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ABSTRACT:

We propose a modal approach developed in the framework of the paraxial approximation to investigate the effects
of deterministic surface perturbations in a planar waveguide. In the first part, the sensitivity of the modal amplitudes
is theoretically formulated for a three-dimensional perturbation at the air—water interface. When applied to a broad-
band ultrasonic signal in a laboratory tank experiment, this approach results in travel-time and amplitude fluctuations
that are successfully compared to experimental data recorded between two vertical source-receiver arrays that span
the ultrasonic waveguide. The nonlinear shape of the modal amplitude fluctuations is of particular interest and is due
to the three-dimensional nature of the surface perturbation. In the second part, a time-harmonic inversion method is
built in the paraxial single-scattering approximation to image the dynamic surface perturbation from the modal trans-
mission matrix between two source—receiver arrays. Again, the inversion results for capillary-gravity surface pertur-
bations are successfully compared to similar inversions performed from experimental data processed with a

complete set of eigenbeams extracted between the two arrays. © 2022 Acoustical Society of America.
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I. INTRODUCTION

Surface scattering in a waveguide involves the combi-
nation of waveguide propagation and scattering physics,
both of which have been extensively studied separately. The
rough and time-varying nature of the sea surface scatters
sound in complex ways. For instance, the crest of a surface
wave can act like a concave acoustic lens to focus sound so
that the surface-reflected multi-path arrival has an intensity
greater than that of the direct arrival. Arrival times vary as
the gross elevation of the smaller waves responsible for
acoustic focusing is modulated by large-scale wave features,
such as swell.

From theory and simulation, a series of studies in the
late 1980s provided useful descriptors of sea-surface scatter-
ing using Kirchhoff and perturbation approximations.'> The
new trend in surface scattering is to predict and invert for a
deterministic gravity wave, taking advantage of the sensitiv-
ity of the amplitude and phase modulations of the incident
acoustic wave to the local elevation and curvature of the sur-
face near the specular reflection points.>”’ These studies
were motivated by the impact of surface scattering on under-
water acoustics applications, such as communication sys-
tems or sonar in shallow waters.®”

The dynamic imaging of a deterministic gravity wave
propagating at an air—water interface requires continuous
sampling of every point at this interface. This sampling can
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be done acoustically using waves that propagate in the water
column but have specular reflection points that fully scan
the air—water interface. The use of many source-receiver
pairs multiplies the number of specular reflection points,
which allows for better sampling of the air—water interface.
Moreover, the multi-path propagation in the waveguide also
contributes to improved surface sampling, as each eigenray
that bounces several times at the surface naturally increases
its sensitivity to any surface deformation.'® Following this
methodology, there were recent experimental demonstra-
tions of dynamic imaging of a deterministic capillary-
gravity wave in an ultrasonic waveguide from ultrasonic
source and receiver arrays that face each other in a 1-m-
long, 5-cm-deep fluid waveguide and have frequencies in
the MHz range. Through a double-beamforming (DBF) pro-
a large set of acoustic multi-reverberated beams
that interact with the air—water interface were isolated and
identified. The travel-times, amplitudes, and source-receiver
angles of a few thousand eigenbeams are natural observ-
ables for eigenbeams that are measured when the capillary-
gravity wave travels through the source—receiver plane.
Linear inversion of these observables leads to accurate
spatial-temporal patterns of the surface deformation'*'*
with the spatial resolution bounded by both the acoustic
wavelength and the extent of the source-to-receiver Fresnel
zone of the acoustic wave at the surface.

The present study aims at revisiting the above-
mentioned eigenbeam methodology using a newly developed
modal approach for the dynamic imaging of a deterministic
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gravity wave in a waveguide. Using the eigenmodes of the
waveguide to invert for a surface perturbation might appear
counterintuitive because the modes are classically defined as
an invariant of the waveguide along the waveguide axis
propagation. However, the eigenmodes are also a basis for
the acoustic wavefield: as such, the modal transmission
matrix between the source array and the receiver array con-
tains all of the elements that allow reconstruction of the pro-
file of the waveguide surface.

The objective of this paper is twofold. In the first part,
the modal approach is rapidly revisited in a plane wave-
guide. The sensitivity of the modal amplitudes is theoreti-
cally formulated for a three-dimensional perturbation at the
air—water interface in the paraxial approximation. The para-
xial approximation holds when the typical wavelength is
much smaller than the typical scale of variations of the
surface perturbations, which is itself much smaller than the
propagation distance. When applied to a broadband ultra-
sonic signal, this approach results in travel-time and ampli-
tude fluctuations that are compared successfully to
experimental data.* In the second part, a time-harmonic
method is built in the paraxial single-scattering approxima-
tion to image the dynamic surface perturbations from the
modal amplitudes of the signals collected at a high frame
rate between the source and receiver arrays. Again, inver-
sion results for two-dimensional and three-dimensional sur-
face perturbations are successfully compared to similar
inversions performed from the eigenbeam methodology™'?
with the same experimental data.

Il. WAVE PROPAGATION IN AN ACOUSTIC
WAVEGUIDE

We consider acoustic wave propagation in a planar
waveguide, as illustrated in Fig. 1. We denote by x € R the
range as the main axis of the waveguide. The medium is
unbounded in the cross-range direction y, but it is confined
in depth z by two planar and parallel boundaries that trap the
waves, thus creating the waveguide effect. The acoustic
pressure field denoted by p(t,x,y,z) satisfies the wave
equation

1
O 40+ 0 =507 | p(t.x,y,2) =f(£,2)0(x)o(y) - (D)

inside the waveguide, which is filled with a medium with
homogeneous wave speed c,. The pulsed excitation is due to
a vertical linear source array localized in the line
x =0,y =0, and the wavefield is received at distance L on
a vertical linear receiver array localized in the line
x =L,y = 0. The bottom at z=0 is perfectly flat and rigid:
.p(t,x,y,z = 0) = 0. The pressure release boundary condi-
tion at the perturbed top boundary p(z,x,y,z = T(x,y)) =0
means that the top boundary z = T(x,y) has small fluctua-
tions around the mean depth D, |T(x,y) — D| < D, local-
ized in the region x € (0,L). The boundary fluctuations are
modeled with the smooth and bounded function g,
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FIG. 1. (Color online) Schematic of the experimental setup designed to
image a traveling gravity-capillary wave on the surface of the waveguide.
Vertical 64-element source and receiver arrays face each other in a 1-m-
long, 55-mm-deep water waveguide. The waveguide dimensions are large
compared to the 1.5mm wavelength of the ultrasonic wave. The bottom is
made of steel, which allows for perfect reflection at this interface. The
transfer matrix of the waveguide (between the elements of the source and
receiver arrays) is recorded at a rate of 100 frames/s over 5s. (a) Modified
from Ref. 4. A computer-controlled dynamic shaker is attached to a
Plexiglas cylinder placed at the air—water interface on the side of the wave-
guide. This device generates impulsive gravity waves that cross the source—
receiver axis in a few seconds. (b) Modified from Ref. 13. The surface
waves are caused by laser-induced breakdown (lightning-shaped arrow) in
the center of the waveguide, which generates contra-propagative waves
along the axis of the waveguide.

T(x,y) = D[l + u(x,y)]. 2

The goals of our study are (1) to quantify the effects of
acoustic scattering by the surface perturbation p, (2) to
experimentally compare the modal-based perturbation
approach to ultrasonic data recorded by the receiver array,
and (3) to design imaging functions that estimate the surface
perturbation from the ultrasonic signals recorded between
the source—receiver arrays. In the analysis, the surface per-
turbation p is assumed to be time-independent with respect
to the ultrasonic wave sampling. This assumption is valid in
our experimental configurations, as the velocity of the grav-
ity waves (<1 m/s) is much smaller than the velocity of the
acoustic waves (~ 1500m/s), so the surface perturbation
can be considered as frozen during the acquisition of the
transfer matrix from all of the elements of the source array
to all of the elements of the receiver array.

lll. PARAXIAL APPROXIMATION IN A PERFECT
WAVEGUIDE

We consider the paraxial regime L > D > J,, where
/o =2m/k is the central wavelength. In this section, we
consider the case p = 0. Assuming x >> 4, and |y| < v/7,x,
the pressure field in the paraxial approximation has the
form
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with explicit expressions of the eigenfunctions ¢;, which are
independent of the frequency in a perfect waveguide,

;(z) = \/%cos [n (j - %) %} @)

6731'7[/4

forj=1,...,N that correspond to the N = [kD/=] propaga-
tive modes in the waveguide, with k = @/c,. In Egs. (3) and
(5), we introduce the modal wavenumber f;(w) = \/|4;(w)]
with eigenvalues defined as

o=@ -0-9] e

and the coefficients of the source profile in the basis of the
eigenfunctions,

and

o [ 7 0. 5

D
o) = | =@ 0.0 ™
The Fourier transform of the source,
Fon)= | afeze ®)

is assumed to be compactly supported (for positive frequen-
cies) in [w, — B/2,w, + B/2]. Here, w, is the central fre-
quency, and B is the bandwidth.

In short, the pressure field in Eq. (3) is a superposition
of forward going modes that are propagating in the range
direction x, with slowly varying amplitudes &;, given by
Eq. (5). For j = 1,...,N, these modal amplitudes solve the
paraxial equations,

[2lﬁ( )0, +6]aj,,(wxy)f0 )

with initial conditions

fi(@)
2if;(w)

In the case of broadband source excitation, the wave
signals recorded by a receiver located at depth z, for a
source of the form

f(t,2)

with B < ,, is

=0,y) =

5(y)- (10)

djo(o,

= F(2)f,(Bt)e ™" + c.c., (11
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Po(t,L,0,2,) = ! JZd) 2.)aj o (0, L,0)
x PO gey 4 cc (12)
iy, 0) = —<E lfg(“’_w"), (13)
2\/%3 B
with F; = fo ¢;(z)dz. Therefore, the signal has the form

of a train of short pulses

N(,)

Po(t,L,0,2,) = Z Aoz )fo (B(t=Tj0)) +cc., (14)
which arrive at the travel-time of the jth mode,
2
7(-3)
j<N(w,) L L 2
T, =p (,Lj<<: —_t 15
o = Fj(eo) Co +c0 2k2D? (1)
with k, = w,/c,, and with amplitude
eiﬁj(w(,)Lfiw,,t73in/4
Ajy=—F—F, (16)

2,/2nB;(w,)L

IV. PARAXIAL APPROXIMATION IN A ROUGH
WAVEGUIDE

In the paraxial regime and in the presence of a surface
perturbation [Eq. (2)], the pressure field takes the form (see
details in Appendix A)

N(w)

plw,x,y,z Z

a7

aj w,x y) if; ((/))x.

The modal amplitudes satisfy the leading order of the
Schrodinger-type equations,

1gjj

. i .
araj(wvx>y) = &a;— Zﬁ(

2ﬁj(w) v

G ulx,y)aj, — (18)

for x > 0, and the initial conditions

N f,(w)
aj(w,x=10,y) = Ziﬁj(a))

8, j=1,..N. (19

The coefficients g;; are defined by

D 2 2
w=2| eoeee--2(5) (i-3) . e

To analyze beam propagation in rough waveguides and
to obtain Eq. (18), we introduce in Appendix A 1 a change
of coordinates that flattens the perturbed surface boundary.
The mapped wave field then satisfies a wave equation
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perturbed by a differential operator with rough coefficients.
We show in Appendix A 2 that the solution can be written as
a superposition of the ideal (unperturbed) waveguide modes
with range-dependent modal amplitudes that solve the para-
xial Eq. (18) driven by the function . These modal ampli-
tudes model the cumulative scattering effects of the
perturbed surface. In Eq. (18), we keep only the leading-
order terms that describe the evolutions of the modal ampli-
tudes and that explain the forms of the travel-time and
amplitude perturbations observed in the experiments [see
Egs. (26) and (27) below]. We neglect higher-order terms
that describe mode conversion and that will be important for
the resolution of the inverse problem in Sec. VI.

The wave field recorded at distance L on the receiver
array is sensitive to the perturbation u only in a tube with
radius in y on the order of V2oL (the Fresnel zone). We
assume that the transverse scale of the perturbation p is on
the order of or larger than v/4,L. We can therefore expand

(2, y) = o (x) +\/%MI(X) +

1 (), 2n

AoL

where y; are compactly supported in [Lo,L;] C (0,L). Under
such circumstances, Appendix B 1 shows that the approxi-
mate expression of the modal amplitudes at x=L, y=0 is
given by

iyf0.L,0) =il
|4 rLil-L)
2 y) L2
ﬁ,(w) 0
. g
X exp [ —i v |, 22)
p( 2p;(w) 0)
where
. 873i7r/4 Ly
Ajo(o,L) = (23)

Wﬂ(”)a v = JL@ py (x)dx.

The wave signals recorded by a receiver located at depth z,
when there is a source of the form (11) are

N(w)

p(t,L,0,z,) = %J Z: ¢;(z/)aj(o,L,0)
=

x POt gey 4 e (24)

where a;(w,L,0) is given by Eqgs. (22) and (23) with

fj(a)) = (F;/B)f ,((w — w,)/B). Therefore, the signal has
the form of a train of short pulses,

N(w,)

p(t,L,0,2) = > Aig(z)fo (B(t = T))) + c.c.,  (25)
=1

that arrive at the perturbed travel-times of the modes,
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where T;, is the unperturbed arrival time of the jth mode
[Eqg. (15)] and with the perturbed amplitude

A:

'J,0

|9 nLil-L)
[gj(w)zio L2

J<N(w,) Aj’(,

~

- )
Joe (-p) =
2 k,D°L?

where A; , is the unperturbed amplitude of the jth mode [Eq.
(16)]. Note that the travel-time perturbation is linear in v,
while the amplitude perturbation is not linear in v,. As a
consequence, when the perturbation of the surface slowly
evolves in time, as a periodic and harmonic function like a
cosine, for instance, then the terms v; behave like a cosine
and the travel-time perturbation behaves like a cosine, but
the amplitude perturbation behaves like a nonharmonic
function. This apparent nonlinear behavior of the amplitude
perturbation results from linear propagation effects: the
transverse curvature of the surface perturbation v, can
induce a quadratic wave front that acts as a lens and
involves the focusing of the acoustic wave. This behavior is

illustrated in Sec. V, devoted to the experimental data.

V. EXPERIMENTAL CONFIGURATION AND DATA
ANALYSIS

(26)

A =

27

The experimental setup is a variation of an ultrasonic
Pekeris waveguide.'”> Two source—receiver ultrasonic arrays
face each other in a small-scale shallow-water waveguide
(Fig. 1). The waveguide depth is D = 55 mm, and its length
is L=1m. The bottom of the waveguide is steel and pro-
vides good reflection of ultrasonic waves. The arrays are
composed of 64 transducers centered at 1 MHz with a 75%
bandwidth. The ultrasonic signal transmitted by each piezo-
transducer source is a broadband pulse of 1 us at the central
frequency of the transducer. The received signals spread
over 80 us after the direct arrival at ~ 680 us, which corre-

sponds to (L/D)4/(760/680)* — 1 ~ 10 reverberations on

the waveguide boundaries.* On both arrays, the transducer
dimensions are 0.75 mm along the vertical axis (that corre-
sponds to half of the central wavelength) and 12 mm along
the transverse axis. This feature naturally creates a colli-
mated beam in the waveguide axis direction, which avoids
side echoes from the tank walls. Recent studies'>'* estimate
the transverse size of the source-to-receiver Fresnel zone at
*2cm on each side of the waveguide axis.
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Based on this experimental setup for ultrasonic waveguide
propagation, the present study revisits this in the framework of
the paraxial approximation for two experimental datasets that
deal with surface perturbations at an air—water interface.

The first experiment (EXP1) is detailed in Ref. 4. A
computer-controlled dynamic shaker is connected to a 20-cm-
long, 2-cm-diameter Plexiglas cylinder that is half-immersed
on the side of the acoustic waveguide, as shown in Fig. 1(a).
The signal sent to the shaker is a Gaussian pulse that is cen-
tered at 3.5 Hz, with a ~ 40% bandwidth, and generates impul-
sive capillary-gravity waves at the air—water interface. The
cylinder axis is horizontal and tilted at ~ 40° with respect to
the source-to-receiver array axis. The capillary-gravity wave
crosses the acoustic waveguide as a three-dimensional surface
perturbation in a few seconds. The maximum wave height is
controlled by the amplitude of the signal sent to the shaker and
is on the order of a few millimeters. As the capillary-gravity
wavelength /, (of a few centimeters) is much greater than the
acoustic wavelength (4, = 1.5 mm), the surface-reflected
acoustic waves should be sensitive to details in the surface
deformation at spatial scales much smaller than /.

The second experiment (EXP2) is detailed in Ref. 14.
The surface of the waveguide is perturbed by a blast wave
generated by laser-induced breakdown above the surface in
the plane y=0 and at the position x ~ 0.56 m [Fig. 1(b)].
The perturbation is localized and controllable by the power
of the laser excitation and results in a circular surface wave.
Due to the dimensions of the waveguide, this circular wave
is seen by the ultrasonic source-receiver arrays as two
counter-propagative capillary-gravity wave packets that
expand from the center of the waveguide as a two-
dimensional surface perturbation.

In both experiments, while the surface perturbation is
traveling across the surface, the ultrasonic system records
the transfer matrix of the waveguide between the source—
receiver arrays at 100 times/s, over 5s. By transfer matrix,

(a) (b)
Modal shapes
0 —_—
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>
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2 22
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g 0.04
= 25
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we mean the complete set of 64 x 64 time-domain signals
emitted by every source and received by every receiver of
the two arrays.

The calculation of the perturbed and unperturbed travel-
times {7},T;o} and amplitudes {A;, A;o} defined for each
mode in Egs. (26) and (27) requires projection of the pres-
sure wavefield onto the modal basis. In theory, the mode
profiles ¢;(z) should be the theoretical eigenfunctions [Eq.
(4)] in a perfect waveguide. In practice, the waveguide used
in EXP1 and EXP2 can be approximated by a Pekeris wave-
guide. The actual mode profiles (Z) ;(2) are extracted for each
mode from the waveguide transfer matrix p,(w,x,y,z)
recorded between the source and receiver arrays in the
absence of surface perturbation. More precisely, the mode
profiles <Z) /(z) are obtained by optimizing the mode parame-
ters numerically computed from a Pekeris waveguide model
so as to maximize the output intensity of the experimental
waveguide transfer matrix projected on the modes for both
the source and receiver dimensions [Eq. (28)]. The optimi-
zation is carried out with respect to physical parameters,
such as the waveguide depth D and steel bottom elastic
properties for the Pekeris model, but also against geometri-
cal parameters, such as the relative positions in depth of the
64-element source—receiver arrays in the water column.

Figure 2 shows the optimal projection of the transfer
matrix on the mode profiles for the unperturbed waveguide
with the plot of the mode profiles qNSj(z) for modes j=1 to
Jj =4 on the source—receiver arrays. The travel-times T;y and
amplitudes A; o are obtained directly from the maximum of
the envelope of the transfer matrix projection for every
mode, as calculated from the following equation:

Ajofo(B(t = Tj,))

= Jda) JD dz, JD dz, §(zr) b, (2)

0 0

X po(@,z4,2,,x =L,y = 0)e ™ + c.c., (28)

i
S

Py

710 720 730 740 750

L1

Propagation time (microseconds)

FIG. 2. (Color online) (a) Mode profiles <}5 j(z) for modes 1-4 extracted from the transfer matrix data of the unperturbed waveguide. (b) Normalized projec-
tion of the unperturbed transfer matrix onto the mode profiles on both the source and receiver arrays. Note the delayed arrival times of the different modes
(from mode 1 to mode 30) that correspond to the dispersion of the pressure field in the reverberated waveguide, as calculated from the source-receiver dis-

tance L and the modal group velocities (red square).
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where p,(w,x =L,y = 0,z,z,) is the unperturbed pressure
field between a source in z; and a receiver in z,, respectively.
Using the actual mode profiles ¢ j(z), the projections of the
successive recorded transfer matrices lead to the extraction
of the travel-times T; [Eq. (26)] and amplitudes A; [Eq.
(27)], while the surface perturbation travels at the air—water
interface.

In the experimental configuration of EXP1,* the
dynamic shaker excites the half-immersed horizontal cylin-
der with three different voltages (ampl =1V, amp2 =2V,
amp3 =3 V), thus creating increasing surface perturbations
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FIG. 3. (Color online) Relative amplitude and travel-time perturbations as functions of slow acquisition time for frequency @, = 27 x 0.5 x 10° rad-s~

in each case. Due to the large bandwidth of the piezo-
transducers, the transfer matrices can be studied at three dif-
ferent frequencies w, = 2n x 0.5,1,1.5 MHz and for each
amplitude modulation of the surface perturbation.

In Fig. 3, we plot for mode 15 and at w, = 27 x 1 MHz
the relative amplitude perturbation A;(r)/A;, —1 and the
time perturbation T;(¢) — Tjy as functions of the acquisition
time ¢. Here, we assume that the surface perturbations vary
as py cos (pat) exp (—p3t?) with respect to the slow time # (up
to a time shift), and we adapt p, p,, and p5 to fit the observa-
tions. We find p;(ampl) ~ p\(amp2)/2 ~ p\(amp3)/3, in
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and mode number 15 and for different surface perturbation amplitudes amp1, amp2, and amp3. The blue lines plot the experimental results. The red lines

plot the theoretical results obtained from Egs. (26) and (27).
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agreement with the different voltages used to create the sur-
face perturbations. We find p, = 22.5 s ' and p3 = 0.85% s 2,
which correspond, respectively, to a central frequency
v =22.5/(2n) ~ 3.5Hz and a root mean square (rms) pulse
width of 0.6 s, which is in agreement with the pulse generated
by the shaker. Indeed, the pulse shape generated by the shaker
has a carrier frequency equal to vy, = 3.5 Hz and a rms pulse
width of ¢y, = 0.25 s. The capillary-gravity waves are disper-
sive with dispersion relation w? ~ (gk + (¢/p)k*), where
g ~ 9.8 m/s” is the acceleration of gravity, ¢ = 0.074 N/m is
the air—water surface tension, and p = 1000kg/m’ is the
water density. The rms pulse width after a propagation dis-

tance d is then close to tsh\/ 14+ k" (wsh)zdz/fs‘h, with wg,

= 27vg,. Around the frequency wg,, we have k(w)
~ w?/g and k"(w) ~ 2/g, so the rms pulse width after a prop-

agation distance d is actually close to fg/1 + 4d?/(g%t2,),
which is equal to 0.6 s for d = 0.6 m. This is the approximate
distance between the shaker and the position of the
capillary-gravity waves when the acoustic waves are trans-
mitted. Finally, we can clearly observe the nonlinear
shape of the relative mode amplitude perturbation for the
strongest surface perturbation amp3, as predicted by the
theory [Eq. (27)].

In Fig. 4, we report the averaged relative amplitude per-
turbation ((4;/A;, — 1)?) and time perturbation ((1; — Tj0)2>
as a function of the mode number j. The ensemble average
() is performed on the 500 transfer matrix acquisitions,
while the surface perturbation travels at the air—water inter-
face. We compare this with the theoretical forms [Egs. (27)
and (26)] with a least-square fit for v and v, [for instance,
at frequency 1 MHz, we find (n?vo)/(k*D°L) = 210> and
(mvaLi (L — Ly))/(k,D*L?) = 310~*]. The dependence with
respect to mode number is well predicted by the theory for
both amplitude and time perturbations: the theory predicts a
quadratic form for the time perturbation and a nearly qua-
dratic form for the amplitude perturbation. The dependence
with respect to carrier frequency , is qualitatively pre-
dicted by the theory as the perturbations decay with increas-
ing frequency. The dependence with respect to the surface
perturbation amplitude is as expected, with relative ampli-
tude and travel-time perturbations increasing linearly with
surface perturbation amplitude.

VI. INVERSION OF THE SURFACE PERTURBATION
FROM THE PARAXIAL APPROXIMATION

In this section, we aim to invert the surface perturbation
at every point x between the two arrays (from x =0 to x =L)
through the paraxial approximation formulation. We recall
that the paraxial regime holds when the typical wavelength
A, 18 much smaller than the propagation distance L and the
amplitude of the surface perturbation is small, with a scale
of variation that is between /, and L. We expand the surface
perturbation u(x,y) as in Eq. (21) for all y € (—vL7,,
V/LZ,). As shown in Appendix A 3, the expressions of the
modal amplitudes of the pressure field after propagation
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between the two arrays in the paraxial single-scattering
regime can be written as follows:

aj(w,L,0) =Aj,(0,L) + Aﬁ-’er(w,L), 29)
. lg o3im/4
Al (w,L) = S —
! =1 4, /21 B, (w)
L (i) () )
X J tolx)e dxsif (),
0 \/Bi(@)x + Bo)(L ~ )
(30)

where A;,(w,L) is the unperturbed amplitude of the jth
mode [Eq. (16)], and the s;; coefficients for every modal pair
(J, I) are defined by

%w—zzi(—lyﬂ<f—;><j—;)-

The term A7’ (@, L) in Eq. (30) is the perturbed mode ampli-
tude due to the surface perturbation in the paraxial single-
scattering regime. In Egs. (29) and (30), we have neglected
some terms that appear in Eq. (22) and that describe the
mode amplitude perturbations [the terms associated with pu,
in Eq. (21)], while we have kept the leading-order mode
conversion terms that are the ones that are exploited in the
resolution of the inverse problem.

In the following, we build a modal-based method to
image the surface perturbation from the observation of the
modal transmission matrix from the source array to the
receiver array. We anticipate that it is difficult in practice to
extract all modes from the signals recorded by the source—
receiver arrays, so we assume that we can only extract the
first M modes from the wave field, with M € {1,...,N}.

Equations (29) and (30) give the forward model F that
determines the modal transmission matrix (7 (w))%:1 from
the surface perturbation (fiy(x)).c(o ). Where Tj(w) is the
complex amplitude of the jth perturbed modal amplitude
A7 (w,L) seen by the receiver array when the source trans-
mits a unit-amplitude /th mode (the source is such that f I3
=0 for I' # [ and f[ = 1). According to Eq. (30), the for-
ward model has the form F : (MO(X)).xE(O,L)H(Y}I)%:I with

(€19}

e3i"/4s- L U xei(ﬂ,*/j’j)x
le:]:[“()]j1:4 2 - J - e
V/27B;B, 0\/,8jx+[3,(L—x)
Jl=1,...M.
(32)
The adjoint operator has the form F*: (Tﬂ)%:1
'_’(Mo(x))xe(o,L) with
M —3in/4 . T: —i(B—P;)x
o) =F TN =3 "t L x€(0.L).
= V' Tcﬁjﬁl\//))jx—'_ﬁ/(l‘_x)
(33)

We can then deduce that the normal operator F*F has the form
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FIG. 4. (Color online) Relative amplitude and travel-time perturbations as functions of mode number for different carrier frequencies ,, and for different
surface perturbation amplitudes amp1, amp2, and amp3. The solid lines plot the experimental results. The dashed lines plot the theoretical results obtained

from Egs. (26) and (27).

L
F ) = | ar(emldd. ve 0L, G4
0
with the kernel ar given by

M 2
S

af(x,x/) :];7327Tﬁ;‘ﬁ1

ei(/jﬁ/f/)(x/*x)
X .
\/ﬁjx+ﬁl(L_x) \/ﬁjxl+ﬂl(L_x/)
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(35)

3246

The inverse problem that consists in recovering the sur-
face perturbation ((x)) (o) from the observed transmis-
sion matrix (7j);;_, can be solved using a pseudo-inverse or
a regularized inverse approach. The estimated surface per-
turbation is then (F*F +Z)~' F*[T] for some regulariza-
tion parameter y > 0. Indeed, according to Lemma C in
Appendix B4, the kernel of the normal operator is almost a
convolution kernel concentrated on the diagonal X' = x,
which shows that the normal operator is close to the identity
up to a multiplicative constant: F*F[uy](x) = po(x).
Therefore, the pseudo-inverse or regularized inverse is close
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to the adjoint operator (up to a multiplicative constant). We
can also use an approximate inverse that is close to the
adjoint operator and that has a physical interpretation as
explained below.

We define the imaging function 7 in terms of the mea-
sured transmission matrix (Tj-l)j-‘j‘;:1 as

M 7. o-3in/4(_q Jj—1 i .
I(xo) :Z Jl ( ) V ﬂjﬁle_,(ﬁ[_/;f)m?

F 0D

x, € (0,L).

(36)

The imaging function [Eq. (36)] is close to the adjoint oper-
ator F* applied to the measured transmission matrix, as can
be seen by a comparison of Eq. (36) with the expression of
Eq. (33) of the adjoint operator: the phase factors are equal;
the differences are only in the amplitudes. It is possible to
interpret the imaging function Eq. (36) as a DBF process in
the modal domain. To clarify this, let us fix xo € (0,L), and
let us consider a source function with the following modal
coefficients:

. (_1)’\/ﬁ_l€73in/4
fi=— 1 —

2

e P for | < M. (37)

Given the perturbed modal amplitudes (A’,-’e")j[‘il of the wave
signals recorded by the receiver array and transmitted by the
source [Eq. (37)], the imaging function [Eq. (36)] can be
expressed as

M 1V -
Ty = 3o COVE e

— .1
J J=3

(38)

This representation of the imaging function is obtained
by substituting the expression

M
A= Tif,
=1

into the definition [Eq. (36)] of the imaging function, with f /
given by Eq. (37) and (T; )%:1 being the measured transmis-
sion matrix. The representation of Eq. (38) of the imaging
function makes it possible to explain the analogy with a
DBEF process.

Indeed, the source [Eq. (37)] is designed to produce a
focal spot centered at the point (xo, 0, D). When oo = M/N is
equal to one, the size of the focal spot is diffraction-limited,
and its radius is on the order of the wavelength. When
o = M/N is small, the focal spot is on the order of the wave-
length divided by « in the depth direction z and on the order
of the wavelength divided by o? in the range direction x (see
Appendix B 2 for details).

The imaging process, therefore, looks like a DBF pro-
cess as beamforming is performed here both from modal
projection in transmission by Eq. (37) and in reception by
Eq. (38). We can then anticipate the extraction of local
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information on the surface perturbation around (xo, 0, D) by
this formulation in a way equivalent to what was performed
for DBF eigenbeam selection applied to source-receiver
(sub)arrays in the sensitivity kernel (SK) approach,*!%:13-1¢

It follows that the imaging function gives an image of
the surface perturbation g (x), and it is possible to quantify
its resolution properties. As shown in Appendix B 3, when
o =M/N < 1, we have

L

Z(xo) = L K(xo — x) o (x)dx,

(39)

where K(x) = (k%242)/(2v/27L) | (o2kx)|* and Y (x) = V2
x(C(x/v/2) —iS(x//2))/x, with C and S as Fresnel inte-
grals C(x) = [ cos (s*)ds, S(x) = [y sin(s*)ds, and k=w/c.

Note that the inversion kernel KC(x) is integrable (it
decays as x72), so the imaging function Z(xo) gives a
smoothed image of the surface perturbation g, (xo) with a res-
olution on the order of the wavelength divided by «>. More
exactly, the half-width at half-maximum of |y|* is approxi-
mately equal to 2, so the resolution is ~ 4, /(no?). Of course,
the more modes we can extract from the data, the better the
resolution is, and we could ultimately reach resolution on the
order of the wavelength if we could exploit the amplitudes of
all of the propagative modes with indices up to j=N. We
also have [, K(x)dx = nv/k/(2v/2L), which makes it possi-
ble to estimate 1 (xo)~[(2v/2L)/(nvk)]Z(xo) when it is
varying slowly.

The imaging function of Eq. (36) uses only the data
recorded at one frequency. For broadband data, it is straight-
forward to sum the time-harmonic imaging functions over
the available frequency band. In the following example, we
sum over 40 frequencies regularly spaced in the band
[0.8,1.2] MHz.

In Figs. 5 and 6, we compare the modal-based imaging
function [Eq. (36)] with the DBF eigenbeam inversion
applied on the same experimental data (EXP1 and EXP2) in
Refs. 4 and 13. In the modal-based approach, the number of
modes is approximately N=70 (N=58 at 0.8 MHz and
N =288 at 1.2MHz), and M =20 modes can be exploited in
the band [0.8,1.2] MHz (i.e., & =~ 0.3). The resolution is,
therefore, on the order of half a centimeter, which is smaller
than the capillary-gravity wavelength of the surface
perturbation.

In Ref. 4, a one-dimensional SK formulation was pro-
posed to invert for both amplitude and travel-time fluctua-
tions for a complete set of DBF eigenbeams. The inversion
leads to a maximum volume perturbation estimation of
AV =22mm’. This volume is difficult to interpret in terms
of surface elevation, as the lateral extent of the Fresnel zone
was not taken into account in the computation of the surface
SK. In other words, the inversion result projected along the
source—receiver axis should have been weighted by the lat-
eral extent of the SK along the direction perpendicular to
the waveguide. This problem is solved in the present para-
xial approximation, where the three-dimensional aspect of
the propagation projected on the surface perturbation is
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FIG. 5. (Color online) Estimation of the surface perturbation in the experimental configuration EXP1. (a) The DBF approach (Ref. 4) performed from a joint
inversion of both amplitudes and times of a set of more than 2000 eigenbeams. Using a one-dimensional SK, the inversion is plotted as a function of the vol-
ume AV of the perturbation. (b) The modal-based approach described in the present paper with the surface deformation A%(x) = Dy, (x) shown in mm.

taken into account in the forward problem. The inversion
result in Fig. 5(a) shows a maximum 3-mm surface deforma-
tion along the source—receiver axis that is consistent with
external observations.

In Refs. 13 and 14, two-dimensional surface SKs
applied to DBF eigenbeams were used for amplitude, travel-
time, or emitting-receiving angle perturbations that lead to
surface elevation estimations on the order of 20 um for
weak laser excitation and up to 2 mm for strong laser excita-
tion. The optimal inversion result obtained so far was for a
joint angle inversion on emitting-receiving angle perturba-
tions for a set of more than 2000 eigenbeams and very weak
laser excitation [Fig. 6(a)]. Interestingly enough, the modal
projection used within the paraxial approximation in the pre-
sent paper did not extract the modal transmission matrix
above the noise level in the case of this very weak laser
excitation. For stronger laser excitation, the inversion result
obtained from the paraxial approximation in Fig. 6(b) shows
a similar shape for the two counter-propagative gravity-
capillary waves generated from the center of the waveguide,
with a maximum 0.5-mm surface elevation.

When comparing the eigenbeam approach and the
modal transmission matrix approach to invert for an
unknown surface deformation in an acoustic waveguide, we
should keep in mind the following points. First, extracting
the complete set of eigenbeams between the transmitting
and receiving (sub)arrays via a DBF algorithm is much
more time consuming than extracting the modal transmis-
sion matrix as proposed here in the paraxial approximation
formulation. However, as discussed in Ref. 14, only the
independent families of eigenbeams would be worth extract-
ing via DBF, which could greatly reduce the computational
time under the eigenbeam approach. Second, it appears from
experimental investigations that the fluctuations of the
modal transmission matrix are sensitive to surface deforma-
tion elevation on the order of a wavelength when the
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eigenbeam amplitude fluctuations are sensitive to elevation
that can be 10 times weaker. Finally, the eigenbeam algo-
rithm applied to sub-antennas on both sides of the wave-
guide does not require the transmitting and receiving arrays
to cover the entire water column, which can have significant
advantages in ocean experiments. The mode-based imaging
method proposed here in the paraxial approximation
requires extraction of modal amplitudes that can be esti-
mated by a simple projection when the antenna array is
dense and covers the cross section of the waveguide. When
the antenna array covers only a limited portion of the cross
section, it is still possible to extract the first modal ampli-
tudes from the wave signals recorded by the receiver array
by using an appropriate weighted projection method, pro-
vided that we know the mode profiles and the modal wave-
numbers, as explained in Refs. 17 and 18. This method
works as long as the array aperture is not too small com-
pared to the waveguide depth.

Vil. CONCLUSION

In conclusion, we recall the main results of the present
study: (1) we propose a formulation based on the paraxial
approximation in the context of an acoustic waveguide to
describe both three-dimensional aspects of the forward prop-
agation and the interaction with a complex surface deforma-
tion; (2) the prediction of the wavefield projected onto the
mode profiles between two source—receiver arrays provides
an explanation for the nonlinear shape of modal amplitude
fluctuations that was experimentally observed, but up until
now not understood, in the presence of strong surface defor-
mation; (3) within the paraxial approximation, the formula-
tion of the inverse problem is proposed to obtain the surface
deformation at any position between the source—receiver
arrays from the observed modal transmission matrix; (4)
when applied to experimental tank data in an ultrasonic
waveguide, excellent agreement is observed with a different
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FIG. 6. (Color online) Estimation of the surface perturbation in the experimental configuration EXP2. (a) The DBF approach (Ref. 13) performed from a
joint inversion of both source and receive angles of a set of more than 2000 eigenbeams and a two-dimensional SK. (b) The modal-based approach described
in the present paper with the surface deformation A(x) = Dy (x). Both inversions in (a) and (b) are plotted in mm. However, the joint angle inversion was
performed from a dataset induced from weak laser excitation (inducing low values of A%) when the modal inversion was achieved from stronger laser excita-
tion at the air—water interface, with maximum A/ values on the order of 1 mm.
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2L R 22 5
APPENDIX A: PARAXIAL APPROXIMATION |24+ K 4 pr]Ploxy)
The first steps of the analysis follow the lines of that in =f(0,1)3(x)(y), (AS)
Ref. 19, which is itself based on the modal approach intro-
duced and studied in Refs. 20-25. where the perturbed terms p.z. are

p-t.=rn (xaya ’7)81? + rz(x,y, ’7)81% + "3(357)’771)5;%
+ r4(x,y7 7’)8117

1. Change of coordinates

Consider the change of coordinates from (x, y, z) to

(x,y,1), with with functions
D 2u+ u? Q) + (Dy)*
=, (A1) Fny,m) = — s e
T(x,y) (1+p) (14 )
)
which straightens the boundary z = T'(x, y) to # = D for any r2(x,y,1) = =21 1 j_’u )
(x,y) € R%. The pressure field in the new coordinates is 5 K
iven b . — oy DH
g y ’3()(7}’777) ’71_’_#7
- T 2 2 2 2
P(w,x,y,n) =p <w,x,y, d (;;,y)) (A2) Fax,yom) = 21 (Oxpt)” + (Oyu)” nax:“ + O5u
. (1+p)’ I+pu

This satisfies the simple boundary conditions

. . 2. Wave decomposition
P(w,x,y,D) = 8,,P(w,x,y,0) =0 (A3)

Equation (AS) is not separable, but we can still write its
and the partial differential equation solution on the basis of the eigenfunctions of Eq. (4) of the
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unperturbed waveguide because the basis is complete. The
expansion has the general form

N(w)
(w,x,y,1) d)/ ni;(w,x,y)
Jj=1
+ > ()ij(w,x,y). (A6)
J>N(w)

We define the forward and backward going wave modal
amplitudes d; and b; by

&j(wvx7y)
1 1 _
= | i —if(w)x
<2“‘/(wax7)’) +2iﬁj(w) a\u,/(co,x,y)>e . (AT
};j(w’x7y): lﬁmﬂ),x,y)—#axﬁ](w’x,y) eiﬁj<w)x7
2 2ifi(w)
(A3)

so that the complex-valued amplitudes of the propagative
modes can be written as

iij(,x,y) = dj(0,x,y)eP P+ bi(w.x,y)e H* (A9

The modal amplitudes of the propagative modes each satisfy
a boundary condition in the range (0,L) of the surface fluc-
tuations. To derive these boundary conditions, we first
observe that because the boundary is flat outside (0,L), the
radiation (outgoing conditions) implies that the modal
amplitudes satisfy

aj(@,x=07,y) =0, bj(w,x=0L,y)=0. (A10)
This last equation is the boundary condition for b;. The
boundary value G;(w,x = 07, y) follows from the jump con-

ditions across the plane x =0 due to the source in Eq. (AS).
We have [a]) =0, []]) =F;(0)d(y), with f; defined

by Eq. (7). This gives [d; +b/]g = 0, iBla; — blo- = ()
x0(y) and therefore
X fi(w)
A oy —

Substituting Eq. (A6) into Eq. (AS), using the orthonor-
mality of the eigenfunctions ¢; and the relation d.d;(, x, y)
PO 4 9.bj(w, x, y)e il L 0 that comes from Egs.
(A7) and (A8), we find that the modal amplitudes solve par-
axial equations coupled by the surface fluctuations in
€ (0,L),

(21801 + 02 + e 02; = Eald,b,¥,xy),  (AL2)

(<2iB0n + 07 )by + 0%, = Ein(@, b,v.x,y),  (AL3)

with the coupled terms given by
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N
==Y b [ (x,y)ar+ifyr; (x,y)é1+rﬁ(x,y)3yéz}

I=1
(Chhx [V_/ll(an)Bz

—Ze /"'[ xyv;+)( )8v/+r,(xy)8v/}

I>N

— B, )bi+ (3, )0,b]

Eip(a,b,v,x,y)
Ze (Bi+B))x { X y)al+z/3,rll(x y)a;—i—r (x,3)0y a,}

N
_Z i(—/fﬁ-ﬂ)X[ L(x,y)bs

_Ze’/}V{ xy Ul+’ (xay)a’f@l+r.f31(x’y)ayb[:|’

I>N

— B30, )bi+ (3, )0,b

in terms of

D

i) = | dn[g (0] (i (x,v,m)

+ ¢, ()i (n)ra(x,y,n)],

D

rjzl(x7y) = 0 d” ¢j(’/’)¢;(’/’)r2(xaya ’/’)a
D

ra(x,y) = S &;(n) B (n)r3(x, y,m).

The equations for the evanescent components are
obtained similarly,

(02 + 02 = B) 0y = Einl@.b, ¥, x.3), (Al4)
with the coupled term &;y(a, b,v,x,y) as in Egs. (A12) and
(A13), and they are augmented with the decay conditions
bj(w,x,y) — 0 as /x> +y?> — oo for all j > N+ 1. The
equations for the modal amplitudes of the evanescent modes
are similar to those encountered in Ref. 26. These ampli-
tudes were shown to vanish in Ref. 26 (Sec. 3.3) in a regime
that was similar to the one addressed in this paper. We there-
fore neglect them in the following.

From Egs. (A12) and (A13), we obtain that the modal
amplitudes of the propagative modes satisfy the system of
partial differential equations

()

—i(B+B)x 7
e 1 3 ap
By )x ) ) +ritea) <l51>

_e—iB+B (&
_gi(ﬁj7ﬁ1>x 6[

N with initial and end conditions

2if;0,+ 05
eZiﬁjx83

e—2i/)’,x6y2
—2if,0.+0;

<

—i(B;—p)x

N

_ (e
y= ( ei(ﬁj+ﬁ1)x
S (

forj=1,...,

—1(/5 —Bi)x
i(B+p)x
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/(@) . -
2if;(w) o), bj(w,L,y) =0.

If we apply the multi-scale analysis proposed in Ref. 12
in the paraxial regime, then we get Eq. (18), which gives the
leading-order perturbations of the modal amplitudes gener-
ated by the surface perturbation u. In Appendix A 3, we pre-
sent a detailed approach that makes it possible to capture all
of the terms that are linear in the surface perturbation .

3. Time-harmonic single-scattering wave
propagation in the paraxial regime

In this subsection, we prove Eq. (29). We only keep the
terms linear in u and neglect the backscattered wave compo-
nents Bj in Eq. (A15). We simplify the notations and do not
write the w-dependence explicitly. This gives the following
coupled paraxial wave equations for the modal amplitudes a;:

20+ 3}y

N
= 16, y)Y que PP ey + (07 + 0 )ulx, )
=1

N N
« rjlei(ﬁl_ﬁj)xdl + Oyu(x, y)ZZryze"(ﬁl_ﬁf)xaydl
=1 =1

N
+ axﬂ(JQ y)zzrjlel(ﬂ’iﬂj)xiﬁldh

(A17)
=1
where
D P )2 1 2
ar=2 annorn=-2(F) (s-3) an 1o
D
= JO dnne;(n)¢;(n)
(=) 0)
2—551‘1 (=)™ (1=0;). (A19)

=) (+i—1)
We apply the single-scattering approximation, and we get

~ A N L A

4(L.0) =G (8 L0+ 3 | | 6L =y
=1 \
X [ﬂ(&ﬂ%l@ﬁn&ﬁ
+ (07 + 00 ) u(x, y)riG (B, x,)
+ ay#(xay)zrjlayé(ﬁhxv y)
+ Oupt(x, )20 BiG (B, x, y)] P dydyf |,
(A20)

where G is the homogeneous paraxial Green’s function,

N —3in/4 y2
G<ﬂ7x7y) = mexp (lﬁﬂ)a
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and we have used the fact that G(f,x,—y) = G(f,x,y).
After integration by parts, we find

a(L.0) =G (B, L.O)f, + ”é(ﬁj,L —xy)u(xy)

N
X G (B,x,y)dydxq;f; + Z”é(ﬁj,L —x,y)
=1

w(x,)G (B, y)dye PP dry (B — B1)f 1,
(A21)

up to terms that involve products of dyu and 0,G, which are
smaller in the paraxial regime. Due to the form of the para-
xial Green’s function G, the modal amplitude 4; is only sen-
sitive to the perturbations u(x,y) in a tube going from
(x=0,y=0) to (x=L,y=0), with width L7, If
1(x,y) ~ po(x) forall y € (—=v/LZ,,V/L7,), then using

Jé(ﬁ/7L _xvy)é(ﬁlvxvy)dy

eSin/4

4\/2B B B+ Bl —x)

we get

o—3in/4

Qim/4 (L .
i/(L,0) = fi- j to(V)drgf,
23/21BL° 4, [t !

N e3in/4 J MO(X)ei(ﬁ’_ﬁf>X
=1 4\/27Tﬁjﬁl 0 \/ﬁj_x+ ﬂl(L —_x)

X i‘j/(ﬁzz - ﬁ,z)fl

dx

(A22)

We note that r(B] — ;) = 2(n? /D) (~1)" 7 (1 - 1)

x(j —4)(1 — ;). and therefore we get Eq. (29).

APPENDIX B: TECHNICAL PROOF
1. Expression [Eq. (22)] of the modal amplitudes

Given the form of Eq. (21) of the surface perturbation,
the modal amplitudes have the form

aj(w,x,y) = Aj(w,x) exp (i]§j(w7)c)y2 + iéj(w,x)y),

(B1)
where (A}, B}, C;) are given by
A o—3im/4 . Bi(w)
Ao = ———f o), Bilox) =22,
2, /21 (w)x X
Ci(w,x) =0, (B2)
forx € (O,Lo)7 (Aj,é/,éj) satisfy
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)
2B ..
5 q
0B, =11, (x),
= ﬁj 2ﬁj}~0L 2()
. 2B.C; i
Cj = ——H I 1 (x), (B3)
/ ﬂj 2ﬁ] /L{)L !
~ ~2
0A ZB‘]' + ICJ- . qjj
Ao i o)

forx € (Lo, L), and (A}, B}, C;) satisfy

Aj(w,x) = Ao, L)
o Bl
ﬁ/(w) :
Xexp _l.éj(waLl)z X 7L1
251((1)) ZBj(a),Ll) Y 7
+7ﬁj(w) (x —Ly)
J(Uax 1+2B](w7L1)( _L),
ﬁj(w) :
é(,) = ——Siterl)
S ZBJ'(CLLL]) B
1 B (@) (x—1Ly)

(B4)

for x € (L1,L). Note that B; and C; are real-valued. The
important equation is the Ricatti equation satisfied by E in
x € (Lo,Ly). The solution is of the form B; = (B,/2)
(8:D;/D,), where D; satisfies the second-order dlfferentlal
equation
9;D; =~

1,(X)D;, Dj(Lo) =L, O:Dj(Lo)=1.

qjj
B 7oL

If, additionally, L,

o3in/4

— Ly is smaller than L, then we find

9ji _ b
AjL) = N 7h,Ls exp( I35 Vo)f,, (L) =5 — 2/s) ALV
and
: Aj (oL }
Aj(w,L)= jo(@.L) exp <—i i VQ),
| 42 LiL—Ly) 25;(w)
ﬁj(w)2 AoL?

(B5)

where A/,o(w,L) is defined by Eq. (23). This gives the
desired result.

2. Properties of the source [Eq. (37)]

Here, we want to show that the source [Eq. (37)] produ-
ces a focal spot centered at the point (x,y,z) = (xo,0, D).
The unperturbed wavefield transmitted by the source f i
given by Eq. (37) is
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—31n/4 M

2\/_Z

As 0:¢,(D) = (V2r/DV?) (j - 3) (-
Eq. (37), we have

Po(%,0,2) fiexp (ifx)d;(2).

l)j and f ; are given by

8:]30()(0 +xl 0 D)

e 3im/4
2\/277; (xo + x) ij

2\/)%;)3/22“1) B \/7

exp (if} (x0 + X)) (D)

IfN > 1 (N = [kD/n]) and « = M/N = 1, then
—i K32
YN

NI T s,

0:p,(xo +x',0,D) = Yo (kx),

%m=f

0

which shows that the radius of the focal spot is on the order
of the wavelength in the range direction x. If x = M/N < 1,
then

—i k3%
2\/_ \/DX()

with i defined by Eq. (D1). This shows that the radius is on
the order of the wavelength divided by o2 = (M/N)? in the
range direction x. Similarly, we get

d.p,(xo +x,0,D) ~ (k')

—3in/4 M
3 2 X if0)2:6, (D)
—i k3?0
~2yayDxo

This shows that the radius is on the order of the wavelength
divided by o in the depth direction z.

87]70(X(),0 D+7 )

sinc(akz').

3. Resolution analysis and proof of Eq. (39)

We substitute the second term in the right-hand side of
Eq. (29), which is the perturbed modal amplitude A7, and
the expression of Eq. (37) of the source into Eq. (38),

M L
T =53 [

2\/§D2j,l:1 0 /By + Py(L —x)

ei</f’_/ff)('x_x°)dx.

When M < N, we can approximate f3; by k in the denomina-
tor, and we find

T(a) = - j

i (x—x
2\/_2)2 Ze o] dx.

We finally use Lemma D to get the desired result.
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4. Special functions

In this subsection, we state and prove two technical
lemmas used in the paper.

Lemma C. If | <K M < N, then the kernel ar defined
by Eq. (35) satisfies

k3D2 6 )
ar(x,x') ~ e (o2 kx — X)), (CD)
with o =M/N (%< 1), Y(X) = |3 f; s> exp (iXs?/2)ds|”,

which is such that Y (0) = 1, Y z(X) ~ 9/X* as X — +o0,
and [ 7(X)dX = 9m/2.

Proof. Using M <N, we have f§; ~ k — 2sz (G- —) for
all j < M, and therefore (with N ~ kD/ )

M3 1\’ 1\*
/ ~ . - -
ar(x,x) = Zsmﬂ( 2) (Z 2)

Jil=1

X ex iinz(x'—x) -1 2— l—l 2
Pl \V 2 2

2

3N6 6 (3 [~ k(xX —

mY e —J 52 exp ius2 ds

0

= 28D |4 2

2
k3D2 6 2k ’
N SJ 52 exp (iMf)ds ,

T 0

which gives the first desired result. The behavior of V (X)
for large X follows from an integration by parts formula,

2
X/2
U r(X) = ;#jo Virexp (iu)du

2
181 xja i [X/? el
=—|= ol PR P —d
|- [vie ] 2L T

:%(Ho(l)).

Finally, [odXy(X) = 18[.dX [}/>dS [}/* dS'v/SS'cos[X (S

—8')] = 36m [)/* SdS = 9m/2. O
LemmaD. [f1 < M < N, then

1.
—Ze’ﬁf" =~ ey (o kn),
M &

C(x/v2) - iS(X/V2)
V2 % ,

Y(X) = (D1)
where o = M/N and C and S are Fresnel integrals
C(X) fo cos (s%)ds, S(X) fo sin (s?)ds.

Proof. We can expand f; because M < N, and we can
replace the discrete sum by a continuous integral because
M > 1, so we obtain

1Lk
M;efﬁ

llu Z —i(j—%

2M2n2x
ZDZL ~ ¢ ‘J e s 0%k (s,
0
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FIG. 7. (Color online) Function |y (X)|* with i defined by Eq. (B7).

which gives the desired result, as (M?n?/D*k) ~ o’k. m
The function |(X)[* is plotted in Fig. 7. We have

W(0) =1, and straightforward calculation shows that
Je b (X))dx = /2.
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