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1. Introduction

Time reversal of waves was extensively studied in the last twenty years (see [1-3] and also [4-6]). A time-reversal
mirror consists in a set of transducers that can be used as receivers or as transmitters. A classical time-reversal experiment
consists in two steps. In the first step, a source generates a wave that propagates through a medium and is recorded by the
time-reversal mirror used as a set of receivers. In the second step, the time-reversal mirror is used as an array of transmitters,
it re-emits the time-reversed recorded signals. It turns out that the wave focuses back at the initial source position, as
if the wave were being played backwards. The refocusing properties have been studied experimentally, numerically, and
theoretically. They are characterized by diffraction-limited focal spots, that is to say, the size of the time-reversed focal spot
when the original source is point-like is of the order of the source carrier wavelength. In more detail, when the time-reversal
mirror has full aperture, i.e. it completely surrounds the original source, the focal spot has the form of the imaginary part of
Green'’s function, which is a sinc function with a width equal to half-a-wavelength when the medium is homogeneous and
three-dimensional [7]. When the time-reversal mirror has finite size, then the size of the focal spot is given by the Rayleigh
resolution formula that depends on the numerical aperture of the mirror [8,9].
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Enhanced refocusing is a remarkable property observed in many time-reversal experiments. Let us consider the case of
a full-aperture time-reversal mirror. The focal spot is expected to be diffraction-limited, with a focal spot diameter equal
to the carrier wavelength. Several mechanisms can be responsible for an enhanced refocusing of the time-reversed wave.
First, the diffraction limit can be overcome if the source is replaced by its time-reversed image during the second step of the
time-reversal experiment. This requires to use an active sink that absorbs the time-reversed wave precisely at the original
source location and at the exact refocusing time [ 10]. Second it is possible to obtain subwavelength focusing when the initial
source is in the near field of the time-reversal mirror and the propagating medium is homogeneous [11]. Third, focusing be-
yond the diffraction limit with far-field time reversal is possible, provided a random distribution of scatterers is placed in the
near field of the original source, which locally reduces the effective wavelength [ 12]. Finally, if we consider limited-aperture
time-reversal mirrors, then it is possible to exploit the scattering properties of the background medium to beat the Rayleigh
resolution formula. Indeed multiple scattering due to random inhomogeneities in the medium can increase the directional
diversity of waves which enhances the time reversal refocusing [13-21].

In this paper we present a new mechanism that can produce enhanced refocusing, for full-aperture time-reversal mirrors,
in which case the focal spot will be smaller than the diffraction limit, and for partial-aperture time-reversal mirrors, in
which case the focal spot will be smaller than the Rayleigh resolution formula. Indeed we revisit the time-reversal resolution
analysis when the original source is moving. Very few results are available when the source is moving. Historically the related
problem of the impact of changes in the medium was addressed in [22-24] where is shown that time-reversal refocusing
is degraded by changes in the medium that occur between the two steps of the time-reversal experiment (i.e., between the
time that the signal is emitted from its source and the time that the time-reversal array reemits the time-reversed recorded
signals). In [25-29,34] the motion of the time-reversal mirror or the one of the source are shown to have little influence
for active sonar and underwater communication applications for small velocities. In [30] the impact of small displacements
of the target on the invariants of the time-reversal operator is investigated theoretically and experimentally. These studies
show that it is possible to quantitatively address time reversal with moving sources and sensors, although the main result
that we present in this paper is not exhibited.

In this paper we address both the cases of a full-aperture time-reversal mirror and of a finite-aperture time-reversal
mirror. Our main results predict that, when the velocity becomes non-negligible compared to the speed of propagation, then
the focal spot size can become smaller than the diffraction limit for full-aperture time-reversal mirrors and than the Rayleigh
resolution formula for partial-aperture time-reversal mirrors. These surprising super-resolution effects can be explained
from the physical point of view by the Doppler effect, which means that the receivers at the time-reversal mirror record
higher frequency components than the original carrier frequency of the source. From the mathematical point of view we
show the result in the case of a homogeneous medium by using some integral identities.

The paper is organized as follows. In Section 2 we address the case of a moving source and a full-aperture time-reversal
mirror in a three-dimensional homogeneous and open medium. We determine the form of the refocused time-reversed
wave and identify the resolution enhancement factors in the transverse and longitudinal directions. In Section 3 we address
the case of a partial-aperture time-reversal mirror in a three-dimensional homogeneous and open medium. We show that
resolution depends not only on the norm but also on the direction of the velocity vector of the source. In Section 4 we revisit
the results in the two-dimensional setting and show that they are similar as those in the three-dimensional set-up.

2. Time reversal with a full-aperture mirror

We consider a point-like source moving in a three-dimensional open medium and emitting a signal with carrier frequency
wo and (real-valued) pulse profile f (t). The source position is

X(t) = Xo + vte,,

where &, is the unit vector pointing in the z-direction, v the velocity of the source (with v > 0), and )20 is the position of
the source at time 0. We carry out a time-reversal experiment from the signals recorded at the surface of a ball with radius
L and center 0 and observe the time-reversed field around the original source location. We will see that time reversal with
Neumann data leads to super-resolution effects, both in space and time. We first present an integral representation of the
time-reversed field in Section 2.1 and then carry out explicit calculations in Sections 2.2 and 2.3 to address subsonic and
supersonic sources, respectively, when the source bandwidth is small. Finally, in Section 2.4 we present another approach
based on Helmholtz-Kirchhoff identity that allows us to give results valid for arbitrary bandwidth.

2.1. Integral representation of the time-reversed field

In the Fourier domain, the wave field ii(w, X) emitted by the source satisfies the Helmholtz equation
. Wt .
Au+ —u= —S(w, X),
Co
where the source term is in the time domain

s(t,®) = 8(% — X())e ™'f (£) + c.c.,



82 J. Garnier, M. Fink / Wave Motion 53 (2015) 80-93

where c.c. stands for complex conjugate (i.e. s(t) + c.c. = s(t) + s(t)), and in the Fourier domain

o, ®) = /Oos(r Retdr = §(x — Xo)fexp(l(a) wo)Z Z")f(z_vzo) tsc., (1)

o]

where s.c. means symmetric complex conjugate (i.e. $(w) + s.c. = S$(w) + $(—w)), with the notation ¥ = (¥,z) € R* x R
and X, = (Xo, Zp). Using the three-dimensional homogeneous Green'’s function,

0,7 %) = ———_ &R
4 |x — X/|

, (2)
the wave field is
i(w, %) = / G(w, %, ¥)5(w, ¥ )dX + s.c.
]R3

The signals are recorded on the surface of the ball B(0, L) centered at 0 and with radius L, so that the Neumann data set is
(in the frequency domain)

{0,i(w, ) +5.c.. % € 9B(0, L)}. 3)
By emitting the time-reversed data set from the surface of the ball B(0, L), we obtain the time-reversed wave field:

i (w, X) = / G(w, %, X)d,li(w, X )do (X)) + s.c. (4)
dB(0,L)

The refocusing properties of the time-reversed wave field are analyzed below, first for a subsonic source, and then for a
supersonic source. In both cases the goal is to show that we can get refocusing with super-resolution, in the sense that the
time-reversed wave refocuses with a focal spot that is smaller than the diffraction limit.

2.2. Subsonic source

In this subsection we assume that the velocity v of the source is smaller than the wave velocity cy:
v
M:=—€(,1),

and we compute the form of the time-reversed wavefield.
If the initial source location Xo is close to the center 0, that is to say, |X0| « Land ‘”0 |X0|2 « L, and if the duration T

of the function f is small enough so that the source has moved little compared to L durmg the emission, more exactly, if
vT < Land %?(UT)Z & L, then the signals recorded at the surface of the ball B(0, L) have the form

it = 2 o212 ) (o1 w) o) s it
U(w,X) = ———expli—(L— o(l-M-)—-wo s.C., =L
v o anL P\ L L 0
The Doppler effect is noticeable. Indeed, if we think of f as a Dirac distribution (this is the limit case f = 1), then the central
frequency recorded at position X = (%, z) is wo/(1 — Mz/L) € [wo/(1 + M), wo/(1 — M)].
The recorded signals are time-reversed and reemitted. In the Fourier domain, the time-reversed wave field is (4). If the
search point X is close to the center 0, that is to say, |¥| < L and %? |X|> <« L, then the time-reversed wave field is

\/1—Q|w||X—X0| R N
o' 5%)

U (£, ®) = ﬁ;%/ doof (@ — wo)f dq]o +cc. (5)

Co 1— Mg
where Jj is the Bessel function of the first kind and of zero order.

Main results. In terms of the Mach number M = v/cy, after some calculations (see Appendix A), we find that, when the
bandwidth B (of f) is smaller than the carrier frequency wy (in practice B < 0.1wy is enough), the refocused wave has the

form:
o —ia)() . wo |X—X0|2 (Z -2 +MC0[’)2
Uy (t, X)) = ——————-sinc — -+ %
4mcy(1 — M?) Co 1-M 1—M?)
t+MZ—ZOZ° t+ M=
exp( —i c.c., 6
x p( w°1—M2)( 1— M2)+ (6)

where sinc(q) = sin(q)/q. The sinc function is also known as the spherical Bessel function of the first kind and of zero order
Jjo- The modulus of the refocused wave profile is plotted in Fig. 1 at time t = 0 for f = 1.

In the limit case M = 0 we recover the standard isotropic sinc function for the refocused spatial profile with a diameter
equal to the carrier wavelength, and we recover the time-reversed initial pulse profile.

When M € (0, 1) the classical time-reversed refocused spatial profile undergoes several modifications:
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Fig. 1. Spatial profile of the time-reversed refocused wave at t = 0 with Neumann data when M = v/c, = 0.8. In the center and right figures, the dashed
red lines are the standard sinc function when the source does not move. The profiles are normalized so that their maximum is one. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

0
X X

Fig. 2. Spatial profile of the time-reversed refocused wave at t = —4 (top left), t = —2 (top center), t = 0 (top right), t = 2 (bottom left), t = 4 (bottom
right) with Neumann data when M = v/cy = 0.8, wy = 1, ¢y = 1, and the source pulse is f (t) = exp(—B?t?), B = 0.1.

- First, the carrier frequency is increased to the value wy/(1 — M?). Note that it is the arithmetic average of the carrier
frequencies recorded by the mirror which belong to the interval [wq /(1 + M), wo/(1 — M)].

- Second, the center of the refocused wave profile follows the time-reversed trajectory of the original source (see Fig. 2).

- Third, spatial refocusing is enhanced when the source is moving, both in the longitudinal direction of the source motion
and in the transverse directions. The enhancement factor is larger in the longitudinal direction than in the transverse ones
(1/(1 — M?) versus 1/4/1 — M2). This enhancement can be related to the Doppler effect, which means that the recorded
signals contain higher frequencies than in the case when the source does not move. Therefore the classical diffraction
limit is in fact not violated by this super-resolution phenomenon.

Remark. For the sake of completeness we describe in Appendix B the time-reversed refocused wave obtained with Dirichlet
data (i.e. i1 instead of 9,11 in (3)-(4)). The results are qualitatively the same ones, although we can notice a quantitatively
sharper refocusing for Neumann data (compare Figs. 1 and B.1). That is why we focus our attention on Neumann data in this
paper.

2.3. Supersonic source

We consider the same situation as in the previous subsection, but we assume now that the source speed v is larger than
the wave velocity ¢ (i.e. M = v/co > 1). The expressions of the recorded signals are the same ones as in the subsonic case.
This means that there is a singularity in the amplitude of the recorded signals at X = (x, L) € 9B(0, L) such that Mz = L,

that is to say points of the form (|x|, z) = L(/1 — 1/M2, 1/M).
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Fig. 3. Spatial profile of the time-reversed refocused wave at t = —4, —2, 0, 2, 4 with Neumann data when M = v/cp = 1.2, wp = 1, ¢o = 1, and the
source pulse is f (t) = exp(—B?t?) with B = 0.1.

Around the original source location, the refocused wave has the form

. i (% ! V11— ¢ |ollx — X £+ 2224 sgn(1 — M
Up(t, X) = ——— doof (w0 — wg) dqjo g lell ol exp( —iw <0 g ( q) +c.c.,

2 2

167°¢y 1 |1 — Mgq| Co 1—Mgq (] _ Mq)

—00

(7)
where sgn(q) = 1ifq > 0, —1ifq < 0,and 0ifg = 0.
Main results. In terms of the Mach number M = v/cy, after some calculations (see Appendix A), we find that, when the
bandwidth (of f) is smaller than the carrier frequency wy, the refocused wave has the form:

b (6. F) = wosgn(z — Zo + Mcot) (@ |z — Zo + Mcot] @0 |x — Xo| )
47 (M2 — 1)co o M?z -1 co VM2 —1
CCEMER MR
X exp(lwo 1 ) ( M — 1 )+c.c., (8)
where
0 ifa < b,
*@.b) = {yo(\/az — ) ifa>b, ®)
and the function yo(s) = — cos(s)/s is known as the spherical Bessel function of the second kind and of zero order. We can
notice that:

- The carrier frequency is wy/(M? — 1).

- Outside the Mach cone, the refocused wave is vanishing. The Mach cone is defined by the usual formula |z — Zy + vt| =
VM2 — 1]x — Xo. .

- The center of the refocused wave profile follows the time-reversed trajectory of the original source X(—t), which
can be identified with infinite resolution as it is precisely at the interaction of the two Mach cones z — Z, + vt =
++/M? — 1|x — Xp| (see Fig. 3). Infinite resolution can be reached here because we assume that the receivers can record
all frequencies, and that the sources of the mirror can reemit all frequencies. This is possible if backpropagation is carried
out numerically, but this is difficult if a physical time reversal experiment is performed.

2.4. Application of the Helmholtz-Kirchhoff identity

The goal of this subsection is to propose another approach based on integral equations to study time reversal. This ap-
proach is less transparent than the direct calculations carried out in the two previous subsections, which allowed to char-
acterize the Doppler effect, but it gives explicit expressions valid for any bandwidth.
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We recall that the general expression of the time-reversed field is

fiee (w0, ®) = / / G(w, %, %)3,G(w, ¥, ¥)$(w, y)do (X )dy + s.c.
Rr3 J9B(0,L)
If L is large, the application of the Helmholtz-Kirchhoff identity (see, for instance [31, p. 419] or [32, Theorem 2.33]) gives
~ - 1 ~ S5 A O S~ ST -
utr(wa X) = _5 /3 [G(w7 X, y) - G((L), X, y)]s(w5 y)dy + s.c.
R

By substituting the expression of the three-dimensional Green’s function (2) and the one of the moving source (1), we get
forx = (x, 2):

R _ _i [ sin(%\/(z —Zy—vT)? + |% —X0|2)
utr(a)a x) = r/

e @) (1)dr +5.c., (10)
0o V@ =2 —v0)2 + [x— X2
in the frequency domain, and
- o 1 - - 1
U (t, X) = —/ S(py(z;t, %) —8(p_(7;t,%) | f(r)dTt + c.c., (11)
. 8w —oo\/(Z—Zo—UT)2+|X—X0|2|:( - ) ( )]

N 1
p(mt )=t +t+ —(z2—2Z)—v1)> + |x— Xo|2, (12)

Co

in the time domain. This expression is valid for any velocity of the source. The evaluation of the two Dirac distributions
involves the zeros of ¢ and it depends on the subsonic or supersonic character of the source motion. As we see below this
analysis gives the same expressions for the time-reversed field as the ones obtained in the previous subsections when the
bandwidth is small.

We consider the subsonic case M = v/cqy € (0, 1). The equation ¢ (t) = 0 has a unique solution

_ —M(z — Zy) — cot F /AL, X)

co(1—M?)
and we have \/(z —Zp — v11)? + |x — Xo| 2, (1) = / A(t, ®). As aresult (11) gives

. AR = (2 —Zo+v0)* + (1 —M)|x — Xol?, (13)

T+

Ue(t, X) = [f (r)e0™ — f(z_)e ™ | +c.c. (14)

1
8/ A(t, X)
This expression is exact whatever the bandwidth of f. If the bandwidth is smaller than the carrier frequency, then the
expression can be simplified into

= -z —Z

_iwo . CUOVA(tJ‘) . _MZCOO -t _MZCOO -t
smc( ) exp(zwo )f(

47co(1 — M?) co(1 — M?) 1— M2 1— M2

which is exactly (6).
We consider the supersonic case M > 1. Let ¢ be defined by (12). The equation ¢+ (t) = 0 has no solution if |z — Z,
+ vt]> < (M? — 1)|x — Xp|? (because then A(t, X) < 0), and as a result (11) gives

U (t,x) =0, (16)

Uy (t, %) = )+c.c., (15)

in agreement with (8).

Let us now consider a point such that |z — Zy + vt|? > (M? —1)|x—Xp|?.1fz—Zy + vt > 0, then the equation ¢, (t) = 0 has
no solution while the equation ¢_(7) = 0 has two solutions t_ and 7, given by (13).1Ifz — Z; + vt < 0, then the equation
¢_(t) = 0 has no solution while the equation ¢, () = 0 has two solutions 7_ and 7. given by (13). As a result (11) gives

—sgn(z — Zy + vt)
8T/ A(t,X)

This expression is exact whatever the bandwidth of f. If the bandwidth is smaller than the carrier frequency, then the
expression can be simplified into

(¢, ¥) = [f ()™ + f(z)e™™ | +c.c. (17)

utl‘(t5 ;‘) =

wosgN(z — Zo + vt) (a)o\/A(t, ?c)) ] (l. MZ0 4 t)f(MZmZO +t
X [0
a2 —1) Y\ emz—1)/) TPV e 7 M2 —1

where yo(q) = — cos(q)/q, which is exactly (8).

) Yeec, (18)
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3. Time reversal with a partial mirror

In Section 2 we assumed that the time-reversal mirror has full aperture and lies at the surface of the ball B(0, L). We
revisit the results in the case in which the mirror has partial aperture and lies in the square [—a/2, a/2]> x {0}. The goal
is to compute the time-reversed wave field and to exhibit an enhanced refocusing phenomenon, which here means to go
beyond the Rayleigh resolution formula.

We consider a moving point-like source emitting a signal with carrier frequency wgy and pulse profile f(t). The source
position is

X(t) = Xo + Vot,

where )?0 = (Xo, Zo) and 170 = (Vy, V). We consider the situation in which [Xy| < Zy and A < a < Zy. This means that
we can expand for any X = (%, 0) € [—a/2, a/2]* x {0}:
o - |Xo — X|2 Xo—x
IX—X(t)| =Zo+ ———+ Vit + Vit -
27, 0
This is the so-called paraxial regime. We also assume that the bandwidth B of the source is smaller than the carrier frequency
wg. Therefore, the normal derivative of the field recorded at the time-reversal mirror is

- iw o) |2 — Xo|?\\ » V, Vi (Xo—x)
u(w, X)) = — ex (l—(Z 7» ( (1 — 7> - ) s.c.,
(CU ) 41 coZy P Co o+ 27y f @ + Co + coZp ®o) +

for = (x,0), x € [—a/2, a/2]?. The time-reversed wave field for = X, + (&, 1) with || < Zo and ‘C”—(;’IEI2 L Zyis

_ §<XO—x> nlXo—¥'|2
wo Cot —+ n —+

- 1 . . 27
U (t, X) = 7/ iwg exp(l— — 0 )
' (4 Z0)*Co Ji-aj2.0212 Co 1+% 4 m

c0Zo

v, Vy-(Xg—¥) _ §<xo X)) nlXo—¥
sgn(1+ % + W80) g+ + = Jox +
) X C.C.

x 2 ( v, |V /
e (Ko—¥' Ve o Vae(Xo—¥)
(i) el e
This expression can be further simplified but we need to specify two cases depending on the bandwidth.
Main results. If the bandwidth B is such that a? /Zg <« B/wy < 1, then the time-reversed wave field in the neighborhood
of time t = 0 and point (X, Zp) is of the form

. iwpa’sgn(1+ M,) od Xoj 14 Vg
Helt,X) = (4”20)2C0(1+Mu)21—[ <2cozo<1+M)2<(’E 7)1+ 5) - C"t)))

2
(2 (o1 20) 5. % )y (- e —at o
com(i (o1 Y g Koy ) +ce.
PVea+my V"V 2z z co(1+M,)

where we have introduced the parameter

M, = E_{_ V, - Xp _ V0~X0.
Co CoZo CoZo

(20)

The Doppler effect is responsible for a shift in the carrier frequency of the recorded data that becomes wq/|1 + M,|. As a
result the cross-range resolution is the standard Rayleigh resolution formula Ae¢Zg/a, with Aeg = Ag|1 + M, |. The range
resolution is co/Befr, With Besg = B/|1 + M, | (see Fig. 4). Note that, contrarily to the full-aperture case, the center of the
refocused wave profile does not follow the time-reversed trajectory of the original source. It is a wave profile that comes
from the time-reversal array and that propagates at velocity co.

If B/wy < a*/Z2 < 1(quasi-monochromatic case), then

. iwod’sgn(1+M,) . o X0 Xo
U (t,X) = (47120)2%(1 M, exp(lco(1 v )(n(l — 223 ) +£&- Z — cot)>f(0)

X V: Vy Can2
X l:! (m((sf j)(1+co)_Coj(n_COt))’ZCOZg(l—i-IVIU)n>+C'C" (21)

_ 112 _
wE 7 = / (i — g’y (22)
—1/2
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Fig. 4. Spatial profile of the time-reversed refocused wave att = 0 when V, = —0.8, V, = (—0.2, 0) for t = —4 (left), t = 0 (center), and t = 4 (right).
Herewy =1, co = 1, a =50, B= 0.1, Zy =500, X, = 0, f(t) = exp(—B*t?).

The marginal formulas can be expressed in terms of tabulated functions:
~ £ 2 pos
W(S,O):sinc(%), v (0,7) = —N(C—i5)<@),

n

Vil

where C and S are the Fresnel integrals

X X
Cx) = / cos(q?)dg, S(x) = / sin(g?)dq.
0 0
Here the cross-range resolution is AZy/a and the range resolution is )\.effZg /a?, with Aer = Ag|1 + M,).

These results demonstrate that the motion of the source affects the resolution of time-reversal refocusing in a
three-dimensional open medium with a partial-aperture mirror. The enhancement factor depends on the velocity vector. If
the velocity vector of the source is pointed towards the time-reversal array, then M, < 0 and the resolution is enhanced.
If the velocity vector is pointed away from the time-reversal array, then M, > 0 and the resolution is reduced. This can be
interpreted as a consequence of Doppler effect.

4. Two-dimensional case
4.1. Two-dimensional time reversal with a full-aperture mirror

. We reyisit the analysis of the time-reversal experiment in a two-dimensional set-up, for a moving source with position
X(t) = Xy + vté, (with v > 0) and for a time-reversal mirror that covers the surface of the disk B(0, L) with center 0
and radius L. As we will see, the results about time-reversal refocusing are similar as in the three-dimensional set-up, in
particular the resolution enhancement factors are the same ones.

The general expression of the time-reversed field is

(w0, ®) = / / G(w, %, %)3,G(w, ¥, ¥)$(w, y)do ®)dy + s.c.
RZ J3B(0,L)
If L is large, the application of the Helmholtz-Kirchhoff identity gives
N - 1 A s o A o S~ ST -
(o) = = [ [60.85) - S5 3) . 9)d + 5.
R

By substituting the expression of the two-dimensional Green’s function:
1

>0 s o
t2 _ lx= 12

C2

0

N 1
G(t,x,y) = 51 =l

—

Mmoo L@ o
Clo. %.5) = ZH" (S 1% - 51).
0

where Hél) is a Hankel function, also known as the Bessel function of the third kind and zero order, whose real part is Jy, and
the one of the moving source:

s(6, %) = 8(% — X())e 0 (t) + c.c.,

(o, ®) = 8(x —xo)% exp(i(w —wy)Z ;Z())f(?) ¥sc.,
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Fig. 5. Spatial profile of the time-reversed refocused wave at t = —4, —2, 0, 2, 4 with Neumann data when M = v/cy = 0.8, wp = 1, ¢y = 1, and the

source pulse is f (f) = exp(—B?t?), B = 0.1. The set-up is two-dimensional.

we get for®¥ = (x,z) € R x R:

R 1 00 f(T)eiwot
utl—(t, X) = E — . (1 ‘;‘,f((r)l <—t—r1r+[50 -1 \X‘*X(TH <[+t1-,;+[20>d1' =+ c.c.,
—00 2 x=X(»)| © - ‘© -
\/(t + 1) 2
in the time domain, and
- e Y (S —i(w—awp)T
(@8 = 7 [ Jo(Zk=X@)1)e 0 ()T +s.c., (23)
—00 0
in the frequency domain (with the convention Jo(—q) = —Jo(q)). These expressions are valid for any velocity of the source.

Explicit expressions of the refocused wave profile depends on the velocity of the source (subsonic or supersonic) as explained
in Appendix C.
Main results. In the subsonic regime M := v/cy € (0, 1), if the bandwidth of f is smaller than wg, then we find

. z—7 z—7,
e = — = exp(—ion o Yy(~ M ey (o0 [Co B Man? | (KR |y
e 41— M? 1— M2 1— M2 Co (1 — M2)2 1— M2 s

As in the three-dimensional case, we find that the carrier frequency is wg/(1 — M?), and that refocusing is enhanced when
the source is moving, both in the direction of the source motion and in the transverse directions, with the enhancement
factor 1/(1 — M?) in the longitudinal direction and 1/+/1 — M2 in the transverse one (see Fig. 5).

In the supersonic regime M > 1, if the bandwidth of f is smaller than wy, then we find

b6, ) = —sgn(z — Zo + Mcot) exp<iw0t+MzCOZ°> <t+MZCOZ°) <@|z—Zo+MC0t|’@ X — Xol >+ §
4V — 1 MZ—1 MZ—1 @ M—1 . JM2-1
(25)
where

by — 0, ifb > a, %6
4. )_{jo(\/az—bz), ifa> b. (26)

Note that the carrier frequency is wp/(M? — 1) and that inside the Mach cone the refocused wave oscillates and decays slowly
as a square root (this is the behavior of Jy). The Mach cone is defined by the usual formula |z — Zy + vt| = VM2 — 1|x — X|
(see Fig. 6).

Remark. The expressions of the refocused time-reversed wave for a subsonic or a supersonic source with arbitrary band-
width are given in Appendix C. The resolution properties are qualitatively as discussed above.
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Fig. 6. Spatial profile of the time-reversed refocused wave at t = —4, —2, 0, 2, 4 with Neumann data when M = v/cy = 1.2, wp = 1,¢co = 1, and the
source pulse is f (t) = exp(—B?t?), B = 0.1. The set-up is two-dimensional.

4.2. Two-dimensional time reversal with a partial-aperture mirror

We revisit the analysis of the time-reversal experiment in a two-dimensional set-up, for a moving source and for a
time-reversal mirror that covers the line [—a/2, a/2] x {0}. As we will see, the results for time-reversal refocusing are
similar as those in the three-dimensional set-up.

We consider a moving point-like source emitting a signal with carrier frequency wy and pulse profile f (t). The source
position is

X(t) = Xo + Vot,

where )20 = (Xo, Zp) and |70 = (V4, V,). We consider the paraxial regime in which |Xy| < Zp and Ag < a < Zy. We also
assume that the bandwidth B of the source is smaller than the carrier frequency wy. Therefore the normal derivative of the
field recorded at the time-reversal mirror is

o Jweid Ne (x — X0)? \\ » V, | VaXo —X)
it = L (1 (74 CI Y14 ey o0y
' ( ) 24/2mcoZy P Co 0 27y f Co CoZy 0

forx = (x,0), x € [—a/2, a/2]. Here we have used the asymptotic form of the Hankel function HO“) (q) ~ /2/(mq) exp(iqg—
im /4) for g > 1. The time-reversed wave field for ¥ = X, + (£, n) with |5| <« Z, and ’;’—352 KL Zyis

Xo—x Xo—x')2
= b [onln
81Zy J_ap2 Co 1+%+%
- EXo—r) _ nXo—xX)*
! Ot +n+ "% AW 27
x ‘] + vz + w f( 1 v, Vy(Xo—x') ) X +c.c. ( )
‘o 0o o\1+ o+ 0z

This expression can be simplified as explained below.
Main results. If ¢ /Zg < B/wy < 1, then the time-reversed wave field is of the form

. % ia . woa ((5 X0)<1 n VZ) Vx( t))
Uy (t, X)) = sinc —n— Z)—- Z(mn=c
i 877.’20'1 + MU| ZCOZo(l + MU)Z 77Z() Co Co g 0

X2 X,
(AP S P S A 28)
X exXxp\l——— - — — — ( c.c.,
Noarmy "\ " 2z2) "5z, co(1+M,)
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where we have introduced the parameter

M, = &-i- ViXo _ VO'Xo‘
o Coo CoZo

(29)

The Doppler effect is responsible for a shift in the carrier frequency of the recorded data that becomes wq/|1 + M,|. As a
result the cross-range resolution is the standard Rayleigh resolution formula AegZy/a, with degr = Agl1 4+ M, |. The range
resolution is Cg/Bes, With Begr = B/|1 + M, |.
If B/wy < a*/Z¢ < 1(quasi-monochromatic case), then
2

ia A wo 0
exp(l (n(l — —2>
87TZO|1 +Mv| Co(l +MU) ZZO

‘1’< ol ((E X°)(1 + VZ) Y t)) L ) + (30)
NPTV EY) — N —_— ) = — —C ) c.c.,
coZo(1+ M,)? nZo Co Co o 20023 (1 + M,) 7

Uy (t, X) =

+E2 — ) J O

where ¥ is defined by (22). Here the cross-range resolution is AegZo/a but the range resolution is A.effzg /a?, with e =
)\0|1 + M, |

5. Conclusions

This paper analyzes time-reversal refocusing for a moving source and shows resolution enhancement when the source
velocity becomes non-negligible compared to the wave speed. This phenomenon is essentially independent of the dimension
and it can be related to Doppler effects that allow the time-reversal mirror to record information with a bandwidth that is
larger than the source bandwidth.

If the source is subsonic then the time-reversed refocused spot has the same form as in the case of a stationary source, but
in a stretched space. The formulas are especially simple in the full-aperture case (when the time-reversal mirror surrounds
the original source), as we recover the classical diffraction-limited focal spots, but with a stretching by a factor 1 — M? in
the longitudinal direction (along the velocity vector) and /1 — M2 in the transverse direction(s) (M is the Mach number).
When the mirror has partial aperture, the enhancement factors depend on the norm and direction of the velocity vector. If
the velocity vector of the source is pointed towards the time-reversal array, then resolution is enhanced compared to the
case of a stationary source. If the velocity vector is pointed away from the time-reversal array, then resolution is reduced.

Similar results have been presented for a supersonic source. The refocused spatial spot for a full-aperture mirror exhibits
a nearly-infinite resolution as the original source location is at the interaction of two Mach cones.
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Appendix A. Proof of (6) and (8)

We consider the expression (5) of the refocused wave in the subsonic case M < 1, which can be written as

- *© - V— |w| w
(£, %) = / doo(=iw)f (@ — wo)l (f, % = Xol, (2 ~ 7)) + c.c., (A1)
167T2C0 —o0 Co Co
with
1 2 .
- 1 v1—g?%_\ _; itz
I(t, %, 2) =/ ]o( d x)e 'FMLIqu,
-1 (1=Mp* "\ 1—-Mq
. Yy
By the change of variable r = 131 (%ML] — To37) We get
~ "~ 2 1 2X oMtz . i-2
I(t,x,2) = —— ( r—r2>e 1-m2° M gp
( ) T2 /0 Jo Tz
Then we apply the change of variable r = cos?(4/2):
1E%,2) = : /HJ< X sin@)ex (iMf+2c059)sin0d9ex ( iE+M2)
AR T VERY A SR V) PUT w2 PlTTTwe

2 /2 X Mt +Z , T+ Mz
S Jo (7 sin 9) cos( cos 6) sin 6do exp(—li),
1—M2? J, 1— M? 1— M2 1— M2
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Fig.B.1. Spatial profile of the time-reversed refocused wave at t = 0 with Dirichlet data when M = v/cy = 0.8.In the center and right figures, the dashed
red lines are the standard sinc function when the source does not move. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

and we use [33, formula 6.688.2] which gives:

1G.5.3) 2 X2 +(Z+Mf)2 ( ‘E+M2) (A2)
,X,2) = sinc exp( —i . .
1— M2 1—mz " a—m2e) P T
Substituting into (A.1) we find the expression of the time-reversed wave valid for arbitrary bandwidth. If the bandwidth of
f is small, then we get (6).
The derivation of (8) from (7) when M > 1 follows the same line and makes use of [33, formula 6.737.5] (instead of
[33, formula 6.688.2] as above), so we get

f sgn(1 —Mq)] (,/1 — ¢ ) —ff*fa%d 2isgn(z+ME)¢ 1z + M| X (,E+Mz)

X)e - = s eXpll——),
. (1=Mg? °\|1 - Mq| d M2 —1 -1 uz=1) P21
with @ defined by (9).

(A3)

Appendix B. Dirichlet data

Throughout the paper we have addressed time reversal using Neumann data. For the sake of completeness, we briefly
address the case of Dirichlet data to show that the results are not qualitatively affected. We consider the same set-up as in
Section 2, but the mirror records the field itself and not its normal derivative, so that the Dirichlet data set is (in the frequency
domain):

{i(w, %) + c.c., X € 0B(0, L)}, (B.1)

instead of (3). The time-reversal mirror re-emits the time-reversed recorded signals so that the time-reversed wave field is

e (@, X) = / G(w, %, X)li(w, ¥ )do (®) + s.c. (B.2)
B(0.L)
If the search point X is close to the center 0, that is to say, |X| < L and f—g |X|?> <« L, then the time-reversed wave field is

i/l 1 JO<Mwolx—Xol)

udtr(L -;é) = 8

-1 ’1—Mq’ |1—M(J| Co
X exp(—la)o Mg )f( 1—M )dq—l—cc

provided the bandwidth (of f) is smaller than the carrier frequency wg. The modulus of this function is plotted in Fig. B.1 at
time O for f = 1. By comparing with Fig. 1 one can see that the peak has the same width, but the lobes (in the longitudinal
direction) are larger with Dirichlet data than with Neumann data.

Appendix C. Proof of (24) and (25)

We consider the expression (23) of the refocused wave which can be written as

fi (0, %) = //]0 Vo= X2 +¢7)e 5 (el

@20 (@ — wo)dw' .
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In this appendix we do write the c.c. and s.c. terms. Using formula [33, formula 6.677.3] to compute the integral with respect
to ¢, we get

i oo cos( B2l /M20? — (0 — w)?
;Sgn(w)/ ( Mco )

Uy (@, X) = o — @ — o)

q
jo— (z

x e Mo 720)1M|w|>|co/7w\f’\(w/ — wp)dw'. (C.1)

In the subsonic regime M € (0, 1), this can be written as

R ),

~ . coM 1+M J\ 1-M
U (w, X) = fsgn(w)

vi-M \/w_1+1v1 <1M_w)

—7 A
el MCO i 0)1 o o f(a)’ — a)o)dw/.
1+Msgn(w) <w< 1—-Msgn(w)
In the time domain
o .

Up(t,X) = — i (@, X)e ™ dw

2

M\w\ COS(\X—XOW1—M2 M2 a)z)

_ / / oM (1-m2)?
- 8772 M\w\ T2 o' 2M2

oM 2
a-m7z ~ ¢

x exp(—ioo(t + ,\TCZ))dwsgn(w)e 3 (M) — wo)de
0

, cos( XXl ﬁ)
m/ / 1—¢?

/

Z
2 (me 7) )d =
PRY? ( R gsgn(a)e

(t+M

X cos( )f(a) — wg)dw'.

After the change of variable g = sin ¢ and the use of the formula [ e*$"?d¢ = 7Jy(x) [33, formula 8.411.1] which implies

/2
/ cos(acos ¢) cos(b cos p)dp = %]0(\/ a + bz),
0

we get

- —i l'| [1x—Xo|2 = (z—Zy+ Mcgt)?
Uy (t,X) = ———— Jo|l — > %) )
87v1—M? J o o\ 1—-M (1—M?)

<t+M

X Sgn(a)’)e - M2 )f(a) — wp)dw'. (C2)

This formula is valid whatever the bandwidth of f. If the bandwidth is smaller than wy, then we get (24).
In the supersonic regime M > 1, Eq. (C.1) can be written as

—Xolv/M2-1 / '
i oo cos(% (a) - Ma-)o—l)(Mw—l +a))) —

. . i“—r (2—2Zp)
utr(w,X) — / e oM

4 —00 m\/( o' ) ( o +w>

M+1 ) \ M—1

_ Flo — /
x <‘lw>max(M—Jrl 71\/;‘{1) 1w<min(M“’—J;1,7M“’l1))f(w wO)dw .

In the time domain

X) — 1 > o\ p—iot
ug(t,X) = ﬂ/ Uy (w, X)e” " dw
—0Q0
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\x xowzvﬂ 1 /2M2>

00 cos (M2 02 . 7—2,
= exp(—zw(t + ))
8712 \/; ' *M2 Mcy

2 _
1,/w W12

. / z-ZH)\——m8MM
o t+M 0\ <
X (1 W] —1 o] )dwelMLl( ‘0 )f(a)/ — wp)dw’
w>—5—— w<——5—

M2-1 M2-1

o [x—Xg|
00 COS «/T]“/ )

i e

_Z s -y \
X sin(ﬂ (Mt + 0)q)dqe'MZ—1 (“’M % )f(a)’ — wp)dw'.
M? —1 Co

After the change of variable ¢ = cosh ¢ and the use of the formula fooo sin(x cosh ¢)d¢ = mjo(x)/2 [33, formula 8.411.11]
which implies

0 0 ifb>a>0,

i h bsinh¢)d¢ =

J sintacom)cososmnelie =, ) g,
we get

- -1 z—1Z ® slo'| 1z —Zy + Mcot| |@'| |x — Xol
Uy (t, X) = 75gn(Mt+ )/ (77 77)
" 8 v/M? — 1 o )L e o VM2 —1

o =\
x elMLl(HM ‘0 )f(w/ — wp)dw'. (C3)

This formula is valid whatever the bandwidth of f. If the bandwidth is smaller than wq, then we get (25).
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