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Abstract

In this paper we extend previous work on time reversal in randomly layered media [J.-P. Fouque, J. Garnier, A. Nach-
bin, K. Sølna, Time reversal refocusing for point source in randomly layered media, Wave Motion 42 (2005) 238–260]. We
consider first the case of an active source embedded below the surface in a finely layered random medium. We carry out
time reversal with a time reversal mirror placed at the surface and we consider here the case where this mirror is larger than
the carrier wavelength. In contrast with the situation addressed in our previous paper, where the size of the mirror was
comparable to the wavelength, we show that multi-pathing dramatically enhances the effective aperture of the mirror
so that super resolution at the location of the source can be obtained. In other words, the focal spot radius of the refocused
field obtained in the case of a multiply scattering medium is much smaller than the spot size obtained in the case of a homo-
geneous medium. This super resolution effect is obtained by time-reversing the long incoherent waves generated by the
multiple scattering due to the thin layers. We also give an application to the problem of focusing on a passive scatterer
buried in the random medium and illuminated by a source at the surface.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Time reversal super resolution effects for waves propagating in heterogeneous media have been observed
and studied experimentally in various contexts, e.g. ultrasound and underwater acoustics. In [17] super-focus-
ing for phase conjugation in random media is discussed for the first time. In [10] super-focusing with time
reversal is experimentally observed. Super-focusing or super resolution is characterized by a focal spot that
is narrower than the spot size predicted by the Rayleigh formula in homogeneous space [7]. It is important
to understand this effect since time reversal has important potential applications in various fields, for instance
imaging [22,13], communication [11], and destruction of tumors and kidney stones [12]. The mathematical
understanding of time reversal in heterogeneous and highly scattering media has been the topic of recent
0165-2125/$ - see front matter � 2006 Elsevier B.V. All rights reserved.
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research. The one-dimensional situation where only time re-compression can occur due to geometry is well
understood [9]. Time reversal in the three-dimensional case has been studied in different regimes of separation
of scales: [2,4,19,5] in the parabolic regime, [3] in the radiative transfer regime, [15,14] in the randomly layered
case. Indeed, three-dimensional randomly layered media are amongst the few models that can be quantitative-
ly analyzed. It is a model where strong fluctuations can be addressed. It is a regime where backscattering and
localization can be taken into account. It is the regime where time reversal in reflection can be studied. Finally,
it is a model that is physically relevant for instance in the context of propagation through sedimentary layers.
In [14] we studied the problem of the detection of a source using a small time reversal mirror of size compa-
rable to the wavelength. In that case spatial refocusing takes place along rings due to the layered structure. The
case of a large mirror is considered in [6] where an application to imaging in randomly layered media is given
by using statistically stable coherent front waves. In this paper we also consider the case of a large mirror and
we propose an application to the adaptive focusing on a strong scatterer buried in a randomly layered medi-
um. We show that super resolution can be achieved on the scatterer by time reversing incoherent reflected
waves and creating an aperture enhancement due to multi-pathing. We discuss the basic properties of time
reversal in three dimensional randomly layered media and we compare the fundamental diffraction limit phe-
nomenon in the homogeneous and random cases.

In the first part of the paper, an active source located inside the medium emits a pulse that is recorded on a time
reversal mirror. The wave is sent back into the medium, either numerically in a computer with the knowledge of
the medium, or physically into the real medium. The goal of this paper is to give a precise description of the refo-
cusing of the pulse. In the regime of separation of scales that we consider, we show that the pulse refocuses at the
original location of the source and at a critical time. In fact, time reversal refocusing contains information about
the source which cannot be obtained by a direct arrival time analysis. The resolution at the source can be
enhanced by the randomness in the medium, this is sometimes referred to as a super resolution effect.

We consider the regime where the typical wavelength of the pulse emitted by the source is large relative to
the correlation length of the medium, but short relative to the depth of the source. In this paper we first study
wave propagation in a three dimensional layered medium in the case where the source is inside of the medium.
We then consider time reversal of the wave emanating from the source and we analyze the refocusing prop-
erties of the wave field. We consider acoustic waves propagating in three spatial dimensions using the linear-
ized equations of momentum and mass conservation:
q
o~u

ot
þrp ¼ ~F; 1

K
op
ot
þr �~u ¼ 0; ð1Þ
where p is the pressure,~u is the velocity, q is the density of the medium and K is the bulk modulus. The forcing
term ~F is due to the source. We consider the case with a constant density (for simplicity) and a randomly fluc-
tuating bulk modulus in the slab �L 6 z 6 0. Furthermore we assume that these fluctuations are only z-de-
pendent, so that the medium is layered in that direction. Note that by hyperbolicity of the system of
governing equations we can choose L large enough so that the termination of the slab does not affect the wave
field at the surface z = 0 over the finite time period that we consider. We therefore consider the model
q � �q;
1

K
¼

1
�K 1þ m z

e2

� �� �
if z 2 ½�L; 0�;

1
�K if z 2 ð�1;�LÞ [ ð0;1Þ;

(
ð2Þ
where m is a zero-mean mixing process and e2 is a small dimensionless parameter that characterizes the ratio
between the correlation length of the medium and the typical depth of the source. A source located at (xs, zs),
zs 6 0, generates a short pulse at time ts. This is modeled by the forcing term ~F given by:
~Fðt; x; zÞ ¼ e2~f
t � ts

e
; x� xs

� �
dðz� zsÞ; ð3Þ
where we distinguish the transverse spatial coordinates x = (x,y) and the longitudinal coordinate z. In this
modeling, the reference length is the depth |zs| and the reference time is the travel time jzsj=�c, where
�c ¼

ffiffiffiffiffiffiffiffiffi
�K=�q

p
. These two reference scales are of order one. Compared to the reference time, the time duration

of the source is short and proportional to e. Compared to the reference length, the correlation length of
the medium is very small and proportional to e2. Note that (1) The typical wavelength of the source is of order



Fig. 1. Geometry of the experiment and emission from a point source.
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e, which is large compared to the correlation length but small compared to the propagation distance. (2) The
amplitude factor e2 has been added in (3) so that our quantities of interest will be of order one, but it plays no
fundamental role as the wave equations are linear.

In our time reversal setup we place a time reversal mirror of spatial size Oð1Þ at the origin. Our setup is
illustrated by the cartoon given in Fig. 1. In Section 2, we give the integral representation for the field gener-
ated by a source. The integral representation is obtained by taking a Fourier transform in the time and lateral
space coordinates. In Section 3, we present the time reversal setup and we compute the integral representation
of the time reversed field. In Section 4, we consider the case of a homogeneous medium and we compute in
particular the size of the refocused spot size. In Section 5, we analyze time reversal with a source embedded
in a randomly layered medium with a mirror at the surface. We carry out a careful stationary phase analysis
combined with classic diffusion approximation results in the limit of small e. This gives a limit for the time
reversed wave field which reveals a refocusing of the pulse at a critical time and at the original source location.
In order to illustrate the so-called super resolution effect, we compute the focal spot size for some specific ran-
dom medium configurations and compare with the results obtained in the homogeneous medium case. The
theoretical formulas are based on a description of the moments of the mode dependent reflection and trans-
mission coefficients presented in [14]. We finally extend these results to the case of an embedded scatterer illu-
minated by a source located at the surface in Section 6.

2. Wavefield generated by a point source

2.1. The Fourier representation

In the scaling that we consider, the typical wavelength of the source is small OðeÞ and we use the following
specific Fourier transform and its inverse with respect to time and the transverse direction:
p̂ðx;j; zÞ ¼
Z Z

pðt; x; zÞ exp
ix
e
ðt � j � xÞ

� �
dt dx;

pðt; x; zÞ ¼ 1

ð2peÞ3
Z Z

p̂ðx; j; zÞ exp � ix
e
ðt � j � xÞ

� �
x2 dxdj:
We denote by ~̂f the ordinary unscaled Fourier transform of the source profile:
~̂fðx; jÞ ¼
Z
~fðt;xÞ exp ixðt � j � xÞf gdt dx; ~fðt;xÞ ¼ 1

ð2pÞ3
Z
~̂fðx; jÞ expf�ixðt � j � xÞgx2 dxdj:
The effective sound speed is �c ¼
ffiffiffiffiffiffiffiffiffi
�K=�q

p
and, with the notation j = |j|, the effective mode-dependent longitu-

dinal velocity �cðjÞ and the mode-dependent acoustic impedance �I (j) are given by
�cðjÞ ¼ �cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �c2j2
p ; �IðjÞ ¼ �q�cðjÞ: ð4Þ
We shall address different configurations in this paper, including active sources and passive scatterers. We
shall see that, by using appropriate integral representations, it is possible to reduce the problem to the com-
putations of (1) the field generated at the surface by a source located in the medium and/or (2) the field gen-
erated in the medium by a source located at the surface. In the next two sections, we give the general formulas
for these two situations.
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2.2. Field generated at the surface by an internal point source

In this section we consider the source (3) located inside the medium (meaning zs < 0). We focus our atten-
tion to the wave at the surface z = 0 denoted by ð~us; psÞ. The integral representation of the field has been
obtained in [14] (Eq. (21)):
psðt; xÞ ¼
1

ð2peÞ3
Z ffiffiffiffiffiffiffiffiffi

�IðjÞ
p

2
aðx; j; 0Þ exp � ix

e
ðt � j � xÞ

� �
x2 dxdj; ð5Þ

usðt; xÞ ¼
1

ð2peÞ3
Z

1

2
ffiffiffiffiffiffiffiffiffi
�IðjÞ

p aðx; j; 0Þ exp � ix
e
ðt � j � xÞ

� �
x2 dxdj; ð6Þ

vsðt; xÞ ¼
1

ð2peÞ3
Z ffiffiffiffiffiffiffiffiffi

�IðjÞ
p

2�q
jaðx; j; 0Þ exp � ix

e
ðt � j � xÞ

� �
x2 dxdj; ð7Þ
where ~us ¼ ðvs; usÞ, and
aðx;j; 0Þ ¼ e3 exp
ix
e
ðts � j � xsÞ

� �
exp � ixzs

e�cðjÞ

� �
T gðx;j; zsÞSaðx; jÞ � exp

ixzs

e�cðjÞ

� �
Rgðx;j; zsÞSbðx; jÞ

	 

: ð8Þ
The source contributions are given by
Saðx; jÞ ¼
ffiffiffiffiffiffiffiffiffi
�IðjÞ

p
�q

j � f̂xðx; jÞ þ
1ffiffiffiffiffiffiffiffiffi
�IðjÞ

p f̂ zðx; jÞ; ð9Þ

Sbðx; jÞ ¼
ffiffiffiffiffiffiffiffiffi
�IðjÞ

p
�q

j � f̂xðx; jÞ �
1ffiffiffiffiffiffiffiffiffi
�IðjÞ

p f̂ zðx; jÞ; ð10Þ
where we have introduced the transverse and longitudinal source components defined by~f ¼ ðfx; fzÞ. The coef-
ficients Rg and Tg are generalized versions of the standard reflection and transmission coefficients used in clas-
sical papers [1]. The coefficients T(x,j) (�L,z) and R(x,j) (�L,z) for a slab [�L,z] are the usual transmission and
reflection coefficients for the experiment corresponding to a left-going input wave incoming from the right (see
Fig. 2). We also introduce eRðx;jÞ and eT ðx;jÞ defined as the adjoint reflection and transmission coefficients for the
experiment corresponding to a right-going input wave incoming from the left (see Fig. 3). We can express the
generalized coefficients Rg and Tg in terms of the usual reflection and transmission coefficients R(x,j) and T(x,j)

and the adjoint coefficients ~Rðx;jÞ and ~T ðx;jÞ:
Rgðx; j; zÞ ¼
eT ðx;jÞðz; 0ÞRðx;jÞð�L; zÞ

1� eRðx;jÞðz; 0ÞRðx;jÞð�L; zÞ
; ð11Þ
Fig. 2. Reflection and transmission coefficients.

Fig. 3. Adjoint reflection and transmission coefficients.



650 J.-P. Fouque et al. / Wave Motion 43 (2006) 646–666
T gðx; j; zÞ ¼
eT ðx;jÞðz; 0Þ

1� eRðx;jÞðz; 0ÞRðx;jÞð�L; zÞ
: ð12Þ
The asymptotic analysis of the moments of these coefficients is presented in [14]. To sum-up the analysis car-
ried out in [14], we can say that the transmitted signal comprise a coherent front wave of duration OðeÞ cor-
responding to the duration of the source, and a long noisy coda part that is caused by the multiple scattering
by the layers. These coda waves are part of, and play a crucial role in, the time reversal procedure that we
describe next.

2.3. Field generated in the medium by a surface point source

We next discuss the case of a source of the form (3) located at the surface zs = 0 and we also take xs = 0:
~Fðt; x; zÞ ¼ e2~gððt � tsÞ=e; xÞdðzÞ. Proceeding as in [14], we write the integral representation of the field inside
the medium:
uðt; x; zÞ ¼ �1

ð2peÞ3

�
Z

1

2
ffiffiffiffiffiffiffiffiffi
�IðjÞ

p ~Sbðx; jÞ Rgðx; j; zÞ exp
ixz

e�cðjÞ

� �
þ T gðx; j; zÞ exp � ixz

e�cðjÞ

� �	 

e�

ix
e ðt�j�xÞx2 dxdj:

ð13Þ

where the source term ~Sb is defined as in (10):
~Sbðx; jÞ ¼
ffiffiffiffiffiffiffiffiffi
�IðjÞ

p
�q

j � ĝxðx; jÞ �
1ffiffiffiffiffiffiffiffiffi
�IðjÞ

p ĝzðx; jÞ:
The pressure and transverse velocity fields have similar integral representations, but we do not write them as
they are not required in the forthcoming analysis.

3. Time reversal with an active point source

We consider the situation where a point source located inside the medium at (xs,zs), zs < 0, emits a short
pulse. The forcing term imposed by this source is of the form
~Fðt; x; zÞ ¼ e2~f
t � ts

e

� �
dðx� xsÞdðz� zsÞ ð14Þ
and it generates a wave at the surface as described in Section 2.2. The first step of the time reversal pro-
cedure consists in recording the velocity signal at the surface z = 0 on the mirror M = {(x,z), x 2 D,z = 0}
during some time interval centered at t = 0. The shape of the mirror whose center is located at the point 0

is given by D � R2, which is a domain with a diameter of order one. It turns out that, as e! 0, the inter-
esting asymptotic regime arises when we record the signal during a large time interval whose duration is of
order one and is denoted by t1 with t1 > 0. Note that, in a source detection problem, ts, xs, and zs are
unknown quantities.

In the second step of the time reversal procedure, a piece of the recorded signal is clipped using a cut-off
function s # G1 (s) where the support of G1 is included in [�t1/2, t1/2]. We denote the recorded part of the
wave by ~urec so that
~urecðt; xÞ ¼~usðt; xÞG1ðtÞG2ðxÞ; ð15Þ

where G2 is the spatial cut-off function introduced by the mirror G2 (x) = 1D (x), and D is the shape of the mir-
ror. We then time reverse this piece of signal and send it back into the same medium. This means that we con-
sider a new problem defined by the acoustic equations (1) with the source term
~FTRðt; x; zÞ ¼~fTRðt; xÞdðzÞ; ~fTRðt; xÞ ¼ �q�c~urecð�t; xÞ; ð16Þ
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where TR stands for ‘‘Time Reversal’’ and the factor �q�c has been added to restore the physical dimension of
the expression. Note that by linearity of the problem this factor plays no role in the analysis.

By using successively (16), (15), (7) and (6), we obtain
f̂TR;xðx; jÞ ¼
�q�c

ð2peÞ3
Z ffiffiffiffiffiffiffiffiffiffi

�Iðj0Þ
p

2�q
j0aðx0; j0; 0ÞĜ1

x� x0

e

� �
Ĝ2

xjþ x0j0

e

� �
x02 dx0 dj0;

f̂ TR;zðx; jÞ ¼
�q�c

ð2peÞ3
Z

1

2
ffiffiffiffiffiffiffiffiffiffi
�Iðj0Þ

p aðx0; j0; 0ÞĜ1

x� x0

e

� �
Ĝ2

xjþ x0j0

e

� �
x02 dx0 dj0;
where a (x,j, 0) is given by (8), and the Fourier transforms of the window functions are defined by
Ĝ1ðxÞ ¼
Z

G1ðtÞeixt dt; Ĝ2ðkÞ ¼
Z

G2ðxÞe�ik�x dx:
The new incoming signal propagates into the same medium and produces the time reversed wave field. Here
we derive an exact integral representation for this wave field which will be exploited in the following sections to
analyze its refocusing properties.

Substituting the expressions for f̂TR;x and f̂ TR;z into (13), we obtain the following representation of the lon-
gitudinal velocity:
uTRðt; x; zÞ ¼
1

ð2pÞ6e3

Z Z
H 0ðj1; j2Þ
4
ffiffiffiffiffiffiffiffiffiffiffi
�Iðj1Þ

p Ĝ1
x1 � x2

e

� �
Ĝ2

x1j1 þ x2j2

e

� �
� exp i

�ðx2ts þ x1tÞ þ ðx2j2 � xs þ x1j1 � xÞ
e

� �� � X4

j¼1

P j

" #
x2

1x
2
2 dx1 dj1 dx2 dj2; ð17Þ
where we define the Pj’s by
P 1 ¼ � exp i � x2zs

e�cðj2Þ
þ x1z

e�cðj1Þ

� �� �
Rgðx2; j2; zsÞRgðx1; j1; zÞSbðx2; j2Þ;

P 2 ¼ exp i
x2zs

e�cðj2Þ
þ x1z

e�cðj1Þ

� �� �
T gðx2; j2; zsÞRgðx1; j1; zÞSaðx2;j2Þ;

P 3 ¼ exp i
x2zs

e�cðj2Þ
� x1z

e�cðj1Þ

� �� �
T gðx2; j2; zsÞT gðx1; j1; zÞSaðx2; j2Þ;

P 4 ¼ � exp i � x2zs

e�cðj2Þ
� x1z

e�cðj1Þ

� �� �
Rgðx2; j2; zsÞT gðx1; j1; zÞSbðx2; j2Þ;
and where the function H0 is given by
H 0ðj; j0Þ ¼
�q�cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�IðjÞ�Iðj0Þ
p � �c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�IðjÞ�Iðj0Þ

p
�q

j � j0: ð18Þ
Motivated by the presence of the terms Ĝ1ðx1�x2

e Þ and Ĝ2ðx1j1þx2j2

e Þ we carry out the change of variables
x1 = x + eh/2, x2 = x � eh/2, j1 = j + ek/2, j2 = � j + ek/2, which, to leading order, gives
uTRðt;x;zÞ¼
1

ð2pÞ6
Z Z

H 0ðj;�jÞ
4
ffiffiffiffiffiffiffiffiffi
�IðjÞ

p Ĝ1ðhÞĜ2 hjþxkð Þ
X4

j¼1

~P j

" #

� exp
ix
e
ð�ðtsþ tÞþj � ðx�xsÞÞ

� �
exp

ih
2
ðts� tþj � ðxþxsÞÞþ

ix
2

k � ðxþxsÞ
� �

x4 dxdhdjdk;

ð19Þ
with the ~P j’s defined by
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~P 1 ¼ � exp
�ix

e
zs � z
�cðjÞ

� �
exp

ih
2

zs þ z
�cðjÞ �

ix
2

k � j�cðjÞðzs þ zÞ
� �

RgRg Sbðx;�jÞ;

~P 2 ¼ exp
ix
e

zs þ z
�cðjÞ

� �
exp � ih

2

zs � z
�cðjÞ þ

ix
2

k � j�cðjÞðzs � zÞ
� �

T gRgSaðx;�jÞ;

~P 3 ¼ exp
ix
e

zs � z
�cðjÞ

� �
exp � ih

2

zs þ z
�cðjÞ þ

ix
2

k � j�cðjÞðzs þ zÞ
� �

T gT gSaðx;�jÞ;

~P 4 ¼ � exp � ix
e

zs þ z
�cðjÞ

� �
exp

ih
2

zs � z
�cðjÞ �

ix
2

k � j�cðjÞðzs � zÞ
� �

RgT g Sbðx;�jÞ;
where the generalized reflection and transmission coefficients with the complex conjugate are evaluated at
(x � eh/2, �j + ek/2, zs), and the other ones are evaluated at (x + eh/2, j + ek/2,z), and where we have used
that rj�cðjÞ ¼ �c3ðjÞj from the definition (4). Note that, using the definition (18), we have H 0ðj;�jÞ ¼ �cðjÞ=�c.
In the following sections we study the asymptotic behavior of the time reversed wave field uTR, the longitu-
dinal velocity, in the limit e! 0.

4. Time reversal in homogeneous medium

We first examine the deterministic case with m � 0 which corresponds to a source embedded in a homoge-
neous medium at the depth zs < 0. The time reversed wave field is described by (19) with Rg = 0 and Tg = 1. In
this case only the ~P 3 term contributes to uTR which reduces to
uTRðt; x; zÞ ¼
1

ð2pÞ6
Z Z

�cðjÞ
4�c

ffiffiffiffiffiffiffiffiffi
�IðjÞ

p Saðx;�jÞĜ1ðhÞĜ2ðhjþ xkÞ

� exp
i/
e

� �
exp

ih
2

ts � t þ j � ðxþ xsÞ �
zs þ z
�cðjÞ

� �
þ ix

2
k � ðxþ xsÞ þ k � j�cðjÞðzs þ zÞð Þ

� �
x4 dxdhdjdk;

ð20Þ
where the rapid phase is / ¼ xð�ðts þ tÞ þ j � ðx� xsÞ þ ðzs � zÞ=�cðjÞÞ. Here the hypotheses that the mir-
ror has a size of order one and that the recording time window is of order one become important. They
show that the functions Ĝ1 and Ĝ2 do not have fast variations. We now apply the stationary phase meth-
od. There are three cases depending on the observation time t and the observation point M = (x,z). The
first case corresponds to observing the wave front before it refocuses at the original source point, whereas
the second case corresponds to an observation point on the wave front after it has refocused, and we
show below that these two contributions are small of order e. The third case corresponds to observing
the wave front at the original source point and at the critical time, and the refocused wave is of order
one.

• If t < �ts, then there exists one stationary map given by j = js and any x, with
js ¼ �
1

�c
x� xsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jz� zsj2 þ jx� xsj2
q ¼ � 1

�c
x� xs

SM
; ð21Þ
if and only if the observation point M satisfies z > zs and SM ¼ �cjt þ tsj. The stationary phase method gives
that the value of the integral in (20) is of order e.

• If t > �ts, then there exists one stationary map given by j = �js and any x, if and only if the observation
point M satisfies z < zs and SM ¼ �cðt þ tsÞ. Again the stationary phase method gives that the value of the
integral in (20) is of order e.

• If t = �ts, the critical time, there exists one stationary map if and only if x = xs and z = zs, and the map is
globally stationary meaning that the value of the integral in (20) is of order one. We thus consider an obser-
vation time t close to �ts and an observation point close to (xs, zs). This is done using the following
parameterization:



t ¼ �ts þ eT ; x ¼ xs þ eX; and z ¼ zs þ eZ: ð22Þ
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Fig. 4.
diversi
The integral representation of the refocused velocity field becomes
uTRðt;x; zÞ ¼
1

ð2pÞ6
Z Z

�cðjÞ
4�c

ffiffiffiffiffiffiffiffiffi
�IðjÞ

p Saðx;�jÞĜ1ðhÞĜ2ðhjþxkÞ

� exp ix �T þ j �X� Z
�cðjÞ

� �� �
exp ih ts þ j � xs �

zs

�cðjÞ

� �
þ ix k � xs þ k � j�cðjÞzsð Þ

� �
x4 dxdhdjdk:

ð23Þ
Next we apply the change of variables k # k = xk + hj and we integrate with respect to k and h to
obtain
uTRðt; x; zÞ ¼
1

ð2pÞ3
Z Z

�cðjÞ
4�c

ffiffiffiffiffiffiffiffiffi
�IðjÞ

p G1 ts � zs
�cðjÞ
�c2

� �
G2 xs þ j�cðjÞzsð Þ

� Saðx;�jÞ exp ix �T þ j � X� Z
�cðjÞ

� �� �
x2 dxdj: ð24Þ
Qualitatively, the mirror emits a converging spherical wave whose amplitude is of order e and whose sup-
port at time t < �ts lies in the upper part of the sphere with center S and radius �cðt þ tsÞ. At the critical time
�ts the refocusing occurs at the original source location S. The refocused pulse has an amplitude of order
one and it is given by (24). After the time �ts a diverging spherical wave is going downwards from the point
S (see Fig. 4). We can be more precise and give quantitative information on the focal spot.

In order to simplify the formula and clarify the roles of the different quantities in the refocusing we assume
that the source is concentrated in frequency in a narrow band around a large carrier frequency x0, and is locat-
ed relatively far from the mirror. We choose the (x,y)-axes so that the lateral position of the source is
xs = (xs,0). These assumptions translate into
~fðtÞ ¼~f0

t
T w

� �
eix0t þ c:c: ð25Þ
with x0Tw� 1 and jzsjP
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
, where Tw is the initial pulse width, a is the typical dimension of the

mirror in the x-direction, and b is the typical dimension of the mirror in the y-direction. The function~f0 is
the normalized envelope of the pulse profile. The spatial cut-off function determining the mirror has the
form
G2ðxÞ ¼ g2

x
a
;
y
b

� �
; ð26Þ
where g2 is the normalized cut-off function. Then, after the change of variable j 7! y ¼ xs þ j�cðjÞzs in (24),
and integration with respect to y, we get
Pulse refocusing in homogeneous medium. The focal spot size depends on the numerical aperture which measures the angular
ty of the refocused waves which participate in the refocusing.
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uTRðt;x; zÞ ¼
a2zsx2

0

16p2�c3�qOS4
~OS �~f0 �

T
T w

þ ðX; ZÞ �
~OS

�cOST w

 !
exp ix0 �T þ ðX; ZÞ �

~OS

�cOS

 !( )

� G1 ts þ
OS
�c

� �
ĝ2

x0ajzsj
�cOS3

ðxsZ � zsX Þ;
x0b
�cOS

Y
� �

þ c:c:; ð27Þ
where ~OS is the vector from the origin to the source. Note that the longitudinal refocused velocity field is non-
zero only if the signal originating from the source has been recorded by the mirror, meaning that ts þ OS=�c lies
in the support of G1. The focal shape depends on the Fourier transform of the mirror shape and the initial
pulse profile. We introduce the new orthonormal frame ð~e1;~e2;~e3Þ defined by
~e1 ¼
1

OS

�zs

0

xs

0B@
1CA; ~e2 ¼

0

1

0

0B@
1CA; ~e3 ¼

1

OS

xs

0

zs

0B@
1CA;
and described in the left picture of Fig. 9. The pulse shape shown in Fig. 6 is, up to a multiplicative
factor
juTRðt; x; zÞj ¼
~OS

OS
�~f0 �

T
T w

þ ðX; ZÞ �
~e3

�cT w

� �
 ĝ2

x0ajzsj
�cOS2

ðX; ZÞ �~e1;
x0b
�cOS
ðX; ZÞ �~e2

� � :
5. Cones of aperture. The left plot shows the ð~e1;~e3Þ-section of the cone of aperture. The right plot shows the ð~e2;~e3Þ-section.
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Pulse shape in the plane ð~e1;~e3Þ. The mirror is a rectangle with size a in the x-direction and size b in the y-direction, the initial
is vertical and emits a Gaussian pulse of duration Tw. As a result the spot shape is a sinc function with radius D? = k0/D/1 with
a|zs|/OS2 in the~e1 direction and a Gaussian function with radius �cT w in the~e3 direction. It is also a sinc function with radius k0/D/2

/2 = b/OS in the~e2 orthogonal direction (not shown here).
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• In the~e3-direction (along the vector ~OS), the focal spot size is determined by the initial pulse width Tw and
it is given by R3 ¼ �cT w.

• In the two other directions, the focal spot size is determined by the mirror sizes a and b. In the~e2-direction,
the focal spot has the size R2 = k0OS/b where k0 ¼ 2p�c=x0 is the carrier wavelength of the pulse. In the~e1-
direction, the focal spot has the size R1 = k0OS2/(a|zs|). These formulas are consistent with the standard
Rayleigh resolution formula, which claims that the focal spot of a beam with carrier wavelength k0 focused
with a system of size a from a distance L is of the order of k0L/a [7]. More precisely, we can rewrite the focal
spot radii in terms of the numerical aperture of the waves that participate in the refocusing (see Fig. 5). The
spot sizes are given by Rj = k0/D/j, j = 1, 2, where
D/1 ¼ arctan
xs þ a

2

jzsj

� �
� arctan �

xs þ a
2

jzsj

� �
’
jzsjPa jzsja

OS2
; ð28Þ

D/2 ¼ arctan
b

2OS

� �
� arctan � b

2OS

� �
’
jzsjPb b

OS
: ð29Þ
5. Random medium

Now we analyze the case with a random medium. We first consider the P3 term in the expression (19) for
the longitudinal velocity. As shown in [14] the generalized transmission coefficient depends only on the mod-
ulus of the slowness vector j, so we can write
uð3ÞTRðt;x; zÞ ¼
1

ð2pÞ6
Z Z

�cðjÞ
4�c

ffiffiffiffiffiffiffiffiffi
�IðjÞ

p Saðx;�jÞĜ1ðhÞĜ2ðhjþ xkÞ

� T gðx� eh=2; j � jþ ek=2j; zsÞT gðxþ eh=2; jjþ ek=2j; zÞ

� exp
i/
e

� �
exp

ih
2

ts � t þ j � ðxþ xsÞ �
zs þ z
�cðjÞ

� �
þ ix

2
ðk � ðxþ xsÞ þ k � j�cðjÞðzs þ zÞÞ

� �
x4 dxdhdjdk;

ð30Þ
where the rapid phase is / ¼ xð�ðts þ tÞ þ j � ðx� xsÞ þ ðzs � zÞ=�cðjÞÞ. As e! 0 the asymptotic behavior of
this integral is governed by its fast phase and by the product of the two transmission coefficients which con-
tains the effect of randomness. We first apply the stationary phase method and we will deal with the random
part of the integral in a second step. The rapid phase is the same as in the homogeneous case and we find that
the globally stationary point is determined by t + ts = 0, x = xs, and z = zs. We then consider an observation
time t close to �ts and an observation point (x,z) close to (xs,zs) according to the parameterization (22). The
integral representation of the refocused velocity field is then
uð3ÞTRðt;x;zÞ ¼
1

ð2pÞ6
Z Z

�cðjÞ
4�c

ffiffiffiffiffiffiffiffiffi
�IðjÞ

p Saðx;�jÞĜ1ðhÞĜ2ðhjþxkÞ

� T gðx� eh=2; j �jþ ek=2j;zsÞT gðxþ eh=2; jjþ ek=2j; zsþ eZÞ

� exp ix �T þj �X� Z
�cðjÞ

� �� �
exp ih tsþj �xs�

zs

�cðjÞ

� �
þ ix k �xsþ k �j�cðjÞzsð Þ

� �
x4 dxdhdjdk:

ð31Þ
The effect of the randomness is contained in the product of the generalized transmission coefficients. In the
next section we use the asymptotic analysis of the autocorrelation function studied in [14] to deduce the refo-
cusing properties of the pulse.

5.1. Expectation of the refocused pulse

The expectation of uð3ÞTRðt; x; zÞ given in (31) involves the first moment of the product of generalized trans-
mission coefficients. In [14] it is shown that the generalized transmission coefficients at two frequencies and
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slowness vectors are correlated only if the frequencies and the moduli of the slowness vectors are close to each
other at order e. More precisely, it is shown in [14] that, for any l and any h, we have
E T gðx� eh=2; j� el=2; zsÞT gðxþ eh=2;jþ el=2; zs þ eZÞ
h i

!e!0
Z

ei½h�xl�cðjÞ2j�sWð�Þ
g ðx; j; sÞds; ð32Þ
where
Wð�Þ
g ðx; j; sÞ ¼

X1
n¼0

Wnð�;x; j;�L; zsÞ 	WðT Þ
n ð�;x; j; zs; 0Þ

� �
ðsÞ; ð33Þ
and the Wn’s and WðT Þ
n ’s are the solutions of the following systems of transport equations:
oWp

oz
þ 2p

�cðjÞ
oWp

os
¼ p2

Llocðx; jÞ
ðWpþ1 þWp�1 � 2WpÞ;
starting from Wpðs;x; j; z0; z ¼ z0Þ ¼ 10ðpÞdðsÞ, and
oWðT Þ
p

oz
þ 2p

�cðjÞ
oWðT Þ

p

os
¼ 1

Llocðx; jÞ
ðp þ 1Þ2WðT Þ

pþ1 þ p2W
ðT Þ
p�1 � ðp2 þ ðp þ 1Þ2ÞWðT Þ

p

� �
;

starting from WðT Þ
p ðs;x; j; z0; z ¼ z0Þ ¼ 10ðpÞdðsÞ. Here the localization length Lloc (x,j) is defined by
Llocðx; jÞ ¼
4�c4

c�cðjÞ2x2
; c ¼

Z 1

�1
E½mð0ÞmðzÞ�dz: ð34Þ
Using |j + ek/2| = j + el/2, l = j Æ k/j + O(e), we get after substitution of (32) into (31) that, in the asymptotic
limit e! 0
E uð3ÞTR ðt; x; zÞ
h i

¼ 1

ð2pÞ6
Z Z

�cðjÞ
4�c

ffiffiffiffiffiffiffiffiffi
�IðjÞ

p Saðx;�jÞĜ1ðhÞĜ2ðhjþ xkÞ

�
Z

exp i h� xj � k�cðjÞ2
h i

s
n o

Wð�Þ
g ðx; j; sÞds� exp ix �T þ j � X� Z

�cðjÞ

� �� �
� exp ih ts þ j � xs �

zs

�cðjÞ

� �
þ ixðk � xs þ k � j�cðjÞzsÞ

� �
x4 dxdhdjdk: ð35Þ
Performing the change of variables k # k = xk + hj and integrating with respect to k and h, we obtain
E½uð3ÞTRðt; x; zÞ� ¼
1

ð2pÞ3
Z Z

�cðjÞ
4�c

ffiffiffiffiffiffiffiffiffi
�IðjÞ

p Saðx;�jÞG1 ts � zs
�cðjÞ
�c2
þ s�cðjÞ2

�c2

 !

� G2ðxs þ j�cðjÞzs � �cðjÞ2jsÞWð�Þ
g ðx; j; sÞ exp ix �T þ j � X� Z

�cðjÞ

� �� �
x2 dxdjds:
We can deal with the three other components by the same method. In [14] it is also shown that, in the limit
e! 0, the cross moments of Rg and Tg are zero, so that the contributions of the P2 and P4 terms vanish in the
limit e! 0. Therefore we only need to study the P1 term which gives
E½uð1ÞTRðt; x; zÞ� ¼ �
1

ð2pÞ3
Z Z

�cðjÞ
4�c

ffiffiffiffiffiffiffiffiffi
�IðjÞ

p Sbðx;�jÞG1 ts � zs
�cðjÞ
�c2
þ s�cðjÞ2

�c2

 !

� G2ðxs þ j�cðjÞzs � �cðjÞ2jsÞWðþÞ
g ðx; j; sÞ exp ix �T þ j � Xþ Z

�cðjÞ

� �� �
x2 dxdjds;
where
WðþÞ
g ðx; j; sÞ ¼

X1
n¼0

Wnþ1ð�;x; j;�L; zsÞ 	WðT Þ
n ð�;x; j; zs; 0Þ

� �
ðsÞ: ð36Þ
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5.2. Refocusing of the pulse

The main results of this section are the refocusing of the pulse and its self-averaging property. These results
are precisely stated in the following theorem which gives the refocusing property and the convergence of the
refocused pulse to a deterministic shape concentrated at �ts in time and at the original source location (xs,zs)
in space. We state these results for the longitudinal velocity field, but similar propositions can be stated for the
other wave components (transverse velocity and pressure fields).

Theorem 5.1. (a) For any T0 > 0, R0 > 0, Z0 > 0, d > 0, and (t0, x0, z0) 5 (�ts, xs, zs), we have
P sup
jt�t0j6eT 0;jx�xsj6eR0;jz�z0j6eZ0

juTRðt; x; zÞj > d

 !
!e!0

0: ð37Þ
where P stands for probability.
(b) For any T0 > 0, R0 > 0, Z0 > 0, and d > 0, we have
P sup
jT j6T 0;jXj6R0;jZj6Z0

juTRð�ts þ eT ; xs þ eX; zs þ eZÞ � U TRðT ;X; ZÞj > d

 !
!e!0

0; ð38Þ
where UTR is the deterministic pulse shape
UTRðT ;X; ZÞ ¼
1

ð2pÞ3
Z

Kþðx; jÞ �cðjÞj � f̂xðxÞ þ f̂ zðxÞ
h i

exp ix �T þ j � Xþ Z
�cðjÞ

� �� �
x2 dxdj

þ 1

ð2pÞ3

�
Z

K�ðx;jÞ ��cðjÞj � f̂xðxÞ þ f̂ zðxÞ
h i

exp ix �T þ j � X� Z
�cðjÞ

� �� �
x2 dxdj; ð39Þ
and the refocusing kernels are given by
Kð
Þðx; jÞ ¼ 1

4�c�q

Z
G1 ts � zs

�cðjÞ
�c2
þ s�cðjÞ2

�c2

 !
G2ðxs þ j�cðjÞzs � �cðjÞ2jsÞWð
Þ

g ðx; j; sÞds: ð40Þ
The proof of the theorem is a generalization of the arguments described in [9,14] and goes along the fol-
lowing main steps.

• We first consider the expected value of uTR. By the result of Section 5.1 we find that this expectation con-
verges to the limiting value given in the theorem.

• We then consider the variance of uTR. We write the second moment as a multiple integral involving the
product of four reflection coefficients at four different frequencies. Using the decorrelation property of
the reflection coefficient we deduce that the variance goes to zero.

Note that an integral over frequency (ensured by the time domain nature of time reversal) is needed for the
stabilization or the self-averaging of the refocused pulse.

5.3. Super resolution

The complete expressions of the refocusing densities are complicated and do not allow a simple discussion.
In order to be more quantitative we consider the case with |zs|� Lloc� L, and where Lloc ¼ 4�c2=ðcx2

0Þ is the
localization length associated with the carrier wavelength. This means that we address the case of a source
embedded in a random half-space at a depth zs which is not too large so that the wave can penetrate the medi-
um till the depth zs. We have, up to terms of order Oðz2

s=L2
locÞ:
W0ðx; j; s;�L; zsÞ ¼ dðsÞ;
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W1ðx; j; s;�L; zsÞ ¼
�cðjÞ3

2�c2Lloc

1

1þ �cðjÞ3s
2�c2Lloc

� �2
1½0;1ÞðsÞ;

W2ðx; j; s;�L; zsÞ ¼
�cðjÞ6s
2�c4L2

loc

1

1þ �cðjÞ3s
2�c2Lloc

� �3
1½0;1ÞðsÞ;

W
ðT Þ
0 ðx; j; s; zs; 0Þ ¼ exp ��cðjÞ2

�c2

jzsj
Lloc

 !
dðsÞ;

W
ðT Þ
1 ðx; j; s; zs; 0Þ ¼

�cðjÞ3

2�c2Lloc

1½0;2jzsj=�cðjÞ�ðsÞ:
As a result, from (33) and (36), we deduce the expressions
WðþÞ
g ðx; j; sÞ ¼

�c3ðjÞ
2�c2Lloc

1

1þ �cðjÞ3s
2�c2Lloc

� �2
� jzsj

Lloc

�c5ðjÞ
2�c4Lloc

1� �cðjÞ3s
2�c2Lloc

1þ �cðjÞ3s
2�c2Lloc

� �3
; ð41Þ

Wð�Þ
g ðx; j; sÞ ¼ exp ��cðjÞ2

�c2

jzsj
Lloc

 !
dðsÞ þ jzsj

Lloc

�cðjÞ5

2�c4Lloc

1

1þ �cðjÞ3s
2�c2Lloc

� �2
: ð42Þ
The first term in the right-hand of (42) corresponds to the contribution of the coherent wave front. The other
terms are the contributions of the incoherent waves. Note that the first term in the right-hand side of (41) has a
mass of the same order as the contribution of the coherent front.

We parameterize the lateral position of the source by xs = (xs,0), xs > 0. We assume that the spatial cut-off
function associated with the mirror has the form (26). In order to simplify the forthcoming expressions we also
assume that ~f is given by (25) where x0 is the high-carrier frequency and Tw is the time pulse width, with
x0Tw� 1.

5.3.1. Refocusing of the front

Let us assume that we record only the coherent front. This means that the support of the function G1 is of
the form [T0 � d,T0 + d] with e� d� 1 and
T 0 ¼
OS
�c
þ ts
corresponds to the arrival time at the mirror of the front wave emitted by the source. Then the form of the
focal spot normalized by the maximal amplitude of the focal spot obtained in the homogeneous case is
U TRðT ;X; ZÞ ’ exp � OS2

jzsjLloc

� � ~OS

OS
�~f0 �

T
T w

þ ðX; ZÞ �~e3

�cT w

� �
� ĝ2

x0D/1

�c
ðX; ZÞ �~e1;

x0D/2

�c
ðX; ZÞ �~e2

� �
; ð43Þ
where the D/j’s are defined by (28) and (29). This shows that the focal spot shape is the same as in the homo-
geneous case. The only difference is a slight reduction of the amplitude due to the decay of the coherent energy.

Now, let us assume that we record some part of the long multiply scattered incoherent waves. This means
that G1ðtÞ ¼ 1½T 1;T 2�ðtÞ where T0 < T1 < T2.

5.3.2. Refocusing of the coda for a mirror not above the source

We assume that the mirror is not exactly above the source and denote by xs > 0 the offset. The expression
for the refocused field UTR can be significantly simplified if we assume that the four following hypotheses are
satisfied:



J.-P. Fouque et al. / Wave Motion 43 (2006) 646–666 659
H1. The time window cut-off function is of the form G1ðsÞ ¼ 1½T 1;T 2�ðsÞ with T2 > T1 > T0, where
T 0 ¼ ts þ OS=�c is the arrival time of the front. This means that we do not capture the coherent front.

H2. The spatial shape of the time-reversal mirror is of the form G2 (x) = g2 (x/a, y/b), the reference frame is
oriented such that the source location is xs = (xs,0), and the offset xs is much larger than the mirror diam-
eter

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
. This means that we consider a narrow-aperture situation.

H3. The source emits a pulse with a carrier frequency x0 that is much larger than the bandwidth 1/Tw (equal
to the inverse of the pulse width). This allows us to derive a simplified high-frequency expression for the
refocused field.

H4. The random slab is a semi-infinite random half-space and the source depth is much smaller than the
localization length Lloc ¼ 4�c2=ðcx2

0Þ, with x0 the carrier frequency. This allows us to obtain explicit
approximations for the kernel densities Wg, which in turn will allow us to discuss quantitatively the
properties of the refocusing.

We introduce the angles 0 < h1 < h2 < p/2:
Fig. 7.
scatter
hj ¼ arccos
xs

�cðT j � tsÞ

� �
: ð44Þ
As discussed below and shown in Fig. 7, this defines a ‘‘temporal’’ cone delimited by the angle of the shortest
ray h1 and the angle of the longest ray h2 recorded by the center point of the mirror. After some algebra we
obtain that the refocused focal spot is:
jU TRðT ;X; ZÞj ¼
abx2

0

32p2�q�c3xsLloc


Z cosðh1Þ

cosðh2Þ

1

1þ xs

2Llocs
ffiffiffiffiffiffiffi
1�s2
p

� �2

1ffiffiffiffiffiffiffiffiffiffiffiffi
1� s2
p

�ĝ2

x0as
�cxs
ðX � sffiffiffiffiffiffiffiffiffiffiffiffi

1� s2
p ZÞ;x0bs

�cxs
Y

� �
exp i

x0

�c
ðsX þ Z

ffiffiffiffiffiffiffiffiffiffiffiffi
1� s2
p

� T Þ
n o

� f0z þ
sffiffiffiffiffiffiffiffiffiffiffiffi

1� s2
p f0x

	 

� T

T w

þ Xsþ Z
ffiffiffiffiffiffiffiffiffiffiffiffi
1� s2
p

�cT w

 !
ds

 ð45Þ
The y-component f0y of the source does not appear in this leading-order expression, because it has not been
recorded by the mirror due to the fact that the source location has a zero y-coordinate. As pointed out above,
this expression holds true if |zs|� Lloc and xs > 0. If moreover xs� Lloc, then the first factor in the integral
can be simplified to one. Let us write h1 ¼ �h� Dh=2 and h2 ¼ �hþ Dh=2, with Fig. 8
�h ¼ h1 þ h2

2
¼ 1

2
arccos

xs

�cðT 2 � tsÞ

� �
þ arccos

xs

�cðT 1 � tsÞ

� �	 

:

Cones of aperture (D/1,D/2) and (DW1,DW2) generated respectively by the coherent wave front and by the incoherent multiply
ed waves (ð~e1;~e3Þ-section on the left and ð~e2;~e3Þ-section on the right).



Fig. 8. Pulse refocusing when the incoherent waves are recorded.
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We now introduce the new orthonormal frame ð~w1; ~w2;~w3Þ defined by
Fig. 9.
picture
~w1 ¼
sin �h

0

� cos �h

0B@
1CA; ~w2 ¼

0

1

0

0B@
1CA; ~w3 ¼

cos �h

0

sin �h

0B@
1CA;
and described in the right picture of Fig. 9. In this frame, ~w3 is the main direction of arrival of the time-re-
versed incoherent waves which have interacted with the medium below zs and which participate to the refo-
cusing at the original source location. Note the striking difference with the direction of arrival ~e3 of the
time-reversed front (compare the two pictures in Fig. 9). The range of �h is (h0,p/2) with h0 = arccos(xs/
OS): �h is close to h0 when T0 < T1 < T2& T0, corresponding to the recording and re-emission of a short piece
of incoherent waves near the front. The angle �h is close to p/2 when T2 > T1%1, corresponding to a piece of
incoherent waves far from the front.

We can simplify further the expression (45) by assuming that Dh is relatively small so that we can expand
the arguments of the integral in s 2 ðcosð�h� Dh=2Þ; cosð�hþ Dh=2ÞÞ around the central value cosð�hÞ. We then
obtain that, in the frame ð~w1; ~w2;~w3Þ, the envelope of the refocused field (45) can be approximated as
jU TRðT ;X; ZÞj ’ ĝ2

x0DW1

�c
ðX; ZÞ �~w1;

x0DW2

�c
ðX; ZÞ �~w2

� �  sinc
x0Dh

2�c
ðX; ZÞ �~w1

� � 
� ~w3 �~f0 �

T
T w

þ ðX; ZÞ �~w3

�cT w

� � ; ð46Þ
where
DW1 ¼
a

xs tan �h
; DW2 ¼

b cos �h
xs
Frame adapted to the refocusing of the front wave (left picture) and frame adapted to the refocusing of the incoherent waves (right
).
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(a) In the ~w3-direction, the focal spot size is imposed by the initial pulse width Tw and it is given by �cT w.

(b) In the ~w2-direction, the focal spot is determined by the mirror size b and it has the size k0/DW2 where

DW2 ¼ bðcos �hÞ=xs (DW2 is represented in the right picture of Fig. 7). This size is consistent with the Ray-
leigh formula. The random medium cannot help refocusing in this transverse direction because no scat-
tering occurs in this direction. This is connected to the layered structure of the medium and should not
happen in a real three-dimensional random medium.

(c) In the ~w1-direction, the focal spot radius depends on the two angular cones Dh and DW1, which can be
chosen independently:

• The angle Dh is determined by the recording time interval [T1,T2]:
Dh ¼ arccos
xs

�cðT 2 � tsÞ

� �
� arccos

xs

�cðT 1 � tsÞ

� �
This ‘‘temporal’’ cone is delimited by the angle of the shortest ray and the angle of the longest ray
recorded by the center point of the mirror.
• The angle DW1 is determined by the spatial size a of the mirror. This ‘‘geometrical’’ cone is delimited by
the two rays with the same travel time xs=½�c cosð�hÞ� originating from the two ends of the mirror, at
x = �a/2 and x = a/2. These rays are plotted in the left picture of Fig. 7. The value of the angle
DW1 is computed by trigonometry. The cross-over of these two rays is responsible for the minus sign
in the first argument of ĝ2 in (46).

Two cases can be then distinguished.

(1) If Dh� DW1� 1, which is the case in particular if only a very short piece of coda is recorded, then Eq.
(45) can be simplified into
jU TRðT ;X; ZÞj ’ ĝ2

x0DW1

�c
ðX; ZÞ �~w1;

x0DW2

�c
ðX; ZÞ �~w2

� � � ~w3 �~f0 �
T

T w

þ ðX; ZÞ �~w3

�cT w

� � : ð47Þ
In this case, the angular diversity of the refocused waves mainly originates from the numerical aperture
of the mirror, and we get a formula in qualitative agreement with the Rayleigh resolution formula.
More quantitatively, if we record a piece of the coda just after the front, meaning that T1, T2 are close
to T0, then �h ¼ arccosðxs=OSÞ and the focal spot size is k0|zs|/a. Recall that the focal spot size gener-
ated by the front is given by k0OS2/(a|zs|). This shows that the random medium gives a compensation

for the offset xs.
(2) If DW1� Dh� 1, then Eq. (45) can be simplified into
jU TRðT ;X; ZÞj ’ ĝ2 0;
x0DW2

�c
ðX; ZÞ �~w2

� �  sinc
x0Dh

2�c
ðX; ZÞ �~w1

� � 
� ~w3 �~f0 �

T
T w

þ ðX; ZÞ �~w3

�cT w

� �  ð48Þ
In this case, the angular diversity of the refocused waves mainly originates from the temporal
refocusing cone Dh described above. Therefore the focal spot size is k0/Dh as soon as Dh > a/OS.
This size is determined by the angular diversity of the refocused incoherent waves and it is much
smaller than the prediction of the Rayleigh resolution formula. As we show below, (48) can be
extended to Dh � 1. The focal spot size is then of the order of the diffraction limit if Dh � 1, that
is, if T 2 � T 1 P �c=xs. This means that recording a long coda allows us to enhance dramatically
the effective aperture of the mirror thanks to the multiple scattering in the random medium below
the source. The spot shape is plotted in Fig. 10. Qualitatively, if we increase the recording time
window by taking a larger T2 and a smaller T1, then we get a wider and wider numerical aperture.
The largest numerical aperture is [h0,p/2] where h0 = arccos (xs/OS). It is obtained for T1 close to T0

and T 2 � T 0 � �c=xs.
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Fig. 10. Left picture: Pulse shape generated by the refocusing of the incoherent waves in the plane ð~w1; ~w3Þ. The mirror is square with size a

and the initial pulse profile is Gaussian with duration Tw. Here a = b = 0.33, zs = � 3, xs = 4 (OS = 5), ts = 0 (�cT 0 ¼ 5), �cT 1 ¼ 6, �cT 2 ¼ 8
so that tan �h ¼ 1:38, D/1 = 0.04, DW1 = 0.06 and Dh = 0.2. As a result the spot shape is a sinc function with radius D?/5 where
D? ¼ k0xs tan �h=a in the ~w1 direction and a Gaussian function with radius �cT w in the ~w3 direction. The spot shape in the ~w2 direction is a
sinc function with radius k0/DW2 where DW2 ¼ b cos �h=xs. For comparison we show the focal spot in the homogeneous case in the right
picture.
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In the case where Dw1� Dh � 1, we can re-consider the expression (45) and focus our attention on the spa-
tial profile in the ~w1-direction. We obtain that, for any r
jU TRðT ¼ 0; ðX; ZÞ ¼ r~w1Þj ’
Z 1=2

�1=2

cos
x0r
�c

cosðDhnÞ
� �

dn

 ;

which shows that the size of the focal spot is of the order of the carrier wavelength k0 when Dh � 1. If Dh could
become close to 2p, then the focal spot would converge to the Bessel function J 0ðx0r=�cÞ and its radius would
be equal to 0.383k0.

Note that in the regime |zs|� Lloc studied in this section the incoherent waves scattered by the random slab
(zs, 0) do not contribute to the refocusing at the original source location.

Let us finally comment on the case where |zs| P Lloc. If zs is large and becomes comparable to the local-
ization length, then the refocusing can be even better, but it is more cumbersome to write explicitly closed-
form formulas (no analytical expressions are available for the refocusing densities). Qualitatively, waves
scattered in the slab [zs, 0] can contribute to the pulse refocusing of the pulse. Under the best conditions
(where the emitted wave is completely recorded) the numerical aperture is generated by two cones (h0,p/2)
and (�p/2,�h0).

5.3.3. Refocusing of the coda for a mirror above the source

We now address the case where the mirror is located above the source: xs = 0. If we assume the set of

hypotheses H1–H4 stated above (except the requirement xs �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
), then, by integrating (40) we obtain,

to leading order in |zs|/Lloc:
U TRðT ;X; ZÞ ¼
abx2

0

16p�q�c3Llocjzsj
f0z �

T
T w

þ Z
�cT w

� �
exp ix0ð�T þ Z

�c
Þ

� �
�
Z q1

q2

ĝ2
x0a
�cjzsj

qX ;
x0b
�cjzsj

qY
� �

dq;
where the parameters 0 < q2 < q1 < 1 are given by
qj ¼ 1þ �cðT j � T 0Þ
jzsj

� ��1
Here T2 > T1 > T0, which means that the parameters qj’s are smaller than one. The spatial profile of the refo-
cused field has therefore a radius which is larger than the Rayleigh limit. In the case where the mirror is located
just above the source, the refocusing of the incoherent waves cannot involve super-resolution, because the
angular diversity of the refocused waves is very small (the geometry is as in the right picture of Fig. 7 with
the cone of aperture DW2 = q1b/|zs|).
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6. Time reversal with a passive scatterer

The analysis we have carried out for an active source can be extended to the case where a passive scatterer
embedded in a random medium is illuminated by a source located at the surface. We describe briefly how our
active source results also apply to this passive scattering case. In this case the time reversal mirror records the
scattered signal, where the scattering results from both the interaction of the wave field with the small inho-
mogeneities and with the embedded scatterer. The mirror is modeled exactly as above, that is, it has a large
spatial extent and records a long time segment of the wave field which it sends back into the medium after time
reversal. We will show that again the time reversed wave field focuses tightly on the scatterer and that a super
resolution effect can be observed.

The random medium occupying the slab (�L, 0) is defined as in previous sections. Now a point source is
located just above the surface at (0, 0+) and emits at time zero a short pulse, moreover, a scatterer is buried
inside of the random medium. The wave propagation is again described by (1) with the external source given
as in (3):
Fig. 11
~Fðt; x; zÞ ¼ e2
0

1

	 

f

t
e

� �
dðxÞdðzÞ; ð49Þ
and scaled so that it will produce a refocused field of order one. Fig. 11 illustrates the geometry in the situa-
tion: a point source is located at the origin O = (0, 0), the scatterer position is S = (xs,zs), and the time reversal
mirror M is located in the plane z = 0, but not necessarily at the origin O. We model the scatterer as a local
change in the density of the medium:
qðx; zÞ ¼ �qþ q11Bðx; zÞ;

where B is a small domain around S = (xs, zs). The system that governs the propagation of the acoustic waves
can be written
�q
o~u

ot
þ ~rp ¼ ~F� q11Bðx; zÞ

o~u

ot
;

1

KðzÞ
op
ot
þr �~u ¼ 0:
We apply the Born approximation for the modeling of the scattering by S [16,18]: the total field at the surface is
the superposition of the primary field ð~u0; p0Þ which solves the problem
�q
o~u0

ot
þ ~rp0 ¼ ~F;

1

KðzÞ
op0

ot
þr �~u0 ¼ 0;
and of a secondary field ð~u1; p1Þ which is due to the emission of a secondary source located at S. The emission
of the secondary source is proportional to the primary field at the position of the scatterer:
�q
o~u1

ot
þrp1 ¼ �q11Bðx; zÞ

o~u0

ot
;

1

KðzÞ
op1

ot
þ ~r �~u1 ¼ 0:
We assume that the scattering region B is smaller than the wavelength, and we model it by a point scatterer
with scattering volume e3rs where the scale factor e3 is imposed by the wavelength scaling e, and rs is small so
that the Born approximation is valid:
q11Bðx; zÞ ¼ e3�qrsdðx� xsÞdðz� zsÞ: ð50Þ
. Emission from a point source located at O = (0, 0). The scatterer position is S = (xs,zs). The signal is recorded at the mirror M.
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The total field is decomposed as~u ¼~u0 þ~u1, p = p0 + p1. Next we take a Fourier transform with respect to the
time and the transverse spatial variables and, using the generalized reflection and transmission coefficients to
express the primary field and the form (50) for the scatterer, we find that the secondary field ð~u1; p1Þ solves the
problem
��q
ix
e

v̂1 þ i
x
e

jp̂1 ¼ e3S1;xðxÞ exp �i
x
e

j � xs

n o
dðz� zsÞ; ð51Þ

��q
ix
e

û1 þ
op̂1

oz
¼ e3S1;zðxÞ exp �i

x
e

j � xs

n o
dðz� zsÞ; ð52Þ

� 1

KðzÞ
ix
e

p̂1 þ i
x
e

j � v̂1 þ
oû1

oz
¼ 0;
where ~u1 ¼ ðv1; u1Þ, ~u0 ¼ ðv0; u0Þ, and the secondary source terms are given by
S1;xðxÞ ¼
irs

ð2pÞ2
Z

j0

2
Rgðx; j0; zsÞ exp i

x
e
ðj0 � xs þ zs=�cðj0ÞÞ

n oh
�T gðx; j0; zsÞ exp i

x
e
ðj0 � xs � zs=�cðj0ÞÞ

n oi
f̂ ðxÞx3 dj0; ð53Þ

S1;zðxÞ ¼
irs

ð2pÞ2
Z

�q

2�fðj0Þ
Rgðx; j0; zsÞ exp i

x
e
ðj0 � xs þ zs=�cðj0ÞÞ

n oh
þT gðx; j0; zsÞ exp i

x
e
ðj0 � xs � zs=�cðj0ÞÞ

n oi
f̂ ðxÞx3 dj0: ð54Þ
These source terms correspond to the emission from a point source similar to the embedded source problem
discussed in Section 3. Making the substitutions
ts 7! 0; f̂xðxÞ 7! S1;xðxÞ; f̂ zðxÞ 7! S1;zðxÞ;

in (14), we can proceed as in the case with an internal source.

We now record the signal at the mirror after the direct arrival from the source. The recorded field is made of
three components:

• The incoherent primary waves which are of amplitude e3/2 [1].
• The coherent secondary field. Indeed, the front pulse emitted by the source O has been scattered by S. This

has created a secondary coherent source proportional to rSe
3. It therefore generates a new coherent front of

amplitude rse
2.

• The incoherent secondary waves, which are of amplitude rse
5/2.

Next we time reverse the recorded signal and we amplify it by a factor 1/e before re-emission so
that the secondary coherent source appears as proportional to rse

2. Therefore we create a refocusing
spot at the scatterer S of amplitude rs using the results of the previous section. Note also that refo-
cusing at the original source location O takes place at a later time, with a large amplitude of order
1/e. Also, the background incoherent field generated by the re-emission is of small amplitude, of the
order of e1/2.

The description of the super resolution at the location of the scatterer S is similar to the one given in the
previous section. The differences come from the propagation of the front wave from the source O to the scat-
terer S, which creates a small random time-shift and a deterministic spreading of the secondary source. These
two differences are not compensated by time reversal in the refocusing at S. They are quantitatively described
by the O’Doherty-Anstey theory [8,20].

More precisely, for any T0 > 0, R0 > 0, Z0 > 0, and d > 0, we have
P sup
jT j6T 0; Xj j6R0;jZj6Z0

uTR �
OS
�c
þ eT ; xs þ eX; zs þ eZ

� �
� U TRðT þ vc;X; ZÞ

  > d

 !
!e!0

0: ð55Þ
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The random travel time correction vc is a zero-mean Gaussian random variable with variance cOS=ð4�c2Þ. The
deterministic refocused pulse shape is of the form (39). Here the refocusing kernels are given by
K
ðx; jÞ ¼
Z

G1

OS
�c
� zs

�cðjÞ
�c2
þ s

� �
G2ðxs þ j�cðjÞzs � �c2jsÞWð
Þ

g x; j; sð Þds

� rsjzsjx2

16p�c3�qOS3
exp � jzsj

2LlocðxÞ

� �
; ð56Þ
where 1=LlocðxÞ ¼ ðx2cOSÞ=ð4jzsj�c2Þ. If we compare the expression (56) of the refocusing kernels in the embed-
ded scatterer problem with the equivalent expressions (40) in the internal source problem, we find that the
principal super resolution effect will be as in the case with an internal source up to a spreading by a Gaussian
kernel. Note however that the statistically stable refocused wave field is observed at the randomly corrected
‘fine-scale’ time T + vc.

We will skip the technical details of the proof, but remark that the main difference with the proof given in
the case of an active source is the appearance of a third transmission/reflection coefficient factor modeling the
propagation from O to S. The moment analysis shows that only the coherent part of this factor gives a sig-
nificant contribution to the refocused shape, and this coherent part is described by the ODA theory.

Note finally that, in the situation described in this section, the time-reversal mirror receives a very-low
amplitude signal, of order e3/2, it amplifies the received signal by the factor e�1, so that it sends back an acous-
tic signal whose amplitude is small, of order e1/2. This generates a focal spot at the location of the scatterer
whose amplitude is of order one. However, the time-reversal mirror could send back a signal with amplitude
of order one, which means that it could amplify the received signal by the factor e�3/2. If the time-reversal
experiment is performed with this amplification factor, then a very high amplitude, of order e�1/2, is obtained
at the location of the scatterer.

To summarize this section, we have shown that, by time reversing multiply scattered incoherent waves,
it is possible to concentrate energy on a passive scatterer buried in a random medium. The amplification
of these time reversed waves is the basic principle of time-reversal ultrasound target destruction, applied
for instance to kidney stones [12]. The iteration of this procedure can be used to enhance the refocusing at
the selected target, as described in [21,23–25]. In such experiments, both sides of the medium surrounding
the target are accessible, and the addition of a randomly layered slab below the medium (opposite to the
source and time-reversal mirror apparatus) can dramatically enhance the refocusing at the target according
to the theory developed in this section. The randomly layered slab can be produced once for all due to the
statistical stability, with a correlation length compatible with the source and the regime of separation of
scales studied in this paper.

7. Conclusion

In this paper we have studied time reversal in three-dimensional randomly layered media. We have
considered the case of a point source inside of the medium emitting a short pulse and a time reversal
mirror recording the transmitted waves at the surface of the medium. We have shown that, after time
reversal, the re-propagated waves refocus at the location of the source. We have given a detailed analysis
of the properties of this refocusing in a regime of separation of scales, and, in particular, we have
deduced effective aperture enhancement and super resolution effects due to the multi-pathing of waves
which have traveled below the source and have been recorded and sent back by the mirror. Finally
we have proposed an application to the problem of improving the focusing on a scatterer buried in
a random medium.
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