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Abstract

In this paper we introduce a control variate estimator for a
quantity that can be expressed as the expectation of a function
of a random process, that is itself the solution of a differential
equation driven by fast mean-reverting ergodic random forces.
The control variate is built with the same function and with
the limit diffusion process that approximates the original ran-
dom process when the mean reversion time of the driving forces
goes to zero. We propose a coupling of the original process and
the limit diffusion process that gives a control variate estima-
tor with small variance. We show that the correlation between
the two processes indeed goes to one when the mean rever-
sion time goes to zero and we quantify the convergence rate,
which makes it possible to characterize the variance reduction
of the proposed control variate estimator. The efficiency of
the method is illustrated on a few examples. (© 2000 Wiley
Periodicals, Inc.

1 Introduction

In this paper we consider a system driven by external time-
dependent random forces and we aim to compute a quantity of
interest that is the expectation of a function of the system. The
system state is the solution of an ordinary differential equation (or a
system of ordinary differential equations) driven by external forces
which are stationary random processes. The random processes may
have complicated spectra that have to be taken into account to com-
pute the quantity of interest. This happens for instance in seismic
probabilistic risk assessment studies or in the analysis of the struc-
tural performance of installations under seismic excitations [31] or
under other loading sources such as wind or waves [17,33]. For
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instance, the reliability of complex systems such as fixed or float-
ing offshore wind turbines depends on its resistance against fatigue
damage. Fatigue damage can be assessed by time-domain simula-
tions in which the structure is subjected to wind, wave and current
loads [5]. The different loads can be described by (locally) stationary
Gaussian processes with tabulated power spectral densities (such as
the JONSWAP spectrum [15]). We may then wish to estimate the
mean cumulative fatigue damage or a probability of failure which
corresponds to the exceedance of a threshold value.

Monte Carlo simulations are standard methods to estimate the
quantities of interest but they may be very time consuming. We look
for an efficient variance reduction technique in this framework. It
is known from the diffusion approximation theory [6,8,21] that the
driving forces can often be approximated by white noises and the re-
sponses of the system can then be modeled by stochastic differential
equations. This makes it possible to implement a partial differential
equation approach to compute the quantity of interest. However, the
bias due to the approximation of the original driving force by a white
noise may be significant. A control variate method can compensate
for such a bias [12]. Such a strategy has already been implemented
in a Markov chain Monte Carlo context, where the goal is to sample
from a complex invariant probability distribution of a Markov chain
for which an approximate distribution has a known expression. The
expectation of the approximate distribution then provides an initial
guess, which can be corrected by simulating the two coupled pro-
cesses to estimate the difference (in expected values) between the
true distribution and the approximate distribution [13]. The imple-
mentation of a control variate method in our framework requires to
be able to simulate the system driven by the original driving force
with its complicated spectrum and the limit system driven by the
white noise in such a way that both systems are strongly correlated.
Unfortunately, most diffusion approximation results are established
in a weak sense [6,8]. Some strong results have been obtained but
only when the drift is a term of order one [11,19,25], not when it
is a zero-mean large term as we deal with in this paper. In this
paper we build an efficient coupling between the original and limit
systems, we establish a strong convergence result by quantifying the
mean square distance between the original and limit processes, and
we characterize the variance reduction of the control variate method.
We show by our theoretical results and numerical simulations that
the variance reduction can be dramatic.



Our method is relevant when the quality of the approximation of
the driving forces by a white noise is moderate. If it is very accurate,
then the quantity of interest can be estimated (up to a very small
and negligible bias) by resolution of a Kolmogorov equation based on
the limit diffusion system (or by a brute force Monte Carlo method
applied to the limit system), so there is no need to apply a control
variate method. If it is very poor, then the limit diffusion system is
not correlated to the original system and the control variate method
is not efficient. If it is moderate, then the bias of the estimation
method that consists in replacing the original system by the limit
one is non-negligible, and the two systems are correlated, and the
control variate method turns out to be very efficient.

The paper is organized as follows. In Section 2 we introduce the
random ordinary differential equations addressed in this paper and
we state the main results of the paper. Note that, motivated by ap-
plications in engineering mechanics and physics such as the study of
the risk analysis of failure for mechanical structures subjected to ran-
dom vibrations [1,2,7,23] or the modeling of the stochastic dynamics
of fluid-structure interaction in turbulent thermal convection [16], we
also consider the case of multivalued ordinary differential equations.
Sections 3-4 consider random ordinary differential equations. In Sec-
tion 3 we state the diffusion approximation theorem that gives the
convergence in probability of the original process to the limit process.
In Section 4 we apply the control variate method to a few examples.
The results are extended to the multivalued case in Sections 5-7.
In particular Section 7 reports numerical results for relevant engi-
neering mechanics problems. The concluding remark of Section 8
connects our findings to the multilevel Monte Carlo literature.

2 Main results

We consider the R"-valued process X© = (Xf)e[o,r] solution of
the ordinary differential equation (ODE)’
dxe

dt

where b(x) is a Lipschitz function from R" to R", o () is a function
of class C? with bounded derivatives from R™ to M, 4(R), and n°
is a R%valued rapidly varying mean-reverting process, with a mean
equal to zero, a unique invariant probability distribution, and a mean

1
(2.1) = b(X7) + o (X, XG = o,

1 Throughout the paper, symbols of scalar quantities are printed in italic type,
symbols of vectors are printed in bold italic type, and symbols of matrices are
printed in bold type.



reversion time of the order of 2. More exactly, in this paper we
address the case when 1° is a multivariate d-dimensional Ornstein-
Uhlenbeck process

K A
(2.2) dn® = —dW,; — 5 n°dt,
5 5

where A is a d x d matrix, whose eigenvalues have positive real
parts, K is a d x d’ matrix, and W is a d’-dimensional Brownian
motion. This model is classical. It can be encountered in earthquake
engineering [24] and also in finance [35]. It can model stationary
Gaussian processes with very general spectra (see Section 3).

Our main motivation is to estimate a quantity of the form

(2.3) IF = E[F(X*)]

for a fixed, small or moderate, parameter €, for a smooth real-valued
function F' defined on the space of continuous functions over [0, 7.
We may think at F/(X) = f(Xr) where f is smooth with polynomial
growth, or FI(X) = S(I; h(Xs)ds + f(X7). By the Feynman-Kac
formula it is possible to get the value of I¢ for the model (2.1-2.2)
by solving a parabolic equation, but this equation is formulated in a
d + n-dimensional space and it possesses large terms (of order £2)
that give rapid fluctuations. These rapid fluctuations need to be
resolved by the numerical scheme, which imposes to take a time step
smaller than 2. The numerical resolution (with a finite difference
method) is, therefore, challenging, if not impossible, and we look for
other resolution methods. It is also possible to estimate I¢ by a brute
force Monte Carlo method. The Monte Carlo method, however,
requires many simulations to get an accurate estimation, and each
simulation requires to resolve the rapid fluctuations at the scale €2,
so we would like to propose an efficient variance reduction method.
The main idea is to find a limiting process X that approximates
X°¢ in a strong sense when € — 0 and for which the value

(2.4) I° = B[F(X9)]

is known or can be estimated efficiently. It is then possible to propose
a control variate method to estimate I¢ for a fixed e.

We consider the limiting R™-valued process X solution of the
stochastic differential equation (SDE)

(2.5) dX° = b(X")dt + I'(X°)dW,,

where X© shares the same driving Brownian motion as 1, with the
functions b(x) from R" to R™ and I'(z) from R™ to M,, #(R) given
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by

B 2 -1
(2.6) bi(x) = bi(x) + Z (0p,0°(x Co(x)")
(2.7) I'xz) = o(x)A™ 1K7
and C is the d x d matrix defined by
Q0
(2.8) C= J e ASKK e A" 5ds.
0

The matrix C is the covariance matrix of the stationary distribution
of the process n°. We show in Proposition 3.5 that the continuous
process (X °—X?) converges in probability to zero as ¢ — 0. The fact
that X ¢ converges in distribution to XY is well-known [8, Chapter 6],
but here we get a stronger result with a particular coupling between
the two processes X¢ and X9, that is needed to implement the
control variate method that we have in mind.

The form of the limiting equation (2.5) is not surprising. Indeed,
by (2.2), we can anticipate that énfdt ~ A~'KdW;+corrections,
which explains the form (2.7) of the diffusion I' by substitition
into (2.1). The form (2.6) of the drift b is a manifestation of the
Ito-versus-Stratonovich problem [32]. This problem is whether one
should interpret the stochastic integral in the limiting equation in
1to6’s sense, Stratonovich sense, or another sense. The Wong-Zakai
theory [36] claims that the limiting diffusion should be a Stratonovich
equation when d = 1. Indeed, Egs. (2.6-2.8) then reduce to I'(x) =
Lo(z)K, C = 5KK7,

bj(@) — bj(x 7 Z K)(o(@)K)"),

)"
1S arera),,
so that (2.5) can be written as

(2.9) dX% = b(X")dt + T'(X°) o dW;,

where o stands for the Stratonovich integral, because

[\3\*—‘

d/

i 28 FJJ XO < Wj’>

(D(X?) 0dW;), = (D(X°)dWy),

l\?\»—l

= (N(X")AW;); + 5 D (0 T(XOT(X)T) dt.
i=1

l\DM—l

t



The form (2.9) is valid when d = 1 and it looks simpler than
(2.5), but we have chosen to write the stochastic integral in (2.5)
in It0’s sense and to add the appropriate Ito-Stratonovich drift cor-
rection b — b, because it is the natural starting point for numerical
schemes [20] and it is the appropriate form to express the martingale
problems used in the proofs (see Appendix and [9]). When d > 1
the difference between b and b is an Ito-Stratonovich correction that
is more complex and the limiting equation (2.5) cannot be reduced
to (2.9).

We can now introduce the Monte Carlo method for the estimation
of I, Let W*, k = 1,...,N, be N independent and identically
distributed d’-dimensional Brownian motions. We consider three
Monte Carlo-type estimators of I*:

1) The brute force Monte Carlo estimator is

. 1 X
(2.10) N = N Z F(X5(WF)),
1

where X¢(W*) is the solution of (2.1-2.2) with W¥. The estimator
I5; is unbiased and its variance is

(2.11) Var([5,) = %Var(F(XE)).

It is asymptotically normal as N — +co:

(2.12) VN (I3 - 17) 25 N (0,0%),
with the asymptotic variance

(2.13) o%. = Var(F (X)),

which has the following behavior as ¢ — 0 when F' is continuous and
bounded (because X¢ weakly converges to X°):

(2.14) 02 = Var(F(X%) + o(1).
2) The control variate estimator [12] is
N
A 1
(2.15) Jy =10 + ¥ Y F(XE(WHF) - F(XO(WH)),
k=1

where I° = E[F(X?")] is supposed to be known exactly (or with high
accuracy). The value I° can be obtained by solving a Kolmogorov
equation in a n-dimensional framework and without large term; if
this is not possible (because n is too large for instance), then the
value IY can be obtained by a brute force Monte Carlo method which

is easier than for I because there is no large term of order €72, so
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that a standard Euler scheme for stochastic differential equations
can be used [20]. The control variate estimator J5 is unbiased and
its variance is

(2.16) Var(J5) = %Var(F(Xa) — F(X9).
It is asymptotically normal as N — +oo:

(2.17) VN (J5 - I7) Z5 N (0,02),
with the asymptotic variance

(2.18) 02 = Var(F(X?) — F(XY)).

When F' is continuous and bounded, we have by Proposition 3.5 that
2. goes to zero as e — 0. More quantitatively, if F(X) = f(Xr) for
a smooth f with bounded derivatives, then the asymptotic variance
has the following behavior as ¢ — 0 (by Lemma 3.8):

(2.19) o3 < Ce2

The order of magnitude 2 of the asymptotic variance of .J ¥ 1s con-
firmed by the numerical simulations that we report in Section 4.
3) The theoretical optimal control variate estimator is

(2.20) O% = p°I° + Z F(XE(WHF)) — p°F(X"(WF)),

k: 1
with
(2.21) p° = Cov(F(X¢), F(X"))/Var(F(X")).
This estimator is unbiased and has the minimal variance
(2.22) Var(0%) = %Var(F(XE) — pFF(X9)),

amongst all control variate estimators of the form

pI® + 2 F(X5(WF)) — pF(X°(WH)).
k 1
Note that p = 0 corresponds to the brute force Monte Carlo esti-
mator I§ %> p = 1 corresponds to the control variate estimator Je ,
and p = p° corresponds to the optimal control variate estimator O8 .
The estimator OJ‘EV is asymptotically normal as N — 4o00:

(2.23) VN (0% — I?) 25 N(0,02.),
with the asymptotic variance
(2.24) 03 = Var(F(X°®) — p°F(X?)).
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The estimator Ojav is, however, not practical as it depends on p°®
which is unknown. The practical optimal control variate estimator
[12] is

N
(225) Ky = I+ 2 F(X5(W)) - g3 F(XO (W),

where p%; is the empirical correlatlon

026 g = SeaPXIW) — I)EXWH) - 1Y)
Sl (F(XO(WE)) — I3)2
with IAJEV = % 25:1 F(XE(Wk)) as in (2.10) and

)

=Ly rocomw)
N N k=1 '

This estimator is a practical and approximate version of the theo-
retical optimal control variate estimator OA§V in which the unknown
correlation coefficient p® has been replaced by its empirical estimator
Py - The estimator K S may be slightly biased and may have a vari-
ance slightly larger than (2.22) because of the empirical estimation
of p*. K Y 18, however, asymptotically normal with an asymptotic
variance that is the same one as that of the optimal estimator 05 ,
as shown by the following proposition.

Proposition 2.1. As N — +o0,

(2.27) VN (K5 — ) 25 N (0,0%),
with
(2.28) 0% = 05 = Var(F(X?) — p°F(XY)).

Furthermore, if F' is continuous and bounded, then 0'%(5 goes to zero
ase — 0. If F(X) = f(X7), with f with bounded derivatives, then
there exists C' > 0 such that

Proof. By the law of large numbers, p%; converges to p as N — +c0.
The convergence holds almost surely, hence in probability. We have

Ky —I° = (0% — IF) — (B — )R — 1),
so we get (2.27-2.28) from Slutsky’s theorem.
Furthermore, we have

02 — 0% = Var(F(X%))(1 — p°)2.
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If F' is continuous and bounded, then p° goes to one and 035 goes
to zero as ¢ — 0 by Proposition 3.5. If F(X) = f(Xr), then, by
Lemma 3.8, 1 —p° and o%. are of order O(e?) for small e. This shows
the desired result (2.29). O

Proposmon 2.1 shows that the asymptotic variances of the es-
timators K ~ and Jg § are equivalent for vanishingly small e and of
the order of O(g?), and that the asymptotic variance of the estima-
tor K & is slightly smaller than that of jfv for moderately small e.
These statements are confirmed by the numerical simulations that
we report in Section 4.

In addition, motivated by the examples that we address in Sec-
tion 7, we consider the case where the R"-valued process X*¢ satisfies
a multivalued ODE of the form

)

(2.30) =

1
+ 0p(X®) 2 b(X®) + gane, X5 = xo,

and the case where X°¢ together with a R”-valued process Z¢ satisfy
the multivalued ODE

dXe

dt
dz#

dt

1
+0p(X%) 2 b5 (X, 2°) + —on®, X§ = xo,
(2.31) <

+0y(2°) 3 b%(X¢,Z°), Z = 2.

Here o € M, 4(R) is constant, b(x) from R™ to R", bZ(zx, z) from
R™™ to R™ and b*(x,z) from R"*™ to R" are Lipschitz func-
tions. The operators dp and 0 are the subdifferentials of the lower
semi-continuous (l.s.c.) convex functions ¢ from R"™ to [0, +o0] and
¥ from R™ to [0, +00]. Stronger hypotheses will be assumed on ¢
compared to 1 as explained in Section 5 and important examples
motivate the two situations as shown in Section 7. We observe that:
1) The multivalued operators that appear in the differential inclu-
sions (2.30) and (2.31) are subdifferential of convex functions, there-
fore existence and uniqueness are guaranteed [4, page 72]. For the
reader’s convenience, existence and uniqueness results are given in
Appendix C.

2) There is an alternative formulation using the language of varia-
tional inequalities, that is equivalent to differential inclusions. Eq. (2.30)
is equivalent to

dXe
dt

V€ e R™, Wt > 0, (b(XE)Jrémf— ) (€—X7) +o(X7) < p(8),
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with X§ = xo, and Eq. (2.31) is equivalent to
VE e R, V¢ e R™, Wt > 0,

1 dXe
(6%(x%,2%) + —om® = ) - (€= X7) + 0(X7) < 2(€).
dz*

(v%(x*,2°) = S22 ) - (¢ = 2°) +w(2°) < (0,
with X§ = xo and Z§ = zo.

Propositions 5.1 and 5.2 show that the multi-valued process X*¢
strongly converges to a limiting process solution of a multivalued
SDE. Egs. (6.8) and (6.9) show that the control variate estimators
have asymptotic variances of order €2 for (2.30) and e for (2.31).

To demonstrate the efficiency of our method on a practical prob-
lem, we consider a two-degree of freedom (TDOF) system as shown
in Figure 2.1. It describes a broad class of TDOF structures, includ-
ing a two-storey building as presented in [34, Figure 4.6(a)].

forcing e 1n¢
g n

‘ " =
—0 (3

mq ms3

k3
Q Q Q Q

FIGURE 2.1. A rheological model of a two-degree of free-
dom (TDOF) system. Two masses m; and mg are as-
sociated in series with elements which are themselves an
association of dampers and springs. Elements D and )
represent a spring and a damper respectively, both possi-
bly nonlinear or hysteretic. Here ¢ is the damping coeffi-
cient associated to the linear damper connecting the mass
my to the foundation and ks is the stiffness coefficient of
the linear spring linking the masses m, and ms. A random
forcing e~17¢ is applied to the mass m; (e.g. wind forces
on a two-storey building).

When the external force n° is a colored noise such as an Ornstein-
Uhlenbeck process, the equation of motion can be written in the form
of Equation (2.1) with n = 4, where (X{, X3), resp. (X3, X]), repre-
sents the position and the velocity of the mass m1, resp. mgs, shown
in Figure 2.1. Many nonlinear behaviours enter into this framework,
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we have in mind a nonlinear spring of the linear-plus-quadratic cubic
type and a nonlinear damper of the linear-plus-quadratic type (see
Example 4.3). Similarly Equations (2.30) and (2.31) arise in the
description of nonlinear behaviours with hysteresis such as elasto-
plasticity and friction, see [34, Chapter 8] and Section 7 (Exam-
ple 7.3). In Figures 2.2-2.3 we compare the behaviors of the brute
force Monte Carlo estimator I ~ With the ones of the control variate
estimators J ~ and K S+ We also plot the empirical estimators of the
asymptotic variances of the estimators IA]EV, jfv, and Kfv as described
in Subsection 7.3. In addition, for each value of ¢ € {0.1,0.5,0.9},
error bars (95% confidence interval) are shown for each of the esti-
mators (in f]EV, jfv, Kfv order from the left to the right). Here I? is
obtained by a massive Monte Carlo estimation of the limit process,
which is possible with a coarse grid step as there is no large term
involved. We can observe that the control variate estimator K Y has
always the minimal variance. When ¢ is large and the original sys-
tem and the limit system are poorly correlated p* ~ 0, it behaves as
the standard Monte Carlo estimator [ ~- When € is small and the
original system and the limit system are strongly correlated p® ~ 1,
it behaves as the control variate estimator J %+ We can also observe
that the variance reduction is by a factor of order £ when the quan-
tity to be estimated is the expectation of a smooth function, while
it is of order € when the quantity to be estimated is the expectation
of an indicator function.

3 Diffusion approximation for a driving multivariate
Ornstein-Uhlenbeck process

We consider the R™-valued process X¢ solution of the ODE (2.1)
when 71° is the multivariate d-dimensional Ornstein-Uhlenbeck pro-
cess (2.2). We give several explicit examples.

Example 3.1. 7° is a one-dimensional Ornstein-Uhlenbeck process,
d=d =1, A,K >0,

A K
(3.1) dn® = ——=n°dt + —dW;.

€ €
Example 3.2. ° is a Langevin process

1
(32) i = 5,
(> 1 > (> K

(3-3) dn; = —;2[!”71 +ym5]dt + ?th,

11
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FI1GURE 2.2. Example 4.3 of a TDOF system modeling
a two-storey building driven by an Ornstein-Uhlenbeck
noise. In the left column (subfigures a-c), resp. in the
right column (subfigures a’-c’), the aim is to estimate I¢ =
E[(X§ )% 4+ (X54)?] for T = 1, resp. I° = P(|X5 ;| <
a,| X5yl < b) for T = 1,a = 0.1,b = 0.1. The expec-
tation of the control variate I° = E[(X{ ) + (X§1)?],
resp. 10 = P(|X? | < a,|X§p| < b), is obtained by a
massive Monte Carlo computation with coarse time step.
The numerical procedure is described in Section 4 (Euler-
Maruyama time discretization with time step §t = 107°).
The number of Monte Carlo samples is N = 10* and
m1:m3:c1:k3:1.

which corresponds tod =2,d =1, A = <0 _1), and K = <0>
By K

The process ] is a white-notise driven linear oscillator with stiffness
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F1GURE 2.3. Example 7.3 of a TDOF system modeling
a two-storey building with an hysteretic spring of elasto-
plastic type, driven by an Ornstein-Uhlenbeck noise. The
quantities presented here are similar to those presented in
Figure 2.2. The details of the elements ) and @) with
nonlinear and hysteretic behaviours can be found in Ex-
ample 7.3.

w > 0 and damping v > 0. It can be encountered in earthquake
engineering because it is considered to be a realistic type of random
forcing to represent seismic excitation (it is the so-called Kanai-
Tajimi model [24]).

Example 3.3. If 7° is a real-valued zero-mean stationary Gauss-
ian process with power spectral density PSD?(w) = ?PSD(c%w),

2
PSD(w) = >3{_, HJ;W’ then it has the same distribution as the

13



process .1 _, opnf, where m° is solution of (2.2) with d = d' = q and
A=K-= diag(AQk,k: = 1,...,q).
This shows that any zero-mean stationary Gaussian process with

power spectral density that can be decomposed as a sum of centered
Lorentzians belongs to the model (2.2).

Example 3.4. If 7° is a real-valued zero-mean stationary Gauss-

ian process with power spectral density PSDE( ) = £2PSD(c%w),
0'2 0' .

PSD(w) = £33, oo w:) a2 T 1+(w+w:) INGER then it has the

same distribution as the process Zk:l Ok Where M is solution
of (2.2) with d = d' = 2q and

AQy —w AQ 0
_m4 k k g k
A =Bk ( W AQk> K= < 0 AQk) '

This shows that any zero-mean stationary Gaussian process with
power spectral density that can be decomposed as a sum of non-
centered Lorentzian functions belongs to the model (2.2).

We also consider the limiting R"-valued process X solution of the
SDE (2.5). The continuous process (X¢ — X°) converges in proba-
bility to zero as € — 0 as stated in the following proposition.

Proposition 3.5. If X§ = Xg, then the continuous process (X¢ —
X)) converges in probability to zero as € — 0. The convergence
holds in the space of continuous functions equipped with the topology
associated to the uniform norm over compact intervals.

The proof of Proposition 3.5 is based on the perturbed test func-
tion method as described first in [22, Chapter 7] or in [8, Chapter
6]. It is given in Appendix A.

Example 3.6. We consider the process X¢ solution of the ODE
(2.1) where ;¢ is the rapidly varying mean-reverting process (3.1).
We also consider the limiting process

K K?
dX0 = b(X )dt + —
(X7 A 2A2
driven by the same Brownian motion. The continuous process (X —
X0) converges in probability to zero as € — 0.

Example 3.7. We consider the process X¢ solution of the ODE
(2.1) where n® is the rapidly varying mean-reverting process (3.2-
3.3). We also consider the limiting process

K2
2 9,2

o(X)aw; + (0(X°) - Vgo)o(X)dt,

dx?° —b(XO)dt+I; (XOdW; 4+ — (0(X?) - V0)o (X %)dt,

14



driven by the same Brownian motion. The continuous process (X&—
X0) converges in probability to zero as € — 0.

The proof that the optimal control variate estimator K % and the

control variate estimator jfv have asymptotic variances of the order
of €2 as stated in Proposition 2.1 follows from the following lemma.

Lemma 3.8. Let f, g be smooth functions from R™ to R with bounded
derivatives. Let T > 0. There exists C > 0 such that, for any
tele,T],

E[g(X?) (£(X5F) — F(XD)]| < Ce?,
E[(F(XF) — f(X{))"] < Ce.

The important hypothesis is that f should be smooth. We could
certainly relax the hypothesis on the bounded derivatives by using
uniform estimates of high-order moments of the process X¢. Lemma
3.8 is proved in Appendix B.

(3.4)

4 Numerical simulations

In this section, we investigate our control variate method and re-
port numerical results on different types of dynamical systems driven
by colored noises. The two examples are smooth oscillators that
can be described by Equation (2.1) (one being linear with time-
dependent coefficients and the other being of Van der Pol type).
Other examples with non-smooth dynamical systems will be ad-
dressed in Section 7.

We use the Euler-Maruyama approximation method to compute
the approximate numerical solution of a SDE [20]. In Subsection
4.1, we recall the two types of colored noise that we consider and
provide their time discretization. In Subsection 4.2, some details
and discretization of the dynamical systems under consideration are
given. In Subsection 4.3, numerical experiments are carried out in
each case.

4.1 Colored noise models and their discretization

The two models of noise are shown in Eq. (3.1) (OU) and in the
system of equations (3.2-3.3) (Langevin). The OU noise has two
parameters A, Ko, > 0 whereas the Langevin noise has three pa-
rameters p,y, Kjan > 0. Their discretization works as follows. Let
T > 0 and Np € N be the number of time steps such that T" = Npdt.
Let N be the number of Monte Carlo samples. Consider a sequence
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of independent and identically distributed standard Gaussian vari-
ables
{AWF ~ N(0,1),0<n< Np—1,1<k<N}.
Let e > 0. Foreach 1 < k < N, we overload the notation by denoting
the discretized noise in both cases by {A5*,0 < n < Np}.
K2
¢ Ornstein-Uhlenbeck noise: ﬁg’k ~N (0, °u> and for

2A
0<n<Npr—1,

A Ko

e Langevin noise: ﬁg’k and ﬁ;:lg are independent variables
with
K? K2
ﬁgvk ~ N (07 lan) , ﬁ;:lg ~N <0’ 1an>
2y 2vp
and for 0 < n < Np —1,

ek ek, O ek ok ek Obr ok ek K, !
Tt = 0 e M = = g [ i ]+ Vo= AW

4.2 Details and discretization of the illustrative dynam-
ical systems

We consider systems of the form (2.1). We first consider the case
of smooth systems that can have time-dependent coefficients,
dXs dX3

dt dt

Here we are interested in E[|| X 5[] and in P(|X{ | < 1) for T = 1.
Note that the second case corresponds to an expebtation P(| X5 7| <
1) = E[f(XF)] with a non-smooth function f(x) = 1‘m1|<1.7 As
e — 0, X = (X§, X5) converges to X = (X7, X9) where

(4.2) dx¥ = x%dt, dx§ = —n(X? XJ t)dt + CdW,

C = KowA™! for an OU noise and C = Kp,pu~! for a Langevin
noise. For the stochastic simulation of (4.1) and (4.2), we proceed
as follows:

1

° Xi’g = T1,0, X;’g = x20 and for 0 <n < Np — 1,
€,k _ o€,k £,k
{Xl,n-H =X, +0tXo,

o,k e,k >k ek ot ~&k
X27n+1 = X27n - 5th(X1’n,X27n,n5t) + T
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A~

>0,k 0,k
o X1y =110, Xy = 20 and for 0 <n < Np—1,

XUk = XDn+ otXyw,
UK ROk ROk g0k s CA/SEAF
2n+1 = “*2n t ( 1n> 2,n7n t) + t n-

X5* and X3* are independent (in k) copies that are meant
to approximate X s and Xg(;t

Example 4.1 (linear oscillator with time-dependent coeffi-
cients). We take h(z1,x2,t) = p(t)x1+q(t)xe where p(t) = 1+cos(t)
and q(t) = 1+ sin(t) (the choice is purely arbitrary). Here, in both
OU and Langevin cases, the limiting process X° = (X, X9) is a
Gaussian process provided that the initial condition is deterministic
or Gaussian. This is useful to derive the expectation of the control
variate. The distribution of X} = (X?yt,th) is characterized by its
first-order moment m(t) = E[X?] € R? and second-order moment
M(t) = (E[XO XO ]) _1 € M22(R) which satisfy the following sys-
tems of dzﬁerentml equatzons

e first-order moment
= (m1(0),m2(0)) = (o, Zo),
— 1 (t) = ma(t),
= ng(t) = —p(t)ma(t) — q(t)ma(t).
e second-order moment
(M11(0), M22(0), Mi2(0)) = (3,45, Too),
Mll(t) = 2M12(t),
My (t) = —2p(t) Ma(t) — 2q(t) Mas(t) + C?,
Mio(t) = Maa(t) — p(t)Muy () — q(t) Mia(t).
The expectation of the control variate E[| X%|?] with T = 1 is esti-

mated by solving numerically, with an FEuler method, the differential
equations for the first- and second-order moments.

(4.3)

Example 4.2 (Van der Pol oscillator). We take h(x1,22) =
11 —v(1 —22)z3 where v > 0. The expectation of the control variate
can be represented by E[|X3|?] = c(xo,0) with T = 1, where ¢
satisfies the following backward in time PDE
(4.4)

orc + 5 62 (:L’l, $2)am2t + CL’anlC =0, in R2 x [0, 1),

o(x,1) = H:I:H2 in R2.

The expectation E[| X|?] is estimated by solving the PDE (/./) with
a finite difference method.
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Example 4.3 (nonlinear TDOF). A TDOF modeling a nonlinear
spring of the linear-plus-quadratic cubic type and a nonlinear damper
of the linear-plus-quadratic type, can be seen as a coupling between
two systems of the form (4.1)

dxe dXs5 1
Soxs, U2 o go(XE X5 X5, X9) + o
4.5) :
( X5 X5

In addition to IE[(XiT)2 + (X§,T)2] for T =1, we are interested in
P(|X5 7| < a,|X57[ <b). Ase — 0, X° — X" where

dX9 = X9dt, dxy?

(4.6)
—g2(XY, X9, X9, XD)dt.

dX§ = Xx0dt, dX?

Here

ga(z1, 2, T3, 24) 2k121(1 4+ min(z?, L)) + c1z9 — k3(x3 — 1)
— e3(z4 — 22)(1 + min(|zg — 22|, L))
and
ga(x1, 20, 23, 24) = ks(xz — 1) + c3(wq — 22)(1 + min(|zy — x|, L)).

In the original model of Spanos L = o0, see pages 189-190 in [34].
For any positive finite value of L, the system above enters into the
scope of our results. The simulation of (4.5) and (4.6) is similar to
what is done for (4.1) and (4.2). We take L = 1000, ¢; = c3 = k1 =
ks =1.

4.3 Numerical experiments

We report our numerical results for the two systems mentioned
above. In each of the two figures below (Figures 4.1-4.2), there are
four subfigures (a)-(b)-(c)-(d). For subfigures (a) and (b), the driv-
ing force is an Ornstein-Uhlenbeck noise (3.1) with A = K = 1.
In subfigure (a), the dashed black, dotted blue, and solid red lines
represent the standard MC estimator I % and the control variate esti-
mators jfv and K’IE\,, respectively. For each value of € € {0.1,0.5,0.9},
error bars (95% confidence interval) are shown for each of the esti-
mators (in f]sv, jfv, R’f\, order from the left to the right). The black
dotted line represents the expectation of the control variate. The
objective of the subfigure (b) is to illustrate the bound (2.19) and
to show that the e2-behavior is actually sharp. The same descrip-
tion applies to (c) and (d), except they correspond to the case of a
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Langevin noise (3.2-3.3) with y = v = K = 1. In the figures the
asymptotic variance of the standard MC estimator I3, is estimated
by

N

~ 1 k 2 2

(4.7) Gfen = Y, (FX=(Wh)” = (I5)*,
k=1

the asymptotic variance of the control variate estimator j]gv is esti-

mated by

N
(48) 33 = 3 2. (FOCWH) — FXO(WH) + 19)” — (5)%
k=1

and the asymptotic variance of the optimal control variate estimator
Kfv is estimated by

(4.9)

~2 IS k A 0 k ~e 70N2 e \2
ke oy =~ 2 (F(XF(WH) = oy F(XO (W) + g5 1°)” = (K%)?,

N k=1

with p%, defined by (2.26). 3%57 N 3357 ~» and 8%@7 N are consistent
estimators of a?s, O'?]g, and J%@, respectively.

We use N = 10* samples with a time step of §¢ = 1075 (note that
§t/e? = 0.1 for the smallest € = 1072 used in the numerical exper-
iments). We report the numerical results for the linear oscillator
with time-dependent coefficients in Figure 4.1 and for the Van der
Pol oscillator in Figure 4.2. The numerical results concern the esti-
mation of I¢ = E[||X5[?] or I¢ = P(|X5 | < 1) with T' = 1 where
X¢ satisfies (4.1) and thus the expectation of the control variate is
I° = E[| X9]?] or P(\X%T\ < 1) where X satisfies (4.2).

The theoretical predictions provided by Eq. (2.19) and Proposi-
tion 2.1 are based on the condition that f has bounded derivatives.
As we have discussed above, the assumption that f is smooth is
important but the hypothesis on the boundedness of the derivatives
can certainly be relaxed. The numerical results shown in Figures
4.1-4.2 are actually in good agreement with the theoretical predic-
tions: the asymptotic variances o%. and o%. behave as O(¢?). The
only cases where the behavior is O(g), and not O(¢?), are when the
quantity of interest is of the form E[f(X7)] with a function f that
is not smooth, which is not surprising.
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FIGURE 4.1. Example 4.1 (linear oscillator with time-
dependent coefficients) with h(x1, z2,t) = p(t)z1 + ¢(t) 2,
p(t) = 1+ cos(t) and ¢(t) = 1 + sin(¢). The aim is to
estimate I¢ = E[| X%]?] for T = 1 and the expectation of
the control variate 1Y =E[|X%]?] is obtained by solving
the set of differential equations (4.3). In subfigures (a-b),
resp. in subfigures (c-d), the driving process is an OU,
resp. a Langevin, process.

5 Diffusion approximation for the multivalued case

In this section we consider multivalued ODEs of the form (2.30)
or (2.31).

5.1 Basic properties on differential inclusions

We recall that the subdifferential of a convex function F': R" —
(—o0,0] such that Dom(F)= {x € R", F(x) < o} is not empty,
is the map from R” to P(R") (the set of subsets of R") defined by
OF (x) = {{eR",VzeR", & (z—x)+F(x) < F(z)} for x € Dom(F)
and 0F (x) = J for « ¢ Dom(F'). To grasp quickly the idea when
r =1, 0F(z) can be seen as the set of sub-slopes of F' at the point =
and when F is differentiable at the point x, 0F (x) = {F'(z)}. See [4]
for more details.

One way to construct a solution to a multivalued ODE of the
form (2.30) or (2.31) is to proceed by penalization. The inclusion is
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FIGURE 4.2. Example 4.2 (Van der Pol oscillator) with
h(xy,12) = 21 — (1 — 22)xo. In subfigures (a-d), resp. in
subfigures (a’-d’), the aim is to estimate I° = E[| X5 |?],
resp. I° = P(]X{ | < 1), for T'= 1. The expectation of
the control variate 1Y =E[| X ?], resp. I° =P(|X{ | <
1), is obtained by solving the PDE (4.4) with the suitable
final condition.
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replaced by an equality involving the Moreau-Yosida regularisation
of F: R" — (—o0,400] (with F = ¢,7 =nor ' =1,r =m in our
cases), that is

(5.1) Vp=1, Ve eR", F,(x) = ian {F(z) + gﬂw - zHZ} )
zZ€R"”

We recall from Annex B in [30] some properties of Fj:
(1) F, : R" — R is a convex differentiable function,
(2) Ve e R", 0F,(x) = {VF,(x)} and VF,(x) € 0F (J,x) where
Jpx = x — %VFp(a:),

3) 3C >0, Ve e R", Vp, ||Jpx| < |z| + C,

4) Va,y e R", [VFy(x) = VE,(y)| < plz -yl

5) Y,y e R, (VEy(x) — VE,(y)) - (€ —y) =0,

6) Yz e R",

(5.2

(
(
(
(
) x-VF,(x) >0,
(

7) Va,y e R,

1 1
(5.3) (VFy(x)-VEy(y)) (x—y) > — (p + p’) VE,(x)-VEy(y),
(8) as a consequence of properties 2 and 3 above, we also have

F,
(5.4) sup sup VE@)| )H
p=>1 xeRr P ( + ||$||)

Thus, the penalized versions of (2.30) and (2.31) are
dxer

1
I Vo (X®P) = b(X®P) + 0'77 . XoP = o,

(5.5)

and
(5.6)
dxer

dt
dze»

dt
It can be shown [4] that, if ¢ satisfies the condition:

1
+ V(X)) = b5 (X5P Z°P) + ~on®, XP =z,
I3

+ Vo (Z5P) = b7 (XP, Z5F),  ZiP = .

(5.7) sup sup |[Vipp(z)| < o,

p=1 xeR"™
where ¢, is the Yosida approximation (5.1) of ¢, then the sequence of
solutions of (5.5) {X*P,p > 1} is a Cauchy sequence in C([0,T']; R"™),
the limit X ¢ satisfies the differential inclusion (2.30) and its solution
is unique.

A similar statement using the sequence of solutions of (5.6) {(X P, Z*P),p >

1} in C([0, T]; R™ x R™), holds for the existence and uniqueness of
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a solution for (2.31) when ¢ (but not necessarily 1) satisfies the
condition (5.7), while 1) satisfies the assumption:
(5.8) sup ¥p(2zg) < 0.

p=1

For the convenience of the reader we give the proofs of these results
in Appendix C.

5.2 Diffusion approximation for Equation (2.30)

We consider the R™-valued process X ¢ solution of the multivalued
ODE (2.30) when n° is given by (2.2). We assume that b is Lipschitz
and that ¢ satisfies the condition (5.7). We also consider the limiting
R"-valued process X solution of the multivalued SDE

(5.9) dX° + 0p(X%)dt 3 b(X)dt + TdW,,

driven by the same Brownian motion, with I' = 0 A~'K. Existence
and uniqueness of the solution of (5.9) is the same one as in Proposi-
tion C.1 and is discussed in Appendix D. The following proposition
gives the convergence of the process (X¢ — XV) to zero. It is proved
in [9, Appendix EJ.

Proposition 5.1. 1. We have for all p > 1:

C
(5.10) supE [sup | X7 — Xf]2] < =L
€ t<T
where X®P is the approximation (5.5) of X¢.
2. The continuous process (X — X°) converges in probability to
zero as € — 0.

5.3 Diffusion approximation for Equation (2.31)

We consider the R x R"-valued process (X<, Z¢) solution of the
multivalued ODE (2.31) when n° is given by (2.2). We assume that
bX and bZ are Lipschitz, that o satisfies (5.7), and that 1) satisfies
(5.8). We also consider the limiting R x R™-valued process (X, Z°)
solution of the multivalued SDE

dX% + 0p(X%)dt 3 b (XY, Z2%dt + TdW;,

(5.11) dZ° + oy(Z%)dt 3 b?(X°, Z°)dt,

driven by the same Brownian motion, with I' = ¢ A~'K. Exis-
tence and uniqueness of the solution of (5.11) is the same one as in
Proposition C.2. The following proposition gives the convergence of
the continuous process (X¢ — X Z° — Z°) to zero. It is proved
in [9, Appendix F].
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Proposition 5.2. 1. For all p = 1, we have

C

612 swE |sup (X7 - X7+ |27 - 27| <
€ t<T

where (X®P, ZP) is the approximation (5.6) of (X<, Z°¢).

2. The continuous process (X¢ — X9, Z¢ — Z°) converges in proba-

bility to zero as € — 0.

6 Control variate method in the multivalued case

We here consider the multivalued case. Let X°¢ satisfy (2.30)
r (X°¢,Z°) satisfy (2.31).  We want to estimate I¢ defined by
(2.3) when X¢ satisfies (2.30) or I¢ = E[F(X¢, Z¢)] when (X¢, Z°¢)
satisfies (2.31). The control variate method can be applied in this
framework as in the ODE case addressed in Section 2. The con-
trol variate estimator j}f\, and the optimal control variate estimator
K S are defined by (2.15) and (2.25), respectively, for X¢ satisfying
(2.30), they are asymptotically normal and their asymptotic vari-
ances are (2.18) and (2.28), respectively. For (X¢, Z¢) satisfying
(2.31) the control variate estimator
(6.1)

N
5= ) FXE(WH), 25 (W) — F(XOWH), 20(WH) + 1°,
k=1

with I = E[F(X?, Z°)], is asymptotically normal with an asymp-
totic variance given by

(6.2) 03 = Var(F(X¢, Z°) — F(X°, Z27)).

The pratical optimal control variate estimator is
(6.3)

N
Ky = oI+ Z F(XE(WH), Z5(WH)—pi F(XO(WF), 2° (W),

where p%; is the empirical correlation

(6.4) ) )
s _ DL FX(WE), 25(WHh) — I (F(XOWH), 20(WH) — )
N SN (F(XO(WF), ZO(Wk)) — [9)? ’

I + is the standard Monte Carlo estimator

N
(6.5) e = N Z F(X5(Wh), Z5(WH)),
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and 1%, = + SV F(XO(WF), Z%WF)). The estimator K% is
asymptotically normal with an asymptotic variance given by

(6.6) o%e = Var(F(X¢,Z°) — p°F(X°, Z")),

with p° = Cov(F(X¢,Z°¢), F(XY Z%))/Var(F(X°, Z°)). The as-
ymptotic variance of the estimator I5; is

(6.7) o7 = Var(F(X¢, Z%)).

For small £ the asymptotic variance U%g is approximately equal to
Var (F (X°, 7 0)) and the asymptotic variances 035 and 0% are small,
by Propositions 5.1 and 5.2. More quantitiatvely, if F(X,Z) =
f(Xp,Z7) and f is a smooth function with bounded derivatives,
then the asymptotic variances 035 and 0'%(5 are of order €2 when X¢
satisfies (2.30):

(6.8) 0% < Ce?, 0 <03 — 0% < Cet
or of order € when (X°¢, Z¢) satisfies (2.31):

Egs. (6.8-6.9) are consequences of the following lemma proved in [9,
Appendix GJ.

Lemma 6.1. (1) Let X¢ satisfy (2.50). If f,g : R® — R are
smooth functions with bounded derivatives and T > 0, then
there exists C > 0 such that, for any t € [e,T],

E[9(Z9) (f(XF) - fQ(X?))H < 0’

E[(f(XP) - F(XD))"] < Ce2

(2) Let (X¢,Z°) satisfy (2.31). If f,g : R"™™ — R are smooth
functions with bounded derivatives and T > 0, then there
exists C' > 0 such that, for anyt € [¢,T],

|E[9(X1?7 Z?) (f(Xf7 Z;) — f(ng Zr?))“ < Ck,
E[(f(XF, 25) - f(X7, 2))"] < Ce.

(6.10)

(6.11)

7 Numerical simulations in the multi-valued case

We present examples which are non-smooth dynamical systems
that are prevalent in engineering mechanics. Examples 7.1-7.2 are
oscillators involving friction or/and elasto-plastic behaviours, Exam-
ple 7.3 is a nonlinear and nonsmooth two-degree of freedom (TDOF)
system, they can be described by Egs. (2.30) and (2.31). Examples
7.4-7.5 which do not fall within the scope of any aforementioned
case correspond to an obstacle problem and to the reflection of the
integral of a colored noise, respectively.
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7.1 Non-smooth systems in the form of Equations (2.30)
and (2.31)

Example 7.1 (friction behaviour). Consider Eq. (2.30) with p(z) =
ctlz| Vo € R, where ¢s > 0 is a friction coefficient. The R-valued pro-
cess X € represents the velocity of a material point (stick-slip motion)
subjected to friction and colored noise. See for instance [29] for an
explanation of the physics behind and [3] for the use of SDEs with
multivalued drift for modeling. Ase — 0, X¢ — X9 where X° satis-
fies Eq. (5.9). For the stochastic simulation, we proceed as follows:

° Xg’kzxo and for 0 < n < Np —1,

o€,k
k k 6t ~c.k . XE’ ]. ~c.k
sz+1 = Xf{ + ;77?{ — OtProj_¢; o] <5T; + gn}i’ )

with ﬁf{k described in Subsection 4.1.
o Xg’kza:o and for 0 <n < Np —1,

ot ot

We are interested in E[(X5)?] for T = 1. The expectation of the
control variate is E[(X2)?]. The latter can be represented as ¢(z¢,0)
where ¢ satisfies the following backward in time partial differential
inclusion
(7.1)
Orc(z,t) + %agc(x,t) € 0p(x)0yc(x,t), for (z,t) e R x [0,1),
¢(x,1) = 22, for z e R.

0,k 0,k 1/2 k_ - xp* O wk
XnJrl = X%k 4 (st)V2CAW? StPTOj[_¢; of] + AW,

It can be estimated by solving this partial differential inclusion with
a finite difference method. We proceed as follows. For every t >
0, the function x — c¢(x,t) is smooth and even, provided that the
wnitial condition is smooth and even. Indeed, this comes from the
probabilistic representation and the fact that, for any starting point
z e R, {XF,t = 0} and {X; ", t = 0} have the same distribution
because ¢ is even. Therefore we must have Yt > 0, 0,c(0,t) = 0.
The solution of (7.1) is thus estimated by applying a finite difference
method to
(7.2)
tc(x,
0¢(0,
( 1)

t) + S 0%¢(x,t) — ctdpc(,t) = 0, for (z,t) € (0,00) x [0,1),
)—0 for te0,1),

x?, for x € [0, +0).
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The whole function x — ¢(x,t) can be recovered by using the sym-
metry property.

Example 7.2 (elasto-plastic behaviour). Consider Eq. (2.31)
with ¢ = 0, ¢ = xp the indicator function of D £ [—cep, Cep| in
the sense of convex analysis, that is xp(z) = 0 if x € D and +o0
otherwise. Here cop > 0 is an elasto-plastic coefficient. The real-
valued process X represents the velocity of a material point subjected
to an elasto-plastic restoring force and colored noise. The process
Z¢ taking values in [—cep, Cep| Tepresents the restoring force. See
for instance [27] for an explanation of the physics and the use of
SDFEs with multivalued drift for modeling. Here we are interested
in E[(X5)? + (Z5)%] and in P(|Z5] = cep) for T = 1. Ase —
0, (X¢,7°) — (X Z% where (X°,Z°) satisfies (5.11). For the
stochastic simulation, we proceed as follows:

XE’ —azo(de’ =29 and for0 <n < Np—1,

{Zn+1 = PIOj[—cqp.cep] (ZATELJg + (575)%%14) ’

k k 7 ak ot ~ 7k
XoF = Xpk —sezgh + gk,

A~

0,k 50,k
o X" =m0 and Zy" = 29 and for 0 <n < Np —1,

=0,k . 20,k 50,k
Z2+1 = PIOj[_cop cop] (ZO +6tXy )
XOF = X8 — 6t 20" 4+ StCAWE.

The expectations of the control variates are E[(X$)? + (Z3)?] and
P(|Z2| = cep) for T = 1. They are estimated using the PDE method

of [28].

Example 7.3 (nonlinear and nonsmooth TDOF). A TDOF
with an elasto-plastic element can be represented as a system of the
form (2.30) which becomes

(7.3)
d X5 d X5 . 1
L oxn(XD) = X5, 3E = —3a(XF, X5, X5, X5) + 7
dX§ dXj;
P X5, o= —qu(X5, X5, X5, X5).

Here D = [—cp,¢pl,¢p = 0.25. In addition to IE[(XiT)2 + (Xg’T)Q]
for T =1, we are interested in P(|XT p| < a,|X5 [ <b). Ase —0,
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X — XY where
(7.4)

dX? + oxp(XV)dt = X8dt, dX§ = —go(X?, X9, X9, X{)dt + CdW,

dX§ = X0dt, dX) = —g.(X?, X9, X, XQ)dt.
Here, for simplicity the other elements are linear,

Go(w1, 22, 03, 24) = k121 + c102 — k3(w3 — 1) — c3(24 — 12)
and
ga(w1, 22, w3, 74) = k3(w3 — 1) + c3(v4 — 22).

The simulation of (7.3) and (7.4) is similar to what is explained
above. We take ¢y = c3 =ky = kg =1.

7.2 Non-smooth systems : beyond Equations (2.30) and
(2.31)

The two models presented in this subsection do not fall in the
scope of our theoretical results, though they are not too far off. The
presentation of the impact problem remains formal. The behaviour
of the control variate estimator is investigated via numerical exper-
iments.

Example 7.4 (impact problem). The pair displacement-velocity
X¢ = (X5, X5) (taking values in R?) of a colored noise driven os-
cillator constrained by an obstacle can be formulated in terms of
an equation of the form (4.1) when |X{,| < Po with the condi-
tion (that expresses the switch of the velocity at collision): for all
t, | X, = Po = X5, = —eX5, where Po is the location of
the obstacle and ¢ € [0,1] is the coefficient of restitution of energy.
The notations X5, stand for the velocity immediately before and
after the collision. Here we are interested in IE[(X;T)Q] for T =1.
Formally, as ¢ — 0, the R?-valued limit process X9 = (X9, X9) is a
white noise driven oscillator constrained by an obstacle that can be
formulated similarly to the former case, except that we replace (4.1)
by (4.2). When e =1 (resp. 0 < e < 1), we say that the collisions
are elastic (resp. inelastic). It is important to stress that obstacle
problems with inelastic collisions deserve more attention for practical
purposes since in real world phenomena kinetic energy is dissipated
through heat or plastic deformation. With elastic collisions, there is
no loss of kinetic energy. For the stochastic simulation, we use the
same numerical procedure as for (4.1) and (4.2), except that if we
find out that the (n + 1)t point does not satisfy the obstacle condi-

tion, i.e. \Xi’ZJrﬂ > Po, we adjust the time step length to 6,16t
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iPo—X?i

e,k e,k
Xl,n+1_X1,n

with Op41 = and set tpi1 = t, + Hnﬂdt,f(fﬁﬂ = Py,

Azk A Avk Azk Azk 6tAk
X = e <X§m Ot fR5E X5 + 0,0 i > |

se ko A K

Aomy1 = 15" (1 — 9n+15t52> + +/0p 110t ;“AWff.
A similar adjustment is done in the other cases with Langevin and
white noises. The expectation of the control variate is ]E[(XQOI)Z] for

T = 1 which is estimated using the PDE method of [28].

Example 7.5 (reflection of an integrated colored noise). De-
fine E = [0,00) and consider the indicator function of E, that is
xe(x) =0 if x € E and +o0 otherwise. The reflection of an inte-
grated colored noise corresponds to the case where X€ satisfies

dXxe 1
7.5 oxe(X%) 3 =nf,
(7.5) 3 T oxe(X%) 3o
and X°, the limit process as € — 0, is a reflected Brownian motion
(7.6) dX% + oxp(X%)dt 3 CdW.

We are interested in E[ X5, for T = 1. For the stochastic simulation
of (7.5) and (7.6), we use the following scheme: Xg’k = X0, Xg’k =
zg and for0 <n < Np—1,

ek . oek ek
-X&4=mmEGﬁ +%%>,

o Agfl = projg <ng + \/&CAW%).

The expectation of the control variate is given by an explicit formula
E[XY] = \/2/7. Indeed, the backward Kolmogorov equation for the
reflected Brownian motion in (7.6) is

orw = C@iw, x>0,t>0,
w(z,t=0)=z, >0, 0J,w(0,t)=0,t>0.

It has an explicit solution

w(z,t) =

1" (z—y)* (z +y)°
Jiew |, v (oo (B ren (g )

which gives E[X9] = w(0,T) = /2/m for T = 1. In this case,
we can provide an ad hoc proof to get an estimate similar to (3.4)
(see [9, Appendiz HJ):

(7.7) E[(X5 — X§)?] < Ce?|loge].
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The loge correction comes from a maximal inequality for the OU
process [14] and a standard result on the mazima of Gaussian pro-
cesses [26].

7.3 Numerical experiments

We report our numerical results for the four systems mentioned
above. The convention is as in Subsection 4.3. In each of the four fig-
ures below (Figures 7.1-7.4), there are four subfigures (a)-(b)-(c)-(d).
For subfigures (a) and (b), the driving force is an Ornstein-Uhlenbeck
noise (3.1) with A = K = 1. Insubfigure (a), the dashed black lines,
the dotted blue lines, and the solid red lines represent the standard
MC estimator I & and the control variate estimators j]EV and K N
respectively. The dotted black line represents the expectation of the
control variate I°. The objective of the subfigure (b) is to illustrate
the bounds (6.8) and (6.9). The same description applies to (c¢) and
(d), except they correspond to the case of a Langevin noise (3.2-3.3)
with 4 = v = K = 1. For the examples in which X*¢ satisfies
(2.30), the asymptotic variance of the standard MC estimator I S s
estimated by (4.7), the asymptotic variance of the control variate es-
timator j]EV is estimated by (4.8), and the asymptotic variance of the
optimal control variate estimator K J is estimated by (4.9). For the
examples in which (X¢, Z¢) satisfies (2.31), the asymptotic variance
of the standard MC estimator I § is estimated by

~ 1Y 2 ,a
(18) Oty = ) (FIXS(WH), 25 (Wh))” - (IR)*,
k=1

the asymptotic variance of the control variate estimator j]gv is esti-
mated by

N
52 N =~ Z( F(X*(WF), 25 (Wh))

2 .
(7.9) — F(X°(WH), (W) + 1°) — (52
and the asymptotic variance of the optimal control variate estimator
K5 is estimated by

N
e =y X (FOCOV. 220

(7.10) ~REXOWE), Z2WH) + 3 1°) — (K5,
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with p% defined by (6.4). 8%5’ N 835, N and 8%(5’ N are consistent
estimators of 0%6, 035, and a%@, respectively.

Similarly to what was presented in Section 4, we use N = 10*
samples with a time step of 8t = 107°. In Figures 7.1 and 7.2,
we report the numerical results for the friction and elasto-plastic
problems, which are of the form (2.30) and (2.31), respectively. In
Figures 7.3 and 7.4, we report the numerical results for the obstacle
problem and for the reflection of the integral of a colored noise. The
numerical results include errors bars on the estimators for each value
of £ € {0.1,0.5,0.9} in the I%,, J%, K& order.

The theoretical predictions provided by (6.8) and (6.9) are based
on the condition that f has bounded derivatives. The assumption
that f is smooth is important but the hypothesis on the bound-
edness of the derivatives can certainly be relaxed. The numerical
results shown in Figures 7.1 and 7.2 are in good agreement with the
theoretical predictions: the asymptotic variances 035 and J%(E be-
have as O(g?). The only cases where the behavior is O(g), and not
O(e?), are when the quantity of interest is of the form E[f(X%)] or
E[f(X5, Z%)] with a function f that is not smooth, which is not
surprising. In Figure 7.2, we also observe that 035 and O'%(E behave
as O(g?) which is better than the behaviour O(e) expected from (6.9)
(which is an upper bound). In Figures 7.3 and 7.4, the numerical
results concern two problems which do not fall within the scope of
our theoretical predictions. The first one (Figure 7.3) is the impact
problem that cannot be formulated in the form a differential inclu-
sion of the form (2.30) or (2.31). The function f is smooth but the
behavior of 0%, and o%. is not of order O(e?), only of order O(e).
The second one (Figure 7.4) is the reflection of an integrated colored
noise that can be formulated with a differential inclusion which is
similar to (2.30) but the multivalued drift does not satisfy the con-
dition (5.7). However, 0. and o%. behave as O(e?). To summarize,
the numerical simulations indicate that the O(g?) behavior of the
asymptotic variance is observed in the cases predicted by the theory
and also slightly beyond. The smoothness of the function f that
appears in the quantity of interest is, however, an important con-
dition to ensure the O(g?)-behavior, otherwise one only observes a
O(e)-behavior.
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FIGURE 7.1. Example 7.1 (friction problem). The aim is
to estimate I° = E[(X5)?] for T = 1 where X¢ satisfies
(2.30) with ¢(x) = ¢f|z| with ¢f > 0. The expectation of
the control variate I° =E[(X2)?], where X© satisfies (5.9),
is obtained by solving the partial differential inclu-

sion (7.1).

8 Concluding remark

When the expectation of the limit process E[f(X%)] cannot be
computed by a PDE method but is estimated by a massive Monte
Carlo method, the control variate method with jfv (or Kfv) shares
an important similarity with a two-level Monte Carlo method [10] in
the sense that many but cheap simulations are performed (samples of
XY used to estimate E[f(X)]) together with a few expensive simu-
lations (samples of (X¢, XY) used to estimate E[f(X5%) — f(X)]).
More generally, Multilevel Monte Carlo (MLMC) methods rely on
random samples taken on different levels of accuracy, when several
approximations with different costs and accuracies are available. The
overall idea of MLMC methods is to reduce the computational cost
of standard Monte Carlo methods by taking most samples with a
low accuracy and corresponding low cost, and by taking only few
samples with a high accuracy and corresponding high cost [10].

In this two-level Monte Carlo framework, the total cost of com-
puting the control variate estimator j]i, (or K ) is C5 = NoCo +
N;C; where Cj is the cost of computing one realization of f(X2),
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Ornstein-Uhlenbeck

Ornstein-Uhlenbeck

Langevin

Langevin

FIGURE 7.2. Example 7.2 (elasto-plastic problem). In
subfigures (a-d) the aim is to estimate I° = E[(X5)? +
(Z5)?] with T = 1 where (X¢,Z¢) satisfies (2.31) with
p(x) = 0 and ¢(x) = 0 if 2| < cop and +0o0 otherwise.
Here cop, = 0.25. The expectation of the control variate
I° =E[(X9)? + (Z9)?], where (X°, Z°) satisfies (5.11), is
obtained by using the PDE method of [28]. In subfigures
(a’-d’) the aim is to estimate I° = P(|Z5| = cep)-
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FIGURE 7.3. Example 7.4 (impact problem). The aim
is to estimate I¢ = E[(XQT)Q] with T = 1 where X¢
satisfies the impact problem with a colored noise forcing.
Here Pp = 0.25. The expectation of the control variate
1Y =E[(X3 1)?], where X satisfies the impact problem
with a colored noise forcing, is obtained by using the PDE
method of [28].

C} is the cost of computing one realization of (f(X%) — f(X2)), No
is the number of samples of f(X2), and N; is the number of samples
of (f(X%) — f(X3%)). The variance of the control variate estimator
J5 is Vs = Ny 'Wo + Ny 'V, where Vj is the variance of f(X%) and
Vi is the variance of (f(X%) — f(X3%)). For a fixed total budget
Ctot, the variance is minimized when (N7/Ng)? = (V1/Vo)(Co/Ch)
and it is then equal to Vj = (v/WCo + VViC1)?/Cior. This can
be compared to the brute force Monte Carlo method: the cost is
C5 = N;C; where Ny is the number of samples of f(X7) (we ne-
glect the difference of cost between (f(X%) — f(X9)) and f(X%5),
which is very small because X¢ is more difficult to simulate than
XY) and the variance is V§ = Vy/N; (by (2.11)), so that for the
total budget Ciot, we have Vi = VoC1/Cior. If V1/V = O(£?) (by
Proposition 2.1) and Cy/C; = O(g?) (because the time step used
to simulate X¢ should be O(g?) smaller than the one used to sim-
ulate XV), then we find that Ny/No = O(e?) (hence the “massive
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FIGURE 7.4. Example 7.5 (reflection of an integrated col-
ored noise). The aim is to estimate I¢ = E[X5] for T =1
where X¢ satisfies (7.5). The expectation of the control
variate is 10 = E[X{] = /2/m.

Monte Carlo” strategy for the control variate) and the ratio of the
variance of the control variate estimator over the one of the brute
force Monte Carlo estimator is finally V5/VF = O(g?). The control
variate method is very advantageous in this context.

Appendix A: Proof of Proposition 3.5

Let us first study the driving noise. The process n' is a Gaussian,
Markov process. It has the form

t
n% = e_Atn(l) + Jo e_A(t_S)KdWS.

Its infinitesimal generator is:

d d’ d
1
(Al) Q = 5 Z 2 Kkk”Kk’k”a??mk/ - 2 Akk’nk’aﬂk'
k,k'=1k"=1 k,k'=1

The properties of the matrix A show that the process n! is stationary
and ergodic; its unique invariant probability measure is the Gaussian
measure with mean zero and variance C given by (2.8).
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The process (n7)i=0 has the same distribution as (17%/52)90 because
(e7'Wy)i=0 has the same distribution as (W;.2);>0. Therefore it is
a Markov process with generator e —2(Q.

The process (X¢, X% 1) is Markov with generator £¢ given by:

n d d

1 I
:57262 + g[ Z Z sz nzaxj + Z:l Z;;l F]k zkafhmg]
j=1li=1 j=1i
+ [ Z Z sz ]k )a O O

]:1 i,j=1k=1
(A2)  + 50|,
j=1

where @ is the generator (A.1).

Lemma A.1. For any smooth and bounded test function ¢ : R™ x
R" — R, for any compact subset K of R?>™, there exists a test func-
tion ¢° such that

(A.3) sup [¢*(z, 2%, m) — d(z,2")| < Ce(1 + n]?),
(z,x9)eK

(A4) P |£56° (2, 2% m) — Lo(a, )| < Ce(1+ [n]?),
z,x0)e

for any € € (0,1), where L is the generator defined by

7j=1 7j=1 i,7=1
1 n n
(A5)  +5 >, [P (@") ];0%, 0+ > [D(@)T (%) "i;02 0
1,j=1 3,7=1

Proof of Lemma A.1: the proof is an application of the perturbed
test function method (see the extended online version [9]).

Appendix B: Proof of Lemma 3.8
We define
(B.1)
¢(x,z") = g(z°) (f(x) — f(z")) or ¢(z, ) = (f(z) - f(2"))*.
Lemma A.1 applied to ¢ gives an estimate for (3.4) of order ¢, but

the particular form of ¢ makes it possible to get 2. Lemma 3.8 can
be proved in four steps, see the extended online version [9].
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Appendix C: Existence and uniqueness of (2.30) and
(2.31)

Proposition C.1. FizT > 0,n € N*. Suppose that f € C([0,T]; R™),
b is Lipschitz, and ¢ is a l.s.c. convexr function satisfying (5.7).
Then there exists a unique solution x € C([0,T]; R™) to the following
differential inclusion

(C.1) Z(t) + dp(x(t)) 2 b(x(t)) + f(t), t > 0.
with (0) = g € R™.

Proposition C.2. FizT > 0,n,m € N*. Suppose that f € C([0,T]; R™),
b* : R - R and b* : R™ — R are Lipschitz, and ¢ : R" —
R, ¥ : R™ — R are l.s.c. convex functions, with ¢ satisfying

(5.7) and v satisfying (5.8). Then there exists a unique solution
(x,z) € C([0, T];R™ x R™) to the following differential inclusion

i(t) + dp(a(t) 3 b (x(t), (1)) + F(1),
(©2) 2(t) + 2(=(1) 3 b (x(t), 2(1)), t>0,
with (x(0), 2(0)) = (xo, z0) € R™ x R™.

Proofs of Propositions C.1-C.2: see the extended online version [9].

Appendix D: Existence and uniqueness for (5.9)

Let us first take a look at the case where we remove the multi-
valued operator dy from the drift in (5.9). The problem becomes
the same as (2.5) where o is constant and in particular it does
not involve a stochastic integral. Thus, as pointed out in page
294 of [18], the proof of existence and uniqueness of a solution
(still in [18], Theorem 2.9 page 289) can be simplified in a way
that makes no use of probabilistic tools. We consider the Wiener
space (Q = C ([O,T];Rd) S, F =B (C ([O,T];Rd)) ,IP’) where € is the
space of R%-valued continuous functions on [0, 7] endowed with the
norm Vw € Q, |w| = sup |w(t)|, B(C ([0,T];R?)) is the Borel

<t<
o-algebra on (), P is the Wiener measure. We introduce the map-
pings indexed by t € [0,T], Wi(:): Q — R4, w > Wi(w) = w(t),
the sequence of o-algebras F! = o{Wy, 0 < s < t}, and the map
X: Q- C(0,T;R"), w+— X(w) = « where V0 <t < T, x(t) =
x(0) + SS b(x(s))ds + T'w(t). Under P, W is a Wiener process and
X (W) solves (2.5) where o is constant. In this approach, the key in-
gredient is the mapping X . For obtaining the existence and unique-
ness of the solution to (5.9) with the multivalued operator dyp, we dis-

cuss below the properties of a similar mapping to X which involves
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the multivalued operator. This is done via the so-called “General-
ized Skorokhod Problem”. The discussion follows [30] from page 245
to page 252. We use the notation BV [0, T for the space of functions
with bounded variation on [0, 7.

Definition D.1 (Generalized Convex Skorokhod Problem). If a pair
of functions (&, A) satisfies the following conditions

(1) &, A:[0,T] — R™ are continuous, x(0) = xg and A(0) =0,

(2) VO < t < T, z(t) € Dom(dp), A € BV([0,T];R"),
(3) YO <t <T, x(t) + A(t) = zo + §} b(z(s))ds + Tw(t),
(4) YO < s <t<T,¥;3eR" S (2(r)—3)-dA)+ pla(r)dr <

(t = 5)p(3),

then we say that x solves the generalized Skorokhod problem with pa-
rameters 0, g, b and w and we use the notation x = GSP (0, o, b,

Existence and uniqueness of a solution for the Generalized Sko-
rokhod Problem can be found in Theorem 4.17 page 252. This is
obtained under the following conditions : ¢ is a l.s.c convex func-
tion and int (Dom(yp)) # ; b is Lipschitz, &y € Dom(dy) and
w : [0,7] — R™ is continuous with w(0) = 0. The continuity
of the mapping X: Q@ — C([0,T];R"), w — X(w) = x where
x = GSP(0p, Ty, b,w) is shown in proposition 4.16 page 247. We
use the notation S°[0, 7] for the space of progressively measurable
continuous stochastic processes (p.m.c.s.p.) from Q x [0,T] to R",

si10.7) = {2 e S)0.7). B[ sup |2(0)?] < .
0<t<T
Within the framework of the aforementioned Wiener space, X (W) €
SY[0,T7] solves (5.9). Furthermore, it can be shown that X (W) e
S2[0,T].
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