Temporal incoherent solitons supported by a defocusing nonlinearity
with anomalous dispersion
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We study temporal incoherent solitons in noninstantaneous response nonlinear media. Contrarily
to the usual temporal soliton, which is known to require a focusing nonlinearity with anomalous
dispersion, we show that a highly noninstantaneous nonlinear response leads to incoherent soliton
structures which require the inverted situation: In the focusing regime (and anomalous dispersion)
the incoherent wave-packet experiences an unlimited spreading, whereas in the defocusing regime
(still with anomalous dispersion) the incoherent wave-packet exhibits a self-trapping. These counterintuitive results are explained in detail by a long-range Vlasov formulation of the problem.
PACS numbers: 42.65.Tg,42.65.Sf,05.45.Yv

Introduction – Solitons have been usually considered as
coherent localized structures and the discovery of incoherent
optical solitons has represented a significant advance in nonlinear physics [1–4]. The incoherent soliton (IS) consists of a
phenomenon of spatial self-trapping of incoherent light in a
focusing nonlinear medium characterized by a slow response
[1–4]. The remarkable simplicity of experiments realized in
photorefractive crystals has led to a fruitful investigation of
the dynamics of incoherent nonlinear waves [2–5]. The mechanism underlying the formation of these IS states finds its
origin in the existence of a self-consistent potential, which is
responsible for a spatial self-trapping of the incoherent optical beam. From this point of view, these ISs are of the same
nature as the ISs predicted in plasma physics long time ago
in the framework of the Vlasov equation [6–11].
Since their first experimental observation [1], ISs have been
studied in different circumstances [12, 13], and have been
shown to be also supported by a spatial nonlocal nonlinearity, instead of the traditional noninstantaneous nonlinearity
[14, 15]. A nonlocal nonlinearity is encountered in various
nonlinear wave systems [16, 17]. In particular, in the highly
nonlocal limit where the range of the nonlocal response is
much larger than the size of the optical beam, the beam can
be guided by the nonlocal response of the material, a process originally termed ‘accessible solitons’ in Refs.[17, 18]. In
this limit, a speckled beam can be guided and trapped by the
effective waveguide induced by the nonlocal response [14].
From a different perspective, the long-term evolution of
a modulationally unstable coherent wave has been recently
studied in the presence of a nonlocal response [15]. Contrarily to the expected soliton turbulence process where a coherent soliton is eventually generated in the midst of small-scale
fluctuations [19], a highly nonlocal response leads to a process of IS-turbulence, which is characterized by the spontaneous formation of an IS structure starting from an initially
homogeneous plane-wave. A kinetic approach of the problem revealed that these ISs can be described by a long-range
Vlasov-like equation [15].
In this article we study the existence of ISs in the temporal domain in the presence of a highly noninstantaneous
nonlinear response. We report a remarkable and unexpected
result: Contrarily to the spatial domain, in which IS are
exclusively supported by a focusing nonlinearity, we show

that IS are exclusively supported by a defocusing nonlinearity in the temporal domain. In other terms, contrarily to
the expected temporal soliton behavior, which is known to
require a focusing nonlinearity with anomalous dispersion (or
a defocusing nonlinearity with normal dispersion), we report
here the existence of an IS which requires the inverted situation: In the focusing regime (with anomalous dispersion)
the incoherent wave-packet experiences an unlimited temporal spreading, whereas in the defocusing regime (still with
anomalous dispersion) the incoherent wave-packet exhibits a
phenomenon of IS self-trapping.
The mechanism underlying this counterintuitive process
of self-trapping finds its origin in the spectral shift induced
by the causality condition inherent to the nonlinear response
function – a well-known effect in the context of the Raman
induced soliton self-frequency-shift [4]. When combined with
natural wave dispersion, such a spectral shift leads to a constant acceleration of the IS, which in turn is responsible for
a fictitious force that leads to a trapping of the incoherent wave-packet. This mechanism of acceleration-induced
incoherent self-trapping in the defocusing regime, as well as
the inhibition of self-trapping in the focusing regime, are explained in detail by the long-range Vlasov formalism. Note
that this long-range Vlasov approach differs from the traditional Vlasov equation considered to study incoherent modulational instability and ISs in plasmas [6, 20], hydrodynamics [21] and optics [7–11]. We can expect the experimental
observation of this unexpected phenomenon of self-trapping
thanks to the recent progress made on the fabrication of photonic crystal fibers filled with molecular liquids displaying
highly noninstantaneous Kerr responses [22].
Numerical simulations– We consider the standard NLS
equation accounting for a noninstantaneous nonlinear response function
Z
i∂z ψ + ∂tt ψ + σψ R(t − t′ ) |ψ|2 (z, t′ ) dt′ = 0.
(1)
For convenience, we normalized
the equation with respect
p
to the ‘healing time’ τ0 = |β|/(|γ|ρ) and the length scale
L0 = 1/(|γ|ρ), where β is the dispersion coefficient, β >
0 (β < 0) referring to the anomalous (normal) dispersion
regime, and γ is the nonlinear coefficient with σ = sign(γ).
The parameter ρ = N /T is the wave intensity, which is a

R
conserved quantity of Eq.(1), N = |ψ|2 dt being the power
and T the numerical temporal window. The variables can be
recovered in real units through the transformations t → tτ0 ,
√
z → zL0 , ψ → ψ ρ and R(t) → τ0 R(t). The response
function R(t) is constrained by the causality condition. In
the following we use the convention that t > 0 corresponds to
the leading edge of the pulse, so that the causal response will
be on the trailing edge of a pulse, i.e., R(t) = 0 for t > 0.
The range of the noninstantaneous response R(t), say τR ,
denotes the response time of the nonlinearity. We consider
here the highly noninstantaneous nonlinear regime, τR ≫ 1,
where the response time is much larger than the healing time
or the time correlation of the optical wave [23]. In order to
make easier the comparison with spatial nonlocal effects, we
implicitly assumed in Eq.(1) that the wave propagates in the
anomalous dispersion regime (β > 0), and we will consider
separately the focusing (σ = +1) and defocusing (σ = −1)
regimes of interaction.
We report in the left columns of Fig. 1 and 2 the evolutions of the spectrograms [24] of an initial super-Gaussian
incoherent wave-packet which has been obtained by integrating numerically the NLS Eq.(1). The corresponding spectral
and temporal FWHM are ∆ω = 1.257 and ∆t = 200, respectively. We considered in this example a Gaussian-like
p response function, R(t) = H(−t)t2 exp[−t2 /(2τR2 )]/(τR3 π/2)
[H(t) being the Heaviside function], while similar results
are obtained with an exponential-shaped response function.
Note that the prefactor t2 avoids discontinuities in the
derivative of R(t) at t = 0, which is important in order to
accurately simulate the Vlasov Eq.(2). We remark in Fig. 1
that in the focusing regime (σ = +1), the incoherent wavepacket exhibits a delocalization process characterized by an
unlimited temporal spreading of the pulse and a slow process of spectral broadening. In marked contrast with this
dispersive behavior, in the defocusing regime (σ = −1, see
Fig. 2) the incoherent wave-packet exhibits a phenomenon
of self-trapping, which is very robust and thus preserved for
long propagation distances – in the example of Fig. 2 the
IS loses less than 0.1% of its power while it propagates over
more than z = 103 . Note that the spectral shift of the optical
wave simply results from the causality property of R(t). This
effect is well-known for the Raman induced self-frequencyshift [4, 13], and manifests itself as a red- (blue-)shift in the
focusing (defocusing) nonlinear regime [25].

Vlasov approach – This novel phenomenon of incoherent self-trapping is explained in detail by the ‘longrange’ Vlasov equation [26, 27], which describes the
evolution of Rthe averaged local spectrum of the wave,
nω (t, z) =
B(t, τ, z) exp(iωτ ) dτ , where B(t, τ, z) =
hψ(t − τ /2, z) ψ ∗ (t + τ /2, z)i is the correlation function and
h.i denotes an average over the realizations
∂z nω (t, z) + ∂ω k̃ω (t, z) ∂t nω (t, z) − ∂t k̃ω (t, z) ∂ω nω (t, z) = 0,
(2)
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FIG. 1: Evolutions of the spectrogram (left column), and of the
local spectrum nω (t, z) (right column), obtained by integrating
numerically the NLS Eq.(1) and the Vlasov Eq.(2), respectively.
The simulations refer to a focusing nonlinearity in the anomalous
dispersion regime, σ = +1 [τR = 200 (in units of τ0 )].

where k̃ω (t, z) = k(ω) + V (t, z) is the generalized dispersion
relation, with k(ω) = ω 2 , and the self-consistent potential
V (t, z) = −σR ∗ N , where ∗ denotesR the temporal convolution product and N (t, z) = (2π)−1 nω (t, z) dω the averaged intensity profile of the incoherent wave. The structure
of Eq.(2) is analogous to the Vlasov equation recently derived to describe highly nonlocal spatial effects [15]. Note
however that in the temporal domain the potential V (t, z) is
constrained by the causality property of R(t), which breaks
the Hamiltonian structure of the Vlasov Eq.(2).
We report in the right columns of Fig. 1 and 2 the simulations of the Vlasov Eq.(2) starting from the same initial condition as the NLS Eq.(1). We underline the good agreement
between the NLS and Vlasov simulations, which corroborates
the fact that the ‘long-range’ Vlasov Eq.(2) provides an ‘exact’ statistical description of the random nonlinear wave (see
Ref.[15]). Figure 3 remarkably reveals that, after a transient
(z ∼ 300), the wave-packet adopts an invariant profile characterized by a linear spectral shift, which in turn induces a
constant IS acceleration (parabolic trajectory) in the temporal domain. Note that in a real experiment, this spectral
shift can be affected by the particular form of the dispersion
of the PCF [22], so that an improved NLS model accounting
for higher-order dispersion effects should be considered.
To discuss the mechanism underlying the formation of
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FIG. 3:R Parabolic trajectory of the intensity profile N (t, z) =
(2π)−1 nωR(t, z)dω (a), and evolution of the spectral profile
S(ω, z) = nω (t, z)dt (b), corresponding to the simulation of
the Vlasov Eq.(2) reported in Fig. 2 (right column). The linear
increase of the IS velocity w (constant acceleration) (c), results
from the linear spectral shift of the IS (d): the slope of the dashed
red line in (c) is twice the corresponding slope in (d), as expected
from the group-velocity dispersion law, ∂ω k(ω) = 2ω.

FIG. 2: Evolutions of the spectrogram (left column), and of the
local spectrum nω (t, z) (right column), obtained by integrating
numerically the NLS Eq.(1) and the Vlasov Eq.(2), respectively.
The simulations have been performed with a defocusing nonlinearity in the anomalous dispersion regime – parameters and initial
conditions are the same as in Fig. 1, except that σ = −1. After
a transient (z ∼ 300), the incoherent wave-packet evolves into an
IS state (see Fig. 3).
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the IS, it is instructive to comment first an analogy with
a nonlocal spatial response. This analogy becomes apparent by remarking that Eq.(1) is almost identical to the nonlocal NLS equation, provided one substitutes the temporal
response with a spatial nonlocal response, R(t) → U (x) [15–
17]. The fundamental difference is that nonlocal effects are
not constrained by the causality condition, so that U (x) is an
even function. Assuming the beam intensity approximately
symmetric (N (x) is even), then the self-consistent potential
V (x) = −σU ∗ N is also even. It becomes apparent that
in the focusing regime (σ = +1), the optical beam can be
self-trapped by its own induced potential (V (x) < 0). Conversely, in the defocusing regime (σ = −1) the repelling potential leads to the expected beam spreading (see Fig. 4a-b).
Non-inertial reference frame – As commented above
through Fig. 3, the spectral-shift of the wave-packet, with
spectral velocity α, leads to a constant acceleration of the
IS. It thus proves convenient to study the dynamics of the
wave-packet in its own accelerating reference frame
ξ = z, τ = t − αz 2 , Ω = ω − αz.
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FIG. 4: Intensity profile N (x) (continuous dark line) and corresponding self-consistent potential V (x) = −σU ∗ N (dashed
red line), in the case of a spatial nonlocal nonlinearity in the focusing (a), and defocusing (b), regimes. Intensity profile N (τ )
(continuous dark line), corresponding self-consistent potential
V (τ ) = −σR ∗ N (dashed red line), and effective potential Veff (τ )
[Eq.(5)] (continuous red line) in the accelerating reference frame,
in the case of a temporal noninstantaneous nonlinearity in the focusing (c), and defocusing (d), regimes. The arrows indicate the
‘particle motions’ in the effective self-consistent potentials Veff (τ ):
The non-inertial fictitious force inhibits (c) (induces (d)) the selftrapping in the defocusing (focusing) regime.

In this non-inertial reference frame the Vlasov Eq.(2) reads
∂ξ nω (t, z) + 2Ω∂τ nΩ (τ, ξ) − ∂τ Veff (τ, ξ) ∂Ω nΩ (τ, ξ) = 0. (4)
This equation remarkably reveals the existence of an effective
self-consistent potential
Veff (τ, ξ) = V (τ, ξ) + ατ,

(5)

R +∞

where V (τ, ξ) = −σ −∞ R(τ − τ ′ ) N (τ ′ , ξ) dτ ′ just refers to
the self-consistent potential written with the new variables
(3). The linear part of the potential in (5) finds its origin in
the fictitious force which results from the non-inertial nature
of the reference frame, in analogy with the effective gravity
mimicked by an elevator Ref.[28].
This fictitious force explains both phenomena of selftrapping with a defocusing nonlinearity, as well as the inhibition of self-trapping with a focusing nonlinearity. Let us
first discuss the defocusing regime. Recalling that the potential is induced by the wave-packet itself, an IS can only
form provided that the self-induced potential Veff (τ ) has a
local minimum at the pulse center, i.e., at τ = 0 in the accelerating reference frame of the IS. Contrary to the spatial
case (Fig. 4a), it seems that this condition cannot be satisfied in the temporal case, since the causality condition shifts
the potentials toward τ < 0. However, in the defocusing
regime, a local minimum can be restored at τ = 0 thanks to
the fictitious force due to the non-inertial reference frame, as
illustrated in Fig. 4d. More precisely, one can Taylor expand
the effective potential Veff (τ ) = a + (b + α)τ + cτ 2 + O(τ 3 )
at τ = 0, where b < 0 in the defocusing regime and c > 0
if the nonlinear response is slow enough (see Fig. 4d) [29].
In these conditions the particular choice α0 = −b guarantees
that Veff (τ ) has a local minimum at τ = 0 (see Fig. 4d).
In other words, the system spontaneously selects the amount
of spectral shift, α0 = −∂τ V |τ =0 , and hence the amount of
IS acceleration, 2α0 , in such a way that the effective selfconsistent potential Veff (τ ) admits a local minimum at τ = 0.
This is confirmed by the numerical simulations of the Vlasov
Eq.(4) reported in Fig. 4d, in which the value of α0 = 0.01325
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