be made for opti-
mal system performance. Such particular system optimization
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challenges are left for future work. We also remark that we have
considered the case when the source has infinite lateral spatial
extent and is a stationary stochastic process in lateral space coor-
dinates and time. The case when the source is modulated by a
finite source aperture and the associated challenge of identifying
the spreading of the wave field and the evolution of speckle
statistics can be analyzed via similar theoretical frameworks as
those presented here, but is also left for future work.

APPENDIX A: ANALYSIS OF FOURTH-ORDER
MOMENT EQUATIONS

The main equation underlying the above results is a simplified
equation deriving from Eq. (22) and from which the expressions
of the special fourth moments µ4(L, 0, 0, 0, 0; τ) follow.
We deduce this equation here and analyze it in the specific
scintillation regimes in Appendix B.

Consider the general moments in Eq. (21) satisfying Eq. (22)
with initial condition Eq. (24). It will be convenient to parame-
terize the four points x1, x2, y1, y2 in Eq. (21) in a special way:

x1 =
r1 + r2 + q1 + q2

2
, y1 =

r1 + r2 − q1 − q2

2
,

(A1)

x2 =
r1 − r2 + q1 − q2

2
, y2 =

r1 − r2 − q1 + q2

2
.

(A2)
In particular, r1/2 is the barycenter of the four points
x1, x2, y1, y2:

r1 =
x1 + x2 + y1 + y2

2
, q1 =

x1 + x2 − y1 − y2

2
,

r2 =
x1 − x2 + y1 − y2

2
, q2 =

x1 − x2 − y1 + y2

2
.

We denote by µ the fourth-order moment in these new
variables:

µ(z, q1, q2, r1, r2; τ)=µ4(z, x1, x2, y1, y2; τ), (A3)

with x1, x2, y1, y2 given by Eqs. (A1) and (A2) in terms of
q1, q2, r1, r2.

In the variables (q1, q2, r1, r2), the function µ satisfies the
system

∂µ

∂z
=

i
ko
(∇r1 · ∇q1 +∇r2 · ∇q2)µ

+
σ 2

mk2
o `m

4
U(q1, q2, r1, r2; τ)µ, (A4)

with the generalized potential

U(q1, q2, r1, r2; τ)=C
(

q2 + q1

`m

)
+C

(
q2 − q1

`m

)
+ g τC

(
r2 + q1

`m

)

+ g τC
(

r2 − q1

`m

)
− g τC

(
q2 + r2

`m

)
− g τC

(
q2 − r2

`m

)
− 2. (A5)

The Fourier transform (in q1, q2, r1, and r2) of the fourth-order
moment is defined by

µ̂(z, ξ 1, ξ 2, ζ 1, ζ 2; τ)

=

∫∫
R2×R2×R2×R2

µ(z, q1, q2, r1, r2; τ)

× exp(−iq1 · ξ 1 − iq2 · ξ 2 − i r1 · ζ 1 − i r2 · ζ 2)dq1dq2dr1dr2.
(A6)

It satisfies

∂µ̂

∂z
+

i
ko
(ξ 1 · ζ 1 + ξ 2 · ζ 2)µ̂

=
σ 2

mk2
o `

3
m

4(2π)2

∫
R2

Ĉ(k`m)[µ̂(ξ 1 − k, ξ 2 − k, ζ 1, ζ 2)

+ µ̂(ξ 1 + k, ξ 2 − k, ζ 1, ζ 2)− 2µ̂(ξ 1, ξ 2, ζ 1, ζ 2)

+ g τ µ̂(ξ 1 + k, ξ 2, ζ 1, ζ 2 − k)+ g τ µ̂(ξ 1 − k, ξ 2, ζ 1, ζ 2 − k)

− g τ µ̂(ξ 1, ξ 2 − k, ζ 1, ζ 2 − k)− g τ µ̂(ξ 1, ξ 2 + k, ζ 1, ζ 2 − k)]dk,
(A7)

starting from

µ̂(z= 0, ξ 1, ξ 2, ζ 1, ζ 2; τ)

= (2π)8φ
`−1

s
(ξ 1)φ`−1

s
(ξ 2)δ(ζ 1)δ(ζ 2)

+ (2π)8 f 2
τ φ`−1

s
(ξ 1)φ`−1

s
(ζ 2)δ(ζ 1)δ(ξ 2). (A8)

Here Ĉ(q)=
∫
R2 C(χ) exp(iq · χ)dχ is the Fourier transform

of C ,

φκ(ξ)=
1

2πκ2
exp

(
−
|ξ |2

2κ2

)
(A9)

is the two-dimensional centered isotropic Gaussian density
with standard deviation κ , δ is the Dirac delta distribution, and
fτ , g τ are defined in Eq. (20). We now seek to characterize

µ4(L, 0, 0, 0, 0; τ)=µ(L, 0, 0, 0, 0; τ)

=
1

(2π)8

∫∫
R2×R2×R2×R2

× µ̂(L, ξ 1, ξ 2, ζ 1, ζ 2; τ)dξ 1dξ 2dζ 1dζ 2.
(A10)

Due to the special initial condition that is proportional to δ(ζ 1),
the solution µ̂ to Eq. (A7) is itself proportional to δ(ζ 1), and
we can therefore reduce the problem Eq. (A7) to the analysis of
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η̂(z, ξ 2, ζ 2; τ)=
1

(2π)4

∫∫
R2×R2

µ̂(z, ξ 1, ξ 2, ζ 1, ζ 2; τ)dξ 1dζ 1.

(A11)
The quantity of interest is then

µ4(L, 0, 0, 0, 0; τ)=
1

(2π)4

∫∫
R2×R2

η̂(L, ξ 2, ζ 2; τ)dξ 2dζ 2.

(A12)
The function η̂(z, ξ 2, ζ 2) is a solution to the characteristic
system

∂η̂

∂z
+

i
ko

ξ 2 · ζ 2η̂=
σ 2

mk2
o `

3
m

4(2π)2

∫
R2

Ĉ(k`m)[−2η̂(ξ 2, ζ 2)

+ 2η̂(ξ 2 − k, ζ 2)+ 2g τ η̂(ξ 2, ζ 2

− k)− g τ η̂(ξ 2 − k, ζ 2 − k)

− g τ η̂(ξ 2 + k, ζ 2 − k)]dk,
(A13)

starting from

η̂(z= 0, ξ 2, ζ 2; τ)= (2π)
4φ`−1

s
(ξ 2)δ(ζ 2)+ (2π)

4 f 2
τ φ`−1

s
(ζ 2)δ(ξ 2).

(A14)
This simplified system of Eqs. (A13) and (A14) underlies
the scintillation results presented above. Note that the fourth-
moment problem has been reduced to a problem defined relative
to two, rather than four, copies of the lateral spatial variables.
We derive explicit solutions to this system in different scaling
regimes in Appendix B.

APPENDIX B: DERIVATION OF SCINTILLATION
RESULTS

As mentioned in Section 2.B, the Itô–Schrödinger equation is
valid in the white-noise paraxial regime, when the wavelength
is much smaller than the correlation radii of the source and
of the medium, which are themselves much smaller than the
propagation distance. By the Itô–Schrödinger equation, the
fourth-order moment Eq. (21) satisfies a closed Eq. (22). In this
appendix, we derive closed form expressions of the solution to
Eq. (22) in three special white-noise paraxial regimes, depend-
ing on the ratio of the correlation radii of the source and of the
medium.

B.1. Scintillation Regime with a Large Correlation
Radius of the Source

We consider the white-noise paraxial regime in which, addi-
tionally, the correlation radius of the source is larger than the
correlation radius of the medium `s � `m and derive the results
presented in Section 4.A. More exactly, we here deal with the
following scaled regime:

`m

`s
∼ ε,

L
`s
∼ α−1,

λo

`s
∼ αε, σ 2

m ∼ α
3ε, (B1)

and we assume α� ε� 1 (note that L/`sc ∼ 1 and
λo L/`2

m ∼ ε
−1). This means that the paraxial white-noise

limit α→ 0 is taken first (and we get an ε-dependent Itô–
Schrödinger equation), and then we want to apply the limit

ε→ 0 in the fourth-moment Eq. (A13). In view of Eq. (B1), it is
natural to introduce the rescaled function

η̃ε(z, ξ 2, ζ 2; τ)= η̂
( z
ε
, ξ 2, ζ 2; τ

)
exp

(
i

z
εko

ξ 2 · ζ 2

)
.

(B2)
In the regime Eq. (B1), the rescaled function η̃ε satisfies the
equation with fast phases:

∂η̃ε

∂z
=Lεz η̃ε, (B3)

where

Lε
z η̃(ξ 2, ζ 2)=

σ 2
mk2

o `
3
m

4(2π)2

∫
R2

Ĉ(k`m)

[
−2η̃(ξ 2, ζ 2)+ 2η̃(ξ 2 − k, ζ 2)e

i z
εko

k·ζ 2

+ 2g τ η̃(ξ 2, ζ 2 − k)e i z
εko

k·ξ2

− g τ η̃(ξ 2 − k, ζ 2 − k)e i z
εko
(k·(ζ 2+ξ2)−|k|

2)

− g τ η̃(ξ 2 − k, ζ 2 + k)e i z
εko
(k·(ζ 2−ξ2)+|k|

2)
]

dk,

(B4)

and the initial condition is

η̃ε(z= 0, ξ 2, ζ 2; τ)= (2π)
4φε/`s (ξ 2)δ(ζ 2)

+ (2π)4 f 2
τ φε/`s (ζ 2)δ(ξ 2). (B5)

Note that φκ belongs to L1 and has an L1-norm equal to one.
The asymptotic behavior as ε→ 0 of the moments is therefore
determined by the solutions to partial differential equations
with rapid phase terms. We can now proceed as in [10], and we
obtain the following proposition.

Proposition B.1. In the regime Eq. (B1), the function
η̃ε(z, ξ 2, ζ 2; τ) has the form

η̃ε(z, ξ 2, ζ 2; τ)= K (z)φε/`s (ξ 2)δ(ζ 2)+ K (z)A1(z, ξ 2, 0)δ(ζ 2)

+ K (z)Ag τ

(
z, ζ 2,

ξ 2

ε

)
φε/`s (ξ 2)

+ f 2
τ K (z)δ(ξ 2)φε/`s(ζ 2)

+ f 2
τ K (z)Ag τ (z, ζ 2, 0)δ(ξ 2)

+ f 2
τ K (z)A1

(
z, ξ 2,

ζ 2

ε

)
φε/`s (ζ 2)

+ Rε(z, ξ 2, ζ 2; τ),

(B6)

where the functions K and Ag are defined by

K (z)= (2π)4 exp

(
−
σ 2

mk2
o `mz
2

)
, (B7)
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Ag (z, ξ , ζ )=
1

(2π)2

∫
R2

×

[
exp

(
σ 2

mk2
o `m g
2

∫ z

0
C
(

x
`m
+

ζ z′

ko`m

)
dz′
)
− 1

]
× exp(−iξ · x)dx ,

(B8)

and the function Rε satisfies supz∈[0,L] ‖

Rε(z, ·, ·; τ)‖L1(R2×R2)

ε→0
→ 0.

We remark that

K 1/4(z)
2π

= exp

(
−
σ 2

mk2
o `mz
8

)
(B9)

represents the effective damping of the mean wave field and
transfer of coherent energy to incoherent wave energy in the
case of a frozen medium and deterministic sources. We remark
moreover that the factor Ag depends on the two-point statistics
of the random medium at lateral offsets and captures effects of
lateral scattering of wave field energy. As a result, the quantity of
interest in Eq. (A12) is then

µε4(L, 0, 0, 0, 0; τ)= 1+ f 2
τ exp

(
−
σ 2

m(1− g τ )k2
o `m L

2

)
+Qg τ (L)+ f 2

τ Q1(L),
(B10)

with

Qg (L)= exp

(
−
σ 2

mk2
o `m L
2

) ∫
R2
φ
`−1

s
(ζ )

×

[
exp

(
σ 2

mk2
o `m g
2

∫ L

0
C
(

ζ z
ko`m

)
dz
)
− 1

]
dζ .

(B11)

Therefore, the relative covariance of the intensities at time zero
and time τ is

µε4(L, 0, 0, 0, 0; τ)−µε2(L, 0, 0; 0)2

µε2(L, 0, 0; 0)2

= f 2
τ exp

(
−
σ 2

m(1− g τ )k2
o `m L

2

)
+Qg τ (L)+ f 2

τ Q1(L).

(B12)

This gives the result Eq. (26) for the scintillation index in the
regime `s � `m .

B.2. Scintillation Regime with an Intermediate
Correlation Radius of the Source

We consider the white-noise paraxial regime in which, addi-
tionally, the correlation radius of the source is of the same order
as the correlation radius of the medium `s ∼ `m . This is the
regime when the source lateral spatial fluctuations take place
on the same scale of variation as that of random microstructure
fluctuations, rather than being large relative to this scale as in

Section B.1. More exactly, we here deal with the following scaled
regime:

`m

`s
∼ 1,

L
`s
∼ α−1ε−1,

λo

`s
∼ α, σ 2

m ∼ α
3ε, (B13)

and we assume α� ε� 1 (note that L/`sc ∼ 1 and
λo L/`2

m ∼ ε
−1). This means that the paraxial white-noise

limit α→ 0 is taken first, and then we want to apply the limit
ε→ 0 in the fourth-moment Eq. (A13). As above, we introduce
the rescaled function

η̃ε(z, ξ 2, ζ 2; τ)= η̂
( z
ε
, ξ 2, ζ 2; τ

)
exp

(
i

z
koε

ξ 2 · ζ 2

)
.

(B14)
In the regime Eq. (B13), the rescaled function η̃ε satisfies again
the equations with fast phases, Eqs. (B3) and (B4), here with the
initial condition given by Eq. (A14). The asymptotic behavior as
ε→ 0 of the moments is therefore determined by the solutions
to partial differential equations with rapid phase terms. We can
again proceed similarly as in [10], and we obtain the following
proposition.

Proposition B.2. In the scintillation regime Eq. (B13), the func-
tion η̃ε(z, ξ 2, ζ 2; τ)has the form

η̃ε(z, ξ 2, ζ 2; τ)= (2π)
4 B1(z, ξ 2)δ(ζ 2)

+ (2π)4 f 2
τ Bg τ (z, ζ 2)δ(ξ 2)+ Rε(z, ξ 2, ζ 2; τ),

(B15)

with

Bg (z, ξ)=
1

(2π)2

∫
R2

exp

(
−iξ · x −

|x |2

2`2
s

−
σ 2

mk2
o `m z
2

[
1− g C

(
x
`m

)])
dx ,

(B16)

and the function Rε satisfies supz∈[0,L] ‖

Rε(z, ·, ·; τ)‖L1(R2×R2)

ε→0
→ 0.

As a result, the quantities of interest Eq. (A12) are

µε4(L, 0, 0, 0, 0; τ)= 1+ f 2
τ exp

(
−
σ 2

m(1− g τ )k2
o `mL

2

)
(B17)

and

µε4(L, 0, 0, 0, 0; τ)−µε2(L, 0, 0; 0)2

µε2(L, 0, 0; 0)2

= f 2
τ exp

(
−
σ 2

m(1− g τ )k2
o `mL

2

)
. (B18)

This then gives the result Eq. (35) for the scintillation index.

B.3. Scintillation Regime with a Small Correlation
Radius of the Source

We finally consider the white-noise paraxial regime in which,
additionally, the correlation radius of the source is smaller than
the correlation radius of the medium `s � `m and derive the
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result Eq. (37) for the scintillation index in this regime. More
exactly, we here deal with the following scaled regime:

`m

`s
∼ ε−1,

L
`s
∼ α−1,

λo

`s
∼ α, σ 2

m ∼ α
3ε−1, (B19)

and we assume α� ε� 1 (note that L/`sc ∼ ε
−2 and

λo L/`2
s ∼ 1). This means that the paraxial white-noise limit

α→ 0 is taken first, and then we want to apply the limit ε→ 0
in the fourth-moment Eq. (A13). We also assume that C
is smooth and isotropic, so that we have Eq. (32), and also

1
(2π)2

∫
R2 Ĉ(q)q ⊗ qdq = 2c 2I. We denote by η̂ε the function

Eq. (A11) in the regime Eq. (B19). Then we find that in the
regime of small ε, the function η̂ε(z, ξ 2, ζ 2; τ) is a solution to
the system

∂η̂ε

∂z
+

i
ko

ξ 2 · ζ 2η̂
ε
=
σ 2

mk2
o c 2(1− g τ )

2`m
1ξ2 η̂

ε, (B20)

with the initial condition given by Eq. (A14). We can easily solve
Eq. (B20) via a Fourier transform and find Proposition B.3.

Proposition B.3 In the scintillation regime Eq. (B19), the func-
tion η̂ε(z, ξ 2, ζ 2; τ) has the form

η̂ε(z, ξ 2, ζ 2; τ)= (2π)
4G1(z, ξ 2; τ)δ(ζ 2)

+ (2π)4 f 2
τ G2(z, ξ 2, ζ 2; τ)φ1/`s (ζ 2),

(B21)

with

G1(z, ξ 2; τ)=
`2

s

2π

1

1+ σ 2
m (1−g τ )c2k2

o `
2
s L

`m

× exp

− `2
s |ξ 2|

2

2
(

1+ σ 2
m (1−g τ )c2k2

o `
2
s L

`m

)
 ,
(B22)

G2(z, ξ 2, ζ 2; τ)=
1

(2π)2

∫
R2

exp

(
−

c 2(1− g τ )σ 2
mk2

o

2`m

∫ L

0

∣∣∣∣x − ζ 2z
ko

∣∣∣∣2 dz− iξ 2 · x

)
dx

=
`m

2πc 2(1− g τ )σ 2
mk2

o L
exp

(
−

i L
2ko

ξ 2 · ζ 2

)
exp

(
−

c 2(1− g τ )σ 2
m L3

24`m
|ζ 2|

2
−

`m

2c 2(1− g τ )σ 2
mk2

o L
|ξ 2|

2

)
.

(B23)

As a result,

µε4(L, 0, 0, 0, 0; τ)= 1+
f 2
τ

1+ c2(1−g τ )σ 2
m L3

3`m`
2
s

(B24)

and

µε4(L, 0, 0, 0, 0; τ)−µε2(L, 0, 0; 0)2

µε2(L, 0, 0; 0)2
=

f 2
τ

1+ c2(1−g τ )σ 2
m L3

3`m`
2
s

.

(B25)
This then gives Eq. (37) for the scintillation index when
`s � `m .
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