
Wave Motion 70 (2017) 113–134

Contents lists available at ScienceDirect

Wave Motion

journal homepage: www.elsevier.com/locate/wavemoti

A numerical study of super-resolution through
fast 3D wideband algorithm for scattering in
highly-heterogeneous media✩

Pierre-David Létourneau a,∗, Ying Wu b, George Papanicolaou c,
Josselin Garnier d, Eric Darve e,f

a Reservoir Labs, New York City, NY, United States
b Division of Computer, Electrical and Mathematical Science and Engineering, King Abdullah University of Science and Technology,
Thuwal, 23955-2900, Saudi Arabia
c Department of Mathematics, Stanford University, United States
d Laboratoire de Probabilités et Modèles Aléatoires, Université Paris Diderot, France
e Institute for Computational and Mathematical Engineering, Stanford University, United States
f Mechanical Engineering Department, Stanford University, CA, United States

h i g h l i g h t s

• Waves in randommedia.
• Numerical methods for waves.
• Fast multipole method.
• Super-resolution.
• Meta-material.

a r t i c l e i n f o

Article history:
Received 1 May 2016
Received in revised form 22 August 2016
Accepted 27 August 2016
Available online 19 September 2016

Keywords:
Fast multipole method
Multiple scattering
Waves in inhomogeneous media
Super-resolution
Homogenization

a b s t r a c t

We present a wideband fast algorithm capable of accurately computing the full numerical
solution of the problem of acoustic scattering of waves bymultiple finite-sized bodies such
as spherical scatterers in three dimensions. By full solution, we mean that no assumption
(e.g. Rayleigh scattering, geometrical optics, weak scattering, Born single scattering, etc.) is
necessary regarding the properties of the scatterers, their distribution or the background
medium. The algorithm is also fast in the sense that it scales linearly with the number of
unknowns. We use this algorithm to study the phenomenon of super-resolution in time-
reversal refocusing in highly-scattering media recently observed experimentally (Lemoult
et al., 2011), and provide numerical arguments towards the fact that such a phenomenon
can be explained through a homogenization theory.
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1. Introduction

In the past few decades, theory has been developed that demonstrates the vast array of physical phenomena, and the
immense technical potential offered by highly heterogeneous three-dimensional media constituted by a large number
of scatterers embedded in a background medium. Examples include subwavelength imaging [1–4], filtering and beam
shaping [5] as well as cloaking [6] to name but a few. Some of these ideas have been verified experimentally with
positive results [3,4,7,8]. Computational results on the other hand appear to be scarcer. The reason for this lies in the high
computational cost associated with the solution of such problems, especially in three dimensions.

Following these observations, we present here work that is two-fold in its goal: in a first time, we introduce an algorithm
capable of efficiently tackling the problem of simulating the propagation of waves in highly-heterogeneousmedia. Then, we
use this algorithm to numerically study the problem of super-resolution in time-reversal refocusing in strongly scattering
media.

Time reversal of waves was extensively investigated in the last twenty years [9–13]. A time-reversal mirror is a set of
transducers that can be used as receivers or as transmitters. A typical time-reversal experiment has two steps. In the first
step, a point-like source generates a wave that propagates through a medium and is recorded by the time-reversal mirror
used as a set of receivers. In the second step, the time-reversalmirror is used as an array of transmitters, it re-emits the time-
reversed recorded signals. It can then be observed that the wave focuses back at the initial source location. The refocusing
properties have been studied experimentally, numerically, and theoretically. They are characterized by diffraction-limited
focal spots, that is to say, the size of the time-reversed focal spot is of the order of the source central wavelength. In more
detail, when the time-reversal mirror has full aperture, i.e. it completely surrounds the original source, the focal spot has the
form of the imaginary part of the Green’s function, which is a sinc functionwith a radius equal to half awavelengthwhen the
medium is homogeneous and three-dimensional. This is the so-called diffraction limit [14]. When the time-reversal mirror
has finite size, then the size of the focal spot is given by the Rayleigh resolution formula that depends on the wavelength
and the aperture of the mirror [15].

Enhanced refocusing is a property observed in many time-reversal experiments. First, if we consider limited-aperture
time-reversal mirrors, then it is possible to exploit the scattering properties of the medium to beat the Rayleigh resolution
formula, but without overcoming the diffraction limit. Indeed multiple scattering due to random inhomogeneities in the
medium can increase the directional diversity of waves, which increases the effective aperture and enhances time-reversal
refocusing [16–21]. If we consider the case of a full-aperture time-reversal mirror, then the focal spot is expected to be
diffraction-limited, with a focal spot radius equal to half the central wavelength. However, several mechanisms could be
responsible for super-resolution, that is to say, time-reversal refocusing beyond the diffraction limit. First, the diffraction
limit can be overcome if the source is replaced by its time-reversed analogue during the second step of the time-reversal
experiment. This requires the use of an active sink that absorbs the time-reversed wave precisely at the original source
location and at the refocusing time [22]. Second it is possible to obtain subwavelength focusing when the initial source is
in the near field of the time-reversal mirror [23]. Third, focusing beyond the diffraction limit with far field time reversal is
possible, provided a random distribution of small and strong scatterers is placed in the near field of the original source,
as observed in the experiments reported in [24–27]. It was theoretically predicted that this apparent super-resolution
effect could be explained by homogenization theory [28,29]. In our paper, we show by detailed numerical simulations
using our algorithm that the apparent super-resolution phenomenon can indeed be explained by homogenization theory,
i.e., the time-reversed focal spot can be described as a diffraction-limited focal spot obtained in an equivalent effective (or
homogenized) medium that replaces the scattering medium. In other words, we show that the observed focal spot radius
can be quantitatively explained by the classical resolution formula λeffective/2where λeffective is the central wavelength of the
pulse computed in the effective medium computed by homogenization.

Our numerical algorithm is based on a T-matrix formulation [30–34] (also known as the Multiple Scattering (MS)
method [35,36]), and amounts to solving a linear system of equations (known as the generalized Foldy–Lax self-consistent
system [37]) which takes the form,

(I − TA) x = b (1)

where I is the identity matrix, T is a sparse matrix and A is a densematrix. The advantages of the T-matrix method over the
other techniques lie in the following key points: the T-matrix (T ) is block diagonal and can be applied in a very fast manner,
and the matrix A, although generally dense, can be applied in a fast manner as well through a generalization of the Fast
Multipole Method (FMM, [38–42]). The computational gains thus achieved make this approach very competitive compared
to other computational strategies.

As just mentioned, we shall make use of the FMM in order to accelerate the matrix–vector product (Ax). As described
in Section 2.4, we shall in fact use two variants of the FMM; one in the high-frequency (HF) regime and one in the low-
frequency (LF) regime. Broadly speaking, such regimes correspond to a problem where scatterers are ‘‘far apart’’ and ‘‘close
to one another’’ respectively. The structure to be employed is shown schematically in Fig. 1. Irregular expansions and
regular expansions refer to the mathematical objects used to represent the field scattered, and incident onto, each of the
scatterer respectively (Section 2.2.1). Such a hybrid structure is necessary in order to be able to tackle broadband problems,
i.e. problems belonging to the HF or LF regime or both. This point is of particular importance as many interesting problems
involve small scatterers with very strong contrast that are close to one another relative to the background wavelength
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Fig. 1. Structure of fast hybrid code for the matrix–vector product Ax.

[35,43,25,44,45,24,3,4,7,8]. Such problem cannot be handled by the high-frequency variant of the FMM (HF-FMM) alone, for
the latter exhibits a breakdown at low frequency. Moreover, they cannot be handled through naive dense matrix–vector
product either as that would be too computationally expensive. The hybrid FMM therefore appears as the only means of
approaching such problems.

Recent endeavors to tackle this issue using the T-matrix method are presented in Koc & Chew [33], Gumerov &
Duraiswami [46], Hesford et. al [32] and Cheng et al. [30]. These however sharemany differences with the current algorithm
in both their structure and their numerical analysis [47]; this work fills the gaps among all precursor methods in the
sense that it can handle more general problems without suffering from computational instability, while possessing low
computational complexity.

The paper is structured as follows: in Section 2we provide amathematical statement of the problem aswell as a complete
description of our algorithm. This includes mathematical preliminaries (Section 2.1), the Foldy–Lax multiple scattering
formalism (Section 2.2), a complete description of the various theoretical tools (Section 2.3) as well as the computational
framework (2.4). This is followed in Section 3 by a numerical study of super-resolution.

2. A fast algorithm for the propagation of acoustic waves in highly-scattering media

2.1. Preliminaries and notation

Throughout this paper, we shall let x = (x1, x2, x3) ∈ R3 represent the Cartesian coordinates of a point in three-
dimensional Euclidean space (3D). Boldface shall be used to represent vectors. We shall also make use of the Spherical
coordinates which we designate by (r, θ, φ). They are related to the Cartesian coordinates through the following relations,

x1 = r sin(θ) cos(φ)
x2 = r sin(θ) sin(φ)
x3 = r cos(θ)

where θ ∈ [0, π] and φ ∈ [0, 2π ]. The sphere of radius r centered at x will be denoted as Br(x). The absolute value |x| or
the absence of boldface (x) both represent the Euclidean norm and x̂ denotes the unit vector in the direction of x.

Given a function f (x1, x2, x3) defined in [0, 1] × [0, 1] × [0, 1] ⊂ R3, we will write,

Fn[f ] =


[0,1)3

f (x1, x2, x3)e
−2π ı

3
i=1

xi·ni
dx1dx2dx3

for the nth Fourier coefficient of f (·). We denote the spherical harmonics of degree l and orderm by,

Ym
l (θ, φ) =


2l + 1
4π

(l − m)!
(l + m)!

Pm
l (cos(θ)) e

ımφ

where l ∈ N and |m| ≤ l, and the functions Pm
l (·) are the associated Legendre polynomials (8.6.6, 8.6.18, [48]),

Pm
l (x) =

(−1)m

2ll!
(1 − x2)m/2

dl+m

dxl+m
(x2 − 1)l.

The spherical harmonics form a complete orthonormal system on L2(Ω) where Ω represents the unit sphere in R3

(Thm 2.7, [49]). Note that we included the Condon–Shortley phase ((−1)m) in the definition of the associated Legendre
polynomials. We designate by jl(z) and h(1)l (z) the spherical Bessel functions of the first kind and the spherical Hankel
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functions of the first kind of order l respectively. They are defined as (10.1.1, [48]),

jl(z) =


π

2z
Jl+1/2(z)

h(1)l (z) =


π

2z


Jl+1/2(z)+ ıYl+1/2(z)


for z ∈ C, where Jl+1/2(z) and Yl+1/2(z) are the half-order Bessel functions of the first and second kind respectively and ı is
the imaginary number, i.e. ı2 = −1.We shall call regular spherical wave function (RSWF) and irregular spherical wave function
(ISWF) the quantities,

jl(kr)Ym
l (θ, φ)

h(1)l (kr)Y
m
l (θ, φ)

respectively, where k ∈ C+ is the wavenumber. We shall designate by Spherical Wave Function (SWF) either of the above
when the exact character is irrelevant. RSWF are entire/holomorphic solutions of Helmholtz equation in R3,

(∆2
+ k2) u = 0

whereas ISWF are radiating solutions of Helmholtz equation in R3/{0} (Thm 2.9, [49]). By radiating solution, we imply a
solution of Helmholtz equation that satisfies Sommerfeld radiation conditions at infinity, i.e.,

lim
r→∞

r

∂u
∂r

− ıku


= 0. (2)

Furthermore, ISWF can be used as a basis to expand radiating solutions of Helmholtz equation thanks to the following
theorem (Thm 2.14, [49]),

Theorem 1. Let u be a radiating solution to the Helmholtz equation in the exterior |x| > R > 0 of a sphere. Then, u has an
expansion with respect to spherical wave functions of the form,

u(x) =

∞
l=0

l
m=−l

al,m h(1)l (k|x|)Y
m
l (x̂)

that converges absolutely and uniformly on compact subsets of |x| > R. Conversely, if the above series converges in the mean
square sense on the sphere |x| = R then it also converges absolutely and uniformly on compact subsets of |x| > R and u represents
a radiating solution to the Helmholtz equation for |x| > R.

Series of the form,
∞
l=0

l
m=−l

bl,m jl(k|x|)Ym
l (x̂) (3)

∞
l=0

l
m=−l

al,m h(1)l (k|x|)Y
m
l (x̂) (4)

will be referred to as RSWF expansion and ISWF expansion respectively, and the sequences {bl,m} and {al,m} will be called
regular and irregular sequences respectively. We will say that Eq. (3) is the expansion associated with the regular sequence
{bl,m} and that Eq. (4) is the expansion associated with the irregular sequence {al,m}.

2.2. Foldy–Lax formalism

We begin by introducing the problem we are interested in, that is the problem of time-harmonic acoustic scattering
by multiple penetrable obstacles. We shall first describe it from a mathematical standpoint and then explain how it can
be brought into a computational framework. For this purpose, we will introduce the T-matrix method which provides an
explicit form for the solution operator of each scatterer in isolation, and will conclude with the Foldy–Lax formalismwhich,
together with the T-matrix, gives rise to a self-consistent linear system amenable to a numerical solution.

2.2.1. Mathematical framework
Here, we present the problem in abstract mathematical terms. For this purpose, let {σn}

N
n=1 ⊂ R3, N ∈ N be simply

connected disjoint open subsets with C2 boundary contained in a ball of radius R < ∞ centered at the origin. We shall
refer to such regions as scatterers. Further, let k0, {kn}Nn=1 be some complex numbers with positive imaginary parts and
ρ0, {ρn}

N
n=1 be some positive real numbers. Then, our problem consists in finding the solution of the following system of
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Table 1
Summary of relevant physical quantities.

Physical quantity Symbol Units Relation

Frequency ω Hz
Density ρ kg/m3

Bulk modulus κ Pa
Speed of sound c m/s c =

√
κ/ρ

Wavenumber k 1/m k = 2πω/c
Wavelength λ m λ =

2π
k

partial differential equations (PDEs),

(∆+ k20) u(x) = 0, ∀x ∈ R3/∪
N
i=1 σn

(∆+ k2n) u(x) = 0, ∀x ∈ σn

where∆ =
∂2

∂x21
+

∂2

∂x22
+

∂2

∂x23
is the Laplacian in 3-D. We further impose Sommerfeld radiation conditions at infinity (Eq. (2),

Section 2.1), and transmission boundary conditions on each connected component of the boundary ∂σn,

lim
x−→∂σn

u(x) = lim
x+→∂σn

u(x)

lim
x−→∂σn

n̂ · ∇u(x) =
ρn

ρ0
lim

x+→∂σn
n̂ · ∇u(x)

∀x ∈ ∂σn where n̂ represents the unit vector normal to the boundary and ∇ is the gradient. Furthermore, u(x) must take
the form,

u(x) = u0(x)+ ũ(x)

where u0(x) represents a known incident field satisfying the homogeneous Helmholtz with wave number k0 in all of R3

except, possibly, at a discrete number of points in R3/∪
N
i=1 σn (exterior source). Existence and uniqueness of the solution to

this problem in the case where kn = k′ and ρn = ρ ′ for all n, and ρ0, ρ ′, k0, k′
∈ R is guaranteed by [50]. This is the case

where all scatterers have the same properties. Conditions under which existence and uniqueness is guaranteed for more
general property distribution can be obtained from [51].

Finally, we have the following physical meaning for the parameters: k0 =
2πω
c0

and kn =
2πω
cn

are the wave numbers in
the backgroundmedium and region σn respectively. Similarly, λ0 =

2π
k0

and λn =
2π
kn

are the wavelengths in the background

medium and region σn. 2πω is the angular frequency, and c0 =


κ0
ρ0
, cn =


κn
ρn

are the speed of sound in the background

medium and region σn respectively. κ represents the bulk modulus and ρ refers to mass density. This is summarized in
Table 1.

2.2.2. The T-matrix and the Foldy–Lax self-consistent linear system
The T-matrix is a name given to the explicit representation, under a given basis, of the solution operator for the (single

scatterer) transmission problem as introduced in Section 2.2.1. Generally, spherical wave functions are used as a basis for
this purpose. The method was first introduced by Waterman [34] and has been used and improved extensively since then
(see [52] for a comprehensive database of T-matrix publications).

In the present context, the T-matrix has the following interpretation: consider a scatterer σn and let xn ∈ σn be any
point belonging to σn. We fix a coordinate system centered about xn and refer to it as σn’s local coordinate system. Consider
a RSWF expansion expressed in σn’s local coordinate and representing an incident field onto σn (Theorem 1, Section 2.1).
Letting r = x − xn we have,

ui
n(x) =

∞
l=0

l
m=−l

bl,m jl(k0r)Ym
l (r̂).

Furthermore, the field scattered by σn under this excitation can be represented through an ISWF expansion in σn’s local
coordinates thanks to Theorem 1, Section 2.1. Thus, we write

us
n(x) =

∞
l=0

l
m=−l

al,m h(1)l (k0r)Y
m
l (r̂). (5)

The superscripts i and s stand for ‘‘incident’’ and ‘‘scattered’’ fields. The T-matrix is then the operator that takes the incident
regular sequence {bl,m} and transforms it into the scattered irregular sequence {al,m}. It is linear because Helmholtz equation
is linear and exists thanks to results presented in Section 2.2.1. We thus have,

b = T a
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where b and a are infinite sequences, and T is an infinite-dimensional matrix. All shall be truncated in due time for
computational purposes.

Although the T-matrix method can be applied to scatterers of almost arbitrary shapes [34], we shall focus our attention
to spherical scatterers in the present work. The consideration of more general shape can be integrated into the algorithm at
a small cost if necessary, and spherical scatterers already produce rich enough phenomena for our purpose. In the particular
case of spherical scatterers, the T-matrix takes a diagonal form, i.e. for σn, one has anl,m = T n

(l,m)b
n
l,m. Its entries are generally

referred to as the Mie coefficients and are given explicitly by,

T n
(l,m) =

γn jl(k0rn)j′l(knrn)− j′l(k0rn)jl(knrn)

h(1) ′l (k0rn) jl(knrn)− γn h
(1)
l (k0rn)j

′

l(knrn)
(6)

where γn =
kn
k0
ρ0
ρn
, ′ stands for derivative w.r.t. the argument and rn is the radius of the spherical scatterer σn. This is a

classical result about which information can be found in [47] (Corollary 10, p.199) and [53,37,54]. We shall not repeat the
details here.

The T-matrix provides a powerful analytical and computational tool to obtain the field scattered by a single scatterer.
However, it does not provide for the interactions and the multiple scattering occurring when more than one scatterer are
present. For this purpose, it is necessary to introduce the Foldy–Lax formalism (see e.g. [55,37]). The Foldy–Lax formalism
for a system containing multiple scatterers consists in two main points: considering a particular scatterer, say σn0 , then,

– The field scatterer by σn0 is equal to its T-matrix (T n0 ) applied to the total field impinging onto itself, i.e.,

us
n0 = T n0 · ui

n0 .

– The total field impinging onto σn0 is equal to the sum of the external excitation (u0) and the field scattered by all other
scatterers (us

n, n ≠ n0), i.e.,

ui
n0 = u0

+

N
n=1
n≠n0

us
n.

In order to be able to apply a given scatterer’s T-matrix to an incident field however, the latter must be expressed in local
coordinates. This requires the use of the translation and rotation theorems (Section 2.3).

Given two scatterers σn0 and σn1 with their respective local coordinates systems centered at xn0 and xn1 (we assume they
all have the same orientation for simplicity), we let An1

n0 be the operator introduced in Theorems 2 and 3that transforms
the irregular sequence {an1l,m} representing the field scattered by σn1 into a regular sequence in which associated expansion
is valid in B|xn0−xn1 |(xn0) representing the same field in σn0 ’s local coordinates. We let A0

n0 represent the same object for
the case of the incident field u0. Generally, u0 represents the field generated by point sources. In this case, we let a0 be its
associated irregular sequence. In the case where u0 has no singularity (e.g. plane wave) we still use the notation a0 to denote
its associated regular sequence. In any case, we obtain

bn0 = A0
n0 a

0
+

N
n=1
n≠n0

An
n0a

n

and,

ui
n0(x) =

∞
l=0

l
m=−l

bn0l,m jl(k r0(x))Ym
l (r̂0(x))

where r0(x) = x − xn0 , which is now expressed in σn0 ’s local coordinates. σn0 ’s T-matrix can now be applied to provide the
scattered field,

an0 = T n0A0
n0 a

0
+ T n0

 N
n=1
n≠n0

An
n0a

n



= T n0A0
n0 a

0
+ T n0


A1
n0 , . . . , A

n0−1
n0 , 0, An0+1

n0 , . . . , AN
n0




a1

. . .

an0−1

an0
an0+1

. . .

aN


.
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Fig. 2. Schematic of translation. An expansion in spherical wave function is translated along the vector linking the origin of two different coordinate
systems having the same orientation.

Such a system of equations is obtained for each of the scatterer σn, n = 1 . . .N . Putting everything in matrix form leads to,
a1

a2

. . .

aN

 =


T 1

T 2

· · ·

TN




A0
1

A0
2
. . .

A0
N

 a0 +


0 A2

1 · · · AN
1

A1
2 0 · · · AN

2
. . . · · · · · · · · ·

A1
N A2

N · · · 0




a1

a2

. . .

aN




which can be rewritten as,

(I − TA) a = TA0 a0

where I represents the identity. The operator (I−TA) is what is referred to as the Foldy–Lax system. Inverting it provides one
with the vector of irregular sequences awhich characterizes the solution. We shall also refer to A as the transfer operator.

2.3. Addition theorem, translation and rotation operators

We now introduce the explicit forms of the translation operators Aj
i discussed in the previous section. We also introduce

rotation operators which will constitute the crux of an optimization step presented in Section 2.3.2.

2.3.1. Translation operators
Broadly speaking, translation operators are a family of operators that take a SWF expansion associated with a particular

coordinate system e.g. (x1, y1, z1) in Fig. 2, and transforms it into another SWF expansion that corresponds to a different
coordinate system with the same orientation (a translate of the former) e.g. (x2, y2, z2) in Fig. 2.

Here, we are concerned with the nature of such operators together with their explicit representations. We are interested
in two such representations: the dense representation, and the diagonal, or integral, representation.

To understand why two such representations are needed, we introduce the concepts of high-frequency (HF) regime and
low-frequency (LF) regime. By high-frequency regime, we imply that the distance between the origins of the two coordinate
systems betweenwhich a translation to be performed is larger than awavelength in the backgroundmedium, i.e. |r12| & λ0.
As for the low-frequency regime, it refers to translations between coordinate system in which distance is smaller or equal
to a wavelength in the background, i.e. |r12| . λ0. As we shall see, translations in the HF regime can be done in a very
fast manner but suffer from numerical instability when the distance becomes too small. The use of a more robust but
slower representation of translation operators is thus needed in the LF regime and appears as a trade-off between speed
and accuracy. The starting point is the following theorem which is usually referred to as the addition theorem (Thm 3.26,
Thm 3.27, [37]),

Theorem 2. Let r1 = r12 + r2. Then,

jl(kr1)Ym
l (r̂1) =

∞
l′=0

l′
m′=−l′

β
(l,m)
(l′,m′)

(r12) jl′(kr2)Ym′

l′ (r̂2), r2 ∈ R3 (7)

h(1)l (kr1)Y
m
l (r̂1) =

∞
l′=0

l′
m′=−l′

β
(l,m)
(l′,m′)

(r12) h
(1)
l′ (kr2)Y

m′

l′ (r̂2), |r2| > |r12| (8)

h(1)l (kr1)Y
m
l (r̂1) =

∞
l′=0

l′
m′=−l′

α
(l,m)
(l′,m′)

(r12) jl′(kr2)Ym′

l′ (r̂2), |r2| < |r12| (9)
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where,

β
(l,m)
(l′,m′)

(r) =

∞
l′′=0

l′′
m=−l′′

jl′′(kr) Ym′′

l′′ (r̂)

Ω

Ym
l (θ, φ) Y

m′

l′ (θ, φ) Y
m′′

l′′ (θ, φ) 4π ı
l′+l′′−l dΩ (10)

α
(l,m)
(l′,m′)

(r) =

∞
l′′=0

l′′
m=−l′′

h(1)l′′ (kr) Y
m′′

l′′ (r̂)

Ω

Ym
l (θ, φ) Y

m′

l′ (θ, φ) Y
m′′

l′′ (θ, φ) 4π ı
l′+l′′−l dΩ. (11)

Upon writing,

∞
l=0

l
m=−l

bl,m jl(kr1)Ym
l (r̂1) =

∞
l′=0

l′
m′=−l′


∞
l=0

l
m=−l

β
(l,m)
(l′,m′)

(r12)bl,m


jl′(kr2)Ym′

l′ (r̂2)

it appears that such operators can be represented as infinite matrices acting on regular/irregular sequences. Eqs. (10), (11)
show that the entries of suchmatriceswill, for themost part, be nonzero resulting in fully populatedmatrices. Suchmatrices
shall be truncated for computational purpose (see Section 2.3.2). Even so, it quickly becomes too expensive to apply such
dense operators, and we shall only do so in the LF regime when it is not possible to use the faster diagonal form which we
now introduce [56–58],

Theorem 3. Let r1 = (R12 + ρ12)+ r2. Then,

jl(kr1)Ym
l (r̂1) =

∞
l′=0

l′
m′=−l′

β
(l,m)
(l′,m′)

(r12) jl′(kr2)Ym′

l′ (r̂2), r2 ∈ R3 (12)

h(1)l (kr1)Y
m
l (r̂1) =

∞
l′=0

l′
m′=−l′

β
(l,m)
(l′,m′)

(r12) h
(1)
l′ (kr2)Y

m′

l′ (r̂2), |r2| > |R12 + ρ12| (13)

h(1)l (kr1)Y
m
l (r̂1) =

∞
l′=0

l′
m′=−l′

α
(l,m)
(l′,m′)

(r12) jl′(kr2)Ym′

l′ (r̂2), |r2| < |R12 + ρ12| (14)

where,

β
(l,m)
(l′,m′)

(r) =


Ω

ıl
′
−lYm

l (ŝ)Y
m′

l′ (ŝ) e
ı k(R12+ρ12)·ŝ dΩ(ŝ) (15)

α
(l,m)
(l′,m′)

(r) = lim
N→∞


Ω

ıl
′
−lYm

l (ŝ)


N

n=0

ın(2n + 1)h(1)n (kR12)Pn(R̂12 · ŝ)


Ym′

l′ (ŝ) e
ı kρ12·ŝ dΩ(ŝ). (16)

Remark. The splitting of the vector r12 into the sum R12 + ρ12 in Theorem 3 is related to the spatial decomposition used by
the FMM(octree; Section 2.4) and is not unique. It has been introduced here in preparation for the algorithmic considerations
presented in Section 2.4.

To grasp the full potential of this representation, let r1 = r12 + r2 = (R12 +ρ12)+ r2. Using Eqs. (14), (16) one finds that
the coefficients of the irregular sequence associated with the expansion about the new coordinate system take the form,

bl,m = lim
N→∞


Ω


∞
l=0

l
m=−l

1
ıl
al,mYm

l (ŝ)


eı kρ12·ŝ


N

n=0

ın(2n + 1)h(1)n (kR12)Pn(R̂12 · ŝ)


ıl

′

Ym′

l′ (ŝ) dΩ(ŝ)

from which we recognize three operations,

(i) A spherical harmonics transform of the irregular sequence:


∞

l=0
l

m=−l al,m ı−lYm
l (ŝ).

(ii) A HF translation: eı kρ12·ŝ
N0

n=0 ı
n(2n + 1)h(1)n (kR12)Pn(R̂12 · ŝ).

(iii) An inverse spherical harmonics transform: bl,m =

Ω
(·) ıl

′

Ym′

l′ (ŝ) dΩ(ŝ).

The most important point is that the HF translation appears as a mere multiplication by a function on the sphere and is
therefore a diagonal operator. This is very attractive from a computational viewpoint. Indeed, it is shown in Section 2.3.7
that spherical harmonics transforms (SHT) can be carried out in low computational (linear) complexity. Together, this fact
and the diagonal nature of the translation operator implies that the whole translation can be applied in low complexity
(Section 2.3.6).
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2.3.2. Translation operators; finite representation
We now discuss the practical representations of wave fields in the low- and high-frequency regimes; the results of the

previous sections provide us with such representations in the form of an infinite sequence and a function defined on the
unit sphere B1(0) in each case respectively. However, from a computational standpoint neither can be handled; the infinite
sequence must be truncated and the function on the unit sphere must be represented through a finite set of points. When
and how to truncate is a subject of research in itself. For the problem at hand, an in-depth analysis can be found in [47]. See
also [59]. We decided to omit the details in the current document in order to concentrate on the theme of our algorithm.

2.3.3. Low-frequency regime
In the low frequency regime, truncated regular and irregular sequences {al,m}

L
l=0

|m|≤l
and {bl,m}

L
l=0

|m|≤l
are used to represent

the field through SWF expansion,

L
l=0

l
m=−l

al,m jl(k0r)Ym
l (r̂)

L
l=0

l
m=−l

bl,m h(1)l (k0r)Y
m
l (r̂).

In this representation the translation operator takes the form of a dense matrix. In this sense, the truncation of the tails of
each sequence implies that this infinite matrix of Theorem 2 is replaced by a finite one, namely, its principal minor (upper-
left corner). This matrix remains dense however and being such, it is expensive to apply. For this reason, we introduce in
Section 2.3.6 ways of reducing the computational cost of applying it.

2.3.4. High-frequency regime
The HF portion of the code constitutes a generalization of the method presented by Cecka & Darve [42]. For this reason, it

is recommended that the reader be familiar with the latter. In this section, we shall elaborate on the modifications required
for the method to be used in our context. First, recall that in the HF regime the translation coefficients take the form,

β
(l,m)
(l′,m′)

(r) =


Ω

ıl
′
−lYm

l (ŝ)Y
m′

l′ (ŝ) e
ı k(R12+ρ12)·ŝ dΩ(ŝ)

α
(l,m)
(l′,m′)

(r) = lim
N→∞


Ω

ıl
′
−lYm

l (ŝ)


N

n=0

ın(2n + 1)h(1)n (kR12)Pn(R̂12 · ŝ)


Ym′

l′ (ŝ) e
ı kρ12·ŝ dΩ(ŝ).

From a computational perspective, the crux of this representation lies in a proper truncation of the infinite series, and an
adequate discretization of the integral. Such discretization leads to expression of the form,

β
(l,m)
(l′,m′)

(r) =


p

wp ıl
′
−lYm

l (ŝp)Y
m′

l′ (ŝp) e
ı k(R12+ρ12)·ŝp (17)

α
(l,m)
(l′,m′)

(r) = lim
N→∞


p

wp ıl
′
−lYm

l (ŝp)


N

n=0

ın(2n + 1)h(1)n (kR12)Pn(R̂12 · ŝp)


Ym′

l′ (ŝp) e
ı kρ12·ŝp (18)

which involves finitely many points. Now recall from Section 2.3.1 that application of the translation operator in the HF
regime requires a forward and backward spherical harmonics transform (Section 2.3.7),

φ(ŝ) =

∞
l=0

l
m=−l

al,m ı−lYm
l (ŝ)

which following the discretization, must only be known at the points,
φ(ŝp)


p .

This finite set of points is what we refer to as the high-frequency representation. It is called regular if it originates from a
regular sequence and irregular if it originates from an irregular sequence.

Finding an adequateN in Eq. (18) that will result in a small error and numerical stability has been the subject of extensive
research which can be found in [60,57,59]. It is also discussed at length in [42], so we shall not repeat the discussion here.
We just briefly mention that the choice of N has relatively little effect on the computational cost but rather constitutes a
trade-off between numerical error and numerical stability.

Once a proper value for N has been chosen, one must devise an appropriate way of discretizing the remaining integral.
In this sense, the main idea of Cecka & Darve [42] is to proceed to a ‘‘doubling of the sphere’’, that is, extending the domain
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of θ from [0, π] to [0, 2π). In their notation, r = R12 + ρ12 and α(l,m)
(l′,m′)

(r) takes the form,

α
(l,m)
(l′,m′)

(r) =
4π
ık

 2π

0

 2π

0
ı−lYm

l (θ, φ) Er12(θ, φ) TN,R12(θ, φ)
1
2
| sin(θ)| ıl

′

Ym′

l′ (θ, φ) dθ dφ

where,

Er12(θ, φ) = eı kr12·ŝ(θ,φ)

TN,R12(θ, φ) =
ık
4π

N
n=0

ın(2n + 1)h(1)n (kR12)Pn(ŝ · R̂12).

The authors then describe how it is possible, by filtering of the integrand and through the use of a trapezoid rule, to obtain
an effective quadrature. Following their description, we write,

T s
N,R12

(θ, φ) =
1
2
TN,R12(θ, φ) | sin(θ)|

T s,Nθ
N,R12

(θ, φ) =


|n|≤ Nθ

2 −1

F θ
n [T s

N,R12
](φ) eınθ .

The quantity to be computed numerically as an approximation to α(l,m)
(l′,m′)

(r) above takes the form,

α̃
(l,m)
(l′,m′)

(r) =
4π
ık

4π2

NθNφ

Nθ
n=1

Nφ
m=1

ı−lYm
l (θn, φm) Er12(θn, φm)T

s,Nθ
N,R12

(θn, φm) ıl
′

Y
m′

l′ (θn, φm) (19)

where,

θn =
2πn
Nθ

, φm =
2πm
Nφ

Nθ and Nφ being integers whose determination is described in detail in [42] and [47, Section 7.1.2]. This is the expression
obtained by approximating the original integral through a trapezoid rule in both θ and φ after substituting T s

N,R12
(θ, φ) in

the integrand by a bandlimited version T s,Nθ
N,R12

(θ, φ).

2.3.5. Rotation operators
In a manner similar to that of the translation operators (see Fig. 3), rotation operators take a SWF expansion associated

with a particular coordinate system and transform it into another SWF expansion that corresponds to a rotated coordinate
systemwith the same origin. The existence of such operator has been proved in [61]. An explicit representation is the subject
of the next theorem, (Appendix C [37], see also [62–64]).

Theorem 4. Let (r1, θ1, φ1) and (r2, θ2, φ2) be two spherical coordinate systems sharing the same origin and (α, β, γ ) be the
Euler angles relating both systems. Then,

Ym
l (θ1, φ1) =

l
m′=−l

D(l,m)
(l′,m′)

(α, β, γ ) Ym′

l′ (θ2, φ2) (20)

where,

D(l,m)
(l′,m′)

(α, β, γ ) = e−ı/α d(l,m)
(l′,m′)

(β) e−ımγ (21)

d(l,m)
(l′,m′)

(β) is such that,

d(l,m)
(l′,m′)

(β) = (−1)m+ld(−l,−m)
(l′,m′)

(β)

and equal to,

d(l,m)
(l′,m′)

(β) =

l−m′
k=0

(−1)k+m+m′

√
(l + m′)!(l − m′)!(l + m)!(l − m)!

(l − m′ − k)!(l + m − k)!(k + m′ − m)!k!
(cos(β))2l


tan


β

2

2k+m′
−m

(22)

for m + m′
≥ 0.

It is interesting to note that the sum in Eq. (20) only involves orders |m| ≤ l. When put in matrix form, this results in a block
diagonal matrix which can be applied in a fast manner (Section 2.3.2).
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Fig. 3. Schematic of rotation. An expansion in spherical wave function is rotated about the fixed origin of two different coordinate systems.

2.3.6. Low-frequency optimization; the point-and-shoot method
The starting point of the optimization lies in the following lemma whose proof can be found in [62],

Lemma 1. For any 0 < r ∈ R we have,

β
(l,m)
(l′,m′)

(r ẑ) = α
(l,m)
(l′,m′)

(r ẑ) = 0

whenever m′
≠ m, and where β(l,m)

(l′,m′)
, α

(l,m)
(l′,m′)

as defined in Theorem 2.

This means that the matrix corresponding to a translation along the z-axis is sparse. This fact can be exploited in order to
speed up computations. This can be done as follows: every translation in the LF regime is first transformed into a translation
along the z-axis in a rotated coordinate system through the use of the rotation operators (see Section 2.3 and below). Then,
the translation is done at low cost thanks to Lemma 1 and the inverse rotation is applied to recover the expansion in the
original coordinate system.

We shall use the notation of Edmonds [62] to denote rotations by which,

D(γ , β, α)

represents a passive rotation of a coordinate system in R3 by α about the original z-axis, followed by a rotation by β about
the resulting y-axis, followed by a rotation by γ about the resulting z-axis. By passive, we mean that the coordinate system
is rotated but the objects of interest i.e. functions defined on R3, remain unchanged. In other words, points are simply
reassigned new coordinates.

Such rotations further induce rotations in function space (see [62] for details). That is, if r = (r1, r2, r3) corresponds to a
vector in R3 and D r = r ′

= (r ′

1, r
′

2, r
′

3) represents this same vector in a new coordinate system associated with the rotation
D = D(γ , β, α), then for each function f (x) defined on R3 there exists a unique function f ′(x′) such that,

f ′(x′) = f ′(D x′) = f (x), ∀ x ∈ R3.

The map, D f = f ′ thus appears as the rotation in function space.
When f (·) is a linear combination of spherical wave functions, the operatorD has a known explicit form and corresponds

to the rotation matrices introduced in Section 2.3.5. However, unless the rotation matrices can be applied at low cost the
advantage of a sparse translationmatrix along the z-axis will be lost. Fortunately, this can be achieved through the following
decompositions (see [62]),

D(γ , β, α) = D(γ , 0, 0)D(0, β, 0)D(0, 0, α)

D(0, β, 0) = D

−
π

2
, 0, 0


D

0,−

π

2
, 0


D(β, 0, 0)D

0,
π

2
, 0


D
π
2
, 0, 0


and the explicit representations (Note that since rotations do not affect the radial component, it is sufficient to consider the
operators acting on spherical harmonics only.),

Ω


D(0, 0, α)Ym

l (θ, φ)

Y

m′

l′ (θ, φ) dΩ =


eımα ifm = m′

0 ifm ≠ m′
Ω


D(γ , 0, 0)Ym

l (θ, φ)

Y

m′

l′ (θ, φ) dΩ =


eımγ ifm = m′

0 ifm ≠ m′
Ω


D

0,±

π

2
, 0

Ym
l (θ, φ)


Y

m′

l′ (θ, φ) dΩ =


[δ](l,m)

(l,m′)
(±π/2) if l = l′

0 if l ≠ l′
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where,

[δ](l,m)
(l,m′)

(±π/2) =


(l + m′)!(l − m′)!

(l + m)!(l − m)!


k


l + m

l − m′ − k


l − m

k


(−1)l−m′

−k

· (cos(±π/4))2k+m′
+m (sin(±π/4))2l−2k−m′

−m .

This shows that every rotation matrix can be decomposed into the product of 7 matrices, 5 of which are diagonal. The
remaining twomatrices (D(0,±π

2 , 0)) are sparse since their entries are 0 unless l = l′. These identities are just special cases
of the general formulas introduced in Section 2.3.5. Letting,

R = D

−
π

2
, 0, 0


D

0,−

π

2
, 0


D(θ, 0, 0)D

0,
π

2
, 0


D
π
2
, 0, 0


D(0, 0, φ)

and putting everything together, it follows that any translation matrix can be written as,
RĎ

· Tz(r) · R

where Tz(r) represents a translation along the z-axis at distance r , and Ď represents the Hermitian transpose.
Finally, there remains the question of computing the entries of these matrices. Those of the form D(γ , 0, 0), D(0, 0, α)

pose no problem. As for D(0,±π
2 , 0) and Tz(r) one could use the formulas introduced in Eqs. (22) and (11) respectively.

Unfortunately, the use of these formulas can be slow and unstable at times. For this reason, we preferred to use recurrence
relations in order to compute the coefficients. The scheme we used is presented in great detail in [64].

2.3.7. Interface
Conversion between LF representation (finite regular/irregular sequence; Section 2.3.3) and the HF representation (FMM

far field expansion; Section 2.3.4) of a field can be performed rapidly using the FFT. Algorithms are presented in Algorithm
1–2. We omit the details here and refer the reader to [47] for a more thorough description of these simple procedures.

1 for n from 1 to Nθ do
2 for m from -L to L do
3 Compute χn

m =
L

l=|m|

al,m
ıl+1


2l+1
4π

(l−m)!
(l+m)! P

m
l (cos(θn))

4 for n from 1 to Nθ do
5 Compute ψa(θn, φm) =

L
µ=−L χ

n
µ eµıφm form = 1, ...,Nφ through IFFT

Algorithm1: Forward Spherical Harmonics Transform algorithm from a finite sequence {al,m} to a FMM far field expansion
{ψa(θn, φm)}

1 for n from 1 to Nθ do
2 Compute χn

m =
Nφ

µ=1
4π

NθNφ
ψ(θn, φµ)e−mıφµ for m = −L, ..., L through FFT.

3 for l from 0 to L do
4 for m from -l to l do
5 Compute bl,m = ıl+1Nθ

n=1 χ
n
m


2l+1
4π

(l−m)!
(l+m)!P

m
l (cos(θn)) sin(θn)

Algorithm 2: Backward Spherical Harmonics Transform algorithm from FMM far field expansion ψb to finite sequence
{bl,m}

2.4. Structure of the code and implementation

In this section, we provide details pertaining to the algorithmic structure of the code. First, we introduce the octree, a
tree data structure underlying the wholemethod. Then, we describe how the operators discussed in Section 2.3 can be used,
together with the tree structure, to apply the dense operator A in a fast manner.

Note that FMM tree-based codes share many characteristics as per their structure, the main difference generally lying
with the nature of the translation/rotation operators involved. For this reason, most of what is presented in Section 2.4.1
can also be found in other work. We refer to [65,66] for some alternative presentations.

The wideband nature of the code implies that it is capable of handling problems which lie in both the high-frequency
(HF) regime and the low-frequency (LF) regime (see Section 2.1). We recall that the HF regime corresponds broadly to a
problemwhere the distance between any two scatterers lies above one wavelength in the background medium λ0 whereas
the remainder falls into the LF regime (see Section 2.4.1 for a precise definition). To achieve this goal, our algorithm uses
different representations of the fields and translation operators depending on the regime.
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Fig. 4. Binary tree structure. Bp,q = [q2−l, (q + 1)2−l
] represents the qth subinterval at level p.

In the HF regime, we use the form presented in Theorem 3 of Section 2.3 which constitutes an integral representation
of the translation operator. Care must be taken in order to obtain a discrete representation fit for computational purposes
as described in Section 2.3.4. This involves truncating the infinite series and discretizing the integral, and can be done in
various manners e.g. [65]. In the present paper we decided to use themethod presented by Cecka & Darve [42]. This method
presents advantages over other choices which are detailed in Section 2.3.4. As with all current discretization techniques
however, one important drawback is that the method has been developed for point scatterers only (l = m = 0) and needs
some adaptations in order to be used with finite size scatterers.

Translation operators in integral form unfortunately suffer from numerical instability when the translation distance falls
roughly below a wavelength in the background. This is originally where a necessary distinction between HF and LF regime
arises. For this reason, a different representationmust be used in the LF regime. This is provided by Theorem 2 of Section 2.3.
In this case, the operators take the form of dense infinite matrices which must be truncated (Section 2.3.3). The application
of translation operators in this form is numerically stable yet slower than for the diagonal form due to their dense nature,
although there remain ways of reducing the computational cost (Section 2.3.6).

Finally, an interface is needed to go between the HF and LF regimes. This is provided by a spherical harmonics transform.
Again, optimizations exist to make this step faster and are presented in Section 2.3.7.

2.4.1. Tree-based algorithm
We first introduce the tree structure underlying the algorithm. We shall assume without loss of generality that all

scatterers belong to a square domain S of side 1. Such decomposition is generally referred to as an octree and constitutes a
tree graph. The number of recursion depends on the number of scatterers present in S. Generally, O(logN) levels are used
so that each of the smallest boxes contains O(1) scatterers.

We then need tomake a few definitions. For clarity, wewill use a binary tree structure (1D version of octree) to introduce
our definitions although they carry to 2D and 3D in an obvious manner. The subdivisions and tree structure are shown in
Fig. 4 at the top and bottom respectively.

We can now introduce the necessary definitions:

(i) Given a box Bp,q at level p ≠ 0, we define its parent setP (Bp,q) to be the box at level (p−1) that contains it. For instance,
in Fig. 4, P (B3,3) = {B2,1}.

(ii) Given a box Bp,q at level p ≠ P , we define its children set C(Bp,q) to be the boxes at level (p + 1) that are contained
within Bp,q. For instance, in Fig. 4, C(B2,1) = {B3,2, B3,3}.

(iii) Given a box Bp,q, we define N (Bl,m) to be the neighbor set of boxes at level l which are adjacent to Bl,m together with
Bp,q itself. For instance, in Fig. 4, N (B3,3) = {B3,2, B3,3, B3,4}.

(iv) Given a box Bp,q, we define I(Bp,q) to be the interaction list of boxes at level p which are not the neighbors of Bp,q but
whose parent is a neighbor of Bp,q’s parent. For instance, in Fig. 4, I(B3,3) = {B3,0, B3,1, B3,5}. Two boxes that are in each
other’s interaction list will be called well-separated.

We will say that a box belongs to the HF regime if its sidelength is larger than a wavelength in the background medium
(λ0). Similarly, a box will lie in the LF regime if its sidelength is smaller than a wavelength in the background medium (λ0).
A scatterer belongs to the HF regime if the leaf box to which it belongs lies in the HF regime and to the LF regime otherwise.

To each box Bl,m in the octree and each scatterer σn in the systemwe assign two types of field representations depending
on the regime, they are:

(i) Low-frequency representations (Section 2.3.3)
(a) A regular Low-frequency representation of the field incident onto Bl,m; this corresponds to a regular sequence {bl,m}

associated with a RSWF series used to represent the field in a neighborhood of Bl,m.
(b) An irregular Low-frequency representationof the field scatteredby the obstacles inBl,m; this corresponds to an irregular

sequence {al,m} associated with an ISWF series used to represent the scattered field outside of Bl,m.
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(ii) High-frequency representations (Section 2.3.4)
(a) A regular High-frequency representation of the field incident onto Bl,m; this corresponds to a sampling of the far-field

signature

φ(ŝk)


k of the field representing the incident field onto Bl,m in a neighborhood of Bl,m.

(b) An irregular High-frequency representation of the field scattered by the obstacles in Bl,m; this corresponds to a sampling
the far-field signature


φ(ŝk)


k used to represent the scattered field outside of Bl,m.

All representations are associated with a coordinate systemwith origin at the center of the box (scatterer respectively). It is
important to note that representations associated with an incident field are only valid in some neighborhood of the origin,
whereas those associated with a scattered field are valid away from the origin. This is consistent with the range of validity
of the translated expansions in Theorems 2 and 3.

We finally introduce a last piece of terminology; we shall refer to the translation of an irregular field representation to
an irregular field representation as a multipole-to-multipole (M2M) translation (LF: Eq. (8), HF: Eq. (13)). A translation of a
regular field representation to a regular field representation will be called a local-to-local (L2L) translation (LF: Eq. (7), HF:
Eq. (12)), and finally we will denote by multipole-to-local (M2L) the translation from an irregular to a regular field
representation (LF: Eq. (9), HF: Eq. (14)). The exact nature of the operator to be used (dense or integral version) depends
on the regime; the dense version described in Section 2.3.2 is used whenever one of the representation involved belongs to
the low-frequency regime and the integral version of Section 2.3.4 is used otherwise.

At this point, we are now ready to give a complete description of the algorithm (see Algorithm 3) which consists in
the following steps: Gather (1–3), Upward pass (4–6), Transfer (7–9), Downward pass (10–12), Scatter (13–15), Close-term
interactions (16–17).

1 for each box at the leaf level {Bleaf ,q}
Nleaf
q=1 do

2 for each scatterer σ (p)n belonging to Bleaf ,q do
3 Apply the M2M operator between the scatterer σ (q)n and the box to which it belongs Bleaf ,q.

4 for each level p = leaf , ..., 2 do
5 for each box Bp,q at level p do
6 Apply the M2M operator between the box Bp,q and its parent box P (Bp,q).

7 for each level l = leaf , ..., 2 do
8 for each box Bp,q at level p do
9 Apply the M2L operator between the box Bp,q and the members of its interaction list N (Bp,q).

10 for each level l = 2, ..., (leaf − 1) do
11 for each box Bp,q at level p do
12 Apply the L2L operator between the box Bp,q and its children boxes C(Bp,q).

13 for each box at the leaf level {Bleaf ,q}
Nleaf
q=1 do

14 for each scatterer σ (q)n belonging to Bleaf ,q do
15 Apply the L2L from the box to which it belongs Bleaf ,q to the scatterer σ (q)n .

16 for each box at the leaf level {Bleaf ,q}
Nleaf
q=1 do

17 Directly compute the interactions between all the scatterers σ (q)n belonging to Bleaf ,q and those belonging to its
neighbor boxes N (Bleaf ,q).

Algorithm 3: Pseudo-code for the fast application of A. Gather (1–3), Upward pass (4–6), Transfer (7–9), Downward pass
(10–12), Scatter (13–15), Close-term interactions (16–17).

2.5. Error analysis

Given N discrete scatterers with ISWF expansions

{a(n)l,m}

N
n=1

, we measure the error in the norm,

∥{a(n)l,m}n∥WN
2 (kR

(n)) =

N
n=1


∞
l=0

l
m=−l

|a(n)l,m h(1)l (kR
(n))|2

1/2

(23)

where R(n) is the smallest radius of a sphere sharing the same center as scatterer n and completely enclosing it. In particular,
this norm leads to a pointwise error estimate between the computed scattered field and the exact solution in all of R3 as
shown in [47].

The correctness of our implementation has been verified through a series of tests [47] including comparison with an
open-source BEM solver (Acousto, [67]). We have further carried out a complete error analysis of the algorithm based on
the aforementionednorm [47]. Our choice of parameters is based on the estimates obtained following this analysis. However,
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Fig. 5. Average value (angular) of the error (in the norm Eq. (23)) in the field produced by two scatterers (z-direction plane wave with wavelength λ0)
with radius r = 0.01λ0 , speed of sound c = 0.2c0 and density ρ = 0.5ρ0 for which the centers are separated by a distance of R = {0.04 λ0, 0.1 λ0, 1 λ0}.

Fig. 6. Relative error incurred by algorithm following our choice of parameters described in [47]. Left: four-level tree, low-frequency regime. Number of
scatterers: N = 35 000, Scatterer speed of sound c = 0.1, Scatterer density ρ = 0.3, Scatterer radius r = 0.005, Cluster radius R = 0.5. Right: three-level
tree, high-frequency regime. Number of scatterers: N = 5000, Scatterer speed of sound c = 6, Scatterer density ρ = 8, Scatterer radius r = 0.6, Cluster
radius R = 25. εσ represents the error associated with the truncation parameter Lσ , ετ represents the error associated with the truncation parameter Lτ
and εtotal is the total error (sum).

since this paper is concerned with the algorithm, and due to the lengthy treatment and somewhat technical nature of the
subject, we only discuss the topic briefly. We strongly recommend the interested readers to refer to [47].

For discretization purposes, our algorithm requires the choice of three different types of truncation parameters:

– The truncation parameter Lσ for the SWF expansion of each scatterers (sum truncation; Eq. (5)).
– The truncation parameter Lτ for the SWF expansion at each level of the tree (sum truncation; Eqs. (7)–(16)).
– The quadrature in the high-frequency regime (integral discretization; Eq. (19)).

We have derived (somewhat conservative) error bounds for each quantity. These allow us to choose these various
parameters according to the desired accuracy (ε) in the norm found in Eq. (23). In short, all three types of error decay
exponentially fast as we increase the number of degrees of freedom. Figs. 5 and 6 show examples. Fig. 5 shows the behavior
(exponential decay) of the error between the computed field and a high-accuracy field resulting from a planewave traveling
in the z-direction averaged over various configurations of a two-sphere cluster, as a function of the truncation parameter
Lσ . Fig. 6 shows the error behavior of the full algorithm in the low-frequency (left) and high-frequency (right) regimes as
a function of the desired accuracy (ε) and upon choosing all parameters following the scheme presented in [47] which is
based on the error analysis. The results are in agreement with the expected behavior.

2.6. Scaling

In this section, we present results regarding theO(N) scaling of our scheme. Such scaling is of utmost importance for this
type of simulation. Indeed, each simulation presented in this section for instance contains roughly N = O(106) unknowns.
A linear scaling implies that approximately O(107) flops are necessary to compute a single matrix–vector product within
a Krylov iterative solver. If however a naive implementation (O(N2)) were to be used, a matrix–vector product would cost
O(1012) flops, an exorbitant number of computations indeed, even on a large cluster. In this sense, such scaling does not
merely accelerate the computation of the solution, it makes possible the actual treatment of such problems.
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Table 2
Parameters for timing experiments.

Volume ratio (φ) Speed of sound (c) Density (ρ) Radius (r)

1 0.01 0.2 0.5 0.005
2 0.1 0.2 0.5 0.005
3 0.01 6 8 0.6
4 0.1 6 8 0.6

Fig. 7. Timing example—volume ratio:φ = 0.01, scatterer speed of sound: c = 0.2, scatterer density: ρ = 0.5, scatterer radius: r = 0.005. Left: execution
time (s) for matrix–vector product. Right: pre-computation time (s). Target accuracy ε = 10−7 .

Fig. 8. Timing example—volume ratio: φ = 0.1, scatterer speed of sound: c = 0.2, scatterer density: ρ = 0.5, scatterer radius: r = 0.005. Left: execution
time (s) for matrix–vector product. Right: pre-computation time (s). Target accuracy ε = 10−7 .

For demonstration purposes, four different experiments were carried out as follows: in each case, N scatterers of radius
r , speed of sound c and density ρ were located uniformly at random in a cube in such a way that the volume ratio occupied
by the scatterers remained constant and equal to φ (see Table 2). Then, the tree was built using various number of levels and
a single application of the fast matrix–vector product was performed (with precision parameter ε = 10−7). Both operations
were timed.

The timing results are shown in Figs. 7–10 on log–log plots. The left plots show the execution time for the matrix–vector
product whereas the right plots show the pre-computation time. The first thing to be noticed is that by choosing the
appropriate number of levels, it is indeed possible to achieve linear computation time (as a function of the number of
unknowns) as claimed earlier. Another important thing to notice is that it seems generally more expensive to apply the
operator TAwith small scatterers thanwith larger one. This is because small scatterers are usually associated with problems
in the low-frequency regime and are more expensive to handle due to the nature of the translation operators used there
(larger algorithmic constant). We also notice some sort of ‘‘kink’’ in the execution time of Figs. 7–8. These occur when a
level goes from low-frequency to high-frequency: as we increase the number of scatterers, the size of each box at each level
increases. When such size goes from being smaller than a wavelength to being larger, the algorithm switches from using
dense translation operators to diagonal ones. This results in a slight decrease in computational time despite the fact that
the problem is larger. As for the pre-computation time, for a fixed number of levels, it goes from being roughly constant
to O(N2) as we increase the number of unknowns. This is because when too few levels are being used, the work is mostly
located in the close-term interactions of which there are O(N2). Finally, it should be said that the running time is greatly
satisfactory. Indeed, we see that in all cases less than roughly three minutes are needed to perform a single matrix–vector
product for problems containing approximately 106 unknowns, and this is adequate for most purposes.
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Fig. 9. Timing example—volume ratio: φ = 0.01, scatterer speed of sound: c = 6, scatterer density: ρ = 8, scatterer radius: r = 0.6. Left: execution time
(s) for matrix–vector product. Right: pre-computation time (s). Target accuracy ε = 10−7 .

Fig. 10. Timing example—volume ratio: φ = 0.1, scatterer speed of sound: c = 6, scatterer density: ρ = 8, scatterer radius: r = 0.6. Top: execution time
(s) for matrix–vector product. Bottom: pre-computation time (s) for up to 5 levels. Target accuracy ε = 10−7 .

3. A numerical study of super-resolution in highly-heterogeneous 3D media

In this section, we numerically study the phenomenon of super-resolution as described in [25–27]. Briefly, super-
resolution means that it is possible to obtain wave refocusing beyond the diffraction limit in the context of a time-reversal
experiment through the addition of small, strong scatterers in the vicinity of a point source.

We shall first describe the nature of a time-reversal experiment as well as its behavior in a homogeneous medium. Then,
we will provide numerical examples where super-resolution is indeed observed. Finally, we shall compare our results with
those expected from homogenization theory and show that they are in excellent agreement.

3.1. Numerical observation of super-resolution

We begin with the numerical observation of super-resolution phenomena in the context of a time-reversal experiment.
For this purpose, we first recall the nature of a time-reversal experiment in a homogeneous medium: a point source located
somewhere within some medium emits a short pulse and the total field generated is recorded at receivers located on some
sampling manifold (generally a spherical shell in the far-field of both the source and the scatterers). The recorded signals
are then time-reversed (conjugated in Fourier space) and sent back into the medium. In appropriate circumstances, the
time-reversed waves will refocus at the original location of the source.

In this light, and using the aforementioned algorithm, we proceed to the following simulations: small, strong penetrable
spheres distributed uniformly at random (without touching) within a region having the shape of a truncated cylinder as
shown in Fig. 11, in the vicinity a source location. Then, we carried out time-reversal experiments as just described (the
particular shape is similar to an ergodic cavity and was chosen in order to increase scattering in the homogenized truncated
cylinder). We tried different combinations of parameters as shown in Table 3. N represents the number of scatterers, r their
radii, c and ρ their internal speed of sound and density respectively, whereas R represents the radius of the cluster, t its
thickness and ζ the distance from the center to the planar surface.

The pressure field of the time-reversed signal is shown in Figs. 12–15 around time t = 0. In each case, the wavelength of
the carrier frequency is λ0 = 1 which implies a resolution limit of approximately ≈

λ0
2 = 0.5. What is noticed again here is

a spatio-temporal focusing of the time-reversed signal; the energy concentrates close to the original location of the source at
a particular instance in time. Moreover, it is to be noted that in all three cases the diffraction limit in homogeneous media
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Table 3
Properties of truncated cylindrical clusters and their scatterers.

Sim. Cluster radius (R) offset (ζ ) Thickness (t) # (N) Radius (r) Speed (c) Density (ρ)

1 0.3λ0 0.2λ0 0.06λ0 6000 0.005λ0 0.1c0 ρ0
2 0.3λ0 0.2λ0 0.06λ0 6000 0.005λ0 0.1c0 ρ0
3 0.3λ0 0.2λ0 0.05λ0 5000 0.005λ0 0.1c0 0.2ρ0
4 0.175λ0 0.125λ0 0.05λ0 5000 0.0035λ0 0.021c0 0.2ρ0
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Fig. 11. Example of a cluster of small, strong scatterers within a region having the form of a truncated cylinder. Left: side view, Right: top view.
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Fig. 12. Time-reversed pressure field in x–y plane for a point source in a truncated cylinder. Source located at: (0.1,−0.2, 0.)λ0 , σ = 0.15; Dimensions
of cluster: R = 0.3λ0 , d = 0.2λ0 , t = 0.06λ0; Properties of small scatterers: N = 6000, r = 0.005λ0 , ρ = ρ0 , c = 0.1c0; Effective properties: ρeff = ρ0 ,
ceff = 0.2545c0 . Left: t = −0.082, Middle: t = 0.027, Right: t = 0.082.

is beaten; in Figs. 12 and 13, a resolution of approximately λ0
20 is achieved whereas a resolution beyond λ0

80 is achieved in
Figs. 14 and 15.

The size of the focal spot depends on the properties of the scatterers constituting the cluster; the lower their speed of
sound, the smaller the spot. Aswill be explained in the following sections, the size of the spot appears to reach the resolution
limit in some effective medium. Another interesting point to be noted is that in Fig. 15, where even the cluster itself has
dimensions smaller than the resolution limit. Yet, super-resolution is still achieved. This is somewhat surprising since the
field at the boundary cannot be resolved through time-reversal.

In short, these numerical examples demonstrate that it is indeed possible to beat the diffraction limit through the addition
of small, strong scatterers in the vicinity of a source in the context of a time-reversal experiment.Wenote that, to the authors’
knowledge, this is the first time such numerical simulations have been performed for such a large problem of this type. As
explained in the introduction, it was previously not possible to solve such problem from a computational standpoint, and it
is only the introduction of our wideband 3D algorithm that brought such a feat within reach.

3.2. Super-resolution and effective medium theory

In this section, we would like to verify whether it is possible to explain the phenomena observed in the previous section
through Effective Medium Theory (EMT). That is, we would like to numerically investigate whether it is possible that, under
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Fig. 13. Time-reversed pressure field in x–y plane for a point source in an ergodic cylinder. Source located at: (0.15,−0.3, 0.)λ0 , σ = 0.15; Dimensions
of cluster: R = 0.3λ0 , d = 0.2λ0 , t = 0.06λ0; Properties of small scatterers: N = 6000, r = 0.005λ0 , ρ = ρ0 , c = 0.1c0; Effective properties: ρeff = ρ0 ,
ceff = 0.2545c0 . Left: t = −0.047, Middle: t = 0, Right: t = 0.041.
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Fig. 14. Time-reversed pressure field in x–y plane for a point source in an ergodic cylinder. Source located at: (0.1,−0.2, 0.)λ0 , σ = 0.15; Dimensions
of cluster: R = 0.3λ0 , d = 0.2λ0 , t = 0.05λ0; Properties of small scatterers: N = 5000, r = 0.005λ0 , ρ = 0.2ρ0 , c = 0.1c0; Effective properties:
ρeff = 0.8109ρ0 , ceff = 0.1487c0 . Left: t = −0.113, Middle: t = 0, Right: t = 0.063.
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Fig. 15. Time-reversed pressure field in x–y plane for a point source in an ergodic cylinder. Source located at: (0.0583̄,−0.116̄, 0.)λ0 , σ = 0.15;
Dimensions of cluster: R = 0.175λ0 , d = 0.125λ0 , t = 0.05λ0; Properties of small scatterers: N = 5000, r = 0.0035λ0 , ρ = 0.2ρ0 , c = 0.021c0;
Effective properties: ρeff = 0.8197ρ0 , ceff = 0.03c0 . Left: t = −0.205, Middle: t = 0, Right: t = 0.176.

certain circumstances, a cluster of strong scatterers whose radii are smaller than the wavelength of the signal emitted by
a source, could in fact behave as a homogeneous body, and whether an apparent super-resolution phenomenon can be
observed in this case.

For this purpose, we considered a cluster having the shape of a truncated sphere as shown in Fig. 16. The reason we
chose such a shape is to simplify the pre-computations of the T-matrix of the homogenized body, and the reason why we
truncated it is to increase scattering and avoid some of the degenerate modes associated with a sphere. The scatterers are
located on a periodic lattice which has been perturbed through a small random quantity. We note that in the previous
section, the scatterers were randomly distributed. Here we demonstrate that super-resolution is also observed in the case
of a perturbed lattice, as well as studying its link to EMT.

An important point must be mentioned before moving further: due to the way the T-matrix method is formulated,
the SWF expansions introduced in Section 2.1 are only valid either inside (RSWF expansion) a scatterer or outside the
smallest sphere containing the scatterer (ISWF expansion). This limitation leaves a region between the boundary and the
circumscribing homogenized sphere (Fig. 18, bottom right), in which ISWF cannot generally be used to represent the field.
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Fig. 16. Example of a cluster of small, strong scatterers within a region having the form of a truncated cylinder. Left: side view, Right: top view.
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Fig. 17. Ricker wavelet. Left: time domain, Right: frequency domain.

This is known as the Rayleigh hypothesis (see e.g. [54, Section 5.1]—T-matrix Ansatz). In the results that follow, we generally
plot the field in this region for aesthetics. However, the values of the field there should not be considered reliable.

We numerically study the behavior of various clusters of strong, small scatterers in the context of a time-reversal
experimentwhen the source emits a broadband signal. The signal takes the formof a Rickerwavelet (Mexicanhat; Fig. 17), i.e.,

f (t) =
2

√
3σπ1/4


1 −

t2

σ 2


e−

t2

2σ2 .

The experiments are carried out as follows: three different clusters containing {1826, 3618, 17 872} spherical scatterers
of radius {0.008, 0.005, 0.0038} respectively arranged on randomly perturbed lattices are generated. For each cluster, the
scatterer properties and volumedensitywere chosen in such away that effectivedensity and speed of sound (ceff = 0.2902c0,
ρeff = ρ0, as dictated by effective medium theory in the Maxwell–Garnett approximation described for instance in [68]

Eqs. (1)–(2), ρeff−ρ0
2ρeff+ρ0

= p ρs−ρ0
2ρs+ρ0

, κeff =


p
κs

+
1−p
κ0

−1
, and c2eff =

κeff
ρeff

, where the subscript s indicates scatterer properties,
the subscript 0 indicates background properties, ρ is the density, κ is the bulk modulus and p is the volume ratio occupied
by the scatterers) are all the same. A fourth experiment was also carried out with a homogeneous (homogenized) inclusion
having the same shape as the cluster, and with its properties equal to the effective properties just mentioned.

The results are shown in Fig. 18 where we plotted the pressure field of the time-reversed signal at time t = 0. What
is seen there is a very good agreement in all cases. These interesting results lead to two main conclusions: first, it appears
that in all cases involving small scatterers, we are indeed in the EMT regime [68]. This is not too surprising for among all
examples, the smallest wavelength contained in the signal is at least 37 times larger than the diameter of the scatterers and
the smallest effective wavelength within the cluster is approximately 11 times larger than that same quantity. The second
conclusion is that it appears that it is indeed possible to achieve an apparent super-resolution with a mere homogeneous
body. Of course in real-life applications it is most likely more advantageous to use a composite rather than a homogeneous
body since the former offers a much wider range of effective physical properties. On the other hand, it is theoretically much
simpler to deal with a homogeneous body than with a cluster and this offers great leverage.
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Fig. 18. Time-reversed field from a point source located at (0.083̄,−0.16̄, 0) emitting a Ricker wavelet (σ = 0.7) in a spheroid cavity of radius
R = 0.25 and offset ζ = 0.15 and having effective properties ceff = 0.292 c0 and ρeff = 1 ρ0 . From Top to bottom, Left to right: number of scatterers
N = {17 872, 3618, 1826,Homogeneous}, radius of scatterers r = {0.0038, 0.005, 0.008} λ0 .

4. Conclusion

In conclusion, we have introduced a wideband fast algorithm capable of simulating the propagation of time-harmonic
acoustic waves through clusters containingmany strong and penetrable scatterers in three dimensions. The algorithm is fast
in the sense that it scales linearly with the number of unknowns, and does not suffer from any breakdown at low or high
frequencies. We have also bolstered our claims through multiple numerical examples which demonstrate the algorithmic
complexity of the method. Finally, we used our algorithm to study the phenomenon of super-resolution in time-reversal
refocusing in the presence of small strong scatterers around the source. We showed that super-resolution can indeed be
observed in this case, and that it can be explained through homogenization theory in the sense that the radius of the time-
reversed focal spot is equal to half the effective wavelength. These numerical findings confirm and illustrate the theoretical
predictions found in the literature, using both periodic and randomhomogenization [28,29]. This interpretation is sufficient
and holds in many physical situations, when the conditions of homogenization are met, which means, when the typical
scale of variation of the scattering medium is smaller than the effective wavelength. Very recently, time reversal in a
sub-wavelength-scaled resonant medium, namely a system of Helmholtz resonators in the quasi-stationary regime, was
mathematically analyzed [69], which goes beyond the homogenization regime addressed in our paper.
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