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ABSTRACT:
We propose a modal approach developed in the framework of the paraxial approximation to investigate the effects
of deterministic surface perturbations in a planar waveguide. In the first part, the sensitivity of the modal amplitudes
is theoretically formulated for a three-dimensional perturbation at the air–water interface. When applied to a broadband ultrasonic signal in a laboratory tank experiment, this approach results in travel-time and amplitude fluctuations
that are successfully compared to experimental data recorded between two vertical source–receiver arrays that span
the ultrasonic waveguide. The nonlinear shape of the modal amplitude fluctuations is of particular interest and is due
to the three-dimensional nature of the surface perturbation. In the second part, a time-harmonic inversion method is
built in the paraxial single-scattering approximation to image the dynamic surface perturbation from the modal transmission matrix between two source–receiver arrays. Again, the inversion results for capillary-gravity surface perturbations are successfully compared to similar inversions performed from experimental data processed with a
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I. INTRODUCTION

Surface scattering in a waveguide involves the combination of waveguide propagation and scattering physics,
both of which have been extensively studied separately. The
rough and time-varying nature of the sea surface scatters
sound in complex ways. For instance, the crest of a surface
wave can act like a concave acoustic lens to focus sound so
that the surface-reflected multi-path arrival has an intensity
greater than that of the direct arrival. Arrival times vary as
the gross elevation of the smaller waves responsible for
acoustic focusing is modulated by large-scale wave features,
such as swell.
From theory and simulation, a series of studies in the
late 1980s provided useful descriptors of sea-surface scattering using Kirchhoff and perturbation approximations.1,2 The
new trend in surface scattering is to predict and invert for a
deterministic gravity wave, taking advantage of the sensitivity of the amplitude and phase modulations of the incident
acoustic wave to the local elevation and curvature of the surface near the specular reflection points.3–7 These studies
were motivated by the impact of surface scattering on underwater acoustics applications, such as communication systems or sonar in shallow waters.8,9
The dynamic imaging of a deterministic gravity wave
propagating at an air–water interface requires continuous
sampling of every point at this interface. This sampling can
a)
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be done acoustically using waves that propagate in the water
column but have specular reflection points that fully scan
the air–water interface. The use of many source–receiver
pairs multiplies the number of specular reflection points,
which allows for better sampling of the air–water interface.
Moreover, the multi-path propagation in the waveguide also
contributes to improved surface sampling, as each eigenray
that bounces several times at the surface naturally increases
its sensitivity to any surface deformation.10 Following this
methodology, there were recent experimental demonstrations of dynamic imaging of a deterministic capillarygravity wave in an ultrasonic waveguide from ultrasonic
source and receiver arrays that face each other in a 1-mlong, 5-cm-deep fluid waveguide and have frequencies in
the MHz range. Through a double-beamforming (DBF) process,11,12 a large set of acoustic multi-reverberated beams
that interact with the air–water interface were isolated and
identified. The travel-times, amplitudes, and source–receiver
angles of a few thousand eigenbeams are natural observables for eigenbeams that are measured when the capillarygravity wave travels through the source–receiver plane.
Linear inversion of these observables leads to accurate
spatial–temporal patterns of the surface deformation13,14
with the spatial resolution bounded by both the acoustic
wavelength and the extent of the source-to-receiver Fresnel
zone of the acoustic wave at the surface.
The present study aims at revisiting the abovementioned eigenbeam methodology using a newly developed
modal approach for the dynamic imaging of a deterministic
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gravity wave in a waveguide. Using the eigenmodes of the
waveguide to invert for a surface perturbation might appear
counterintuitive because the modes are classically defined as
an invariant of the waveguide along the waveguide axis
propagation. However, the eigenmodes are also a basis for
the acoustic wavefield: as such, the modal transmission
matrix between the source array and the receiver array contains all of the elements that allow reconstruction of the profile of the waveguide surface.
The objective of this paper is twofold. In the first part,
the modal approach is rapidly revisited in a plane waveguide. The sensitivity of the modal amplitudes is theoretically formulated for a three-dimensional perturbation at the
air–water interface in the paraxial approximation. The paraxial approximation holds when the typical wavelength is
much smaller than the typical scale of variations of the
surface perturbations, which is itself much smaller than the
propagation distance. When applied to a broadband ultrasonic signal, this approach results in travel-time and amplitude fluctuations that are compared successfully to
experimental data.4 In the second part, a time-harmonic
method is built in the paraxial single-scattering approximation to image the dynamic surface perturbations from the
modal amplitudes of the signals collected at a high frame
rate between the source and receiver arrays. Again, inversion results for two-dimensional and three-dimensional surface perturbations are successfully compared to similar
inversions performed from the eigenbeam methodology4,13
with the same experimental data.
II. WAVE PROPAGATION IN AN ACOUSTIC
WAVEGUIDE

We consider acoustic wave propagation in a planar
waveguide, as illustrated in Fig. 1. We denote by x 2 R the
range as the main axis of the waveguide. The medium is
unbounded in the cross-range direction y, but it is confined
in depth z by two planar and parallel boundaries that trap the
waves, thus creating the waveguide effect. The acoustic
pressure field denoted by pðt; x; y; zÞ satisfies the wave
equation


1
@x2 þ @y2 þ @z2  2 @t2 pðt; x;y;zÞ ¼ f ðt;zÞdðxÞdðyÞ
(1)
co
inside the waveguide, which is filled with a medium with
homogeneous wave speed co. The pulsed excitation is due to
a vertical linear source array localized in the line
x ¼ 0; y ¼ 0, and the wavefield is received at distance L on
a vertical linear receiver array localized in the line
x ¼ L; y ¼ 0. The bottom at z ¼ 0 is perfectly flat and rigid:
@z pðt; x; y; z ¼ 0Þ ¼ 0. The pressure release boundary condition at the perturbed top boundary pðt; x; y; z ¼ Tðx; yÞÞ ¼ 0
means that the top boundary z ¼ Tðx; yÞ has small fluctuations around the mean depth D; jTðx; yÞ  Dj  D, localized in the region x 2 ð0; LÞ. The boundary fluctuations are
modeled with the smooth and bounded function l,
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FIG. 1. (Color online) Schematic of the experimental setup designed to
image a traveling gravity-capillary wave on the surface of the waveguide.
Vertical 64-element source and receiver arrays face each other in a 1-mlong, 55-mm-deep water waveguide. The waveguide dimensions are large
compared to the 1.5 mm wavelength of the ultrasonic wave. The bottom is
made of steel, which allows for perfect reflection at this interface. The
transfer matrix of the waveguide (between the elements of the source and
receiver arrays) is recorded at a rate of 100 frames/s over 5 s. (a) Modified
from Ref. 4. A computer-controlled dynamic shaker is attached to a
Plexiglas cylinder placed at the air–water interface on the side of the waveguide. This device generates impulsive gravity waves that cross the source–
receiver axis in a few seconds. (b) Modified from Ref. 13. The surface
waves are caused by laser-induced breakdown (lightning-shaped arrow) in
the center of the waveguide, which generates contra-propagative waves
along the axis of the waveguide.

Tðx; yÞ ¼ D½1 þ lðx; yÞ:

(2)

The goals of our study are (1) to quantify the effects of
acoustic scattering by the surface perturbation l, (2) to
experimentally compare the modal-based perturbation
approach to ultrasonic data recorded by the receiver array,
and (3) to design imaging functions that estimate the surface
perturbation from the ultrasonic signals recorded between
the source–receiver arrays. In the analysis, the surface perturbation l is assumed to be time-independent with respect
to the ultrasonic wave sampling. This assumption is valid in
our experimental configurations, as the velocity of the gravity waves (<1 m/s) is much smaller than the velocity of the
acoustic waves (’ 1500 m/s), so the surface perturbation
can be considered as frozen during the acquisition of the
transfer matrix from all of the elements of the source array
to all of the elements of the receiver array.
III. PARAXIAL APPROXIMATION IN A PERFECT
WAVEGUIDE

We consider the paraxial regime L  D  ko , where
ko ¼ 2p=k is the central wavelength. In this section,
weﬃ
pﬃﬃﬃﬃﬃﬃ
consider the case l  0. Assuming x  ko and jyj ⱗ ko x,
the pressure field in the paraxial approximation has the
form
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p^o ðx; x; y; zÞ 

NðxÞ
X

/j ðx; zÞ^
a j;o ðx; x; yÞeibj ðxÞx ;

(3)

po ðt; L; 0; zr Þ ¼

j¼1

with explicit expressions of the eigenfunctions /j , which are
independent of the frequency in a perfect waveguide,
rﬃﬃﬃﬃ
 
 
2
1 z
cos p j 
(4)
/j ðzÞ ¼
D
2 D
and


ibj ðxÞy2
e3ip=4
a^j;o ðx; x; yÞ ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp
f^j ðxÞ;
2x
2 2pbj ðxÞx

(5)

and the coefficients of the source profile in the basis of the
eigenfunctions,
ðD

dz /j ðzÞf^ðx; zÞ:

(7)

0

The Fourier transform of the source,
ð1
f^ðx; zÞ ¼
dt f ðt; zÞeixt ;

 eibj ðxÞLixt dx þ c:c:;

(12)



e3ip=4 Fj 1
x  xo
;
a^j;o ðx; L; 0Þ ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ f^o
B
2 2pbj ðxÞL B

(13)

ÐD
with Fj ¼ 0 FðzÞ/j ðzÞdz. Therefore, the signal has the form
of a train of short pulses,
po ðt;L;0;zr Þ ¼

Nðx
Xo Þ



Aj;o /j ðzr Þfo Bðt  Tj;o Þ þ c:c:;

(14)

j¼1

for j ¼ 1; …; N that correspond to the N ¼ ½kD=p propagaandﬃ
tive modes in the waveguide, with k ¼ x=co . In Eqs.
p(3)
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(5), we introduce the modal wavenumber bj ðxÞ ¼ jkj ðxÞj
with eigenvalues defined as
"
2 #
 2  2 
p
kD
1
 j
kj ðxÞ ¼
(6)
D
p
2

f^j ðxÞ ¼

ð NðxÞ
1 X
/ ðzr Þ^
a j;o ðx; L; 0Þ
2p j¼1 j

(8)

which arrive at the travel-time of the jth mode,

Tj;o



1
p j
j<
<Nðx
Þ
L
L
2
o
¼ b0j ðxo ÞL ’
þ
2
co co 2ko D2
2

2
;

(15)

with ko ¼ xo =co , and with amplitude
Aj;o ¼

eibj ðxo ÞLixo t3ip=4
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ Fj :
2 2pbj ðxo ÞL

(16)

IV. PARAXIAL APPROXIMATION IN A ROUGH
WAVEGUIDE

In the paraxial regime and in the presence of a surface
perturbation [Eq. (2)], the pressure field takes the form (see
details in Appendix A)

1

is assumed to be compactly supported (for positive frequencies) in ½xo  B=2; xo þ B=2. Here, xo is the central frequency, and B is the bandwidth.
In short, the pressure field in Eq. (3) is a superposition
of forward going modes that are propagating in the range
direction x, with slowly varying amplitudes a^j;o given by
Eq. (5). For j ¼ 1; …; N, these modal amplitudes solve the
paraxial equations,
h
i
(9)
2ibj ðxÞ@x þ @y2 a^j;o ðx; x; yÞ ¼ 0;

NðxÞ
X

f^j ðxÞ
dðyÞ:
2ibj ðxÞ

(10)

In the case of broadband source excitation, the wave
signals recorded by a receiver located at depth zr for a
source of the form
f ðt; zÞ ¼ FðzÞfo ðBtÞeix0 t þ c:c:;
with B  xo , is
J. Acoust. Soc. Am. 151 (5), May 2022

(11)

/j ðzÞ^
a j ðx; x; yÞeibj ðxÞx :

(17)

j¼1

The modal amplitudes satisfy the leading order of the
Schr€odinger-type equations,
@x a^j ðx; x; yÞ ¼

i qjj
i
@y2 a^j 
lðx; yÞ^
aj;
2bj ðxÞ
2bj ðxÞ

(18)

for x > 0, and the initial conditions
a^j ðx; x ¼ 0; yÞ ¼

with initial conditions
a^j;o ðx; x ¼ 0; yÞ ¼

p^ðx; x; y; zÞ ¼

f^j ðxÞ
dðyÞ;
2ibj ðxÞ

j ¼ 1; …; N:

(19)

The coefficients qjj are defined by
qjj ¼ 2

ðD
0

dz /j ðzÞ/00j ðzÞ

2
 2 
p
1
¼ 2
j
:
D
2

(20)

To analyze beam propagation in rough waveguides and
to obtain Eq. (18), we introduce in Appendix A 1 a change
of coordinates that flattens the perturbed surface boundary.
The mapped wave field then satisfies a wave equation
Josselin Garnier and Philippe Roux

3241

https://doi.org/10.1121/10.0010533

perturbed by a differential operator with rough coefficients.
We show in Appendix A 2 that the solution can be written as
a superposition of the ideal (unperturbed) waveguide modes
with range-dependent modal amplitudes that solve the paraxial Eq. (18) driven by the function l. These modal amplitudes model the cumulative scattering effects of the
perturbed surface. In Eq. (18), we keep only the leadingorder terms that describe the evolutions of the modal amplitudes and that explain the forms of the travel-time and
amplitude perturbations observed in the experiments [see
Eqs. (26) and (27) below]. We neglect higher-order terms
that describe mode conversion and that will be important for
the resolution of the inverse problem in Sec. VI.
The wave field recorded at distance L on the receiver
array is sensitive to the perturbation
pﬃﬃﬃﬃﬃﬃﬃ l only in a tube with
radius in y on the order of ko L (the Fresnel zone). We
assume that the transversepscale
ﬃﬃﬃﬃﬃﬃﬃ of the perturbation l is on
the order of or larger than ko L. We can therefore expand
y
y2
l ðxÞ;
lðx; yÞ ¼ l0 ðxÞ þ pﬃﬃﬃﬃﬃﬃﬃ l1 ðxÞ þ
ko L 2
ko L

(21)

where lj are compactly supported in ½L0 ; L1  ð0; LÞ. Under
such circumstances, Appendix B 1 shows that the approximate expression of the modal amplitudes at x ¼ L, y ¼ 0 is
given by
A^j;o ðx; LÞ
a^j ðx; L; 0Þ ¼ sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qjj  2 L1 ðL  L1 Þ
1
L2
bj ðxÞ2 ko


qjj
0 ;
 exp i
2bj ðxÞ

(22)


¼ Tj;o 1 þ
jNðxo Þ

’

Tj;o

qjj
2

b0j ðxo Þ 0

2bj ðxo Þ
qjj
0
2 L
2bj ðxo Þ

2 2 !
1
p 0
1 j
;
2 ko2 D2 L

(26)

where Tj;o is the unperturbed arrival time of the jth mode
[Eq. (15)] and with the perturbed amplitude
Aj;o
Aj ¼ sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qjj  2 L1 ðL  L1 Þ
1
L2
bj ðxÞ2 ko
jNðxo Þ

’

Aj;o
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
;
2

1 p 2 L1 ðL  L1 Þ
1þ j
2
ko D2 L 2

(27)

where Aj;o is the unperturbed amplitude of the jth mode [Eq.
(16)]. Note that the travel-time perturbation is linear in  0,
while the amplitude perturbation is not linear in  2. As a
consequence, when the perturbation of the surface slowly
evolves in time, as a periodic and harmonic function like a
cosine, for instance, then the terms  j behave like a cosine
and the travel-time perturbation behaves like a cosine, but
the amplitude perturbation behaves like a nonharmonic
function. This apparent nonlinear behavior of the amplitude
perturbation results from linear propagation effects: the
transverse curvature of the surface perturbation  2 can
induce a quadratic wave front that acts as a lens and
involves the focusing of the acoustic wave. This behavior is
illustrated in Sec. V, devoted to the experimental data.
V. EXPERIMENTAL CONFIGURATION AND DATA
ANALYSIS

where
e3ip=4
A^j;o ðx; LÞ ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ f^j ðxÞ;
2 2pbj ðxÞL

l ¼

ð L1

ll ðxÞdx:

(23)

L0

The wave signals recorded by a receiver located at depth zr
when there is a source of the form (11) are
pðt; L; 0; zr Þ ¼

ð NðxÞ
1 X
/ ðzr Þ^
a j ðx; L; 0Þ
2p j¼1 j
 eibj ðxÞLixt dx þ c:c:;

(24)

where a^j ðx; L; 0Þ is given by Eqs. (22) and (23) with
f^j ðxÞ ¼ ðFj =BÞf^o ððx  xo Þ=BÞ. Therefore, the signal has
the form of a train of short pulses,
pðt; L; 0; zr Þ ¼

Nðx
Xo Þ



Aj /j ðzr Þfo Bðt  Tj Þ þ c:c:;

j¼1

that arrive at the perturbed travel-times of the modes,
3242
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(25)

The experimental setup is a variation of an ultrasonic
Pekeris waveguide.15 Two source–receiver ultrasonic arrays
face each other in a small-scale shallow-water waveguide
(Fig. 1). The waveguide depth is D ¼ 55 mm, and its length
is L ¼ 1 m. The bottom of the waveguide is steel and provides good reflection of ultrasonic waves. The arrays are
composed of 64 transducers centered at 1 MHz with a 75%
bandwidth. The ultrasonic signal transmitted by each piezotransducer source is a broadband pulse of 1 ls at the central
frequency of the transducer. The received signals spread
over 80 ls after the direct arrival at ’ 680 ls, which correqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sponds to ðL=DÞ ð760=680Þ2  1 ’ 10 reverberations on
the waveguide boundaries.4 On both arrays, the transducer
dimensions are 0.75 mm along the vertical axis (that corresponds to half of the central wavelength) and 12 mm along
the transverse axis. This feature naturally creates a collimated beam in the waveguide axis direction, which avoids
side echoes from the tank walls. Recent studies13,14 estimate
the transverse size of the source-to-receiver Fresnel zone at
62 cm on each side of the waveguide axis.
Josselin Garnier and Philippe Roux
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Based on this experimental setup for ultrasonic waveguide
propagation, the present study revisits this in the framework of
the paraxial approximation for two experimental datasets that
deal with surface perturbations at an air–water interface.
The first experiment (EXP1) is detailed in Ref. 4. A
computer-controlled dynamic shaker is connected to a 20-cmlong, 2-cm-diameter Plexiglas cylinder that is half-immersed
on the side of the acoustic waveguide, as shown in Fig. 1(a).
The signal sent to the shaker is a Gaussian pulse that is centered at 3.5 Hz, with a ’ 40% bandwidth, and generates impulsive capillary-gravity waves at the air–water interface. The
cylinder axis is horizontal and tilted at ’ 40 with respect to
the source-to-receiver array axis. The capillary-gravity wave
crosses the acoustic waveguide as a three-dimensional surface
perturbation in a few seconds. The maximum wave height is
controlled by the amplitude of the signal sent to the shaker and
is on the order of a few millimeters. As the capillary-gravity
wavelength kg (of a few centimeters) is much greater than the
acoustic wavelength (ko ¼ 1:5 mm), the surface-reflected
acoustic waves should be sensitive to details in the surface
deformation at spatial scales much smaller than kg.
The second experiment (EXP2) is detailed in Ref. 14.
The surface of the waveguide is perturbed by a blast wave
generated by laser-induced breakdown above the surface in
the plane y ¼ 0 and at the position x  0:56 m [Fig. 1(b)].
The perturbation is localized and controllable by the power
of the laser excitation and results in a circular surface wave.
Due to the dimensions of the waveguide, this circular wave
is seen by the ultrasonic source–receiver arrays as two
counter-propagative capillary-gravity wave packets that
expand from the center of the waveguide as a twodimensional surface perturbation.
In both experiments, while the surface perturbation is
traveling across the surface, the ultrasonic system records
the transfer matrix of the waveguide between the source–
receiver arrays at 100 times/s, over 5 s. By transfer matrix,

we mean the complete set of 64  64 time-domain signals
emitted by every source and received by every receiver of
the two arrays.
The calculation of the perturbed and unperturbed traveltimes fTj ; Tj;0 g and amplitudes fAj ; Aj;0 g defined for each
mode in Eqs. (26) and (27) requires projection of the pressure wavefield onto the modal basis. In theory, the mode
profiles /j ðzÞ should be the theoretical eigenfunctions [Eq.
(4)] in a perfect waveguide. In practice, the waveguide used
in EXP1 and EXP2 can be approximated by a Pekeris wave~ ðzÞ are extracted for each
guide. The actual mode profiles /
j
mode from the waveguide transfer matrix p^o ðx; x; y; zÞ
recorded between the source and receiver arrays in the
absence of surface perturbation. More precisely, the mode
~ ðzÞ are obtained by optimizing the mode parameprofiles /
j
ters numerically computed from a Pekeris waveguide model
so as to maximize the output intensity of the experimental
waveguide transfer matrix projected on the modes for both
the source and receiver dimensions [Eq. (28)]. The optimization is carried out with respect to physical parameters,
such as the waveguide depth D and steel bottom elastic
properties for the Pekeris model, but also against geometrical parameters, such as the relative positions in depth of the
64-element source–receiver arrays in the water column.
Figure 2 shows the optimal projection of the transfer
matrix on the mode profiles for the unperturbed waveguide
~ ðzÞ for modes j ¼ 1 to
with the plot of the mode profiles /
j
j ¼ 4 on the source–receiver arrays. The travel-times Tj;0 and
amplitudes Aj;0 are obtained directly from the maximum of
the envelope of the transfer matrix projection for every
mode, as calculated from the following equation:


Aj;o fo Bðt  Tj;o Þ
ðD
ð
ðD
~ ðzs Þ
~ ðzr Þ/
dzs /
¼ dx dzr
j
j
0

0

 p^o ðx; zs ; zr ; x ¼ L; y ¼ 0Þeixt þ c:c:;

(28)

~ ðzÞ for modes 1–4 extracted from the transfer matrix data of the unperturbed waveguide. (b) Normalized projecFIG. 2. (Color online) (a) Mode profiles /
j
tion of the unperturbed transfer matrix onto the mode profiles on both the source and receiver arrays. Note the delayed arrival times of the different modes
(from mode 1 to mode 30) that correspond to the dispersion of the pressure field in the reverberated waveguide, as calculated from the source–receiver distance L and the modal group velocities (red square).
J. Acoust. Soc. Am. 151 (5), May 2022
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where p^o ðx; x ¼ L; y ¼ 0; zs ; zr Þ is the unperturbed pressure
field between a source in zs and a receiver in zr, respectively.
~ ðzÞ, the projections of the
Using the actual mode profiles /
j
successive recorded transfer matrices lead to the extraction
of the travel-times Tj [Eq. (26)] and amplitudes Aj [Eq.
(27)], while the surface perturbation travels at the air–water
interface.
In the experimental configuration of EXP1,4 the
dynamic shaker excites the half-immersed horizontal cylinder with three different voltages (amp1 ¼ 1 V, amp2 ¼ 2 V,
amp3 ¼ 3 V), thus creating increasing surface perturbations

in each case. Due to the large bandwidth of the piezotransducers, the transfer matrices can be studied at three different frequencies xo ¼ 2p  0:5; 1; 1:5 MHz and for each
amplitude modulation of the surface perturbation.
In Fig. 3, we plot for mode 15 and at xo ¼ 2p  1 MHz
the relative amplitude perturbation Aj ðtÞ=Aj0  1 and the
time perturbation Tj ðtÞ  Tj0 as functions of the acquisition
time t. Here, we assume that the surface perturbations vary
as p1 cos ðp2 tÞ exp ðp3 t2 Þ with respect to the slow time t (up
to a time shift), and we adapt p1, p2, and p3 to fit the observations. We find p1 ðamp1Þ ’ p1 ðamp2Þ=2 ’ p1 ðamp3Þ=3, in

FIG. 3. (Color online) Relative amplitude and travel-time perturbations as functions of slow acquisition time for frequency xo ¼ 2p  0:5  106 rad s1
and mode number 15 and for different surface perturbation amplitudes amp1, amp2, and amp3. The blue lines plot the experimental results. The red lines
plot the theoretical results obtained from Eqs. (26) and (27).
3244
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agreement with the different voltages used to create the surface perturbations. We find p2 ¼ 22:5 s1 and p3 ¼ 0:852 s2,
which correspond, respectively, to a central frequency
 ¼ 22:5=ð2pÞ ’ 3:5 Hz and a root mean square (rms) pulse
width of 0.6 s, which is in agreement with the pulse generated
by the shaker. Indeed, the pulse shape generated by the shaker
has a carrier frequency equal to  sh ¼ 3:5 Hz and a rms pulse
width of tsh ¼ 0:25 s. The capillary-gravity waves are dispersive with dispersion relation x2 ’ ðgk þ ðr=qÞk3 Þ, where
g ’ 9:8 m/s2 is the acceleration of gravity, r ¼ 0:074 N/m is
the air–water surface tension, and q ¼ 1000 kg/m3 is the
water density. The rms pulse width after a propagation disqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
tance d is then close to tsh 1 þ k00 ðxsh Þ2 d 2 =t4sh , with xsh
¼ 2p sh . Around the frequency xsh , we have kðxÞ
’ x2 =g and k00 ðxÞ ’ 2=g, so the rms pulse width after a proppﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
agation distance d is actually close to tsh 1 þ 4d 2 =ðg2 t4sh Þ,
which is equal to 0.6 s for d ¼ 0.6 m. This is the approximate
distance between the shaker and the position of the
capillary-gravity waves when the acoustic waves are transmitted. Finally, we can clearly observe the nonlinear
shape of the relative mode amplitude perturbation for the
strongest surface perturbation amp3, as predicted by the
theory [Eq. (27)].
In Fig. 4, we report the averaged relative amplitude perturbation hðAj =Aj0  1Þ2 i and time perturbation hðTj  Tj0 Þ2 i
as a function of the mode number j. The ensemble average
hi is performed on the 500 transfer matrix acquisitions,
while the surface perturbation travels at the air–water interface. We compare this with the theoretical forms [Eqs. (27)
and (26)] with a least-square fit for  0 and  2 [for instance,
at frequency 1 MHz, we find ðp2  0 Þ=ðko2 D2 LÞ ¼ 2 105 and
ðp 2 L1 ðL  L1 ÞÞ=ðko D2 L2 Þ ¼ 3 104 ]. The dependence with
respect to mode number is well predicted by the theory for
both amplitude and time perturbations: the theory predicts a
quadratic form for the time perturbation and a nearly quadratic form for the amplitude perturbation. The dependence
with respect to carrier frequency xo is qualitatively predicted by the theory as the perturbations decay with increasing frequency. The dependence with respect to the surface
perturbation amplitude is as expected, with relative amplitude and travel-time perturbations increasing linearly with
surface perturbation amplitude.
VI. INVERSION OF THE SURFACE PERTURBATION
FROM THE PARAXIAL APPROXIMATION

In this section, we aim to invert the surface perturbation
at every point x between the two arrays (from x ¼ 0 to x ¼ L)
through the paraxial approximation formulation. We recall
that the paraxial regime holds when the typical wavelength
ko is much smaller than the propagation distance L and the
amplitude of the surface perturbation is small, with a scale
of variation that is between ko and L. We expand the
 surface
pﬃﬃﬃﬃﬃﬃﬃ
perturbation
lðx;
yÞ
as
in
Eq.
(21)
for
all
y
2
 Lko ;
pﬃﬃﬃﬃﬃﬃﬃ
Lko Þ. As shown in Appendix A 3, the expressions of the
modal amplitudes of the pressure field after propagation
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between the two arrays in the paraxial single-scattering
regime can be written as follows:
a^j ðx; L; 0Þ ¼ Aj;o ðx; LÞ þ Aper
j ðx; LÞ;
Aper
j ðx; LÞ ¼

NðxÞ
X
l¼1



(29)

e3ip=4
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4 2pbj bl ðxÞ

ðL
0

l0 ðxÞeiðbl ðxÞbj ðxÞÞx
ﬃ dxsjl f^l ðxÞ;
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bj ðxÞx þ bl ðxÞðL  xÞ
(30)

where Aj;o ðx; LÞ is the unperturbed amplitude of the jth
mode [Eq. (16)], and the sjl coefficients for every modal pair
( j, l) are defined by



p2
1
1
lj
sjl ¼ 2 2 ð1Þ
j :
(31)
l
2
2
D
The term Aper
j ðx; LÞ in Eq. (30) is the perturbed mode amplitude due to the surface perturbation in the paraxial singlescattering regime. In Eqs. (29) and (30), we have neglected
some terms that appear in Eq. (22) and that describe the
mode amplitude perturbations [the terms associated with l2
in Eq. (21)], while we have kept the leading-order mode
conversion terms that are the ones that are exploited in the
resolution of the inverse problem.
In the following, we build a modal-based method to
image the surface perturbation from the observation of the
modal transmission matrix from the source array to the
receiver array. We anticipate that it is difficult in practice to
extract all modes from the signals recorded by the source–
receiver arrays, so we assume that we can only extract the
first M modes from the wave field, with M 2 f1; …; Ng.
Equations (29) and (30) give the forward model F that
determines the modal transmission matrix ðTjl ðxÞÞM
j;l¼1 from
the surface perturbation ðl0 ðxÞÞx2ð0;LÞ , where Tjl ðxÞ is the
complex amplitude of the jth perturbed modal amplitude
Aper
j ðx; LÞ seen by the receiver array when the source transmits a unit-amplitude lth mode (the source is such that f^l0
¼ 0 for l0 6¼ l and f^l ¼ 1). According to Eq. (30), the forward model has the form F : ðl0 ðxÞÞx2ð0;LÞ 7!ðTjl ÞM
j;l¼1 with
ð
e3ip=4 sjl L l0 ðxÞeiðbl bj Þx
ﬃ dx;
Tjl ¼ F ½l0 jl ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4 2pbj bl 0 b x þ b ðL  xÞ
j
l
j; l ¼ 1; …; M:
(32)
The adjoint operator
7!ðl0 ðxÞÞx2ð0;LÞ with
l0 ðxÞ¼F ½T ðxÞ¼

has

the

form

F : ðTjl ÞM
j;l¼1

M
X
e3ip=4 sjl Tjl eiðbl bj Þx
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ; x2ð0;LÞ:
b xþb ðLxÞ
j;l¼1 4 2pbj bl
j

l

(33)
We can then deduce that the normal operator F F has the form
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FIG. 4. (Color online) Relative amplitude and travel-time perturbations as functions of mode number for different carrier frequencies xo and for different
surface perturbation amplitudes amp1, amp2, and amp3. The solid lines plot the experimental results. The dashed lines plot the theoretical results obtained
from Eqs. (26) and (27).

F F ½l0 ðxÞ ¼

ðL

aF ðx; x0 Þl0 ðx0 Þdx0 ;

x 2 ð0; LÞ;

(34)

eiðbl bj Þðx xÞ
 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
bj xþbl ðLxÞ bj x0 þbl ðLx0 Þ

(35)

0

with the kernel aF given by
aF ðx;x0 Þ ¼

M
X

s2jl

j;l¼1

32pbj bl
0
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The inverse problem that consists in recovering the surface perturbation ðl0 ðxÞÞx2ð0;LÞ from the observed transmission matrix ðTjl ÞM
j;l¼1 can be solved using a pseudo-inverse or
a regularized inverse approach. The estimated surface perturbation is then ðF F þ cI Þ1 F ½T for some regularization parameter c > 0. Indeed, according to Lemma C in
Appendix B 4, the kernel of the normal operator is almost a
convolution kernel concentrated on the diagonal x0 ¼ x,
which shows that the normal operator is close to the identity
up to a multiplicative constant: F F ½l0 ðxÞ  l0 ðxÞ.
Therefore, the pseudo-inverse or regularized inverse is close
Josselin Garnier and Philippe Roux
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to the adjoint operator (up to a multiplicative constant). We
can also use an approximate inverse that is close to the
adjoint operator and that has a physical interpretation as
explained below.
We define the imaging function I in terms of the measured transmission matrix ðTjl ÞM
j;l¼1 as
pﬃﬃﬃﬃﬃﬃﬃﬃ
M
X
Tjl e3ip=4 ð1Þjl bj bl iðb b Þx0


 e l j ;
I ðx0 Þ ¼
1
1
j;l¼1
j
l
2
2
(36)
xo 2 ð0; LÞ:
The imaging function [Eq. (36)] is close to the adjoint operator F applied to the measured transmission matrix, as can
be seen by a comparison of Eq. (36) with the expression of
Eq. (33) of the adjoint operator: the phase factors are equal;
the differences are only in the amplitudes. It is possible to
interpret the imaging function Eq. (36) as a DBF process in
the modal domain. To clarify this, let us fix x0 2 ð0; LÞ, and
let us consider a source function with the following modal
coefficients:
pﬃﬃﬃﬃ
ð1Þl bl e3ip=4 ibl x0
^
e
for l M:
(37)
fl ¼
l  12
M
Given the perturbed modal amplitudes ðAper
j Þj¼1 of the wave
signals recorded by the receiver array and transmitted by the
source [Eq. (37)], the imaging function [Eq. (36)] can be
expressed as
j pﬃﬃﬃﬃ
M
X
bj ib x0
per ð1Þ
e j :
Aj
(38)
I ðx0 Þ ¼
1
j¼1
j
2

This representation of the imaging function is obtained
by substituting the expression
¼
Aper
j

M
X

Tjl f^l

l¼1

into the definition [Eq. (36)] of the imaging function, with f^l
given by Eq. (37) and ðTjl ÞM
j;l¼1 being the measured transmission matrix. The representation of Eq. (38) of the imaging
function makes it possible to explain the analogy with a
DBF process.
Indeed, the source [Eq. (37)] is designed to produce a
focal spot centered at the point ðx0 ; 0; DÞ. When a ¼ M=N is
equal to one, the size of the focal spot is diffraction-limited,
and its radius is on the order of the wavelength. When
a ¼ M=N is small, the focal spot is on the order of the wavelength divided by a in the depth direction z and on the order
of the wavelength divided by a2 in the range direction x (see
Appendix B 2 for details).
The imaging process, therefore, looks like a DBF process as beamforming is performed here both from modal
projection in transmission by Eq. (37) and in reception by
Eq. (38). We can then anticipate the extraction of local
J. Acoust. Soc. Am. 151 (5), May 2022

information on the surface perturbation around ðx0 ; 0; DÞ by
this formulation in a way equivalent to what was performed
for DBF eigenbeam selection applied to source–receiver
(sub)arrays in the sensitivity kernel (SK) approach.4,10,13,16
It follows that the imaging function gives an image of
the surface perturbation l0 ðxÞ, and it is possible to quantify
its resolution properties. As shown in Appendix B 3, when
a ¼ M=N  1, we have
ðL
(39)
I ðx0 Þ ¼ Kðx0  xÞl0 ðxÞdx;
0

 pﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃ
2
3=2 2
2
where
 KðxÞ
pﬃﬃﬃ¼ ðk  apÞ=
ﬃﬃﬃ2 2pL jwða kxÞj and wðxÞ ¼ 2
ðC x= 2 Ð iS x= 2 Þ=x, with
Ð x C and S as Fresnel intex
grals CðxÞ ¼ 0 cosðs2 Þds, SðxÞ ¼ 0 sinðs2 Þds, and k ¼ x=c.
Note that the inversion kernel KðxÞ is integrable (it
decays as x2 ), so the imaging function I ðx0 Þ gives a
smoothed image of the surface perturbation l0 ðx0 Þ with a resolution on the order of the wavelength divided by a2 . More
exactly, the half-width at half-maximum of jwj2 is approximately equal to 2, so the resolution is ’ ko =ðpa2 Þ. Of course,
the more modes we can extract from the data, the better the
resolution is, and we could ultimately reach resolution on the
order of the wavelength if we could exploit the amplitudes of
all of the Ðpropagative modes
pﬃﬃﬃ with
pﬃﬃﬃﬃﬃﬃindices up to j ¼ N. We
also have R KðxÞdx ¼ p k=ð2
pﬃﬃﬃﬃﬃﬃ 2LÞ,pwhich
ﬃﬃﬃ makes it possible to estimate l0 ðx0 Þ’ 2 2LÞ=ðp k I ðx0 Þ when it is
varying slowly.
The imaging function of Eq. (36) uses only the data
recorded at one frequency. For broadband data, it is straightforward to sum the time-harmonic imaging functions over
the available frequency band. In the following example, we
sum over 40 frequencies regularly spaced in the band
½0:8; 1:2 MHz.
In Figs. 5 and 6, we compare the modal-based imaging
function [Eq. (36)] with the DBF eigenbeam inversion
applied on the same experimental data (EXP1 and EXP2) in
Refs. 4 and 13. In the modal-based approach, the number of
modes is approximately N ¼ 70 (N ¼ 58 at 0.8 MHz and
N ¼ 88 at 1.2 MHz), and M ¼ 20 modes can be exploited in
the band ½0:8; 1:2 MHz (i.e., a ’ 0:3). The resolution is,
therefore, on the order of half a centimeter, which is smaller
than the capillary-gravity wavelength of the surface
perturbation.
In Ref. 4, a one-dimensional SK formulation was proposed to invert for both amplitude and travel-time fluctuations for a complete set of DBF eigenbeams. The inversion
leads to a maximum volume perturbation estimation of
DV ¼ 22 mm3. This volume is difficult to interpret in terms
of surface elevation, as the lateral extent of the Fresnel zone
was not taken into account in the computation of the surface
SK. In other words, the inversion result projected along the
source–receiver axis should have been weighted by the lateral extent of the SK along the direction perpendicular to
the waveguide. This problem is solved in the present paraxial approximation, where the three-dimensional aspect of
the propagation projected on the surface perturbation is
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FIG. 5. (Color online) Estimation of the surface perturbation in the experimental configuration EXP1. (a) The DBF approach (Ref. 4) performed from a joint
inversion of both amplitudes and times of a set of more than 2000 eigenbeams. Using a one-dimensional SK, the inversion is plotted as a function of the volume DV of the perturbation. (b) The modal-based approach described in the present paper with the surface deformation DhðxÞ ¼ Dl0 ðxÞ shown in mm.

taken into account in the forward problem. The inversion
result in Fig. 5(a) shows a maximum 3-mm surface deformation along the source–receiver axis that is consistent with
external observations.
In Refs. 13 and 14, two-dimensional surface SKs
applied to DBF eigenbeams were used for amplitude, traveltime, or emitting-receiving angle perturbations that lead to
surface elevation estimations on the order of 20 lm for
weak laser excitation and up to 2 mm for strong laser excitation. The optimal inversion result obtained so far was for a
joint angle inversion on emitting-receiving angle perturbations for a set of more than 2000 eigenbeams and very weak
laser excitation [Fig. 6(a)]. Interestingly enough, the modal
projection used within the paraxial approximation in the present paper did not extract the modal transmission matrix
above the noise level in the case of this very weak laser
excitation. For stronger laser excitation, the inversion result
obtained from the paraxial approximation in Fig. 6(b) shows
a similar shape for the two counter-propagative gravitycapillary waves generated from the center of the waveguide,
with a maximum 0.5-mm surface elevation.
When comparing the eigenbeam approach and the
modal transmission matrix approach to invert for an
unknown surface deformation in an acoustic waveguide, we
should keep in mind the following points. First, extracting
the complete set of eigenbeams between the transmitting
and receiving (sub)arrays via a DBF algorithm is much
more time consuming than extracting the modal transmission matrix as proposed here in the paraxial approximation
formulation. However, as discussed in Ref. 14, only the
independent families of eigenbeams would be worth extracting via DBF, which could greatly reduce the computational
time under the eigenbeam approach. Second, it appears from
experimental investigations that the fluctuations of the
modal transmission matrix are sensitive to surface deformation elevation on the order of a wavelength when the
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eigenbeam amplitude fluctuations are sensitive to elevation
that can be 10 times weaker. Finally, the eigenbeam algorithm applied to sub-antennas on both sides of the waveguide does not require the transmitting and receiving arrays
to cover the entire water column, which can have significant
advantages in ocean experiments. The mode-based imaging
method proposed here in the paraxial approximation
requires extraction of modal amplitudes that can be estimated by a simple projection when the antenna array is
dense and covers the cross section of the waveguide. When
the antenna array covers only a limited portion of the cross
section, it is still possible to extract the first modal amplitudes from the wave signals recorded by the receiver array
by using an appropriate weighted projection method, provided that we know the mode profiles and the modal wavenumbers, as explained in Refs. 17 and 18. This method
works as long as the array aperture is not too small compared to the waveguide depth.
VII. CONCLUSION

In conclusion, we recall the main results of the present
study: (1) we propose a formulation based on the paraxial
approximation in the context of an acoustic waveguide to
describe both three-dimensional aspects of the forward propagation and the interaction with a complex surface deformation; (2) the prediction of the wavefield projected onto the
mode profiles between two source–receiver arrays provides
an explanation for the nonlinear shape of modal amplitude
fluctuations that was experimentally observed, but up until
now not understood, in the presence of strong surface deformation; (3) within the paraxial approximation, the formulation of the inverse problem is proposed to obtain the surface
deformation at any position between the source–receiver
arrays from the observed modal transmission matrix; (4)
when applied to experimental tank data in an ultrasonic
waveguide, excellent agreement is observed with a different
Josselin Garnier and Philippe Roux
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FIG. 6. (Color online) Estimation of the surface perturbation in the experimental configuration EXP2. (a) The DBF approach (Ref. 13) performed from a
joint inversion of both source and receive angles of a set of more than 2000 eigenbeams and a two-dimensional SK. (b) The modal-based approach described
in the present paper with the surface deformation DhðxÞ ¼ Dl0 ðxÞ. Both inversions in (a) and (b) are plotted in mm. However, the joint angle inversion was
performed from a dataset induced from weak laser excitation (inducing low values of Dh) when the modal inversion was achieved from stronger laser excitation at the air–water interface, with maximum Dh values on the order of 1 mm.

inversion algorithm that was proposed recently through
eigenbeam selection in the framework of the SK approach.
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APPENDIX A: PARAXIAL APPROXIMATION

The first steps of the analysis follow the lines of that in
Ref. 19, which is itself based on the modal approach introduced and studied in Refs. 20–25.



2
D2
rT
2 jrTj
r@g
þ þ
þg
@g2  2g
2
2
T
T
T
#


jrTj2
DT
@g þ k2 P^ ¼ f^ðx; gÞdðxÞdðyÞ; (A4)
þ 2g 2  g
T
T

@x2

@y2

derived from Eqs. (1) and (A2) using the chain rule. Here,
r and D are the gradient and Laplacian operators in (x, y).
When substituting the model of Eq. (2) into Eq. (A4), we
obtain that P^ satisfies a perturbed problem
h
i
^
x; y; gÞ
@x2 þ @y2 þ @g2 þ k2 þ p:t: Pðx;
¼ f^ðx; gÞdðxÞdðyÞ;

(A5)

where the perturbed terms p.t. are
2
2
þ r3 ðx; y; gÞ@gy
p:t: ¼ r1 ðx; y; gÞ@g2 þ r2 ðx; y; gÞ@gx

1. Change of coordinates

Consider the change of coordinates from (x, y, z) to
ðx; y; gÞ, with
zD
g¼
;
Tðx; yÞ



þ r4 ðx; y; gÞ@g ;
with functions

(A1)

r1 ðx; y; gÞ ¼ 

which straightens the boundary z ¼ Tðx; yÞ to g ¼ D for any
ðx; yÞ 2 R2 . The pressure field in the new coordinates is
given by


gTðx;
yÞ
^
:
(A2)
Pðx;
x; y; gÞ ¼ p^ x; x; y;
D

r4 ðx; y; gÞ ¼ 2g

2l þ l2

þ g2
2

ð@x lÞ2 þ ð@y lÞ2

ð1 þ lÞ
@x l
;
r2 ðx; y; gÞ ¼ 2g
1þl
@y l
r3 ðx; y; gÞ ¼ 2g
;
1þl

ð@x lÞ2 þ ð@y lÞ2
ð1 þ lÞ2

ð1 þ lÞ2

g

;

@x2 l þ @y2 l
1þl

:

This satisfies the simple boundary conditions
^
^
x; y; 0Þ ¼ 0
Pðx;
x; y; DÞ ¼ @g Pðx;
and the partial differential equation
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(A3)

2. Wave decomposition

Equation (A5) is not separable, but we can still write its
solution on the basis of the eigenfunctions of Eq. (4) of the
Josselin Garnier and Philippe Roux
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unperturbed waveguide because the basis is complete. The
expansion has the general form
^
Pðx;
x; y; gÞ ¼

NðxÞ
X
j¼1

þ

^ v^; x; yÞ
E j;a ða^; b;
¼

l¼1

/j ðgÞ^
u j ðx; x; yÞ

X

N
h
i
X
eiðbl bj Þx rjl1 ðx; yÞ^
a l þ ibl rjl2 ðx; yÞ^
a l þ rjl3 ðx; yÞ@y a^l

N
h
i
X

eiðbl bj Þx rjl1 ðx; yÞb^l  ibl rjl2 ðx; yÞb^l þ rjl3 ðx; yÞ@y b^l

/j ðgÞ^v j ðx; x; yÞ:

(A6)

j>NðxÞ

l¼1

h
i
X

eibj x rjl1 ðx; yÞ^v l þ rjl2 ðx; yÞ@x^v l þ rjl3 ðx; yÞ@y^v l ;
l>N

We define the forward and backward going wave modal
amplitudes a^j and b^j by

¼

a^j ðx; x; yÞ
¼

!
1
1
@x u^j ðx; x; yÞ eibj ðxÞx ;
u^j ðx; x; yÞ þ
2
2ibj ðxÞ

(A7)

(A8)
so that the complex-valued amplitudes of the propagative
modes can be written as
u^j ðx;x;yÞ ¼ a^j ðx;x;yÞeibj ðxÞx þ b^j ðx;x;yÞeibj ðxÞx : (A9)
The modal amplitudes of the propagative modes each satisfy
a boundary condition in the range ð0; LÞ of the surface fluctuations. To derive these boundary conditions, we first
observe that because the boundary is flat outside ð0; LÞ, the
radiation (outgoing conditions) implies that the modal
amplitudes satisfy
b^j ðx; x ¼ L; yÞ ¼ 0:

0

dðyÞ and therefore
f^j ðxÞ
dðyÞ:
2ibj ðxÞ

(A11)

Substituting Eq. (A6) into Eq. (A5), using the orthonormality of the eigenfunctions /j and the relation @x a^j ðx; x; yÞ
eibj ðxÞx þ @x b^j ðx; x; yÞeibj ðxÞx ¼ 0 that comes from Eqs.
(A7) and (A8), we find that the modal amplitudes solve paraxial equations coupled by the surface fluctuations in
z 2 ð0; LÞ,
^ v^; x; yÞ;
2ibj @x þ @y2 a^j þ e2ibj x @y2 b^j ¼ E j;a ða^; b;

(A12)

^ v^; x; yÞ;
2ibj @x þ @y2 b^j þ e2ibj x @y2 a^j ¼ E j;b ða^; b;

(A13)

with the coupled terms given by
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h
i
X

eibj x rjl1 ðx; yÞ^v l þ rjl2 ðx; yÞ@x^v l þ rjl3 ðx; yÞ@y^v l ;
l>N

in terms of
rjl1 ðx; yÞ ¼

ðD
0

h
dg /j ðgÞ/00l ðgÞr1 ðx; y; gÞ

þ /j ðgÞ/0l ðgÞr4 ðx; y; gÞ;
ðD
2
dg /j ðgÞ/0l ðgÞr2 ðx; y; gÞ;
rjl ðx; yÞ ¼
0

rjl3 ðx; yÞ ¼

ðD
0

dg /j ðgÞ/0l ðgÞr3 ðx; y; gÞ:

The equations for the evanescent components are
obtained similarly,

(A10)

This last equation is the boundary condition for b^j . The
boundary value a^j ðx; x ¼ 0þ ; yÞ follows from the jump conditions across the plane x ¼ 0 due to the source in Eq. (A5).
þ
þ
We have ½^
u j 00 ¼ 0; ½@x u^j 00 ¼ f^j ðxÞdðyÞ, with f^j defined
þ
þ
by Eq. (7). This gives ½^
a j þ b^j 0 ¼ 0; ibj ½^
a j  b^j 0 ¼ f^j ðxÞ
0

N
h
i
X

eiðbl þbj Þx rjl1 ðx; yÞb^l  ibl rjl2 ðx; yÞb^l þ rjl3 ðx; yÞ@y b^l
l¼1

1
1
@x u^j ðx;x;yÞ eibj ðxÞx ;
b^j ðx;x;yÞ ¼ u^j ðx;x;yÞ
2
2ibj ðxÞ

a^j ðx; x ¼ 0 ; yÞ ¼ 0;

N
h
i
X
eiðbl þbj Þx rjl1 ðx; yÞ^
a l þ ibl rjl2 ðx; yÞ^
a l þ rjl3 ðx; yÞ@y a^l
l¼1

!

a^j ðx; 0þ ; yÞ ¼

^ v^; x; yÞ
E j;b ða^; b;

^ v^; x; yÞ;
@x2 þ @y2  b2j ^v j ¼ E j;v ða^; b;

(A14)

^ v^; x; yÞ as in Eqs. (A12) and
with the coupled term E j;v ða^; b;
(A13), and they arepaugmented
with the decay conditions
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
^v j ðx; x; yÞ ! 0 as
x þ y ! 1 for all j  N þ 1. The
equations for the modal amplitudes of the evanescent modes
are similar to those encountered in Ref. 26. These amplitudes were shown to vanish in Ref. 26 (Sec. 3.3) in a regime
that was similar to the one addressed in this paper. We therefore neglect them in the following.
From Eqs. (A12) and (A13), we obtain that the modal
amplitudes of the propagative modes satisfy the system of
partial differential equations
0
1
!
2ibj @x þ @y2 e2ibj x @y2
a^j
@
A
b^j
e2ibj x @y2 2ibj @x þ @y2
!
!
N
i a^l
X
eiðbj bl Þx eiðbj þbl Þx h 1
rjl ðx;yÞ þ rjl3 ðx;yÞ@y
¼
b^l
eiðbj þbl Þx eiðbj bl Þx
l¼1
!
!
N
X
a^l
eiðbj bl Þx eiðbj þbl Þx
(A15)
 ibl rjl2 ðx;yÞ
iðbj þbl Þx
iðbj bl Þx
b^l
e
e
l¼1

for j ¼ 1; …; N with initial and end conditions
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a^j ðx; 0; yÞ ¼

f^j ðxÞ
dðyÞ;
2ibj ðxÞ

b^j ðx; L; yÞ ¼ 0:

(A16)

If we apply the multi-scale analysis proposed in Ref. 12
in the paraxial regime, then we get Eq. (18), which gives the
leading-order perturbations of the modal amplitudes generated by the surface perturbation l. In Appendix A 3, we present a detailed approach that makes it possible to capture all
of the terms that are linear in the surface perturbation l.

^ x; yÞ ¼ Gðb;
^ x; yÞ.
and we have used the fact that Gðb;
After integration by parts, we find
ðð
^ j ; L; 0Þf^j þ Gðb
^ j ; L  x; yÞlðx; yÞ
a^j ðL; 0Þ ¼ Gðb
^ j ; x; yÞdydxqjj f^j þ
 Gðb

N ðð
X

^ j ; L  x; yÞ
Gðb

l¼1

^ l ; x; yÞdyeiðbl bj Þx dxrjl ðb2  b2 Þf^l ;
 lðx; yÞGðb
l
j
(A21)

3. Time-harmonic single-scattering wave
propagation in the paraxial regime

In this subsection, we prove Eq. (29). We only keep the
terms linear in l and neglect the backscattered wave components b^j in Eq. (A15). We simplify the notations and do not
write the x-dependence explicitly. This gives the following
coupled paraxial wave equations for the modal amplitudes a^j :
h
i
2ibj @x þ @y2 a^j
¼ lðx; yÞ

N
X

qjl eiðbl bj Þx a^l þ ð@x2 þ @y2 Þlðx; yÞ

up to terms that involve products of @y l and @y G, which are
smaller in the paraxial regime. Due to the form of the para^ the modal amplitude a^j is only senxial Green’s function G,
sitive to the perturbations lðx; yÞ in a tube going from
pﬃﬃﬃﬃﬃﬃﬃ
ðx ¼ 0; y ¼ 0Þ to ðx ¼ L;y ¼ 0Þ, with width
Lko . If
pﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃ
lðx; yÞ ’ l0 ðxÞ for all y 2  Lko ; Lko , then using
ð
^ j ; L  x; yÞGðb
^ l ; x; yÞdy
Gðb
e3ip=4
¼  pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
4 2pbj bl bj x þ bl ðL  xÞ

l¼1



N
N
X
X
rjl eiðbl bj Þx a^l þ @y lðx; yÞ 2rjl eiðbl bj Þx @y a^l
l¼1

l¼1

N
X
þ @x lðx; yÞ 2rjl eiðbl bj Þx ibl a^l ;

we get
(A17)
e3ip=4
e3ip=4
a^j ðL; 0Þ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ f^j  qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 2pbj L
4 2pb3 L

l¼1

where

j

qjl ¼ 2

ðD
0

rjl ¼

ðD
0

2
 2 
p
1
j
djl ; (A18)
D
2

dg/j ðgÞ/00l ðgÞ ¼ 2



N
X
l¼1

e3ip=4
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4 2pbj bl

ðL
0

ðL

l0 ðxÞdxqjj f^j

0

l0 ðxÞeiðbl bj Þx
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dx
bj x þ bl ðL  xÞ

 rjl ðb2l  b2j Þf^l :

dg g/j ðgÞ/0l ðgÞ




1
1
j
2 l
1
2
2
ð1Þlj ð1  djl Þ: (A19)
¼  djl þ
2
ðl  jÞðl þ j  1Þ

(A22)



We
that rjl ðb2l  b2j Þ ¼ 2ðp2 =D2 Þð1Þljþ1 l  12
 note

 j  12 ð1  djl Þ, and therefore we get Eq. (29).
APPENDIX B: TECHNICAL PROOF

We apply the single-scattering approximation, and we get
^ j ; L; 0Þf^j þ
a^j ðL; 0Þ ¼ Gðb

N ðL ð
X
l¼1

0

h
^ l ; x; yÞ
 lðx; yÞqjl Gðb

R

^ j ; L  x; yÞ
Gðb

1. Expression [Eq. (22)] of the modal amplitudes

Given the form of Eq. (21) of the surface perturbation,
the modal amplitudes have the form
a^j ðx; x; yÞ ¼ A^j ðx; xÞ exp iB^j ðx; xÞy2 þ iC^j ðx; xÞy ;

^ l ; x; yÞ
þ ð@x2 þ @y2 Þlðx; yÞrjl Gðb

(B1)

^ l ; x; yÞ
þ @y lðx; yÞ2rjl @y Gðb

i
^ l ; x; yÞ eiðbl bj Þx dydxf^l ;
þ @x lðx; yÞ2rjl ibl Gðb
(A20)
where G^ is the homogeneous paraxial Green’s function,


3ip=4
2
^ x; yÞ ¼ epﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp ib y ;
Gðb;
2x
2 2pbx
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where ðA^j ; B^j ; C^j Þ are given by
e3ip=4
A^j ðx; xÞ ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ f^j ðxÞ;
2 2pbj ðxÞx

B^j ðx; xÞ ¼

bj ðxÞ
;
2x

C^j ðx; xÞ ¼ 0;

(B2)

for x 2 ð0; L0 Þ; ðA^j ; B^j ; C^j Þ satisfy
Josselin Garnier and Philippe Roux
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8
2
>
>
2B^j
qjj
>
>
^
>
l ðxÞ;
@x B j ¼ 

>
>
bj
2bj ko L 2
>
>
>
>
<
2B^j C^j
qjj
pﬃﬃﬃﬃﬃﬃﬃ l1 ðxÞ;

@x C^j ¼ 
>
b
2bj ko L
j
>
>
>
>
2
>
>
2B^j þ iC^j
> @x A^j
qjj
>
>
i
l0 ðxÞ
>
: A^ ¼ 
2b
2b
j
j
j

M
e3ip=4 X
p^o ðx; 0; zÞ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃ
f^j exp ðibj xÞ/j ðzÞ:
2 2px j¼1

(B3)

@z p^o ðx0 þ x0 ; 0; DÞ

for x 2 ðL0 ; L1 Þ, and ðA^j ; B^j ; C^j Þ satisfy
8
>
>
A^j ðx; L1 Þ
>
> A^j ðx; xÞ ¼ sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
>
>
>
2Bj ðx; L1 Þ
>
>
>
ðx  L1 Þ
1þ
>
>
bj ðxÞ
>
>
>
0
1
>
>
>
>
^j ðx; L1 Þ2
C
x

L
>
1
>
C;
> exp Bi
>
B
C
>
^
2b
ðxÞ
>
2
B
ðx;
L
Þ
j
j
1
@
>
>
ðx  L1 ÞA
1þ
<
bj ðxÞ
>
>
>
B^j ðx; L1 Þ
>
>
;
B^j ðx; xÞ ¼
>
>
^
>
2B j ðx; L1 Þ
>
>
ðx  L1 Þ
1þ
>
>
>
bj ðxÞ
>
>
>
>
>
>
C^j ðx; L1 Þ
>
^j ðx; xÞ ¼
>
C
:
>
>
>
2B^j ðx; L1 Þ
>
>
ðx  L1 Þ
1þ
>
:
bj ðxÞ
(B4)
for x 2 ðL1 ; LÞ. Note that B^j and C^j are real-valued. The
important equation is the Ricatti equation satisfied by B^j in
x 2 ðL0 ; L1 Þ. The solution is of the form B^j ¼ ðbj =2Þ
ð@x D^ j =D^ j Þ, where D^ j satisfies the second-order differential
equation
@x2 D^ j ¼ 

qjj
l2 ðxÞD^ j ; D^ j ðL0 Þ ¼ L0 ; @x D^ j ðL0 Þ ¼ 1:
b2j ko L

If, additionally, L1  L0 is smaller than L, then we find
b
qjj
q
e3ip=4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp i 2b
A^j ðL1 Þ ¼ p
 0 f^j ; B^j ðL1 Þ ¼ 2Lj1  2b kjjo L  2 ;
2

2pbj L1

j

pﬃﬃﬃ


As @z /j ðDÞ ¼
2p=D3=2 j  12 ð1Þj and f^j are given by
Eq. (37), we have

j

and


A^j;o ðx;LÞ
qjj
A^j ðx;LÞ ¼ sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp i
0 ;
2bj ðxÞ
qjj  2 L1 ðL  L1 Þ
1
2
2
ko L
bj ðxÞ
(B5)
where A^j;o ðx; LÞ is defined by Eq. (23). This gives the
desired result.

M
X
e3ip=4
f^j exp ðibj ðx0 þ x0 ÞÞ@z /j ðDÞ
¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 2pðx0 þ x0 Þ j¼1
pﬃﬃﬃ
M
qﬃﬃﬃﬃ
X
i p
exp ðibj x0 Þ bj :
¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 3=2
2 x0 þ x0 D j¼1

If N  1 (N ¼ ½kD=p) and a ¼ M=N ¼ 1, then
i k3=2
@z p^o ðx0 þ x0 ; 0; DÞ ¼ pﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃ w0 ðkx0 Þ;
2 p Dx0
ð 1 pﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
4
w0 ðXÞ ¼ ei 1s X 1  s2 ds;
0

which shows that the radius of the focal spot is on the order
of the wavelength in the range direction x. If a ¼ M=N  1,
then
0
i k3=2 a
@z p^o ðx0 þ x0 ; 0; DÞ ’ pﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃ eikx wða2 kx0 Þ;
2 p Dx0

with w defined by Eq. (D1). This shows that the radius is on
the order of the wavelength divided by a2 ¼ ðM=NÞ2 in the
range direction x. Similarly, we get
M
e3ip=4 X
f^ expðibj x0 Þ@z /j ðDþz0Þ
@z p^o ðx0 ;0;Dþz0 Þ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 2px0 j¼1 j

i k3=2 a
’ pﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃ sincðakz0 Þ:
2 p Dx0
This shows that the radius is on the order of the wavelength
divided by a in the depth direction z.
3. Resolution analysis and proof of Eq. (39)

We substitute the second term in the right-hand side of
Eq. (29), which is the perturbed modal amplitude Aper
j , and
the expression of Eq. (37) of the source into Eq. (38),
M ðL
p3=2 X
l0 ðxÞ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ eiðbl bj Þðxx0 Þ dx:
I ðx0 Þ ¼ pﬃﬃﬃ 2
2 2D j;l¼1 0 bj x þ bl ðL  xÞ
When M  N, we can approximate bj by k in the denominator, and we find

2. Properties of the source [Eq. (37)]

Here, we want to show that the source [Eq. (37)] produces a focal spot centered at the point ðx; y; zÞ ¼ ðx0 ; 0; DÞ.
The unperturbed wavefield transmitted by the source f^j
given by Eq. (37) is
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p3=2
I ðx0 Þ ¼ pﬃﬃﬃ 2 pﬃﬃﬃﬃﬃ
2 2D kL

ðL
0

l0 ðxÞ

M
X

2

e

ibj ðxx0 Þ

dx:

j¼1

We finally use Lemma D to get the desired result.
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4. Special functions

In this subsection, we state and prove two technical
lemmas used in the paper.
Lemma C. If 1  M  N, then the kernel aF defined
by Eq. (35) satisfies
 2

k 3 D2 a 6
0
w
a
kjx

x
j
;
(C1)
F
72p3 L
Ð1
with a ¼ M=N (a  1), wF ðXÞ ¼ j3 0 s2 exp ðiXs2 =2Þdsj2 ,
2
which
Ð is such that wF ð0Þ ¼ 1; wF ðXÞ ’ 9=X as X ! þ1,
and R wF ðXÞdX ¼ 9p=2.
p2
1 2
Proof. Using M  N, we have bj ’ k  2kD
2 ðj  2Þ for
all j M, and therefore (with N ’ kD=p)
aF ðx; x0 Þ ’


2 
2
p3
1
1
0
aF ðx; x Þ ’
l
j
3 4
2
2
j;l¼1 8k D L
"

2 
 2 !#
p2 ðx0  xÞ
1
1
 exp i
j
 l
2
2
2kD2

 2
ð
p3 N 6 a6 3 a 2
kðx0  xÞ 2
s
s
exp
i
ds
’
2
72k3 D4 L a3 0

 2
ð1
k3 D2 a6
a2 kðx0  xÞ 2
2
3 s exp i
s ds ;
’
72p3 L
2
0

FIG. 7. (Color online) Function jwðXÞj2 with w defined by Eq. (B7).

M
X

which gives the first desired result. The behavior of wF ðXÞ
for large X follows from an integration by parts formula,
2
pﬃﬃﬃ ð
3 2 X=2 pﬃﬃﬃ
u exp ðiuÞdu
wF ðXÞ ¼ 3=2
X
0
18 1 pﬃﬃﬃ iu
ue
¼ 3
X i

X=2
0 þ

i
2

ð X=2
0

eiu
pﬃﬃﬃ du
u

2

9
ð1 þ oð1ÞÞ:
X2
Ð
Ð 1=2 Ð 1=2 pﬃﬃﬃﬃﬃﬃ
Ð
Finally, R dXwF ðXÞ ¼ 18 R dX 0 dS 0 dS0 SS0 cos½XðS
Ð 1=2
(
S0 Þ ¼ 36p 0 SdS ¼ 9p=2.
Lemma D. If 1  M  N, then
¼

M
1X
eibj x ’ eikx wða2 kxÞ;
M j¼1
 pﬃﬃﬃ
 pﬃﬃﬃ
pﬃﬃﬃ C X= 2  iS X= 2
;
wðXÞ ¼ 2
X

(D1)

where aÐ ¼ M=N and C and
Ð X S are Fresnel integrals
X
CðXÞ ¼ 0 cos ðs2 Þds, SðXÞ ¼ 0 sin ðs2 Þds.
Proof. We can expand bj because M  N, and we can
replace the discrete sum by a continuous integral because
M  1, so we obtain
M
M
X
1 2 p2 x
1X
1
eibj x ’ eikx
eiðj2Þ 2D2 k ’ eikx
M j¼1
M
j¼1
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ð1
0

2 M 2 p2 x
2D2 k

eis

ds;

which gives the desired result, as ðM2 p2 =D2 kÞ ’ a2 k.
(
The function jwðXÞj2 is plotted in Fig. 7. We have
wð0Þ
¼ 1, and straightforward calculation shows that
Ð
2
jwðXÞj
dX ¼ p3=2 .
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