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Abstract
We study the imaging of a penetrable scatterer, aka target, in a waveguide
with randomly perturbed boundary. The target is located between a partially
coherent source which transmits the wave, and a detector which measures
the spatially integrated energy flux of the wave. The imaging is impeded by
random boundary scattering effects that accumulate as the wave propagates.
We consider a very large distance (range) between the target and the detector,
where that cumulative scattering is so strong that it distributes the energy
evenly among the components (modes) of the wave. Conventional imaging is
impossible in this equipartition regime. Nevertheless, we show that the target
can be located with a ghost imaging modality. This forms an image using the
cross-correlation of the measured energy flux, integrated over the aperture
of the detector, with the time and space resolved energy flux in a reference
waveguide, at the search range. We consider two reference waveguides: the
waveguide with unperturbed boundary, in which we can calculate the energy
flux, and the actual random waveguide, before the presence of the target, in
which the energy flux should be measured. We analyze the ghost imaging
modality from first principles and show that it can be efficient in a random
waveguide geometry in which there is both strong modal dispersion and mode
coupling induced by scattering, provided that the standard ghost imaging
function is modified and integrated over a suitable time offset window in
order to compensate for dispersion and diffusion. The analysis quantifies the
resolution of the image in terms of the source and detector aperture, the range
offset between the source and the target, and the duration of the measurements.
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1. Introduction

We study a ghost imaging modality in a waveguide with random boundary. For simplicity,
we consider sound waves in a two-dimensional waveguide with straight axis and randomly
perturbed sound soft boundary, as illustrated in figure 1. This makes it possible to use the
wave propagation theory developed in [1]. The results should extend qualitatively to three
dimensions, to other reflecting boundary conditions such as sound hard [1], to open (radiating)
random boundaries studied in [2], and to electromagnetic waves studied in [3, 4]. Waveguides
with slowly changing cross-section can be considered as well, especially if the cross-section
increases in the forward direction of wave propagation. Otherwise, the problem is complicated
by the presence of turning waves [5] analyzed in random waveguides in [6, 7].

The goal of imaging is to locate a penetrable scatterer called ‘the target’, which lies inside
the waveguide filled with a homogeneous medium, with density p, and bulk modulus K,,. The
pressure field p(z,x) and the velocity field u(z, x) satisfy the acoustic wave equations

1
matp(t,x) +V-u(t,x) =0, ey

PoOu(t,x) + Vp(t,x) = F(t,x), (2)

for time ¢ € R and location x inside the waveguide. For simplicity, we assume that the target
has no contrast density but its bulk modulus K (x) is different from the background:

1 1

The function R(x) models the reflectivity of the target. We use throughout the orthogonal
system of coordinates x = (x,z) shown in figure 1, with range z € R measured along the
direction of the axis of the waveguide, starting from the source, and with cross-range x in the
interval (X~ (z), X (z)), called the cross-section of the waveguide. The source term is of the
form

F(t,x) = ef(t,x)6(z)e " +c.c., “4)

where c.c. stands for complex conjugate and e, is the unit vector pointing in the z-direction.
The target is assumed infinitesimally thin, with reflectivity

R(x) =r(x)0(z—L), Q)

where r(x) is compactly supported in (X~ (L), X (L)). This assumption is convenient for the
analysis, but the results extend to targets of finite range support.

Combining equations (1) and (2), we obtain that the pressure wave field is the solution of
the wave equation

1 A
A _ — —1w,t ! C.
p(,x) Cz(x) ip(tx) = e f(1,.2)0'(2) + cc., 6)
forte Rand x € (% ) x R, with Dirichlet boundary conditions
Pt (x, )) x€{X7(2).X"(0)}, z e R.
The wave speed ¢(x) is defined by
1 1
— = —[1+R()],
2w = alt (x)] %)
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Figure 1. Illustration of the imaging setup in a waveguide with randomly perturbed
boundary. The penetrable scatterer at range z = L is illuminated by a partially coherent
source. The detector at range z = L + £ measures the spatially integrated energy flux
of the waves, as a function of time.

where ¢, = /K, /p, is the constant wave speed in the homogeneous medium that fills the
waveguide.

The cross-section of the waveguide is randomly fluctuating and has constant mean width
X. We model the boundary by

X)) =X[1+0"p*(2)], X (x) =Xo pn (2), )

using the stationary random processes u*(z) with mean zero E[u®(z)] = 0, where E[/]
denotes the expectation with respect to the statistical distribution of the random boundary
fluctuations. The processes 1T (z) are independent and mixing, with rapidly decaying mixing
rate as defined in [8, section 2]. Their autocorrelation

RE(2) = B[ (2)u™(0)], ©
is normalized to peak value R*(0) = 1, and its integral
/ dzR*(z) = 0(¢), (10)
R

defines the typical range scale of the fluctuations, the correlation length ¢. We assume as in
[1] that ;% (z) are twice continuously differentiable, with almost surely bounded derivatives,
and quantify the standard deviation of the fluctuations of X*(z) using the small, positive and
dimensionless parameters o= < 1.

The wave is generated by the random source (4) localized at z = 0 and oriented in the range
direction. The source signal is modulated at the carrier (central) frequency w, and has a slowly
varying envelope f(z,x). This is a complex-valued, stationary in time Gaussian process, with
Zero mean

{f(t.x)) =0, (11)
zero relation function

(f(t.x)f(7.x')) =0, (12)
and covariance

(£ ) = VBF[B( — 1)]0(x.%). (13)

The bar is used throughout the paper to denote complex conjugate and (-) denotes the expec-
tation with respect to the distribution of the random source. The function F in the expression
of the covariance (13) is real valued, bounded, and integrable. The frequency scale B in its
argument is called the bandwidth, because it determines the support of the power spectral
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density function of f(#,x), which is proportional to the Fourier transform of F [9]. The real
valued, integrable function 6(x,x’) models the spatial coherence of the source. It is supported
in Ay x A, where the interval A, C (%_ (0),x* (O)) is called the source aperture. If the
source is incoherent, then

1, As,
00x') = 0 —X)La (1), La() = {0 A (1

The data for imaging the target are gathered at a detector located at range z = L + £, with
support (aperture) in the interval Aq C (X~ (L + £), X" (L + L£)). In conventional imaging,
the detector would measure the wave field p(7,x,L 4+ L), fort € R and x € A4, and the image
would be formed using matched field [10] or reverse time migration processing [11, 12].
Such imaging is impeded by scattering at the random boundary of the waveguide. The long
range cumulative effect of this scattering is described mathematically by the randomization
of the wave and the energy exchange between its components, called the wave modes. This
energy exchange is quantified by transport equations derived in [1] for waveguides with ran-
dom boundaries, and in [13, chapter 20] for waveguides filled with random media. Imaging
based on these equations is studied in [14, 15].

None of the aforementioned imaging methods apply to the setting considered here, where
the detector-target range offset £ is so large that cumulative scattering distributes the energy
evenly among the wave modes. It is not useful to measure p(t,x, L + L) in this equipartition
regime, so we consider instead measurements of the net energy flux through the detector

I(t)= [ dxp(t,x,L+ L)e.-u(t,x,L+ L), tcR. (15)
Aq

This flux, which is also called the sound power in the physical litterature [16], is associated
with the usual energy density [13, section 2.1.8]

1 0

s P02 + Flulx )P

In spite of the limited data (15) and the strong scattering, we show that it is possible to image
the target using a ghost-like imaging modality. Ghost imaging was introduced in the optics
literature [17-20] and was analyzed in the context of wave propagation in random media in
[21]. The random source is realized in this context by a laser beam passed through a rotating
glass diffuser [20], followed by a beam splitter that divides the beam in two parts: the first part
illuminates the object of interest, which is typically a mask, and is then captured by a single
pixel (bucket) detector. The second part does not interact with the mask and its time and spa-
tially resolved energy flux is measured at a high resolution detector. The ghost image of the
mask is then formed by correlation of the two energy flux measurements.

Here we have a different setting, where the whole source beam illuminates the target,
which is not a mask, but a penetrable scatterer. The goal is to build an imaging modality for
monitoring changes (i.e. emergence of targets) in the waveguide at z = L. If more than one
range is of interest, then an image may be formed at each such range. The image is formed
using the correlation of the data (15) with

e(t,x,z) =

19(1,x) = p(t,x,L)e. - u®™(1,x,L), (16)

the energy flux at range L, in a reference waveguide (hence the superscript (r)), for the same
wave source. We consider two reference waveguides:
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(1) The unperturbed waveguide, with straight boundary at x = 0 and x = X, where we can
calculate 1 (r)(t, x) analytically, provided we know the wave generated by the source. This
implies either controlling the acoustic source or measuring the wave near the source.

(i1) The waveguide with the same random boundary (8), where 1 (r)(t, x) must be measured
before the presence of the target.

In either case, the imaging function at range z = L is defined by

fT,T(x):/ ds €1 (s, x), (17)
0

where %7 is the empirical energy flux correlation

@r(5,x) = % / L) (14 5) — 10(t 1) — [% / Tdt1<r>(t,x)]

0 0

x [% /OT dr (1(1) — 10 (t))} (18)

and 1O (¢) is the incident energy flux at the detector (hence the superscript (i)), in the absence
of the target. This can be measured, or the terms involving it in (18) can be calculated in terms
of the second-order statistics of the random processes 1+ (z).

The imaging function (17) is designed to reflect the transverse profile of the target at z = L.
It is not the classical ghost imaging function used in optics [20], where the waves are mono-
chromatic, there is no waveguide effect and one can simply evaluate €7 (s = 0, x). Waveguides
are dispersive, meaning that different components (modes) of the wave field propagate at
different speeds along the axis of the waveguide. Our analysis shows that due to mode disper-
sion, the imaging function should involve the integration of €7 (s, x) over the time lag s, in a
time window of duration 7 that is long enough to encompass the arrival of sufficiently many
propagating modes.

More explicitly, we show that the two user defined parameters 7 and T affect the statistical
stability and focusing of the imaging function (17) at the target. Statistical stability means
that the image is approximately the same for all the realizations of the random source and
boundary,

Frr(x) R E[(Frr(x)) ]. (19)

We will see that the empirical correlation (18) converges as T — oo, in probability, to the
statistical correlation with respect to the distribution of the random source. We will also see
that for a large enough bandwidth B, the imaging function is insensitive to the realization of
the fluctuations ui(z). Thus, to ensure a robust image, the wave field should not be mono-
chromatic and the integration time 7 should be large enough. Once the bandwidth is taken
into account, the mode dispersion in the waveguide becomes important. The time parameter 7
controls how many modes are used in the image formation and consequently, it determines the
resolution of the image. At the very least, 7 should satisfy the order relation

L
— <7k, (20)
Co
where the lower bound defines the travel time scale from the target to the detector. If we want
all the propagating modes to contribute, it should satisfy
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£ L7TKT. 21
Co

The goal of the paper is to analyze the imaging function (17). The analysis is based on
the theory of wave propagation in random waveguides, developed in [1]. We quantify the
resolution of the image in terms of the type of reference waveguide, the target range L, the
apertures A, and A4 of the source and detector, the partial coherence of the source, and the
time parameter 7.

The paper is organized as follows: we begin in section 2 with the mathematical model of
long range wave propagation in random waveguides and the mathematical model of the meas-
urements (15) and the reference energy flux (16). The results of the analysis of the imaging
function (17) are in section 3 and the details of the calculations are given in appendices. We
end with a summary in section 4.

2. Long range wave propagation in the random waveguide

In this section we summarize the wave propagation results obtained in [1]. As explained in
[1, 12] these results are qualitatively (but not quantitatively) the same as those in waveguides
filled with random media analyzed in [22, 23] and [13, chapter 20]. We begin with the scaling
regime in section 2.1. The mathematical model of the wave in the empty random waveguide,
called the incident wave, is given in section 2.2. The model of the scattered wave is in sec-
tion 2.3. We use it to derive the mathematical model of (15) and (16) in section 2.4.

2.1. Long range scaling

Let us introduce the small and positive dimensionless parameter € < 1, which gives the order
of magnitude of the standard deviation of the random fluctuations of the boundary in (8),

ot ~e, (22)

where the symbol ~ means that & /¢ is bounded above and below by positive constants
independent of €.

The effect of these fluctuations depends on the relation between the correlation length £ and
the carrier wavelength A\, = 27¢, /w,. We assume as in [1] that

b~ N, (23)

so there is an efficient interaction of the wave with the random boundary. Because the standard
deviation (22) is small, this interaction has a negligible effect at small range,

p(t.x) = po(t.x),  z~L, 24)

where p,(t,x) is the solution of the wave equation in the unperturbed waveguide. However,
the scattering effect accumulates as the wave propagates and becomes significant at z ~ £/,
The wave p(t,x) is randomized at such ranges and it is quite different from p,(z,x), as shown
in [1].
We denote by z. the range coordinate in this scaling, with the target and detector located at
ze. = L.and z. = L. + L., where
e’L, | 2L,
L ’ 14
In an abuse of notation, we let

1. (25)
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L L
L= = L= 2 (26)
with L and £ independent of ¢, satisfying
L
- 1, 27
i3 > 27

which means that the target-detector distance is much larger than the source-target distance.
The mean width of the cross-section of the waveguide satisfies

5 > 1, independent of ¢,

Ao (28)
so that the wave has many propagating components (modes). This is needed to achieve a
good resolution of the image, as long as the time parameter 7 in (17) is chosen appropriately.
We rename this parameter 7., to emphasize its dependence on &, and obtain from (19) and
(25)—(27) that it should satisfy the scaling relation

T

Te

with ¥ independent of €. The other time parameter 7, used in the calculation of the empirical
correlation (18), is much larger than 7., so we can analyze the imaging function by taking first
the limit 7 — oo and then £ — 0.
To have the same number of propagating modes at all the frequencies in the spectrum of the
source, we take a small € dependent bandwidth denoted by B,
Be Lol aeq1,2) (30)
Wo
The choice « < 2 ensures that the covariance (13) is supported at time offsets ~1 /B, that are
much smaller than the travel time of order L. /c, from the source to the target. Therefore, we
may think of F in (13) as a pulse. The choice o < 2 also gives the statistical stability of the
image (17) with respect to the realizations of u* (z. ), as explained in section 3.2.1. The choice
«a > 1is convenient because we can neglect some deterministic mode dispersion effects in the
waveguide.

2.2. The incident wave

As is usual in scattering theory, we call the solution p(i) (t,x,zc) of the wave equation in the
empty waveguide ‘the incident wave’, hence the index (i). We write it using the Green’s func-
tion of the Helmholtz equation

[A + K (w + wo) |8 (w, (x.26). (6. ¢2)) = 8(x — )" (22 — ¢e), 31

at frequency offset w from the carrier w,, where k(w + w,) = (w + w,)/c, is the wavenumber.
This Green’s function is bounded and outgoing at |z.| — oo and defines the incident wave as

A 1 e .
p(l) (t, X, Ze) — 7 / e—l(w-i—wa)t dp (i) (w, X, Zs) +coc., (32)
T J-x

050 (w,x,2.) = / 8. (1,22, (€.0))dF (w. £)de. (33)

s
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In this expression we used the spectral theorem for stationary processes [9, section 9.4] to
represent f(z,x) by the complex Gaussian measure df (w, x) satisfying

(F(w.n) =0, (34)
<df(w,x)d?(w’,x’)> =0, (35)
<df(w,x)df(w’,x’)> = j%?(%)@(x,x’)(;(w — wdwdw'. (36)

We call df(w,x) the Fourier transform of f(z,x), in an abuse of terminology. Note that F. the
Fourier transform of F, is the power spectral density of a stationary process, so it is real valued
and non-negative by Bochner’s theorem [9].

The Green’s function is given by a superposition of time harmonic waves (modes) which
are either propagating or evanescent. The mode decomposition is obtained by expanding g in

the orthonormal basis (goj (x) )j>] of the eigenfunctions

wi(x) = \/gsin (%) (37)

of the operator 92 with Dirichlet boundary conditions at x = 0 and x = X. This expansion is jus-
tified because equation (31) can be rewritten in the unperturbed waveguide domain (0,X) x R
with a change of variables that flattens the boundary and maps the fluctuations z* (z. ) to coef-
ficients in the transformed Laplacian operator [1]. The expression of the Green’s function at
Ze > (e s

N(w)

2w, (%.22), (6,6)) = Z %(X)Meimwwo)(@—cs)

= Bi(w + wo)

+ Y (W (6.6)), (38)

J=N(w)+1

where the approximation is because we neglect the backward propagating modes.
The first term in (38) sums the N(w) forward propagating modes. With our choice (30) of
the bandwidth we have w ~ B, ~ £%w, and therefore,

N(w) = {k(w + w,)X

0
where | - | denotes the integer part. We omit henceforth the argument w, of N, to simplify nota-
tion. The jth forward propagating mode in (38) is the combination of two plane waves

J = N(w,), fore<1, (39

Soj(x)ei,ﬁj(w‘l’wo)(ze*Cs) — \/127X [einr'(xszafgs) _ einj_'(X,Zg*CE)i| s (40)

that cancel each other at the boundary points x = 0 and x = X. Their wave vectors
+ mj
K= (£ Y,ﬁj(w + w,))

have Euclidian norm ||Kji|| = k(w + w,) and a positive component in the range direction,
called the jth mode wavenumber,
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A
Bi(w + w,) = \/kz(w—i—wo) - (Y) . 41)
The backward propagating waves have a similar expression, except that their wave vectors
have range components of opposite sign. Because we assume smooth random boundary fluc-
tuations, we can use the forward scattering approximation which neglects these backward
going waves. A detailed justification of this approximation is in [1] (see also [22] and [13,
chapter 20]).

The terms g; of the series in (38) are the evanescent modes, which decay exponentially
with the range offset z. — (. and are negligible at the detector. However, they interact with the
propagating modes over the long range of propagation, as described in [1]. This interaction is
taken into account in the statistical description of the propagating mode amplitudes a;. These
are random fields with starting values

(i 6.6)) = VI ey o, @)
and evolve at z. > (. as described by
ar(w, 223 (£,¢)) ar(w, ¢ (6.¢))
: =P(w,z:¢) : : (43)
an (w,z3 (£,¢)) ay(w, (5 (6,¢))

using the complex, random N x N propagator matrix P(w, z.; ;). This matrix equals the
identity at z. = (. and its statistics is described in the limit ¢ — O in [1].

2.3. The scattered wave

The solution of the wave equation (6), with wave speed defined in (5)—(7), has the form

1 ° : =N
p(t.x,z.) = ﬂ/ e iwre)t 45w, x, 2.) + c.c., (44)

where dp satisfies the Lippmann—Schwinger equation

X
dp(w,x,z.) = dp D (w, x,2.) — K (w + w,) / dy r(y)G(w, (x,z:), (v, Lc))
0
« dp(w,y,L.). (“5)

Here we introduced another Green’s function, satisfying the Helmholtz equation

[A + kz(w + wv)} a(w’ (x, Zs)’ (f’ Cs)) = (5()6 - 5)5(25 - C&:) (46)

This equation LS like (31), except that there is no range derivative of the Dirac §(z. — (.). The
expression of G is similar to (38),

N

~ A‘(Wazs;(&gs)) iB;

G(w, (x,22), (&, Cs)) ~ @.(x)l—elﬁ/(wwg)(zs—cg)’ (47)
; ! Bi(w + w,)

where we neglected the evanescent modes. The random mode amplitudes A; are defined as in

equation (43), by the same propagator P(w, z¢; (), but their starting values are different,
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%i(§) .
Ai(w, (s (€, = =1,...,N.

j( Ces (€ Cs)) Y Bj(w‘Fwa) J (48)

The scattered wave

1 .
p(S) (I, X, Ze) — 5 / e—i(wtwo)t di)\(s) (OJ,)C, Ze) +cc, (49)
— 00

with Fourier transform

dp ®(w, x,z¢) = dp(w, x,z¢) — dp V(w, x, 2.), (50)

depends nonlinearly on the reflectivity r(y) of the target, assumed small. In imaging it is
common to use the Born approximation of this wave, obtained by replacing dp(w, y, L. ) with
dp W (w,y, L.) in the integrand in (45). The imaging function (17) depends quadratically on
r(y), so for consistency, we keep the second order terms in the Born series expansion of the
scattered wave

G 5e) > o ) [ 0B (0220, (00L) 5 Ve L)y
+ i w + w,) //0 r(y)r(y')a(w, (x,ze), (0. Le))
x G, (w, (v, Le), (y’,LE))df)(i)(w,y’,Ls)dydy’. (51

Here we replaced a(w, (L), (¥, L.)) by the Green’s function in the unperturbed waveguide

G (w: (0 Le), Z 2161 w —|— W,) (52)

because the random boundary has a neghg1ble effect on the wave propagation between the
nearby points (y,L.) and (', L.) in the support of the target. The series in (52) involves both
the propagating and the evanescent modes, with wavenumbers J;(w + w,) defined in (41) for
j=1,...,N, and with

Bilw + w,) :i\/<§(j)2 — 2w+ w,), j>N. (53)

2.4. The measurements and the reference energy flux

The detector measures the spatially integrated energy flux

I(t) = dxp(t,x,L. + Lc)e; -u(t,x,L. + L), (54)
Aqg

with p(t,x, L. + L.) defined in equations (44), (49)—(51). These measurements are correlated
in (17) with the energy flux

19(1,x) = pW(t,x, Lo)e. - u® (1, x, L), (55)

of the wave, where

10
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1 [ 4 R ~
p“)(t,x,Ls)ZE [ / e itz ™ (g, (x, L), (€,0))df(w, E)dE,  (56)

and

_1(‘*’ Wn)’ ~
(t,x,L.) = 27r/ / ! 8O (w, (x,L.), (€,0))df (w, £)dE. (57)

w,,+w

The expression of p(r)(t, x, L) is similar to (33), except for the Green’s function §(r) which
models the wave propagation in the reference waveguide. The expression of e - u(™ (z,x, L)
follows from (2) which reads in the Fourier domain as

_ipa(w + Wo)ez . dii(r) (w,x, Za) + azdﬁ(r) (W,X, Zg) =0.

We consider two reference waveguides: the unperturbed waveguide, where

(1) 1ﬁj(w+w,,)L

g"(w. (x.Le), 3 Z% (58)
and the random, empty waveguide, where
g0 (w. (. Le). (€.0)) = g(w. (x. Le). (€.0))

< L5 D ey Lsope e (59

Jq=1

In both cases we neglect the evanescent modes, which have a very small contribution at the
large range L.. The random mode amplitudes are written in (59) in terms of the entries Pj,
of the propagator, as in equations (42) and (43). Because w/w, ~ €%, with a € (1,2), we
approximate the mode wavenumbers in the amplitudes by their value at the carrier frequency.
The phase in (58) and (59) is

Bi(w + wo)Le = B(wo)Le + w P (wo)Le + O (X7 V), (60)
where
1 dgi(w + w, -1 ¢, Bi(w,
Bl(ws) ( ﬂj(dcj ) ‘”:(’) - % 61)
is the jth mode speed, satisfying
0< ,1 < ,1 <...</;<c0. (62)
Bulwo) — By(wo) Bi(wo)

We use throughout the notation k, = k(w,) = w,/c,.

3. Analysis of the ghost imaging function

The imaging function (17) is defined by the time integral of the empirical correlation of the
reference energy flux I()(z,x) and the difference I(¢) — I)(¢) of the net intensities at the
detector. The subtraction of the net energy flux () () of the incident wave is so that the imag-
ing function vanishes in the absence of the target. This energy flux could be measured in the

1
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empty waveguide or, if this is not feasible, its contribution to the imaging function can be
estimated in terms of the second order statistics of the random boundary fluctuations 1% (z.),
as explained in section 2.2.

The empirical energy flux correlation (18) converges in the limit 7 — oo, in probability, to
its statistical expectation with respect to the distribution of the random source [24, proposition
2.3]. Assuming a large integration time 7, we obtain the approximation

Gr(5,x) ~ € (5,x) = <1<r>(t, N[I(+s) — 190+ s)]> - <1(‘)(t, x)> <1(r) - 1<i>(r)> : (63)

This expression is independent of #, because of the time stationarity of the source. We calcu-
late it in appendix A.
The imaging function is given by

()~ T (x) = / T ds (s, ), (64)
0

with 7. = T/&? scaled as in (29). Its expression

2 o0 R 2 o0 I’l .
Iz (x) ~ 7SR6/ dw F(i> / dhsinc T e i3
22 (27)?p2c2B. _ B.) J_ 2

o0 o0

X
X // dydy’ [%g(w — &1,y )11 (w,y, %) + G2 (w,y, x) %1 (w — 2h, y’,x)}
0

X [ = 2r(y)%1 (w,w — 2h,y,y') — 2r(y )G (w,w — €7, ,Y')

X
+ 227 (y) / dy"r(y" )1 (w,w — €71,y y)Go (w, (v, Le). (v, Le))
0

X
+ 2k;r(y') / &' r(y" )G (w, w — €2h,3,y" )G, (w — €2h, (¥, Lc), (', Le))
0

+ r()r()%h(w,w — 2y (65)

is derived in appendix A, where we recall that F and r are real valued. Here we introduced
the notation

) = | /A dEde’ 0(€, €)@ (w, (3, Lo), (6,0))2 (w, (v L), (€,0)), (66)
Gia(w,/x) = / /A d€de’ B(¢, €7 (w, (0> L), (€, 0)) (=) 027 (w, (x, L), (€, 0)), 67)
ffz(w, ‘*/7)” y/) = Adx’ (A;(w, (x/’Ls + Ls)’ (y’ Ls))iaza<w/’ (xl’Ls =+ 58)’ (yl’Ls»’ (68)
Gy (w, W', y,y) = Adx’ G(w, (¥, Le + L), (v, Lo))idg (w', (', Le + L), (Y, Le)), (69)
and

G (w, ', y,y) = Adx'g(w, (&, Le + L), (0, Lo))i0.G(w', (&, Le + L2), (', Le)). (70)
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We calculate next the imaging function (65) in both the unperturbed and random wave-
guide, in order to quantify its focusing in terms of the target range L., the apertures A and
Ay, the source coherence function ¢ and the time parameter ¥.

3.1. Imaging in the unperturbed waveguide

The expression of the imaging function is derived in appendix B. It is given by the formula
(B.13) for an arbitrary integration time ¥. This T does not play an important role in the sup-
port of the image, although it affects its magnitude at the target, but it must be larger than
B1(w,) L, the scaled travel time of the fastest propagating mode from the target to the receiver.
Otherwise, ¥ = T (x) = 0. In section 3.1.1 we give the expression of the imaging function for
T > By (wo) L. Wthh is simpler and independent of T, and analyze in section 3.1.2 its focus-
ing in terms of the source coherence and the source and detector apertures. The general func-
tion (B.13) is displayed in section 3.1.3 for the case of a point target.

3.1.1. The imaging function for a long integration time. The expression of the imaging func-
tion at T > By (w,)L is

k| F*
32p5¢;

I (x) ~ // dydy’ '@so(x ¥)Ps1(x, ') + Pgi (x, ) Pso (x, ')

23 BwSh e e ]

/2
. JFT
X [—2/0 dy” @po(y', y") @1 (3. y")r(y)r(y") +<I>D71(y,y’)r(y)r(y’)}, (71)

where ||F|| is the L? norm of F and S and D are the N x N matrices with entries

S ://,4. dede’ (¢, )pi(§)wr (§), Dy =/A dx @;(x) gy (x),  (72)

that depend on the source and receiver apertures and the coherence function 6 of the source.
Here we introduced the sums ®,, ®s,, Pp, defined for n > —1by

N
%y) =Y Bilwo)" i (x);(v), (73)
j=1
D (x,y) = Z,B, wo)"Sjjpi(X) (), (74)
Dp,(x,y) = ZB, (wo)"Djjp;(x) 5 ()- (75)

Note that when the source is incoherent (delta-correlated) with 0 defined in (14), and has
full aperture A = (0, X), then S is the identity matrix. Similarly, D equals the identity when
Agq = (0,X). In these ideal cases the sums (74) and (75) equal (73), and can be approxi-
mated using that N > 1 by the scaling assumption (28). Except very close to the boundaries
x,y € {0,X} we have

13
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O (x,y) ~ % i {1 _ (%)2} 1 sin (kﬁ%) sin (koyé)
=1
=~ %Jo(ko(x_y))’ 7o

and similarly,

k5 J1 (koJx — 1)

ko .
Do(x,y) =~ ;s1nc(ko|x - i~

W, @ilxy) =

(77)

where Jy and J; are the Bessel function of the first kind and of orders 0 and 1. All these func-
tions are peaked at x =y, as illustrated in figure 2.

3.1.2. Quantification of resolution. The expression (71) shows that the imaging function is
independent of the target range L. = L/e>.

The aperture A4 of the detector, which defines the matrix D, has a marginal role. For exam-
ple, in the case Ay = (0, aq), with a4 < X,

by = [ax e = 1 sne(%2) ~
where the approximation is for j > X/aq. Thus, the functions ®p, in (71) are approximately
proportional to ®,, for n = —1,0, and they give a similar contribution to the focus of the
image for a full detector aperture or a smaller one.

The focusing of (71) at points x in the support of the reflectivity » is primarily dictated
by the coupling matrix S. The best focusing is for S;» = d;#, corresponding to an incoherent
source with € defined in (14) and a full aperture A = (0, X). The terms in Z j in the square
brackets in (71) vanish in this case and, if in addition the detector has full aperture, the imag-
ing function becomes

K2 |F||2 /
S (x) = — T6p2c2 ydy r()r(y) @o(x,y)®1(x,y )P -1(y,))- (78)
The functions ®,,, forn = —1,0, 1, are peaked at x = y and are large for
Ao
=y <=2
k, 2

as seen from (76) and (77) and figure 2. Therefore, the image (71) focuses at x in the support of
the reflectivity r, with resolution A, /2. Note that .# (x) has the form of a negative peak, which
means that the target appears as a shadow.

If the source does not have full aperture or if it is partially coherent, then the imaging func-
tion remains focused at points in the support of r, as long as the matrix S is diagonally domi-
nant. Otherwise, the terms in Zj oy in the first square brackets in (71), which are not focused
at points in the support of r, become significant.

3.1.3. lllustration of the point spread function. Here we illustrate the resolution analysis
given above by displaying in figure 3 the imaging function .# (x) for a point target at cross-
range 0.39X, in a waveguide that supports 40 propagating modes. We consider an incoherent
source modeled as in (14), with As = (0, as), and a detector with aperture Ay = (0, aq), for
0<agaq <X.

14
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Figure 2. The Bessel functions which approximate ®;, j = —1,0, 1, as in (76) and (77).
Left plot: the sinc function sinc(#) (solid line) and the Bessel function Jy(7) (dashed line)
for t € [—10m, 107]. Right plot: the function % for t € [—10m, 107]. The argument ¢
is scaled by 7 in the abscissa.

To illustrate the effect of the duration ¥ of the integration window, we display in figure 3
the image . (x) calculated using the general formula (B.13), for three values of ¥: the first sat-
isfies T > () L, as assumed in the previous section, and the result is shown with the solid blue
line. The other two satisfy 3,£ < ¥ < 3, L forn = 10 and n = 1, and the results are shown
with the dotted red line and the solid black line. We also illustrate the effect of the aperture of
the source and detector by displaying the images for aq = X and a; = X, 0.5X,0.1X in the top
plots and for aq = 0.5X,0.1X and a; = X in the bottom plots.

As explained in the previous section, the image has a negative peak i.e. the target appears as
a shadow at the true cross-range location 0.39X. The value of T has little effect on the support
of this peak, but it affects its magnitude. The best results are for the large ¥, where the peak is
more prominent and the side lobes are smaller.

The marginal effect of the detector aperture aq discussed in the previous section is seen in
figure 3 to consist of a multiplicative factor that makes the peak less prominent for the smaller
aq. However, the source aperture ag has a stronger effect on the image, which is no longer sup-
ported in the vicinity of the target location. At 50% aperture (top middle plot) the value of the
imaging function away from the target is small, but at 10% aperture this value increases when
compared to the peak and the target becomes less visible, especially for the smaller T.

3.2. Imaging in the random waveguide

We present here the analysis of the imaging function (65), in the waveguide with random
boundary, using the unperturbed reference waveguide. To calculate ﬂ% (x), we recall from

[1, 12] (see also [13, chapter 20]) the relevant facts about the statistics of the wave propagator
P(w,z; ¢.) in the limit e — O:

(i) The propagators P(w, z¢; () and P(w, z.; ¢.) for any two non-overlapping range intervals
(ze,C.) and (2L, ¢!) are uncorrelated.

(ii) The propagators P(w, z.; (. ) and P(w’, z; (. ) for any two frequencies w and w’ satisfying
|w — w'| > €’w, are uncorrelated. Moreover,

P(w,z.: () ~ P(w,2.:¢),  Vw,w satisfying [w — w'| < £2w,. (79)
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Figure 3. Imaging function (B.13) calculated for € > S4L (71) (blue solid line) and
Bl <% < f, L for n= 10 (red dotted line) and n = 1 (black solid line). The top
plots are for aq = X and, from left to right, a; = X,0.5X,0.1X. The bottom plots are
for a; = X and, from left to right, a4 = 0.5X, 0.1X. We normalize by the absolute value
at the target location of the image calculated with ag = a; = X and T > By L. The
abscissa is cross-range in units of the carrier wavelength.

(ii1) The propagator satisfies the second moment formula

E[P i@ 223 o) Pyrgr (w — €7D, 225 CE)] = §jqbp e’y )
> g (80)
Foiba [ AW (w2 — Q) (=8 @) -0)]
where we let z. = z/¢%, (. = (/€% and used the symbol — to denote convergence in the
limite — 0.

The first term in the right-hand side of (80) models the energy of the coherent part of the
wave. Its evolution in range is described by the complex matrix (k) given explicitly in [1]
and [12, section 6.2], in terms of the covariance of the random processes ui. This matrix
satisfies

Re[wjp] <0, wj =Fyj  oj =1,....N, ®1)

so the coherent term in (80) decays exponentially in range. The length scales 1/|;;| of decay
are called the scattering mean free paths of the modes. These scales are analyzed in [1] and
decrease monotonically with the mode index j. The imaginary part of («;7) vanishes on the
diagonal, but it is non-zero otherwise. It accounts for dispersive effects due to scattering at the
random boundary. The second term in (80) models the incoherent part of the energy, defined

by the real valued, continuous density W/j(q) of the Wigner transform described in [12, sec-

tion 6.2] and [13, proposition 20.7].
We consider a target at very long range offset from the detector, satisfying
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1
E >> Leq 2 R (82)
|kn
where L is the equipartition distance defined in [13, section 20.3.3]. This is interesting
because the wave reaching the detector is incoherent, meaning explicitly that

E[G(w, (%, L + L2), (v, Lo))] = 0, E[g(w, (x,Lc + L2), (,L.))] ~ 0, ¥x,y € (0,X). (83)

Moreover, the strong scattering in the range interval z € (L., L. + L.) distributes the energy
evenly between the modes, independent of their amplitudes at the target. This makes conven-
tional imaging impossible, but as we explain in section 3.2.2, the target can still be located
with the ghost imaging modality.

3.2.1. Statistical stability. In (65) we integrate over the frequency w, which is of the order of
the bandwidth B., scaled as in (30). The propagator decorrelates over frequency offsets of
order £%w, (item 2. above), so we integrate over many frequency decorrelation intervals and
obtain by the law of large numbers the statistical stability result
]E% (x)~E {JS% (x)]. (84)
Note that the integration over s € (0,7.) in (65), with 7. = T/c?, ensures that the imag-
ing function is given by the superposition of products of two Green’s functions (one with a
complex conjugate) at frequencies w and w — €%k, with h ~ w,. The result (84) holds because
the expectation in the right hand side is not small. If we did not integrate over s in (65), or we
had a much smaller 7, then the integrand would consist of products of uncorrelated Green’s
functions, at frequencies offset by more than order £2w,. The expectation of such products is
given by the product of the expectations of the Green’s functions, which are negligible as in
(83). The expectation of the terms in the integrand in (65) involve the second moments of the
wave, which are not small, and this is why we obtain the result (84).
When calculating the expectation of (65) we note that (¥4},),—1, depend on the range
section (0,L.) of the waveguide, whereas % and (%,),—12 depend on the range sec-
tion (L., L. + L.). By item 1. above, ¥, and %, are uncorrelated from %, ¢43, and ¥, so to

approximate (65) we need the expectations of (68)—(70) and E {% 1 (W, 9, X) %12 (w — €2h, ¥, x) |.

We consider large integration times ¥ > L/c, so that, as in the homogeneous case, the
integral in /4 in (65) becomes concentrated at # = 0 and the imaging function becomes inde-
pendent of T. As a consequence, we get from (65):

1
~———R F
I (x) = B e /_ dw / / dydy’

x E [%z(w,y ,X)%1 (w,y,X) + %z(w,y,x)%(w,y’,x)]

x| = 2r)Ea (@.0,3.3)] = 2y ElHra (0. w.3.5)

X
+ 2k r(y) / dy"r(y")E[@s1 (w, w,y", )]G, (w, (¢, Le), (v, Lc))
0

X
+ 2Ry / A" (" ElFna (@ 0,33 o (@2 0 L), (7 L))

+ ()6 E@ (w,w.y.5)]|- (85)
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3.2.2. The imaging function. The expression of the imaging function is given in (C.12) for
an arbitrary scaled range offset L between the source and target. Here we write it in the two
extreme cases, where the formulas are simpler:

(1) For weak scattering i.e. L smaller than the scattering mean free path of all the propagating
modes, the imaging function has the form

K2||F|)>C
I (x) ~ % // dydy ‘I)so(x ¥)®s1(x,y) + Ps1(x, ) Pso(x,y")
+ ZZﬁj wWo)S7 () 0y (v) e (v )}
JET
X
x [— 2r(y) /0 dY'r(y") o (v, y" )21 (v,y") + <I>_1(y,y’)r(y)r(y’)}, (86)
where
1 & 1
b= ;Dm =5/, B, ¥ )d. (87)

(2) When scattering is strong between the source and the target i.e. L is larger than the scat-
tering mean free path of all the propagating modes, the imaging function has the form

K2||F|*Cp n By (Wo) Bi(wo)
s = BEE [ o j;ls,,@, AUt Tro

X /Oo dr VVJ.(-’J)(w(,,t,L)}
X [* 2r(y) / dy"r(y")@o(y,y" )1 (y.y") + <I>_1(y,y/)r(y)r(y’)] (88)
0

Moreover, when L exceeds the equipartition distance, the Wigner transform becomes
independent of the indexes j,j/ = 1,...,N and satisfies

oo y 1
/_ dtWJ-(’)(wo,t,L)wN, L>> Ly

As we explain below, the source aperture and coherence determine the focusing of the
image in the weak scattering regime. In the strong scattering regime, the image is not focused
at the target, even in the ideal case of an incoherent source with full aperture. Intermediate
scattering regimes are an interpolation of these two extreme cases and the image focuses at
the target when L is smaller than the scattering mean free paths of sufficiently many modes.

3.2.3. Quantification of resolution. Note that the size of the detector appears only in the con-
stant amplitude factor Cp, so the focusing of the image is entirely dependent on the source
and the target range L.

In the weak scattering regime (between the source and the target), the best result is obtained
for an incoherent (delta-correlated) source that spans the entire cross section of the waveguide.
The matrix S equals the identity in this case and (86) becomes
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21 FI2C
)= =S [ oy ne )01 () 69
(7

This is proportional to the imaging function (78) in the homogeneous waveguide, at full detec-
tor aperture. This shows that the strong wave scattering between the target and the detector is
beneficial and removes the marginal effect of a limited detector aperture 44 on the focusing
of the image that we had observed in a homogeneous waveguide in sections 3.1.2 and 3.1.3.
The image has a negative peak and has a resolution of order A, /2, as illustrated in the top left
plot of figure 3.

In the strong scattering regime between the source and the target, the image does not focus,
no matter what the source aperture and coherence are. More precisely, in the ideal case of a
delta-correlated source with full aperture, and for L > L, the expression (88) becomes

K ||IF|*C
I (x) ~ — IQNE &, (x, x // dydy' r(y)r(y )®_1(,y')*. (90)

This is approximately constant for x away from the boundary points 0 and X, as illustrated in
the top left plot in figure 4.

3.3. Contribution of the incident energy flux to the image

In case that 1) (7) cannot be measured, we show here that it is possible to estimate its contrib-
ution to the imaging function

. T/e . ‘
9 (x) = / ds[ (19010 (4 9)) = (19(0.2)) (10(: 4+ 9)) |.
e2 0
oD
We calculate this expression in appendix D and obtain that, for T > L/c,, (91) becomes
independent of T and has the form

. G
0~ S 57 et + 3 S0P Ale)e™

aoo-l =1

J#l
+ Z S2101(x)2 By (wo) Bi(wo) / dzvvj(f’>(w,,,t,L)]. (92)

JJ' =1 -

This is approximately constant in x, at least for S diagonally dominant, which is needed for the
imaging function to focus at the target.

More explicitly, in the case of an incoherent source with full aperture, where S equals the
identity matrix, we have in the weak scattering regime that

Col FI?

7 (x) ~ S2 K

D, (x, x). (93)

Furthermore, in the strong scattering regime, at range L > Ly, we obtain exactly the same
expression. Thus, the function .# ¥ (x) is proportional to ®,(x,x) and is approximately con-
stant for x away from the boundary points 0 and X.
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Figure 4. Left: imaging function in the homogeneous waveguide (solid blue line)
and in the random waveguide (where we cannot measure, so the reference waveguide
is the homogeneous waveguide) (red dotted line) for full detector and full source
aperture and for € > f4,L. Middle: imaging function in the homogeneous waveguide
for all the recorded modes (solid line) and in the random waveguide (where we
measure, so the reference waveguide is the same random waveguide) (red dotted
line) for ag = a; = 0.05X and for ¥ > ;L. Right: the same as in the middle, but for
aq = as = X. We normalize by the absolute value at the target location of the image
calculated in the homogeneous waveguide, with ag = a;, =X and T > By L. The
abscissa is cross-range in units of the carrier wavelength.

3.4. Imaging based on the random reference waveguide

We present here the analysis of the imaging function (65), in the waveguide with random
boundary, using the random waveguide as the reference waveguide. The imaging function is
given by (65) but with ¢, replaced by

G (w0y.%) //%%956( (0.1, (€.0)3 (@, (v Lo). (€.0)). ©4)
and ¥, replaced by
Graw,y'x) = / /A dgde’ 66,3 (@ (- Lo) (€, 0)) (—)2:8 (. (x.Lo). (€1.0)). (95)

If the medium is weakly scattering between the source and the target, there is no difference
compared to the case addressed in section 3.2 and we find that the imaging function has the
form (86). In this case, the quality of the image depends strongly of the source, as illustrated
in figure 3.

If the medium is strongly scattering between the source and the target, in the sense that L
is larger than the equipartition distance, then the situation is dramatically different from the
one addressed in section 3.2. As shown in appendix E, we find that the imaging function has
the form:

K2||F|*CpC ) ,
)~ ~BIEEDG [ )00 ()0t -1, 96)

where Cp is given by (87) and Cs is defined by

[Zszl Sjjﬂj(wo)] ’

C:
S NN +1)

! / ’ 12 ©7)
TNINTL) [/ " (& &) 21(€,£)déde’ | .
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In this case the source can be quite arbitrary. Its diameter and its coherence properties only
affect the value of the constant Cs. This robustness comes from the randomness of the medium
that generates the suitable illumination. This result shows that we get an image (of the shadow)
of the target, whatever the source and detector are and that the resolution is of order \,/2. The
only effect of the apertures is in the multiplying constants Cp and Cs which should be large
enough to make the peak observable in practice. This is illustrated in the middle and right
plots in figure 4, for the waveguide supporting 40 propagating modes and the point target at
cross-range 0.39X.

4. Summary

We analyzed a ghost imaging modality in a waveguide with random boundary, for a penetrable
scatterer (target) located between a partially coherent source and a detector that measures
the energy flux. We considered a very large distance between the target and the detector, so
that cumulative scattering of the waves at the random boundary distributes the energy evenly
among the propagating components (modes) of the wave. Conventional imaging fails in this
equipartition regime, but ghost imaging is possible in three configurations:

(1) The source has large aperture (spans almost the entire cross-section of the waveguide)
and is spatially delta-correlated, the waveguide is homogeneous, and we correlate the
energy flux recorded at the detector with the spatially-resolved energy flux at the target
distance in a reference homogeneous waveguide. The spatially-resolved energy flux in the
reference homogeneous waveguide can be computed provided the source transmission is
known because the waveguide modes are known. If the detector is large enough, imaging
is possible and this is the classical ghost imaging situation.

(2) The source has large aperture and is delta-correlated, the waveguide is random, and we
correlate the energy flux recorded at the detector with the spatially-resolved energy flux
at the target distance in a reference homogeneous waveguide. Ghost imaging is possible if
scattering from the source to the target is weak. In this configuration, scattering between
the target and the detector helps as it distributes the information over all the modes and
the image becomes essentially independent of the aperture of the detector.

(3) The source and the detector are arbitrary, the waveguide is random, and we correlate the
energy flux recorded at the detector with the spatially-resolved energy flux at the target
distance in the same random waveguide, used as the reference waveguide. The spatially-
resolved energy flux in the reference waveguide cannot be computed because we do not
know the realization of the random medium, so it needs to be measured, or one needs to
measure the transmission matrix from the source plane to the target plane and to know the
source transmission. Ghost imaging is then possible even if scattering from the source to
the target and from the target to the detector is strong. This is in fact the optimal situation
from the ghost imaging point of view, but it requires calibration i.e. measuring the energy
flux in the waveguide in the absence of the target.
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Appendix A. Calculation of the energy flux correlation

The calculation of the correlation (63) of the energy flux is based on the expressions (33), (51),
(54)—(57), the fourth-order moment formula

<dA<w1,xod?(w:,xa>d?<wz,xz>df<wg,x;>>
d If (wy, x1 df wl,x1)> <df(w2,x2)df(w§,x§)>

(Zﬂ) (B ) (%)G(Jc],xz)ﬂ(x’l,x’zw(wl — wy)0(w) — wh)dwdwydw]dw) (A.1)

derived from the Gaussian property of af (w, x), and the following lemma:

Lemma A.1. For a large and positive range offset z. — L., we have

X

3(w, (x.22),(£0)) =2 /0 dyg(w. (0, Le), (£,0))8(w, (v, 22), (0, L)) (A2)

Proof. Because z. — L. is large, we can neglect the evanescent waves and write the Green’s
function as a superposition of propagating modes:

N
N by (38) aj(w,Ze; (0 Le)) 8 (wtew.) (2. —
g(w’ (x,zg),(y,Lg)) y (3 Z‘pf(x)j(;.iéj)s))eﬁ]< +w,)(ze —Le)
T\%o

=1
e Z ©j(*)Pjg(w, ze; L )7aq(w,L5; 0, LE))eiﬁf(“’*“’")(ZE’LE)
jq—l 6](0‘}0)
Z 2j(x)0q(y)Pjg(w, ze,Ls)i/jq(%)eiﬁf(“““)(zf’LE).
2is Bi(wo) (A3)

We can also write by (38):

N
a (W, ze3€) 45, _
3w, (x.22), (£,0)) =Z 238 iy o) L), (A4)

=1 V ﬂj(‘*”ﬂ)

with amplitudes
aj(w, 265 8) = aj(w, 23 (€, 0))eiﬁi(w+wn)L5

These are defined by:
N

j(w,25:€) = Y Pig(w, 223 L)y (w, Les (€,0)),

g=1

in terms of the N X N propagator matrix P(w, z.; L. ) and the mode amplitudes of the Green’s
function at range L.,

ag(w, Le; (€,0)) = ag(w, Le; (€,0))etfaltente

= /By(w) / dy 0, ()8 (. (7. L.). (€.0)).
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This construction ensures the continuity of g and its range derivative at z. = L. (see [1] and
[12, section 4.4]). Substituting in (A.4) we get

X

3(wr (02, (6.0)) = /0 dy (. (.Lo). (£.0))

N

By(wo 1B () (20—
X< 5q(( ))%‘(x)@q(y)eﬁ’( et Py (w, 2 Le),
Ja=1 | P
and the result (A.2) follows from (A.3). O

Remark A.2. Note that once we write the mode expansion of g on both sides of equa-
tion (A.2), which holds for all x,& € (0,X), we obtain using the orthogonality of {¢;} the
following relation for the propagators

N
ety (w,250) = Y @ttt py () 2 L)t ote Py (w, L 0).
=1

This relation is trivial in an unperturbed waveguide, where Pj,(w, ze; () = dj,.

Using the expression (51) of the scattered wave,
X
5O (wox Lo + L) ~2 / 3 (w. (v Le + £2), (3.L2))dp D (w, y, Lo )dy, (AS)
0

and keeping the terms up to O(7%), we obtain that

. 2 X [ee) e —
10190~ e [ @ [ oty [~ 0w L)L)

x <>{ = 2 [, (¥ L + £2), (0, L))i0R( (¥ L+ £2), (V. L) | ()

= 2, [, (¥, Le o+ £2), (0. L))i0:G(w, (¥, L + £2), (VL)) | ()

X
205 [ 4 5o (4. L+ £, L)) B (0 L) (0, L)

x 108 (w', (¥, L. + L.), (y’,Ls))} r(y)

X
+ 2k2 [/ dy” r(y”)g(w, (x/’LE + ﬁs)’ (y’ LE))ao (w/’ ()’”’Ls)’ (yl’Ls))
0

Xi0.G(, (¢, Lo + £2), (v, L) | ()

+r(y)r(y)G(w, (¢, Le + L2), (v, L:))i0:G(w', (¥, Le + L2). (/. L)) }

This gives
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100~ 19() ~ zﬁpcm//e@/] 050 (w3, L) dp O (¥, L)

X ei(W’—“’)t{ = 2k 31 (w, ", 3,y )r(y) — 2ke 32 (w, ', v,y )r(Y)

X
+2k3[ / &y r(y") 1 (w,w', Y,y ) Gy (w, (y",Ls),(y,Ls))}r(y)
0

X
+2k§[ / dy" r(y") %2 (w, w’,3,Y") Go (w', (y”,Ls),(y’,Le))}r(y')

0

+ K% (w, y,y’)r(y)r(y’)},

with %, 41, and %, defined in (68)—(70).
The correlation function is obtained by substituting this expression into (63) and using
definitions (55)—(57) and the moment formula (A.1)

2 o ~f W\~ W X
~— - R FlEVF(E el —W”// '
Cr(s,x) (27)B. 2 e//_oodew (Bs) (Bg)e | dydy
X [%g(w',y',x)%l(w,y, x) + %z(w,y,x)%l(w’,y’,x)}

x| = 2001 (. 35) = 200 )l 3.Y)

+2Kr(y) / &y ("1 (w, ',y Y )G (w, (v, Le), (v, Le))
0

X
+ 2k%r(y)) / Ay’ r(y" )% (w, w3, Y")Go (v, (", Le), (y’,LE))
0

() s w3, (A6)

Here we recall that F and r are real valued and we have used the notations (66)—(70). We also
changed some variables of integration.
The imaging function is given by the integral of (A.6) over s € (0,7.), with 7. = T /2.

Because
Te /
i(w' — i(w —w)Ie - W — W)T,
/ dsel(m w)s _ Tae‘(‘*’ w) 5 sinc |:( 5 ) 8:| ,
0

only O(&?) frequency offsets contribute Thus, we change the frequency variables of integra-
tion (w,w’) ~ (w,h), with h = , and approximate F(“’ 5 h) ~ ﬁ(i)’ using the band-
width scaling (30) and assuming that F is continuous. The result (65) follows.

Appendix B. The imaging function in the unperturbed waveguide

We begin with the calculation of the terms (66)—(70), using the expression of the Green’s
functions in the unperturbed waveguide

0 (w, (r.22), (6.€0)) = 8w, (x.22). (£.¢2))

g
1 N
52 x)@i(€)e i) (wtwo) (ze —C2) | (B.1)
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N
& 1 ‘P/(x ) o) (o) (2o —C2)
G(w, (x.22), (£,¢)) 5; B 2eCe), (B.2)

for ze > (. satisfying z. — (. = O(\,/&?).
Substituting (B.1) into (66) and (67) we get

Gi(w—e’h,y,x) Z Swei(x)pr (y e~ Pren) =B (o)l () =) ] }
Lr=1
« ehlBi (wo) =B (wo)lL (B.3)
1 N : ’ ’ L
Go(w — eh,y',x) &~ 1 > Biwo)Siy i (%) (y')e‘{ﬁ/(“”)*ﬁf’ () 18] (w0) =) (@] } 5
Ji'=1
&l (o) =B (wn)IL (B.4)
The substitution of (B.1) and (B.2) into (68) gives
’ : L
G (w.w — h.y.y Doy Vel LB =8, 0] 5
( Z ) on ()
5 CW[ﬂn(wo)—Bn/ (wo)l &5 +ihB, (wo) (B.5)

and similarly, by substituting (B.1) and (B.2) into (69) and (70) we obtain

N

—i Dnn’ﬁn’ (wo) i — £
1 (w,w — &_Zh ¥y — PnlY)Pn’ yl el[ﬂ"(wo) B (wo)l 3
51( V)= nnZ:l By (w) () ew ()
’ B.6
X eiw[ﬁé (wo) _B,;/ (wo)] E% ‘Hhﬂ;/ (wo) L ( )
- : c
%2(w,w _ Ezh,y,y’) ~ Z Z Dnn’(pn(y)@n’ (y/)el[ﬁn(wa)*ﬂn/ (wo)]:z
nn’'=1
« e@lBi(wo) =B (wo)l S +ihB,, (wo) £ (B.7)
The imaging function (65) involves the integral
T [ o (BTN T i8] (w,) = ) (wo)LHRB! (wo)
7 dh 51nc(7)e -
[ / % dhe— {8 ) £+ ()-8 (I}
2m
= H(s — B @)L+ 18] (wo) = B (wolL) = H( = B (o) £ + [B](wo) = B (wn)]L)
_ H(T — Bl (wo) £ + [Bl(wo) — Bl (w,,)}L), (B.8)

where H is the Heaviside step function and we have used the scaling relation (27) to conclude
that

H( — Bl (wo) L + [Bl(wo) — B (wo)}L) =0, Vjj.i'=1,...,N

We also have the integral
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! / 7w fmz(i)efig%{[ﬂ;,<wa>fﬁ,’,<w,))]zf[ﬂ,’(w,nfﬂ_;,(wn>+ﬁ,’, (o) =B (o)L}
2B, B

= e (5 [Btw) = i) = (B = Byle) + Bi(w) ) 7] )

€

0 €

where x denotes convolution.
Gathering the results (B.3)—(B.8) and substituting into (65) we obtain that the imaging
function is the sum of three terms:

(o]

€

3
I (x) ~ Z{% (). (B.9)
j=1

The first term is

ﬂs%,l(x) = %Rei//ox dydy’ "'Ii:n'—l(ﬂj + B1) S pi(x)pr (V)
X Swor(X)or (y)ei[ﬁjzifj),—’ﬁ;r (0B By )
< Dun ) ) | S ) =ty et e s
P (B8 (3 ) = ) = (30) = By ) + 85 ) = B 5
X H (S = By (o) £ + [B](wo) = B (wo)]L): (B.10)

The second term is

54 _ K
%'Z(x) ©16p2c2

X N
Rei / /0 ady S B+ Ao ()
Jy' Ll nn' =1

x S on(x)pp ()€l o) =By (o) =Bilwa)+ B (o)l 75

(@)
Blcwo)

X
+ / @n(}’)@n’ (y")Go (w’ (y”,Ls), (y’,LE))r(y”)dy”r(y’)} el[ﬁn(wo)—ﬁn/ (wo)]fz
0

O [ /0 Eu(y")ow ()Go (w, (', Le), (v Le) ) r( )y r ()

P (2 [ n) = B = (86n) = B )+ B ) = i) 5] )
X H( = By (o) £ + [B](wo) — B} () L) (B.11)

with G, (w, (v, Le), (¥, Lc)) given in (52). The third term is
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¥ N
Re//o dydy’ Z (B + B1)Siy¢i(x) ey (V')

G =1
)ei[ﬂ_f(wn) — By (wo) =Biwo)+By (wo)l 55

S0 =
x g
a3 32p2c2

X Sirpi(x) o (y
i[Ba(wo) =B, (wo)] 5

< D a3 () 500 )

x FxF (B;f [B,’l, (wo) = Br(wo) — (B (wo) — Bjr (wo) + By (wo) — 51’(%))%])
X H(s: — Bl (wo) L+ [Bl(wo) — Bl (w,,)]L). (B.12)

In all these expressions we note that since F has finite support and B, /e? — oo as € — 0,
only the terms that give

L
Z—0
L

contribute. Moreover, since £ > L, we have two cases: (1) Forn =n"and j=j and [ =/’
(2) Forn=n"and j = and j/ = I'. After considering these two cases in (B.10)—(B.12), and
using that

B (wo) — By(wo) — (ﬁ;(w()) - ﬁjll (wo) + By (wo) — /BII(WO))

27
and
we get -
5= ]§z||pF| / /0 dydﬂjil (B(wn) + Bilw)) Sy )9 () S (W)
x nXN;H (T = Bu(wo) L) Dy {%r@)r@/)

= 2r(y") /0 dy” r(y”)wn(y)%(y”)@](y”»y’)}

K2 X N
trasa [ o0 S se)S @ e)

16 VA
< S H(T = B )+ () = B ) )| 222D )

n=1 "
= 2r(y") /0 dy” r(y”)wn(y)son(y”)‘b—l(y’,Y”)}- (B.13)

The focusing of (B.13) is mostly dependent on the source aperture and coherence, which define
the matrix S. The time parameter T does not play a significant role, as long as its greater than
B1(w,) L, the scaled travel time of the fastest propagating mode between the target and detec-
tor. This is required to have at least one term in the sum over n and thus obtain a non-trivial
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image. The imaging function simplifies when ¥ > £/c,, or more precisely T > 5}, (w,)L,
because all the Heaviside functions in (B.13) equal 1. The expression (71) is obtained from
(B.13) at such large ¥.

Appendix C. The imaging function in the random waveguide

Here we derive the expression of the imaging function in the random waveguide, in the case
of the reference waveguide with unperturbed boundary.

The expectations of %, %31, and %, are obtained from definitions (68)—(70) and the
expressions

x, i\W—TWw,
Glw: (s Le + L), (0L Z ?(w) By (w et pyy(w, Le + Lo Le),
jq 1 J 0 q 0
W,
g(w, (¢, Le + L0) ~ Z ((w” (W )pq (P CH L P (w, Le + Les Le),
/q 1 2

of the Green’s functions evaluated at zz. = L. + L. and (. = L.. We have

E[%(w,w.5.5)] ~ Z‘”"Bn o 0D El|P L + £ L)

nm 1
+ coherent part, (C.1)
1 X
E[{%l(w,w,y”,y’)} ~ 4 Z ‘Pn(y”)wn(yl)DmmEHPmn(w’Le =+ Ls;L&)H
nm=1
+ coherent part, €2
and
N
" 1 1" 2
E[%n(w.w..")] % =3 2 00" )on0)DmnElIPn(e. e + Lo L) ]
nm=1
(C.3)

+ coherent part.

KHE)

The coherent parts in these expressions are O(e because as shown in [1],

Re[n]j/] <k <0, Vj,j/ =1,...,N

We are interested in a very large range offset £ >> L., where L is the equipartition distance
defined in [13, section 20.3.3]. At such range scattering at the random boundary distributes the
energy evenly among the propagating modes so that we get

1
EHPmn( L +£5»L )l ] N (C4)
and consequently
G
E[%(w,w,y,y’) ~ TD<IL1(y,y'), (C.5)
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le
E[%l(w,w,y”,y')} ~ 4*?‘1>o(y”’y’), (C.6)

C
E|%n(w,w.0,0")] = = 22200",), €7

with Cp defined in (87).
The expectation of ¥]1%), is obtained from definitions (66), (67) and

g(w’ (y’ Z 5 ) ](y ( ) iﬁi(erwU)Lerq(W,Ls;O),
11 1 i\Wo
o) 1 51 wo B (@bl
g7 (. (L), (£,0)) ~ Z ) Ae)e ,
jl 1
which give

[gn(w ¥, )% (w, ', x)]

Z Sinei(v)er(x) Sy gy (v")or () By (wo JE[Pjj(w, Le; 0) Py (w, Le3 0)]

j,/’ll’ 1
X ei [/817/81*/8/ +ﬂ[’](wo):l‘2+iw[gj/7ﬁl/7ﬂ;/ +ﬁ[//](wv)€%
1 « 1\ B (w0) Br (wo) o )
16 2 SSreer We0e0) T TR El Py (L O]
Ji L =1 JATo

« ell=BrtBr)(wn) B +iw[—B{+B) ) (wn) 5
(C.8)
Recalling the moment formula (80), we see that the first term in the right-hand side is the
coherent contribution, with
E[P;(w,Ls;0)Pjrjr (w, Le; 0)] = ek, (C.9)

while the second term is the incoherent contribution, with
(oo} .
BPy (. LaO)P) = [ arW(wnr.L) (.10
As in the calculation in appendix B, for the homogeneous waveguide, the integral in w

selects the terms (j = 1,j/ =1') and (j =j',1 =) for the coherent contribution and (I = ')
for the incoherent contribution. More precisely, we have

1 N 2 /
7B, /—oodWF<B%) E[%(w,y,x)%2(w,y . x)]

2 N
~ S S0 0800 0 (0)8y (wn)e

J'=l1
Z iy G () Bilwo)e"*
i
N
B (@o)Bi(wo) [ 1 (i)
* 3 S0l N | aw ) 1
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Substituting these expressions and (C.5)—(C.7) into (85), we obtain after some straightforward
calculations that

ﬂ sz‘D”F'”2 d d KL
W~ s yay | Z Siei(0)i(7)Syy By (wo ) pr (x) gy ()
() Jz]l l
N
+ ) Si0i(x) i (7)Sy i B (wo) ey (x) gy (y)e™ ™
jJ’=1

+22 151(wo )01 (x) 05 ()9 () e

ji=1

j;él
#2303 ) [ arw )]
Ji' =1 -
x [—Zr(y)/o dyr(y") o (v, ") 21 (v,") +r(y)f(y/)¢—1(y’y/)}' (C.12)

When scattering is weak between 0 and L, we have |/$jjr |L < 1 and the incoherent term,
proportional to the integral of Wj(" )(wo, t,L), is negligible. The expression (86) of the imaging
function is obtained from (C.12).

When scattering is strong between 0 and Li.e.|x;7|L > 1forall j,j/ = 1,...,N, the coher-
ent terms in (C.12) are negligible, and the imaging function reduces to (88).

Appendix D. Derivation of the contribution of the incident energy flux

The incident energy flux is calculated using definition (32) and the approximation (A.5). We
obtain that

. 8 X o) ) I—
1)~ —— R / dx’// dyd ’// & D (w,y,L)dp O (', ¥, L
(1) B puca R ” [, d ] dp (w,y,Le)dp W (o', y, Le)

X ei(wliw)tz/g\(w’ (xl, L.+ L), (y, LE))iazg(w/’ (,Le + L), (y,’Ls))’

and proceeding as in appendix A we get the following expression of (91)

[e’s} [e%s} X
0 8% A2< w ) / . hE\ _y= // ,
S35 55 R dwF* | — dh — dyd
f ( ) ~ (2r PR aIB. e[m w 5) ) sinc | —- Je ; ydy

X [«%z(w —%h,y , X)%1(w, 9, X) + Gia(w, v, )% (W — Ezh,y’,x)}

X Gy(w,w — 2h,y,y), (D.1)
with
G(w, ', y,y) = | &' g(w, (&', Lc + Le), (v, Le))i0:g (W', (¥, Le + Lc), (', Le)).
A
¢ (D.2)

The same argument as in section 3.2, shows that that (D.1) is self-averaging, and it has the
expression
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i 8% o ~ w o s
fl) ~ ——————R szf/ dh si ey //dd
00 = gppamte | @) | avsne vy
x E [glz(w —&2h,y )11 (w, 9. X) + G13(w, 9, ) %11 (w — ezh,y’,x)]

x E [%(w,w - azh,y,y’)} , (D.3)

and for ¥ > L/c,, it becomes independent of T,

i 8 2
x E [gIZ(w7 ylvx)gl 1 (w’ Y, 'x) + gl2(w> Y, x)gll (w7 y/7x)] E [g4(w7 UJ,)’»)’/)} . (D4)

The first square bracket was computed in appendix C and

E[Si(w.w0)| = 3 3 0u0)en()u(00) DBl Pon o0, Lo + £2: L))

4 =1
o D.
+ coherent part. (D-5)
When £ is much larger than the equipartition distance, this becomes
1 & x C
D
E[@(w.w.3:3)] % 25 3 D 3 Balw)ea()in(y) = 2 01()) (D.6)
m= n=
with Cp defined in (87). This gives with (C.11):
- OollFI?
() D

S N o2k / / dydy'®:(y,)’)

{Z Siei0)@i ()Sy i (0") oy (%) By (wo et

Ji'=1

Z 01()7 0, ()5 () Bi(wo e
Tl
: By (wo)Bi(wo) [
i’ \Wo ) PI1\Wo i’
£ 3 SiPeme0) ) [T aw ] o)
5]‘(000) —o0 ’

JJ' =1

and using that

/ /0 dydy' @1 (y,y")0j(y) i (v') = 8 Bi(wo)s

we obtain equation (92).

Appendix E. The imaging function in the random waveguide with random
reference waveguide

Here we derive the expression of the imaging function in the random waveguide, in the case
where the reference waveguide is the same random waveguide. The only difference with
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respect to appendix C is that we need to revisit the calculations of the moments of the form
E[#11%)5] with the new expressions (94) and (95) for 4, and %,.
We have

E [0 (w3, 090w, )] = ¢ 3 / / 461461 dEdEL01(6. €02, &)

Juligll o sl =1

511 /Bl{ﬂlzﬁlé (Wo)
x i, (V) (E0) sy () r (€19 0 )pn (§2) 1 (X) i (€1) =8 (w0)
le ﬂj{ ﬁjz ﬁjé (w(,)

X E[Pjy1, Py Pyt Pyig (wos Le; 0)] exp (i(8;, — By — By, + Biy) (wo + w)Le), (E.T)
which depends on the fourth-order moment of the propagator matrix P(w, L.;0). When scat-

tering is strong, in the sense that L is larger than the equipartition distance, these moments are
[13, chapter 20]

oz i GRh) = U ) = (k) = (o).
oy iF Gl = (L 0) # (2.k) = (7. 1)
sy i Gnh) = (k) # (1) = (1)
0 otherwise .

E [lell Pj'l’PJZbP HA (w()s Lg; 0)] ~

Therefore, we obtain that

E (%11 (w,y,x)%2(w,Y . x)] = TeNINT D) N+ [251151 Wo ]
x [éfl(y,x)%(y )+ @1 (02)) () (E2)

which gives the desired result.
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