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Statistical analysis for beam smoothing and some
applications
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We develop statistical tools for beam smoothing analysis. As applications we study the respective perfor-
mances of two-dimensional smoothing by spectral dispersion and of smoothing by optical fiber. The calcula-
tions are valid in the asymptotic framework of a large number of elements of the random-phase plate and of
excited optical modes of the fiber. Theoretical results and closed-form expressions for the contrast and the
spatial spectrum of the integrated intensity of the speckle pattern are derived so as to produce evidence of
performance differences between these methods, which are essentially based on the longer time delay induced
by the multimode fiber with respect to that induced by the gratings and on the nature of the spectral broad-
ening. © 1997 Optical Society of America [S0740-3232(97)02608-2]
1. INTRODUCTION
The implementation of smoothing techniques for uniform
irradiation in plasma physics1 has become an extensively
studied object, especially in the light of the U.S. National
Ignition Facility (NIF) project2 and the French Laser
MegaJoule (LMJ) project3 for inertial confinement fusion.
All active smoothing methods—induced spatial incoher-
ence with echelons,4 smoothing by spectral dispersion
(SSD),5 and smoothing by multimode optical fiber
(SOF)6—involve illumination on the target with an inten-
sity that is a time-varying speckle pattern, so that the
time-integrated intensity averages toward a flat profile.
The corresponding time-varying speckle pattern relies on
the same general concept. First, a broadband pulse is
generated either by a naturally incoherent broad source
or by a frequency-modulated laser beam with the use of
phase modulators. In the next step this broadband
source is spatially dispersed and spatial random modula-
tions are imposed on the spectral components to produce
on target a moving speckle pattern, with Gaussian statis-
tics for the electric field.
However, it should be emphasized that if the principles

are unique, the values of the characteristic parameters of
each method may differ by as much as 1 or 2 orders of
magnitude. This is particularly true for the time delay
induced by the dispersion of the frequencies across the
beam, which is created by the gratings in the SSD imple-
mentation or by a multimode fiber in the SOF implemen-
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tation. This should imply quite different smoothing
properties. In particular, the distribution of the
smoothed spatial frequencies will depend strongly on the
selected method.
These general considerations lead to the need to de-

velop statistical tools to determine the important charac-
teristics of the smoothed beams. One approach, based on
numerical simulations, has already been used to compare
SSD and echelon-free induced spatial incoherence.2 Our
goal here is to develop a statistical analysis of beam
smoothing that leads to closed-form expressions of the
contrasts and the power spectral densities of the
smoothed fluence distributions in order to get general
laws for statistical properties of smoothing techniques.
Indeed, the smoothing techniques involve a large number
of components, so it should be convenient to have precise
expressions to optimize all parameters. The paper is or-
ganized as follows. In Section 2 we review the elemen-
tary concepts behind smoothing techniques, and Sections
3 and 4 are devoted to SSD and SOF. Finally, Section 5
discusses some advanced concepts of phase modulation
and multiple-beam overlap.

2. SIMPLIFIED INTRODUCTION TO
OPTICAL SMOOTHING
A. Principles
The principle of optical smoothing consists in generating
a time-varying speckle pattern, whose coherence time is
1997 Optical Society of America



Garnier et al. Vol. 14, No. 8 /August 1997 /J. Opt. Soc. Am. A 1929
as short as possible. This implies that broadband long
pulses are needed. The time-integrated intensity is then
a sum of N independent patterns, where N is the ratio of
the integration time to the coherence time of the light.
As a consequence, the fluctuations of the integrated inten-
sity average toward 0 (strong law of large numbers7).
More exactly, the contrast (i.e., the ratio of the variance to
the mean intensity) will be reduced by AN. The prin-
ciple of SSD is the following.2,5,8 A broadband source is
spectrally dispersed onto a random-phase plate (RPP),
which consists of square elements imposing randomly a
phase shift of 0 or p. Each square element of the RPP is
illuminated by a different frequency. The beamlets gen-
erated by the elements focus onto the target; they inter-
fere and form a speckle pattern. The key point is that
the phases of the beamlets will vary in time according to
their respective illumination frequencies. As a result,
the interference terms between the different beamlets
will average to zero, so that the integrated intensity will
approach the smooth sinc2 envelope. However, if several
of the elements of the RPP are illuminated by the same
frequency, there will be residual correlations, and un-
smoothed structure will exist in the integrated intensity.
This will actually be the case in any realistic configura-
tion.
In this section we focus our attention on one-

dimensional SSD (1D SSD), whose standard implementa-
tion is shown in Fig. 1. An incident monochromatic beam
with wavelength l0 is spectrally broadened by a sinu-
soidal phase modulator with frequency n and depth b.
The spectrum consisting of approximately 2b sidebands is
dispersed onto the RPP by a grating that induces a lateral
time delay Td . Let us look at how separated points in
the near field interfere and contribute to the generation of
the speckle pattern. In the plane of the RPP, the inci-
dent beam splits into elementary beams with diameter
DX ; D/(2bnTd), where D is the near-field beam aper-
ture. Points of the RPP that are separated by less than
DX are coherently illuminated. Two successive sideband
beams are uncorrelated, but two sideband beams sepa-
rated by D/(nTd) are coherent, since the modulation is
sinusoidal. As a consequence, approximately 2b uncorre-
lated sidebands can be created. So we can expect an
asymptotic contrast reduction equal to A2b. Two ele-
ments of the RPP separated by less than DX are coher-
ently illuminated. The angle of the interference between
two points separated by DX is given by Du 5 DX/f, where
f is the lens focal length. Thus these points contribute to
spatial frequency on the target, given by nx 5 Du/l0
5 DX/( fl0). So the spatial frequencies on the target (in
the dispersion direction) less than DX/(fl0)
5 D/(2bnTdl0f ) are not smoothed. Neither are the
spatial frequencies multiple of D/(nTdl0f ), owing to the
pure sinusoidal phase modulation. In what follows we

Fig. 1. Standard implementation of 1D SSD.
shall exhibit closed-form expressions that will appear con-
sistent with the heuristical arguments developed above.

B. Statistical Analysis
Our goal is to show that statistical theory may be used to
perform an efficient study of the smoothing performances
of the different methods introduced above. From a prac-
tical point of view, the fluence distribution over some sur-
face S is examined: (I(t, x))xPS . We introduce the spa-
tial measure, denoted by m, that connects to any
functional f(I) the spatial average *S f(I)(x)dx/uSu. So
we are looking for data on the measure m, which depends
on the realization of the pattern that is observed. From a
theoretical point of view, we are going to carry out statis-
tical averages with respect to the possible realizations of
the patterns, which correspond to the possible realiza-
tions of the experimental devices. The randomness holds
in the fluctuations of the radius or the index of refraction
of the fiber core in the SOF case and in the random
phases imposed by the elements of the RPP in the SSD
case. This average is denoted by ^•& and carried out in
some fixed point x in S. If the field is spatially ergodic,
then the spatial measure m and the statistical measure ^•&
coincide for a well-chosen surface S, where the field is
macroscopically similar but microscopically moving. It is
equivalent to compute a statistical average over all pos-
sible realizations at some fixed point x and to compute a
spatial average over x P S for some given realization.
That will actually be the case in the configurations that
will be examined throughout the paper.

C. Generation of Long Broadband Pulses
Ideally, the spectral broadening is obtained by imposing a
phase modulation on the monochromatic incident beam.
Such a method is of great interest for the technique of
SSD. Indeed, in (and near) the relay image planes of the
gratings, the pure phase modulation does not induce any
amplitude modulation. As a consequence, if the amplifi-
ers lie in these planes, the amplification performance is
equivalent to that of a smooth, clean beam. On the other
hand, in the SOF configuration, because of unavoidable
large spatial fluctuations in intensity, nonlinear effects
such as self-phase modulation and filamentation may de-
velop with induced reduction of amplification.9 In this
paper, to make the comparison meaningful, we compare
the smoothing performances of the SSD and SOF tech-
niques with the same spectral broadenings. So we shall
assume in the following that similar phase modulators
are used in the SSD and SOF configurations. We shall
consider in this paper two phase modulation methods.
We shall use, on the one hand, the pure sinusoidal phase
modulator

fspm~t ! 5 b sin~2pnt !, (1)

with depth b and frequency n, and, on the other hand, the
random phase modulator frpm , which is assumed to obey
stationary Gaussian statistics, with mean 0 and Gaussian
correlation function, i.e.,

E@frpm~t !# 5 0,

E@frpm~t !frpm~t8!# 5 s2 exp@2vc
2~t 2 t8!2#, (2)
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where E stands for statistical averaging with respect to
the distribution of the process f. Such a process is time
ergodic, so that the time average ^ • & t coincides with E.
The production of modulations with random properties
will be discussed in Subsection 4.C. In what follows we
shall compare the performances of sinusoidal and random
modulators. So it is convenient to establish the relations
between the scalars that characterize them. An efficient
way consists of analyzing the autocorrelation functions:

^fspm~t !fspm~t 1 Dt !& t 5 ~b2/2!cos~2pnDt !

. ~b2/2!~1 2 2p2n2Dt2!

if nDt ! 1,

E @frpm~t !frpm~t 1 Dt !# 5 s2 exp~2vc
2Dt2!

. s2~1 2 vc
2Dt2!

if vcDt ! 1. (3)

Therefore in the comparisons it will be consistent to iden-
tify b 5 A2s and A2pn 5 vc . If these relations are
taken into account, a sinusoidal modulator and a random
modulator involve spectral broadenings whose full-
bandwidth extents are similar. However, it should be
emphasized that a sinusoidal phase modulator with fre-
quency n and depth b produces a discrete spectrum con-
sisting of approximately 2b lines separated by 2pn,
whereas a random phase modulator produces a continu-
ous spectrum of full-bandwidth extent (FWHM)
;2Aln 2svc .
The spectral filling uniformity will appear essential for

the smoothing efficiency. Regardless of the method, the
coherence time of a beam with full bandwidth Dn is equal
to 1/Dn. Thus the maximal reduction of the contrast for
time integration T is ADnT. It appears that the larger
the bandwidth, the more rapid the reduction of the
contrast.8 However, the full-bandwidth extent is not the
single determinant parameter. Another important pa-
rameter is the number Nmax of uncorrelated speckle pat-
terns that can be generated by a beam with bandwidth
Dn. If the spectrum is continuous, then Nmax is given by
the ratio Dn/dn ind , where dn ind is the minimum frequency
shift required to decorrelate the speckle patterns gener-
ated by two monochromatic beams of different frequen-
cies. dn ind depends only on the dispersive device of the
selected smoothing method and is inversely proportional
to the induced time delay. If the spectrum is discrete,
Nmax may be inferior to the ratio Dn/dn ind because the
holes in the spectrum obviously cannot generate any
speckle pattern. So a more adequate and general defini-
tion of Nmax is the number of spectral bands of bandwidth
dn ind that can be inserted in the effective spectrum.
As an example, we can consider the spectral broaden-

ing generated by a sinusoidal phase modulator. We deal
with approximately 2b monochromatic lines whose fre-
quencies are separated by n. If n . dn ind , then the
speckle patterns generated by the lines of the spectrum
are uncorrelated. We can set one band with bandwidth
dn ind on every line, so Nmax is equal to 2b and the
asymptotic contrast reduction will be equal to approxi-
mately A2b. If n , dn ind , then the speckle patterns gen-
erated by the lines of the spectrum are correlated. The
discrete spectrum is actually equivalent to a continuous
spectrum because the dispersive device does not resolve
the lines. Then Nmax is given by the ratio 2bn/dn ind ,
which is inferior to 2b.

D. Asymptotic Framework
The results presented in what follows are valid in the
asymptotic framework of a large number of elements of
the RPP in the case of SSD or of excited optical modes of
the fiber in the case of SOF. Within this framework
some limit theorems can be applied, namely, the strong
law of large numbers and the central limit theorem,10

which simplify the expressions of the contrasts and the
correlation functions of the smoothed patterns.
Throughout the paper we shall give general expres-

sions and not discuss the actual constraint of the angular
spread of the pulse imposed by the laser divergence. It is
relevant for applications to check a posteriori that the pa-
rameters that are used as entries in these formulas can
meet the constraint imposed by the laser divergence. On
the other hand, the meaning of this constraint depends on
the selected method. In the SSD configuration the num-
ber of speckle spots is imposed by the number of elements
of the RPP and is independent of the time delay, which
depends on the gratings and is proportional to the angu-
lar spread of the beam. In the SOF configuration the
number of speckle spots is given by the number of modes
of the fiber and is limited by the acceptable angular
spread of the beam, while the time delay is proportional
to the length of the fiber. As a consequence, whatever
the laser divergence is, the time delay for SOF can be
made as long as desired, in fact of the same order as that
of the pulse duration.
We shall say just a few words about the nonlinear fre-

quency conversion, which is expected to be associated
with smoothed beams.2 On the one hand, this implies
convolution distortion to the far-field spot,11 which affects
both the statistics and the envelope of the focal spot in a
way that can be easily computed. On the other hand, the
efficiency of the frequency tripling is related mainly to the
full-bandwidth extent of the pulse. As pointed out in
Subsection 2.C, to make the comparison meaningful, we
compare the smoothing performances of the SSD and SOF
techniques with the same spectral broadenings. As a
consequence, the frequency conversion efficiencies are not
expected to be very different for the SOF and SSD tech-
niques with equivalent divergences and bandwidths.

3. SMOOTHING BY SPECTRAL
DISPERSION
A. Implementation
It appears that smoothing by 1D SSD is insufficient to
reach the required level of uniformity for direct-drive in-
ertial confinement fusion. On the one hand, we cannot
expect to obtain the required contrast reduction of 1%,1

even if we take into account the overlap of approximately
200 beams on the target in the NIF (Ref. 8) and LMJ (Ref.
3) configurations. On the other hand, only the spatial
frequencies in the dispersion direction are smoothed.
The performance of SSD can be greatly improved if the
beam is dispersed in both orthogonal directions. A
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straightforward implementation of 2D SSD is shown in
Fig. 2.8 The spectral dispersion is obtained by applying a
phase modulator and then a grating in each orthogonal
direction. An auxiliary grating is imposed before each
modulator to compensate for the temporal skew of the glo-
bal shape E0 of the field. We assume that the input
beam is a monochromatic pulse with pulsation v0 and du-
ration Tpulse (longer than all the characteristic time scales
involved in the problem), and we consider pure sinusoidal
phase modulators. After modulation and dispersion the
field is

E1~t, x, y ! 5 E0~t !exp$i@f1~t 1 s1x ! 1 f2~t 1 s2 y !#%,
(4)

where f j is the phase modulation and sj is the temporal
skew per unit length generated by the gratings in the x
direction for j 5 1 and in the y direction for j 5 2. In
the focal plane of the lens, the fields of the beamlets over-
lap:

E~t, x, y ! 5
1

2p
E

2`

1`

dv (
j,l

E1, j,l~v!

3 expS 2ijx
2ph

l0f
D expS 2ily

2ph

l0f
D

3 exp~if j,l!exp~ivt !, (5)

where l0 is the carrier wavelength of the incident wave,
D is the near-field square beam aperture, f is the lens fo-
cal length, and h is the length of the side of a square ele-
ment of the RPP. We denote by N2 the number of ele-
ments of the square RPP, i.e., N 5 D/h. f j,l is the
random phase imposed by the ( j, l)th element. We as-
sume that the f j,l are independent random processes that
may take the value 0 or p with probability 1/2. The field
that illuminates the ( j, l)th element is E1, j,l(t)
5 E1(t, s1 jh, s2lh). We consider points in the focal
plane such that x,y , l0f/h, so that the smooth sinc en-
velope of the diffraction function of a square aperture can
be considered as quasi-uniform. If N2 is large, the field
E is a stationary, centered, Gaussian process. Through-
out the paper we normalize the mean intensity, so that
we assume that it is equal to 1. The correlation function
of intensities is defined by

G~t, x, y; t8, x8, y8! 5 ^I~t, x, y !I~t8, x8, y8!&. (6)

In the 2D SSD case and in the limit N → `, it is shown in
Appendix A that the correlation function of intensities is
separable in the two orthogonal dispersion directions:

G~t, x, y; t8, x8, y8!

5 1 1 G1~t, x; t8, x8!G2~t, y; t8, y8!, (7)

Fig. 2. Standard implementation of 2D SSD.
with

G j~t, z; t8, z8! 5 E
21/2

1/2

ds exp$i@f j~t 1 Tdjs !

2 f j~t8 1 Tdjs ! 2 2ps~z 2 z8!/rc#%,

where the Tdj are the time delays induced by the gratings
and rc is the correlation radius of the speckle pattern, i.e.,

Tdj 5 sjD, rc 5 l0f/D. (8)

As a numerical example, we can consider the NIF
geometry2: D 5 0.35 m, F 5 7 m, and l0 /D 5 1 mrad
(at 351 nm). The characteristic radius of the speckle
spots, rc , is then approximately 7 mm, while the size of
the focal spot is of the order of 500 mm. Moreover, the
typical values for the lateral time delays imposed by the
gratings are of the order of 200 ps.

B. Sinusoidal Modulations
We consider in this subsection pure sinusoidal phase
modulators f j(t) 5 b j sin(2pnj t), where b j and n j are, re-
spectively, the modulation depth and frequency of the
jth modulator. We aim at studying the properties of the
smoothed pattern obtained by integrating the intensity
over rather long times. Long times means longer than
the modulation periods. The correlation function of in-
tensities of the smoothed speckle pattern is computed by
averaging the correlation function G of the instantaneous
speckle pattern defined by Eq. (6) with respect to both t
and t8. It admits a simple and separable expression
when n1 and n2 are incommensurate:

Gs~x, y; x8, y8! 5 1 1 Gs1~x8 2 x !Gs2~y8 2 y !, (9)

with

Gsj~Dz ! 5 (
n52`

1`

an~b j!sinc
2~n jTdjn 2 Dz/rc!,

where the positive coefficients an(b) depend only on the
modulation depth b and can be expressed by means of the
Bessel functions as

an~b! 5 (
m52`

1`

Jm1n
2~b!Jm

2~b!. (10)

The smoothed contrast is given by @Gs(x, y; x, y)
2 1#1/2 and is plotted in Fig. 3. When n jTdj > 1,
j 5 1, 2, the contrast reduction is optimal:

c2~b1 , b2! 5 a0~b1!a0~b2!. (11)

The condition nTd > 1 means that the modulator effec-
tively modulates over the time delay induced by the grat-
ings. As a consequence, the dispersive device (consti-
tuted by the gratings) resolves the lines of the spectrum of
the modulated beam. The speckle patterns generated by
the lines of the spectrum are uncorrelated, which pro-
duces an optimal contrast reduction.
On the contrary, if nTd , 1, then the modulation pe-

riod is longer than the time delay of the gratings. The
shift frequency required to decorrelate the speckle pat-
terns in the target plane is larger than the interval be-
tween successive lines of the spectrum. Thus the speckle
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patterns generated by the lines are slightly correlated,
which affects the smoothing efficiency and increases the
contrast.
Let us quantify the smoothed fluence distribution.

Correlation peaks regularly spaced in both orthogonal
dispersion directions can be seen in the correlation func-
tion. This structure is made evident by examining the
smoothed power spectral density (PSD) G s(nx , ny). As
implied by the Wiener–Khintchine theorem,10 the PSD is
given by the 2D Fourier transform of the correlation func-
tion Gs . We obtain

G s~nx , ny! 5 d~nx , ny! 1 rc
2Gs1~rcnx!Gs2~rcny!,

(12)

with

Gsj~a! 5 L~a!J0
2(A2b j@1 2 cos~2pn jTdja!#1/2),

where L(a) 5 1 2 uau if uau < 1 and L(a) 5 0 if uau
. 1. The PSD’s are plotted in Fig. 4. We can distin-
guish two regimes. First, if n jTdj < 1, then the spatial
spectrum presents a unique central peak, which shows
that only the spatial frequencies above h0 /(2pbn jTdjrc)
( j 5 1 in the x direction and j 5 2 in the y direction) are
smoothed [h0 . 1.1 is such that J0(h0) 5 1/A2]. Second,
if n jTdj . 1, the spatial frequencies below h0 /
(2pbn jTdjrc) ( j 5 1 in the x direction and j 5 2 in the
y direction) are not smoothed. Moreover, the spectrum
appears concentrated near some particular spatial fre-
quencies, which are multiples of Dnx 5 1/(n1Td1rc) in the
x direction and of Dny 5 1/(n2Td2rc) in the y direction.
This is due to the use of pure sinusoidal modulation; a
more advanced phase modulation will break this resonant
structure. As a consequence, a smoothed pattern looks
like a rectangular array of regularly spaced spots of size
rc , separated in the x direction by Dx
5 n1Td1rc and in the y direction by Dy 5 n2Td2rc . We
can easily check that these results are consistent with the
heuristical arguments of Subsection 2.A.
It is convenient to study the properties of the smoothed

speckle pattern for integration times shorter than the
modulation periods, with arbitrary modulation frequen-
cies. The smoothed contrast c(T) is given by

Fig. 3. Asymptotic contrast: 2D SSD with sinusoidal modula-
tions. The optimal contrast (11) is plotted in the inset as a func-
tion of b (when b1 5 b2 5 b). The asymptotic contrast
@Gs(x, y; x, y) 2 1#1/2 is plotted as a function of n1Td1 when b1
5 b2 5 5. The dotted line represents the optimal contrast (11)
corresponding to n jTdj > 1.
@GT(x, y; x, y) 2 1#1/2, where GT 5 *0
T*0

T G dtdt8/T2.
Its exact expression is the following:

c2~T ! 5 (
m,n52`

1`

sinc2@~mn1 1 nn2!T#am~b1!an~b2!,

(13)

where an(b) has been defined by Eq. (10). When the fre-
quency modulations are incommensurate, the contrast
(13) decreases as AT for small integration times T. More
exactly, if n1 and n2 are close to the same value n and in-
commensurate, then the contrast decreases roughly as
A4bnT for small integration times T until it reaches the
asymptotic value (11) for integration times of the order of
b/n. Figure 5 represents the evolution of the smoothed
contrast as a function of the integration time T for differ-
ent modulation frequencies. When the frequencies are
commensurate [the case (n1 5 1 GHz, n2 5 1 GHz) or the
case (n1 5 1 GHz, n2 5 2 GHz) in Fig. 5], then the inte-

Fig. 4. Normalized power spectral densities (PSD’s) in the x di-
rection: 2D SSD for different sinusoidal modulations. The dot-
ted curve represents the density of the instantaneous speckle
pattern. The densities of the smoothed patterns are plotted as a
dashed curve in the case Td1n1 5 0.5 and as a solid curve in the
case Td1n1 5 2. The modulation depth is taken to be equal to 5.
The Dirac function, which is due to the nonzero mean intensity of
the speckle pattern, is not plotted.

Fig. 5. Variation of the contrast with integration time: 2D
SSD with different sinusoidal modulations, with b j 5 5 and
n jTdj 5 1 for j 5 1, 2. The dotted line represents the
asymptotic optimal contrast (11). The solid, dashed, dotted–
dashed, and dotted–dotted–dashed curves plot the cases (n1
5 1 GHz, n2 5 1 GHz), (n1 5 1 GHz, n2 5 2 GHz), (n1
5 1 GHz, n2 5 1.05 GHz), and (n1 5 1 GHz, n2 5 1.1 GHz), re-
spectively.
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grated contrast never reaches the optimal value Eq. [(11)]
but stops at some higher value. Moreover, if we compare
the case (n1 5 1 GHz, n2 5 1.05 GHz) with the case (n1
5 1 GHz, n2 5 1.1 GHz), it appears that the contrast re-
duction in the second one is more rapid, because the
modulation frequencies in the first configuration are too
close to each other.

C. Random Modulations
We aim now at studying the 2D SSD implementation of
Fig. 2 when using statistically independent random phase
modulators with equal parameters s and vc . To sim-
plify the notation, we shall assume, moreover, that the
time skews per unit length generated by the gratings are
both equal to s, so that each grating introduces the same
time delay Td 5 sD. We also assume that svcTd . 1,
which means that the full-bandwidth extent
;2Aln 2svc is larger than the frequency shift necessary
to decorrelate the speckle pattern. The PSD of the
smoothed speckle pattern for integration time T such that
svcT . 1 can then be expressed in a closed-form expres-
sion:

G T~nx , ny! 5 d~nx , ny! 1 rc
2L~rcnx!L~rcny!

3 CT~rcnx , rcny!, (14)

with

CT~ax , ay! 5 2 E
0

1

ds~1 2 s !c~vcTdax , vcTs !

3 c~vcTday , vcTs !,

where

c~u,v ! 5 exp(2s2$2 2 2 exp~2u2! 2 2 exp~2v2!

1 exp@2~u 2 v !2# 1 exp@2~u 1 v !2#%),

and L(a) 5 1 2 uau if uau , 1 and L(a) 5 0 otherwise.
This complicated formula is plotted in Fig. 6. When the
integration time belongs to the interval @1/(svc), 1/vc#, it
appears that the frequencies below Aln 2/
(A2svc

2TdTrc) are not yet smoothed. After this transi-
tion regime, i.e., for integration times T such that vcT
. 1, the spatial frequencies above Aln 2/(A2svcTdrc)
are smoothed according to the expected rate AT. In par-
ticular, the coherent resonance in the spatial spectrum
exhibited by formula (12) in the case of sinusoidal modu-
lations is smoothed. However, the frequencies below
Aln 2/(A2svcTdrc) are very poorly smoothed. Formula
(14) can be somewhat simplified if vcT . 1 and if s . 2
[so that c(u, v) . 0 when u, v . 1]:

G T~nx , ny! 5 d~nx , ny! 1 rc
2L~rcnx!L~rcny!

3 supFApg1

svcT
, x~vcTdrcnx!x~vcTdrcny!G ,

(15)

where g1 . 1.25 and x(a) 5 exp$22s2@1 2 exp(2a2)#%.
It should be emphasized that Eq. (15) is a simplified ver-
sion of the exact expression (14). It holds true when
vcT . 1 and when one of the terms in the supremum ar-
gument is clearly larger than the other. Integrating the
PSD over the spatial frequencies, we can deduce the con-
trast:

c2~T ! 5
pg1

2

2s2vc
2Td

2 1
Apg1

svcT
. (16)

4. SMOOTHING BY OPTICAL FIBER
A. Implementation
A broadband source illuminates a long multimode fiber.
Although a natural broadband source is generally used in
this configuration, for better comparison we consider a
monochromatic source spectrally broadened by a phase
modulator. The implementation is represented in Fig. 7.
The incident beam excites many optical modes, which
propagate according to different velocities. Moreover,
small random fluctuations of the core radius or of the in-
dex of refraction affect the propagation by introducing
random phases into the modes. If the fiber is long
enough, these phases can be considered as independent
processes that obey uniform distributions over [0, 2p].12

As a consequence, the optical modes interfere at the out-
put of the fiber, and their overlap produces a speckle pat-
tern. If the propagation in the amplifier chain is linear,
then the properties of the speckle pattern on the target
are the same as those at the output of the fiber. We shall
give the results in the case of a square fiber, owing to the
simplicity of the expressions of their modes. The field at
the output of the fiber is then given by

E~t, x, y ! 5
1
2p E

2`

1`

dv (
j,l

aj,l~v!E1~v!Rj~x !Rl~y !

3 exp@2ib j,l~v!L 1 if j,l 1 ivt#, (17)

where v0 is the carrier pulsation of the incident wave, L
is the length of the fiber, and a is its radius. Rj is the
jth optical mode of the fiber in the x or y direction. f j,l is
the random phase of the ( j, l)th mode. We assume that
the f j,l are independent random processes that obey uni-

Fig. 6. Normalized PSD’s: 2D SSD with random modulations.
The dotted curve represents the density of the unsmoothed pat-
tern. The densities of the smoothed patterns integrated over
T 5 0.5/vc , T 5 1/vc , T 5 2/vc , T 5 5/vc , and T 5 10/vc are
successively plotted (from top to bottom) as solid curves. The
dashed curve represents the asymptotic PSD, which corresponds
to an infinite pulse duration and an infinite integration time.
The modulation amplitude is taken to be equal to s 5 5/A2, and
the time delay Td 5 3/vc .
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form distributions over [0, 2p].12 aj,l is the decomposi-
tion of the input beam onto the ( j, l)th mode. E1(v) is
the Fourier transform of the phase-modulated field
E0(t)exp@if(t)#. The modes are13

Rj~x ! 5 H cos@ jpx/~2a !# if j is odd
sin@ jpx/~2a !# if j is even. (18)

b j,l is the positive solution of the dispersion equation

b j,l
2~v! 1 ~ j2 1 l2!p2/~4a2! 5 ~nv/c !2, (19)

where n is the index of the core. The fiber is illuminated
through the incidence angle u, so that we assume that
( j, l) modes satisfying j2 1 l2 < N2, with N
5 nav0u/(pc), are equally excited. If the number of ex-
cited modes, N2, is large, then the field E obeys centered,
stationary, and Gaussian statistics. Assuming that the
direct mode emerges from the fiber from time 0 to time
Tpulse and that the time delay is smaller than the pulse
duration, the mean intensity is constant over
@Td , Tpulse#. Over this time interval the correlation
function of intensities is

G~t, x, y; t8, x8, y8! 5 1 1 U E
s50

1

da J0~pAsr/rc!

3 E1~t 2 sTd!E1* ~t8 2 sTd!U2,
(20)

where r2 5 (x 2 x8)2 1 ( y 2 y8)2. Td and rc are, re-
spectively, the time delay induced by the fiber and the
correlation radius of the pattern at the end of the fiber:

Td 5 Lu2/~8nc !, rc 5 l0 /u. (21)

Such an approach has been experimented on the Phebus
laser.6 In the implemented geometry, u . 20 deg,
a 5 100 mm, and L 5 100 m. As a consequence, the ra-
dius of the speckle spots in the fiber output pattern is ap-
proximately 3 mm (at 1053 nm). However, this plane is
imaged on target with a factor-of-5 magnification, so that
the radius of the speckle spots in the target plane is ap-
proximately 5 mm (at 351 nm). Finally, the time delay
generated by the fiber is of the order of 5 ns.

B. Sinusoidal Modulations
To compare the respective smoothing performances of 2D
SSD and of SOF, we shall assume that the phase modu-
lator f consists of the same modulators as those consid-
ered for 2D SSD. So we first assume in this subsection
that f(t) 5 b1 sin(2pn1t) 1 b2 sin(2pn2t), where b j is the
depth and n j is the frequency of the jth modulator. As-
suming that Tpulse . Td , the intensity distribution is

Fig. 7. Standard implementation of SOF.
temporally stationary over the time interval
@Td , Tpulse#. That will be our framework. The correla-
tion function is equal to

G~t, x, y; t8, x8, y8! 5 1 1 g~t 2 t8!F2 J1~pr/rc!
pr/rc

G2,
(22)

with

g~Dt ! 5 J0
2(A2b1@1 2 cos~2pn1Dt !#

1/2)

3 J0
2(A2b2@1 2 cos~2pn2Dt !#

1/2),

where r2 5 (x 2 x8)2 1 ( y 2 y8)2. This result holds
true when the frequencies n1 and n2 are incommensurate
and when Tdn j @ 1. The last condition is obviously ful-
filled with standard integrated optic phase modulators
because of the long time delay induced by the fiber. The
SOF method always takes place in the optimal situation,
in which the phase modulators effectively modulate over
the time delay of the dispersive device, so that it resolves
the lines of the discrete spectrum. The interval between
successive lines is much longer than the frequency shift
required to decorrelate the speckle pattern; thus each line
can generate an uncorrelated speckle pattern. The strik-
ing point is that the spatial and temporal variables are
separable in the expression of the correlation function
[Eq. (22)]. That means that this method generates com-
pletely uncorrelated speckle patterns instead of a speckle
pattern that shifts as in the SSD implementation.
Let us study the properties of the smoothed pattern

over integration time T. The correlation function of in-
tensities is equal to

GT~x, y; x8, y8! 5 1 1 c2~T !F2 J1~pr/rc!
pr/rc

G2, (23)

where the contrast c(T) is given by Eq. (13). If the inte-
gration time is longer than the modulation frequencies,
then we get the asymptotic contrast (11). So it appears
that the contrasts of the patterns smoothed by 2D SSD
and by SOF are similar. However, the spatial spectra
are very different. While the smoothing rate depends
strongly on the spatial frequency for SSD, the striking
point is that SOF smoothes all spatial frequencies
equally. Indeed, the PSD is given by

G T~nx , ny! 5 d~nx , ny! 1 c2~T !rc
2G~rcAnx

2 1 ny
2!,
(24)

where G(x) 5 (8/p2) 3 (arccos x 2 xA1 2 x2) if x
P @0, 1# and G(x) 5 0 otherwise and is plotted in Fig. 8.
The results that have been presented above hold true in
the approximation nTd @ 1. If we take into account the
finite parameter nTd , then the results are modified in the
following way. The correlation function and the contrast
are given by Eq. (23) up to a term of the order of
1/(2bnTd). The PSD is given by Eq. (24) for spatial fre-
quencies above 1/(2bnTdrc). Spatial frequencies below
this are not actually smoothed. However, if we adopt
phase modulators with frequencies 10 GHz and depth 5
combined with a 100-m-long fiber, which generates a 5-ns
time delay, then only the spatial frequencies below
1/(500rc) would not be smoothed. This frequency band is
far from the frequencies that can be resolved, since they
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correspond to spatial sizes of several millimeters, which
are larger than the fiber output or the focal spot. So we
can consider that the above results hold true for the rel-
evant frequencies.

C. Random Modulations
We now assume that the phase modulator f consists of
two statistically independent random phase modulators
frpm1 and frpm2 with equal parameters s and vc . The
correlation function of the instantaneous intensity is
given by Eq. (20), with

E1~t ! 5 E0~t !exp$i@frpm1~t ! 1 frpm2~t !#%.

Integrating with respect to both t and t8, we find that the
correlation function of the integrated intensity for an in-
tegration time T is equal to Eq. (23), where the contrast
admits the following expression when svcT . 1:

Fig. 8. Normalized PSD’s: SOF with two sinusoidal modula-
tors with depth 5 and incommensurate frequencies. The dotted
(solid) curve represents the density of the unsmoothed
(smoothed) pattern.

Fig. 9. Variation of the contrast with time integration: SOF.
The solid line corresponds to a phase modulation generated by
two independent random modulators with equal parameters s
5 5/A2 and vc . The dotted curve plots the contrast reduction
when using two sinusoidal phase modulators with depth b 5 5
and frequencies n1 5 0.9vc /(A2p) and n2 5 1.1vc /(A2p), re-
spectively.
c2~T ! 5 exp~24s2! 1
Ap

vcT
f1~s! 2

1

vc
2T2 f2~s!.

(25)

The functions

fj~s! 5 exp~24s2! (
n51

`

~4s2!n/~n!nj/2!

can be simplified when s . 2, so that we get

c2~T ! 5
Apg1

svcT
, (26)

where g1 . 1.25. So the contrast decreases according to
the expected AT rate. Indeed, N uncorrelated speckle
patterns are generated during a time interval of duration
T, where N is proportional to svcT, and the contrast de-
creases as AN. If the integration time is as long as the
time delay generated by the fiber, then the contrast
reaches its minimal value. It is also interesting to re-
mark that the contrast reductions obtained by either ran-
dom or sinusoidal modulations are similar for small inte-
gration times, as shown by Fig. 9. But for integration
times longer than b/n, the contrast obtained with sinu-
soidal modulations reaches its asymptotic value (11),
while the contrast obtained with random modulations
goes on decreasing according to the rate AT. Finally,
spatial frequencies are equally smoothed, since this fea-
ture does not depend on the nature of the modulation.
The PSD of the time-integrated intensity is given by Eq.
(24) combined with the expression of contrast [Eq. (26)].

5. DISCUSSION
A. Best Choice among Sinusoidal Modulators
As an application of the above results, we study the re-
spective contributions of the frequencies and the depths of
the modulators in order to reduce the contrast. We con-
sider the SOF configuration with one sinusoidal modula-
tor with depth b and frequency n, which is equivalent
from a contrast point of view to the 1D SSD configuration
satisfying the condition Tdn > 1. The contrast of the in-
tegrated pattern is then given by

c2~T ! 5 (
n52`

`

sinc2~nnT !an~b!.

In particular, the asymptotic contrast c2 5 a0(b) de-
pends only on the depth of the modulator. For the sake
of convenience with respect to the smoothing perfor-
mance, the phase modulator should have an amplitude as
deep as possible, so as to get an important reduction of
the asymptotic contrast, and a period as short as possible,
so that the contrast can reach its asymptotic value
quickly. Unfortunately, these constraints are difficult to
meet simultaneously from an experimental point of view,
because the electro-optic phase modulators are built so
that when one increases their modulation depths, one
also increases their periods. Figure 10 represents the
variation of the contrast when using different sinusoidal
modulators. The product bn (proportional to the spectral
broadening) of the modulator is set at some fixed value,
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but the depth b is varying and so is the period n21.
When the integration time is longer than the modulation
period, the contrast is very close to the asymptotic value
(zone b , bnT). On the other hand, when the integra-
tion time is shorter than the modulation period, the con-
trast becomes stable at some value (zone b . bnT). In-
deed, two different effects are opposed to each other.
First, the modulation period 1/n decreases, which induces
a smoothing efficiency reduction, because the contrast has
not enough time to reach its asymptotic value. Second,
the modulation depth b increases, which implies a reduc-
tion of the value of the asymptotic contrast. When the
product bn is kept constant, these effects are exactly bal-
anced. The global aspect of the curves of Fig. 10 is that
the contrast decreases with b, which indicates that the
modulation depth is the predominant parameter for
smoothing performance. This conclusion is also sup-
ported by the arguments of Subsection 2.C, where we find
that the filling uniformity of the bandwidth is favorable
for smoothing.

B. Effects of Multiple-Beam Overlap
The results presented above hold for a single beam. In
the NIF (Ref. 8) and LMJ (Ref. 3) direct-drive configura-
tions, the whole target is illuminated by approximately
200 beams, and each point of the target by effectively ap-
proximately 50 beams. So it should be convenient to
study the averaging effects of such an overlap. However,

Fig. 10. Variation of the contrast with different sinusoidal
modulators. The contrast is plotted as a solid curve for an inte-
gration time of 100 ps and a spectral broadening 2bn
5 40 GHz, and as a dashed curve for an integration time of 100
ps and a spectral broadening 2bn 5 80 GHz. The dotted curve
corresponds to the asymptotic contrast.

Fig. 11. Four-beam overlap configuration. Four broadband
beams spectrally dispersed in both orthogonal directions illumi-
nate a large RPP and focus on the target. Similar gratings are
used for the dispersions of the beams. Only the phase modula-
tions and/or the high carrier frequencies may differ. We assume
also that the four beams have the same polarization.
the overlapping fields may have different polarizations.
This is consequently a delicate problem. In this paper we
shall consider only the particular configuration described
in Fig. 11. The overlap induces an increase of the final
beam aperture, so that the correlation radius (i.e., the
characteristic size of the speckle spots) of the instanta-
neous pattern is reduced by a factor of 2. If the high car-
rier frequencies are the same and similar modulators are
applied on each beam, then the results of the above sec-
tions hold if we take care to replace rc by rc/2 and Td by
2Td . As a consequence, the contrast reduction induced
by the multiple-beam overlap is very poor. In particular,
there is no further contrast reduction if sinusoidal modu-
lators that fulfill the condition nTd > 1 are used. If
modulators are random, then the gain consists in a de-
crease by a factor of 2 of the limit spatial frequency below
which there is no smoothing [see Eq. (14)], which implies
a slight contrast reduction, since the first term in Eq. (16)
is divided by 4. If different modulators are used and/or
the high carrier frequencies of the beams are different, so
that the corresponding spectra do not overlap, then the
interference terms between the four beams average to 0,
and the smoothed fluence is constituted by the sum of the
four smoothed intensity distributions generated by the
beams. As a result, the contrast of the smoothed pattern
generated by the four beams is reduced by a factor of 2
with respect to that generated by a single beam, which
corresponds to the smoothing of the highest spatial fre-
quencies. So it appears in all cases that the spectra of
the different beams need to be distinct to get a further
contrast reduction. One can therefore take advantage of
the beam multiplicity to broaden efficiently the total spec-
trum, while the spectral bandwidth extents of the indi-
vidual beams are narrow enough to allow a good fre-
quency conversion efficiency.

6. CONCLUSION
We have developed a statistical analysis for beam
smoothing and have obtained closed-form expressions for
the fluence distributions of the speckle patterns gener-
ated by different techniques. As an application, the com-
parison of the SOF and 2D SSD techniques produces evi-
dence that each method has specific advantages and
drawbacks. From the pure point of view of smoothing,
SOF seems more efficient. Indeed, the cutoff frequency
(below which the spatial frequencies are not smoothed) is
inversely proportional to the time delay. Thus 2D SSD
does not smooth a somewhat large band of low spatial fre-
quencies, while SOF is able to smooth all relevant fre-
quencies equally. However, the nonlinear propagation
and the frequency conversion are expected to be draw-
backs of SOF.

APPENDIX A
We aim to sketch the computation of the correlation func-
tions of the instantaneous speckle patterns generated by
2D SSD and by SOF. The asymptotic results derived in
this paper hold when the number of elementary fields
that appear in the sums (5) and (17) is large. It follows
from the central limit theorem10 that as N → ` the total
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field E obeys circular Gaussian statistics. We can then
show that the correlation function of intensities defined
by Eq. (6) can be easily deduced from the correlation func-
tion of fields. Indeed, for circular complex Gaussian
fields, this relation is simply

G~t, x, y; t8, x8, y8! 5 ^uE~t, x, y !u2&^uE~t8, x8, y8!u2&

1 u^E~t, x, y !E* ~t8, x8, y8!&u2.

(A1)

So it remains to compute the correlation function of fields.
The arguments are similar in the SSD and SOF cases, so
we restrict our attention to SSD, where E is given by Eq.
(5). We have

^E~t, x, y !E* ~t8, x8, y8!&

5
1

4p2 (
j,l

EE dvdv8 E1, j,l~v!Ei, j,l* ~v8!

3 expXiH 2ph

l0 f
@ j~x 2 x8! 1 l~ y 2 y8!#

1 vt 2 v8t8J C. (A2)

In the asymptotic framework N → `, we can replace the
discrete sums by continuous integrals. If we first inte-
grate with respect to v and v8, then the Dirac functions
d(t 2 s) and d(t8 2 s8) appear, which yields Eq. (7). In
the case of sinusoidal modulations, we can expand the ex-
ponential term exp(ib sinu) in a Fourier series
(n52`

` Jn(b)exp(inu), so that we get formulas (9) and (13)
after time integration. In the case of random modula-
tions, we use the strong law of large numbers to obtain
Eq. (14).
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