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Asymptotic Behavior of the Quantum Harmonic
Oscillator Driven by a Random Time-Dependent
Electric Field

Josselin Garnier’
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This paper investigates the evolution of the state vector of a charged quantum
particle in a harmonic oscillator driven by a time-dependent electric field. The
external field randomly oscillates and its amplitude is small but it acts long
enough so that we can solve the problem in the asymptotic framework corre-
sponding to a field amplitude which tends to zero and a field duration which
tends to infinity, We describe the effective evolution equation of the state vector,
which reads as a stochastic partial differential equation. We explicitly describe
the transition probabilities, which are characterized by a polynomial decay of
the probabilities corresponding to the low-energy eigenstates, and give the exact
statistical distribution of the energy of the particle.

KEY WORDS: Harmonic oscillator; random perturbations; asymptotic
analysis; stochastic calculus.

1. INTRODUCTION

The quantum harmonic oscillator has been extensively studied, not only
because it is a system that can be exactly solved and a great pedagogical
tool, but it is also a very relevant system.!” Indeed a lot of systems close
to a stable equilibrium can be described by an oscillator or a collection of
decoupled harmonic oscillators. Furthermore time-independent and time-
dependent modifications of this model have been investigated, handling by
the well-known perturbation theory. Literature contains a lot of applications
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and discussions of special types of perturbations: sudden, adiabatic, peri-
odic,....») The considered phenomena are described by the Hamiltonian:

H(t)=H°+ H'(1), (L.1)

where H° is the time-independent Hamiltonian of the harmonic oscillator,
whose eigenvalue problem has been solved, and H! is a small time-depen-
dent perturbation. The typical question one asks is the following. If at 1 =0
the system is in the eigenstate y°® of H®, what is the probability for it to be
in some given eigenstate? Most results that have been obtained follow a
scheme in which the answers are computed in a perturbation series in
powers of H'.(>? Indeed it is exceptional to find closed-form expressions,
except for some very particular types of perturbations.®> Nevertheless
rigorous results have been obtained for time-dependent perturbations of
the harmonic oscillator. Most of them concern periodic driven force.*
Although the problem is far less understood in the case of random pertur-
bations, literature contains some results about systems with randomly
time-dependent external driving force. A general class of quantum systems
in Markovian potentials has been treated in detail.”>® Under suitable con-
ditions on the dynamics of the random potential, it is shown in ref. 9 that
the spectrum of the quasi-energy operator is continuous. In ref. 10 the
authors study the long-time stability of oscillators driven by time-depen-
dent forces originating from dynamical systems with varying degrees of
randomness and focus on the asymptotic energy growth. In this paper we
consider a charged particle in a harmonic oscillator which is driven by a
weak random time-dependent electric field. We aim at studying this
problem by a rigorous and non-perturbative method. Our approach is
inspired by the works of Papanicolaou and its co-authors about waves in
random media."" ¥ The first step consists in determining the characteristic
scales of the problem at hand: oscillation frequency of the harmonic
oscillator, amplitude, coherence time and duration of the random perturba-
tions. We then study the asymptotic evolution of the state vector in the
asymptotic framework based on the separation of these scales. Qur main
aim is to exhibit the asymptotic regime which corresponds to the case
where the amplitudes of the random fluctuations go to zero and the dura-
tion of the external field goes to infinity. We then describe explicitly the
effective random evolution of the state vector and the probability transi-
tions. The paper is organized as follows. In Section 2 we review the main
features of the harmonic oscillator, while we state our main convergence
result about the effective evolution of the state vector of the particle in
Section 3. Before proving this result in Section 35, we give remarkable
properties of the asymptotic system in Section 4.
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2. THE HARMONIC OSCILLATOR

2.1. The Main Equation

We consider the quantum oscillator, that is to say, a particle of mass
M whose state vector in the coordinate basis obeys the Schrodinger equa-
tion:V

: aw__ hz 1 20,2 2 2
zhat——ZMAx//+2Mw(x +y o)y (2.1)

where 4 is the Laplacian 9%/0x? + 0%/9y? + 8%/0z* and w is the oscillation

frequency. In order to transform this equation into a standard and dimen-

sionless form, we multiply the spatial coordinates x, y,z by ry':=

(Mw/h)'? and the time ¢ by to ¢; ' :=w, so that (2.1) now reads:

26(//

i 5= =AU (P Y )y (2.2)

2.2. Eigenvalues and Eigenstates

The spectrum of the harmonic oscillator is pure point with state
energies (2p + 2g 4+ 2r + 3)/2 and corresponding eigenstates:V

Joa X 1, 2) = fp(%) f() fA2) (2.3)

where the real-valued functions f), are the so-called Hermite-Gaussian func-
tions:

filx) = L Hwen, H(x)=(—1)?e" L -2 24

NN dx?

The family (f), , )5, 4 ren is complete in the following sense.('®

Proposition 2.1. 1. The (f, , /)4 ren are an orthonormal and
complete set in LA(R?, C):

J.IR3 fp, g, ,(X, s Z) fp’, q, r’(x’ Vs Z) dx dy dz= 5pp’ 5qq’ 5rr' (25)

where J stands for the Kronecker’s symbol.
2. (t,x,y,z) e @2t 2+3ip (%, y,2) is a solution of (2.2)
for any p, g, reN.



214 Garnier

We define the cigenstate decomposition as the map @: € LA R, C)

P> (Cp g r)p g rens> Where ¢, is defined by:

OWhpgr=Cnar =] radx p. 2 U(x y.2) dedyde (26)

By Proposition 2.1, @ is an isometry from L*R?, C) onto /2, the space of
all the sequences (¢, 4 ,)p 4 en frOm N3 into C which are squared
integrable. /2 is equipped with its usual scalar product {-,.> and the
associated norm |||

o0

<bs C> = Z b;,q,rcp,q,rs ch2: Z scp,q,rlz {2?)

pgr=0 pqr=0

so that it is a Hilbert space. The star denotes complex conjugation. We
remember the reader with the physical interpretation of the state vector. If
Y is the state vector of the particle, then [@(y), , ,|* is the probability that
the particle be observed in the state f, , ,. If the particle is in the state ,
then the probability that the particle be observed in the elementary volume
dx dy dz is || dx dy dz.

2.3. Functional Spaces

The state vector (resp. the eigenstate decomposition) naturally lies in
the space L2 (resp. /?). However, in order to prove the forthcoming results,
we shall need sharp controls of the state vector and its eigenstate decom-
position. It will then appear necessary to consider ¢ and @(y) as lying in
suitable subspaces of L? and /2 which will constitute a convenient
framework for our study. We define in the following these spaces.

We first introduce subspaces of the physical space L*R? C). The
space L2, we N, is the space associated with the following norm:

”Wﬁz Z Z HD(sa,c“ "Dﬁ,,clﬁﬂz (2.8)

Le{x, y.z} &...8,€{0,1}

where |-l denotes the standard L2-norm, Dy . is the multiplication
operator Dy .y :=(y and D, , is the derivation operator D, .y :=dy/0(.
We now introduce the subspaces of /2 corresponding to the eigenstate
representation. For a € R, , /2 denotes the space of all the sequences ¢ which
are decaying so that their weighted norms | cji,, « € R, are finite, where:

0

lelZ=" % ((T+p)+A+q@*+ 1+ ey, .| (2.9)

pg,r=0
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Both L2 and /2 are Hilbert and they correspond with each other as stated
in the following proposition.

Proposition 2.2. The cigenstate decomposition @ is a continuous
isomorphism from L2 onto /2 for any aeN. There exists a constant C
such that, for any ¥ e L2

CoHOWL < Wil < C [0W)] (2.10)
Proof. The proof is given in Appendix A, ||

o

2.4. The Harmonic Oscillator Driven by a Uniform
Electric Field

Let us assume that the particle possesses a charge ¢,. Suppose that we
apply an external and homogeneous electric field &yu, where u is a unit
vector of R>. Let us denote by ¢ the dimensionless quantity:

qe (5"0

£ =
hl/2M1/2w3/2

(2.11)
It is well-known'® that the state energies of this system are (2p +2q +
2r+3)/2—¢%2 and the corresponding eigenstates Sox—eu,) fy—eu,)
f.(z—eu,) for p, g, re N. It means that the spectrum is simply shifted by a
constant with respect to the spectrum of the pure harmonic oscillator.

3. EVOLUTION DRIVEN BY A TIME-DEPENDENT
ELECTRIC FIELD

3.1. Formulation of the Problem

Let us assume that the particle possesses a charge ¢,. Suppose that we
apply an external, homogeneous and time-dependent ¢lectric field &;m{z).
The dimensionless function m = (m,, m,, m,) describes the time-fluctuations
of the field. This corresponds to an electrostatic potential &{xm (1) +
ym,(t)+zm,(t)) and a potential energy —gq,&(xm (1) + ym (1) +zm,(1)).
The dimensionless quantity ¢ defined by (2.11) is a parameter which charac-
terizes the amplitudes of the fluctuations. The perturbed equation which gov-
erns the evolution of the state vector is then:

2i %%: — A+ (X2 + Y2+ 22— 2e(xm (1) + ym(t) +zm, (1)) ¥ (3.1)

Existence and uniqueness of the solution will be stated in Proposition 3.1.
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3.2. Scales and Hypotheses

We assume that the amplitudes of the fluctuations are of order & << 1.
The R3-valued function m is assumed to be zero-mean, stationary and
ergodic process under P. We assume that the R-valued random processes
m,, m, and m, are independent. We shall denote in the following by % i
the o- dlgebra generated by o(m(7), 1, €7 < 7,). We shall consider that the
process m is not only ergodic, but also ¢-mixing, i.e. that there exists a
function ¢+ ¢(¢) vanishing as - +co and belonging to LY} R, ) such
that

sup { P(B/A)~P(B), Ae F%, Be F= .} <¢(1) (32)

>0

We introduce also the normalized processes my(¢) =m(t/e*) and Y1) =
Y(t/e?), and the re-scaled g-algebra #¢ =% (’)/82.

3.3. Statement of the Result

We aim at studying the evolution of the state vector ¥ of the particle,
The initial state vector at time ¢ =0 is ,, which corresponds to the decom-
position ¢y = @(y,). By Proposition 2.2 it is equivalent to study the evolu-
tion of its decomposition onto the family of eigenstates (f, , )y 4 rens 1€,
the corresponding normalized coefficients ¢*

C;’ . r(,) _ @(l//e( 1, ))p r ei((2p+2q+2r+3)/2)(t/e2) (3.3)

The equation which governs the evolution of ¢ is:

def 1 ! 1 1
—=—mx< >B“’c‘+ m < )Bsc£+ m, ( >B” i (3.4)
dr ¢ €2

where the B} arc the continuous linear operators from /7 into /2 _, (for any
az=1) given by

i ) )
(B%C)p,q.r= ﬁ(/ﬁc,,_l,q,,e"h Pt 1cpirare™) (35

and B (resp. B;) acts on the g-index (resp. r-index).
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Proposition 3.1. 1. If ¢coe/? for some a>2, then for any &> 0,
for almost every realization of m, there exists a unique solution in
C([0, o), /2) of Equation (3.4).

2. If the initial state vector e L2 for some a>2, for any ¢ >0, for
almost every realization of m, there exists a unique solution iy in
C([0, ), L?) of Equation (3.1) and use have (¥(t, -) = y(t/e?, -)):

lpe( ta x’ y5 Z) = z C;, I’A r(t) e—i((2P+2q+2r+3)/2)(1/527;,, q, r(xa y’ Z) (3'6)

p.q.r=0

Proof. The first point follows from Lemma 5.2. The second point is
then a corollary of Proposition 2.2 and basic formulae (A.1) (see
Appendix A). |

We consider the infinite-dimensional system of linear differential equa-
tions starting from ¢(0) = ¢,:

de= Sy, B, .cdW,,+ /v, By .cdWs,+y A cdl
/7, B ycdWs,+./7, By yc AWy +7,4,c di
+3/7. Br . dWs,+ /7, By, e AW+ 7, 4, ¢ di (3.7)

where W, j=1,.., 6 are independent standard Brownian motions, 4, and

B, are the continuous linear operators from /2 into /2_, («>2) defined

by:

(Bl,xc)p,q,r:_\/;(“p—l,q,r—’_ p+1cp+1,q,r
(BZ.XC)P,q,rzi pcp—l,q,r+i\/p+1cp+l,q,r (38)
(Axc)p,q,r: —(2p + l)CP» ar
B, , (resp. B; ) acts on the g-index (resp. r-index) and y,, {e {x, y, z}, is
given by:

y,::l JOO E[m(0) m,(t)] cos(t) dt (3.9)
2o

7, is nonnegative because it is proportional to the I-frequency evaluation
of the spectral density function by the Wiener—Khintchine theorem.!*> We
can now state our main result.
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Theorem 3.2. Let us assume that ¢, belongs to /2 for some « > 2.

1. There exists a unique solution ¢ in C([0, o), /2) of Equation (3.7).

2. The processes ¢ converge in distribution in C([0, o¢), /2) to the
continuous Markov process ¢ solution of (3.7} as e - 0.

The |c, q,,lz(t) given by (3.7) represent the probabilities that the
charged particle driven by the random field em be observed in the state
S 4 at time #/e* in the limit ¢ —» 0. Theorem 3.2 is very useful since it
allows us to apply the powerful It6’s stochastic calculus to compute all
relevant quantities. Before turning to the Section 5 which is devoted to the
proof of this theorem, we give remarkable properties of the asymptotic

system.

4. SOME PROPERTIES OF THE LIMIT SYSTEM

4.1. Asymptotic Evolution of the State Vector

First we want to underline that the assertion “the processes W* con-
verge in C([0, o0), L2)” does not hold true, because of the fast varying
phases of the eigenstate decomposition of the state vector (3.6). However,
the state vector presents the remarkable property that it is time-periodic in
the case of the perfect harmonic oscillator. This time period is of duration
4n. As a consequence, if we plot the particle “stroboscopically,” i.e., at the
regularly spaced times 4znk, ke N, then the corresponding discontinuous
state vector defined by:

7, x, 3, z)=t/1<4n{$},x, 5, z) (4.1)

possesses nice convergence properties in the space of the cad-lag functions
D (the so-called right-continuous with left-limits functions) equipped with
the Skorohod topology ([t ] stands for the integral part of a real number 7).

Proposition~4.1. The processes U° converge in distribution in
D([0, o), L?) to ¥

U X, p,2)= Y Cp o dt) fo g X 12 2) (4.2)

pgr=0
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where ¢ is described by (3.7).  is the unique solution of:

27

- o - - 0
dy=./2y, %dW“—H 2y X AWy, —y X2 dt +y, a—xzdt

oy , ~ ~ R
+2y, —ade3,+t\/2yy W dW,—y, v di+y, Wdt
o0 oy

+./2y, 5lf dWs, +i /2y, le AW, — yzzzlz dt+v, e dt (4.3)

starting from (0, x, , z) = Yol x, ¥, z).

More generally, let us fix T€ [0, 4z]. If we plot the particle every times
(t+4nk), ke N and we denote by ¢ the corresponding state vectors at
these times:

Dt x, p2) = <r+47t [ﬁ} % z> (4.4)

then the processes 1/75 converge in distribution in D([0, «), L2) to |/~/,:

~

ac
l//,(t, X, Y, 7)= Z cp,q,r(t) e~x((2p+2q+2r+3)/2)rfp,q’r(x’ ¥ z) (4.5)
p, g, r=0

The convergence at hand is uniform with respect to 7. Indeed the processes
(V%)< 10, 4x7 actually converge to (¥,), e o, 427 in C([0, 471, D([0, 00), L2)).
The asymptotic state vector ¥, can be derived from ¢ through the follow-
ing equation, in which ¢ is frozen:

0 - N . .
2 W — AP+ (X + Y 420, X y Dlco=W(t X, y, 2)

ot
(4.6)

4.2. Conversion of the Fundamental State

We focus here into the following problem. We assume that the state of
the particle is the lowest order eigenstate fj o o at time t=0. We want to
solve the question what is the probability that the particle be in the state
Jp, 4 » at normalized time ¢.
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Proposition 4.2. If ¢,  =0,004,0,, then the limit process c
satisfies for any p, ¢, re N: v

Qyet)r @) ()
(1+2p,02H 7 (1 +2p, )7+ " (1 +2p,0)*!

E[lcy, 4,17 (£)] = (4.7)

Proof. We denote C(t)=(E[|c, ., 1> (1)]), 4 ren. It follows from

(5.44) and It6’s formula that C satisfies the homogeneous linear equation
starting from C(0) = dy, J¢, Jq,:

dC

Cel{x ». 2}

where (H,C), ,,=pCp_1,,,—2p+1)C, ., +(p+1)C,1y,,, and H,
(resp. H,) acts on the g-index (resp. r-index). Solving this equation
provides the result. ||

Proposition 4.2 shows that the decay of the fundamental state obeys a
power law. It means that, starting from the fundamental eigenstate f, ¢ o,
the probability that the particle be in this state at time ¢ decreases at
rate 172,

4.3. Conversion of any Initial State

The result presented in Proposition 4.2 can be generalized to any
initial configuration.

Proposition 4.3. If the initial state vector belongs to L2, then the
limit process ¢ satisfies for any p, g, re N and for every time ¢

Ellcp, 0 2 (D)= X leo 12 Koy (2750) Xap o205 1) Xy, A2728)

PO, 90: 10

Poro- 70 =0 (4.9)
where x, ,(#) is given by:

Py po’p! tP+2j—Po

()= T -
Koo 1) j=(poz_p)+(Po*])!zj!(p—po+1)!(1+t)p+"°+]

(4.10)

Proof. The proof consists in solving the homogeneous linear system
(4.8) with any initial condition. This is just long but straightforward
recalculations. J
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4.4. Energy of the Particle

We have already seen that the processes ¢ do not converge globally
in C([0, o), L?). However we can explicitly estimate the variations of an
infinity of observables which are constants of motion for the unperturbed
Schrédinger equation. We give in the following proposition the first two of
them.

Proposition 4.4. Let us denote:

. oy*
ws0=] (1%
62 e

Ox?
If Yo L3, then the quantities M5 , and M7 , converge in C([0, o), R, )
to the processes M, ., and M, , given by:

2
o IW) (43, y. 2) dx dy dz

2 2

+

2

oy

oxy®
x Ox

Ox

X

+x* lwalz> (1, x, y, z) dx dy dz

M, () =M‘z’,x+4y}/2(—R‘1’,xW1,+I?,xW2,) + 22 (W 2+ W, (411)
M, (=M +16y (=R W, +I5 W)
+ 8y, (M3 +R3 ) W\ 2+ (M3 . — RS ) Wy, =215 W\ Wa,)
+ 16yi/2(——R(l),xW1,3+I?’XW2,3—R?,XW1,W2,2+](1),XW1,2W2,)
+4}Ji(W“2+ Wztz)2 (4.12)

where the Mj?x’s correspond to ¥, and

RS Re
(1(1}’ >=<Im>< Z \/;cz,“p_l,q,,co,,‘q,)

pP.qr
RY . Re
<122’ >:<Im>< > p(p+1)"3,,_1,(,,,"0“1'%,) (4.13)
s X pg,r
R} .\ _[Re
()0 £ VP etrso)

As a consequence the mean values of M, , obey:

E[ M, (1)]=M;  +4y.t
» 2, x

(4.14)
[E[M4,x(t)] =M2,x+ 16Mg,xyxt+ 32))3([2

Similar results hold true for M, , and M; ..
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Proof. Expressing M , in terms of the coefficients ¢*, we get from
Theorem 3.2 that M5 _ and M7 | converge to the processes M, , and M, ,
given by:

MZ,x([): z (2p+1)|cp,q,r|2(t)
sar (4.15)
M4,x(t): Z (4p2+4p+3)|cp,q,r|2(l)

P ar

where ¢ is given by (3.7). Applying It&’s formula and standard formulae
of stochastic calculus we get the representations of M, . in terms of the
Brownian motions. |

The expressions of the above Proposition can be simplified in the case

where the initial state vector is some eigenstate f, . .

Corollary 4.5. With the same notations as in Proposition 4.4, if
CO,,,,,Z‘S 9,4 0, , then:

PPy 49y T rry?
M, (1)=(02po+1)+2y,( W1t2+ W2t2) (4.16)
M, (1) = (4P +4po + 3)+ 8y, (2po+ 1) (W >+ W, ) + 42 W 2 + W, 2)?
(4.17)

The linear growth of the averaged energy E[ M, ,(¢)] was also estab-
lished in ref. 10. In this paper'® the authors considered a one-dimensional
harmonic oscillator and conjectured that “the energy behaves like the
square of a Gaussian random variable with variance proportional to time
when the random potential m(¢) has a positive Lyapunov exponent.” They
proved the conjecture for an explicit example. From (4.11, 4.16) we can
claim that, whenever m(¢) is ¢-mixing with ¢ € L'?(R ), the energy regarded
as a time-process behaves like the sum of the squares of two independent
and identically distributed Brownian motions. As a consequence, if R} , =
19 =0, then at some fixed time ¢ the energy M, ,(¢) obeys an exponential
distribution with density:

E— M}
exp<——“>ﬂE>M%x (4.18)

E)=
PMZ,X( ) 4.1

4yt

Furthermore, if R‘l’, =1 (1), =0 for {=x, y,z, then the total energy
M,:=M, .+ M, ,+M,, for the three-dimensional harmonic oscillator
behaves like the sum of the squares of six independent Brownian motions.
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If y,=y,=7.=y, then at some fixed time ¢ the total energy M,() obeys
a Gamma distribution with density:

1 (E—M))? < E—M(2)>
BTEATE EzM)

2 (1291)? T 12p (4.19)

Pu(E) =

4.5. Interpretation of the Transition Probabilities in Terms
of a Jump Process

The transition probabilities C, , (¢):= [E[Icp,q,,lz(t)] satisfy the

system (4.8) starting from the initial configuration C, , (0)= |C0,,. ,,lz. We
shall show that they can be regarded as the statistical distribution of a
jump process. We denote y=(y,, y,,7,), €°=(1,0,0), e”=(0,1,0), e*=
(0,0,1), and u=e"+e”+e”=(1, 1, 1). Let N(t)=(N (1), N,(1), N(1)) be
the Markov process with state space £ = N? and infinitesimal generator :

L=2 Y N7 +p (N A1)V (4.20)

{e{x yz}

where V. g(N)= g(N—e‘)—g(N) and Vig(N)= g(N +ef)— g(N).
(N()),»0 is a time-homogeneous jump process defined on some probability
space (2, 7, P). It is a birth-and-death process of three distinct and inde-
pendent populations with birth rates A5=2y,(n+1) and death rates
pé=2y,n. It means that the population levels change only through tran-
sitions to their nearest neighbors. If at time ¢ the process is in state
n=(n,, n,, n,), then the probability that between ¢ and ¢+ the transition
n—(n.+1,n,, n,) occurs equals A;h+o(h), and the probability of
n—(n,—1,n,, n,) equals u;h+ o(h). The same holds for the other indices.
The probability that during (¢, t + #) more than one change occurs is o(A).
It can then be checked that C, , (t)=P(N(t)=p, N(t)=¢q, N,(t)=r),
where P stands for the distribution of the paths (N(?)),, starting at time
t=0 with the initial distribution P(N(0)=p, N (0)=g, N,(0)=r)=
C,,, A0). This interpretation of the transition probabilities may help to
solve problems. Let us examine one of them. The explicit results of Subsec-
tion 4.2. show that the decrease rate of the fundamental mode is ~77 3 We
shall prove here that this is a very general feature. In the following we

assume that y,#0 and consequently y, >0 for {=x, y, z.

Proposition 4.6. We denote:

!
P?(axa ay, a,) = 7°E [ |C[ax/5], [a,/6], [a,/5] |2 <5>] (4.21)
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which is proportional to the probability that the particle be observed in the
eigenstate f[ax/a],[ay/(;],[az/&] at time ¢/d in the asymptotic regime (c is the
solution of (3.7)).

If the initial state vector belongs to L2, then P? converge as a function
of C((0, co), L'(R3)) to the continuous function P, given by:

1
Pla,, a,a ):__—3e—(ax/2yxt)~(ay/2yyt)—(a,/zyzt) (4.22)
T 8yay,yat

This proposition establishes that the probability that the particle be
observed in some given eigenstate decreases as >,

Proof. This proposition can be established directly by studying the
exact formulae of Proposition 4.3. However we shall give a proof which is
independent from these results and which is based upon the above inter-
pretation of the limit system in terms of the jump process N(t).

Step 1. The re-scaled process. Let us denote by N° the re-scaled
F .= F 1’ _adapted process defined by:

No(t) = SN(1/3) (4.23)

N? is a Markov process with infinitesimal generator ¥

L(a)=26"2 Y  yla.(g(a—de’)— g(a))
teix vz}

+ (ag+0)(g(a+ det) — g(a))) (4.24)

where a=(a,,q,,a,)eR’. For any geC*R>,R) with bounded
derivatives, the process

M2(1) = g(N*(1)) — g(5M(0)) — j LGN ) du  (4.25)

is a Z°¢-martingale. Applying this statement with ga)=a, for {=x, y
and z yields:

E[NO(t + 5)/F ] = N°(t) + 2ps (4.26)
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Besides, by Doob’s inequality:
E[ sup (M2(t+u)—M2A1)YF?]

uel0,s]
<4 sup E[MY1+u)®—MYt)}/F?)
uel0,s]

=4E{rﬂ(J‘sgz—2g.$‘5g)(N‘§(u))du/f/'”‘,s (4.27)

Taking g.(a) = a,, this establishes in particular that:

E[ sup [N(t+u)—N°(t) = 2pul’/F 7]
uel0,s]
<16N°(1) - ys+ 16y - ys® + 8y -uds (4.28)
Step 2. Tightness. In order to prove the tightness of the process N°

in D([0, ), R*), we use the Aldous criteria (see Lemma 5.6) which is
fulfilled in view of (4.26) and (4.28).

Step 3. Convergence. Expanding the right-hand side of (4.24), we get
that there exists a constant K such that:

|£%g(a) — Lg(a)l <K(1+ 8%  la]) & (4.29)
where £ is the generator defined by:
_ d 0
£ =2 e Ay =
L Pegodcg,

Celx, y 2}

(4.30)

this yields that for any functions g, #hy,.,4,eC} and for any
0 < <, K<ty

Jim E {hl(Na(Tl)) by (N%(1,)) <g(N"(t1)) — g(N°(1,))

—f” Pa(N%(s)) dsﬂ -0 (4.31)

)

If we consider a sub-sequence J, such that the processes N’ converge in
distribution to some limit N as p — co, then we get:

B (N (e, (800 — gVt~ [ * 25 s )| =0
(4.32)
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which means that N is solution of the martingale problem associated with
the generator .#. This problem is well-posed and admits a unique solution,
which is the distribution of a Markov diffusion process with infinitesimal
generator % and continuous paths in C([0, o), R*). This consequently
yields the convergence in distribution of N° to N as § — 0.

If the initial decomposition ¢, belongs to /2, then N? starts from the
distribution P(N%(0) = ép, 8¢, or) = lcop . '|2, and consequently, in the limit
-0, N starts from the initial distribution P(N(0)=(0,0,0))=1.
Applying the generator Z, we then find that, for any (n,, n,, n,)e R*

E[N, () N(0)" N ()] =n,n, n,t (2p, )" (2y,0)" (2p.0)"  (4.33)

It proves that the measures P?da, da,da, weakly converge to
P,da,da,da, as 6 > 0. With some more work we can show the con-
vergence as stated in the Proposition. ||

4.6. Position of the Particle

We can also give some piece of information about the position of the
particle. Since the state vector periodically oscillates, we cannot deal with
the instantaneous position, but we can efficiently work on the locally time-
averaged position of the particle.

Proposition 4.7. Let us assume that coell. For any n<4, we
denote by x"_ the mean nth power of the position of the particle in the
x-direction at time 7 + 4zn[ t/4re?]:

?f(t) :=JR3 x" |We1? (1, x, y, z) dx dy dz (4.34)

Let x** be the mean nth power of the position of the particle time-averaged
over a local period 4x:

= 1 4 ___
(1) 1= fo Xt de (4.35)
Then t_l_l_f processes )78 converge in distribution in C([0, ov), R) to the pro-
cesses x” defined by:

0 it n=1,3

x"(t)z{Z‘"ﬂMn,x(t) i n_24 (4.36)

where the M, ,(¢)s are given by (4.11, 4.12).



Quantum Harmonic Oscillator 227

Proof. We shall prove a more general result. Let us assume that
co€!l? for some o = 2. Let g be a smooth function of C(R3, R) with polyno-
mial growth of degree at most 2a. We can study the asymptotic behavior
of the following process, function of the position of particle:

& _L 4n _ - Te2 - ~
GH1) = LO jw g v ) W (hx, yyz)dxdyd=dr (437)

We find from the results of Subsection 4.1. that the processes G* converge
in distribution in C([0, ), R) to G defined by:

1
s

4n -
G(1): J L JRJ glx, o 2) W 1P (t,x, yo2)dxdydzde  (4.38)

where ¥, is defined by (4.6) and (4.3). If we choose g(x, y, z) = x”, then we
get that X converges in C([0, o), R) to the process x" defined by:

0, if n is odd

)= 4.39
) 27NN Bap, g, 1) e, g 12 (0), if n=2Nis even ( )

2aqr

i

where ¢ is given by (3.7) and S, is defined recursively by:

Brvipg.r)y=(p+1)Bulp+1,4,7)+ pfn(p—1,4,r), and =1
(4.40)

The result then follows obviously from Proposition 44. |

5. PROOF OF THE MAIN THEOREM

This section is devoted to the proof of Theorem 3.2, For the sake of
simplicity in the notations we establish the result in the case of space
dimension 1. We can easily extend the proof to any finite dimension, so
that the result as stated in Theorem 3.2, which holds in space dimension 3,
is actually a straightforward generalization of the one-dimensional case. In
view of the following lemma,*® it is sufficient to show that the processes
¢® converge in distribution in D([0, o), [2).

Lemma 5.1. Let (E, d) be a metric space and 7>0. If f,, n =1 and
f are functions in C([0, T], £) such that the sequence f, converges in
D([0, T], E) to f£, then the sequence f, actually converges in C([0, T], E')
tof 1
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5.1. The e-Process

We introduce a sequence of auxiliary processes ¢~ eD([0, ), [2),
which are finite-dimensional approximations of ¢?, the ¢** taking their
values in the finite-dimensional subspace H, of /2:

Hy={cell c,=0if p>N} (5.1)
Defining the projection 17, from /2 onto Hy, by (Hyc),=c, if 0Sp<N

and 0 otherwise, we denote by ¢“* the unique solution in C([0, cv), Hy)
of:

de>N 1 ~ ~
=M Iye Ben ™, ¢ 7(0) = y(co) (5.2)

where B® is given by (3.5) (we drop the index x from the notations). Exis-
tence and uniqueness are obvious since the evolution of ¢ is actually
governed by a finite-dimensional system of linear differential equations.
Indeed it can be readily checked that ¢%?% Eéj;” for 0< p< N, where

P
Y eD([0, o), CV*!) is governed by the linear system:

d&'B,N 1 g e, N~e, N ~e, N
—=omi( FrE, BN(0)=c,  for 0<p<N (53)

F# ¥ is the linear mapping from CV*! into CV*! given by: F*" = [Ty o B*o
3! (115" maps CV*!into /2 by completing any finite-dimensional vector
with zeros).

Lemma 5.2. Assume that ¢, e/2 for some ae N, a> 1.

1. There exists a unique solution ¢* in C([0, 00), /%) of (3.4) almost
surely. Moreover, for any 70, there exists a constant K, , such that:

sup E[lle*()I3] < K., (54)

ee(0,1)

2. For any 6 >0, 1> 0, there exists a function X; , (N) which goes
to 0 as N — oo such that:

sup P sup [le*¥(s) = c¥(s)lo> ) < Ky o N) (5.5)

ee(0,1) se[0,¢]

3. (1) =lleo |l for any t >0 almost surely.
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Proof. We first introduce some notations. If (¢,), is a sequence of
complex numbers, then we define for any p e N:

=2 (—/pIm(c,_ ) +/p+11Im(c,ck, )
ch f(fRe (cp_rcy \/ﬁ_lRe(cpHcp*))
Hﬁ,c=(h,c)é,(t)+Re(h2c)fﬁ(t)+Im(h2c)é;(r)
H,c={hyc) E5(t) — Re(hyc) E5(¢) + Im{h,e) E5(1)
(he)y=(p+ D, P+ ple, 1P~ 2+ D) e, |
hzc)p—Z‘/ (p+1)c,_ ,cpH vplp—1 cp_zc;,"

(p+D)(p+2)c,chyin

e [cOS(1/€?) for j=1
é"{[)_{—sin(t/az) for j=2 (5:6)
By convention ¢_,=c_,=0. The time-derivatives of ley ¥|2 can be
expressed in terms of J; and Hf. On the one hand, for p = 0, . N,
dlegV|?(2) 1 2
a0 L G0, 0 (57)
On the other hand, for p=0,., N—1, for j=1,2:
d(J,c>M), (1) 1
;¢ )p (1) — e { )=—£-m£(t)(Hjce’N)p(t) (58)

For p=N, for j=1, 2, we have:

;e M), (1) _ 1

1
7 me(t)\(Hje M), (1) +om () GIN+1) les ™12 (1)

(59)

Besides, since (1 + p)*— p*<k(l+ p)*~!, straightforward calculations
establish that, for any cel2, |, forj=1,2:

(L4 p)*(J;e), | <2 elii_ ) (5.10)

-1
I8
(=]

(1+ p)*(hyo), | <3a22% 7 el _, (5.11)

L1
I ™18
[

(L4 p)* (hae), | <a?3% lell3_ (5.12)

-]
18
o
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If ce H", then we can substitute the partial sum ' )_, for the infinite sum
in the left-hand side of (5.10) and (5.12) for J,, J, and h,. However we
have to take care that in the case of #; we have:

N
1+p)°‘ Z hye),+ (N+1D(N+2)* eyl (5.13)

-]
||M8

We remember the reader with the techniques developed by Kurtz!!” and
Kushner.!® Let T, > 0 be fixed. .#¢ denotes the set of all % *-measurable
functions f(7) for which sup, <, E[|f(¢)|] < co. Following Kurtz,"'”’ define
the limit p — /im and the operator /¢ as follows. Let f(-) and f%(-) be in
M* for each § > 0. Then we say that f = p—limy f if and only if:

sup E[1f%(1)]] < o, ;irr}) E[|f°(t)— f(¢)|1=0 for each ¢ (5.14)

We say that f(-) e Z(a7%), the domain of /% and /% =g if f{-) and g(-)
are in #° and

»—lim (lE[f(z+5)/9"i]—f(t)_g(t)>=0 (5.15)
50 J

For purposes of the sequel, the most useful property of /¢ is given by the
following Proposition:!?

Proposition 5.3. Let f(-)e 2(°). Then f(1)—f{ &°f(u) du is a
F “-martingale.

We denote by f7 the #“adapted functions:

fi(0)= f cos(s) ELm(s)/Fi1ds,  fy0)=—| :2 sin(s) E[m(s)/# %] ds
vt ’ (5.16)

Since m is ¢-mixing, f75(¢) e L=(Q), ie. 15 o < foo» Where:

S =l f #s) ds (5.17)

Furthermore /€ 2(.%/°) and

A (1) = —e 7 m" (1) & (1) (5.18)
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Step 1: For any t >0, there exists a constant K, , such that, for any
family of % *-adapted stopping times 7%

sup sup sup E[[c®N(s A T®)2]<K,, (5.19)

£€(0,1) NeN 5e[0,17]

Let T* be a family of % *-adapted stopping times. We aim at studying the
process |c;™V|?, whose time-derivative (5.7) exhibits a O(¢™')-term. We
apply the perturbed test function method (see ref. 18, Section 6) in order to
get rid off this O(s~")-term. We therefore consider the function |¢5¥|* +
e¥2_, (J;e*™), f3, and we get from Proposition 5.3 and (5.8, 5.18) that,
for any p=0,.., N—1:

2
MM = (leg M2 (1)~ Z(JC"N 1) £5(1) = (J;e5), £5(0))

_ Z j (Hecs ™), (1) me(t') f2(¢') df’ (5.20)

j=1"0

is a #°-martingale. For p =N, we must add some correction in order to
take into account (5.9) so that:

2

MEN() —(N+1) zj SNy mA) E) £y de (521

is a #*martingale. Expanding ||c*”|2 in terms of M%", p=0,.., N, we

then get by taking into account (5.13):

E[le™ M2 (1 A T%)]

2

<lleg 12 +ef X

Jj=1

+ &/ Z [E{

X (1+p)*(Jped),

p=0

i ) (15N, (t A T)

|

Z {1+ p)* “N), (' A T%)

+C0221 [

} dr

+2C, [(N + 1)(N + 2)* (N+1)°‘+11L:[E[|c‘j;,N|2(t’/\T“)]dt’
(522)
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where Cy = |[m] & f. Applying the estimates (5.10), (5.11) and (5.12):
ELIe* M2t A T)]

<Heg 12+ 25" aef ool leg 122 1o+ ELIe™ (e A TOIZ_121)

+C [ BN M2 (A T dr

+20(N +2)* coj' E[ |52 (¢ A T%)] dl' (5.23)
0

where C, = (3222* + 4a*3%) C,. Denoting K, = C, + a2**'C,, and replacing
le= ™2 for |e=™|2_, and |¢*N|2_,, in the right-hand member, this
inequality can be simplified:

1+ 224 laef
1 =25+ lagf

(3

E[ "Nz A T)2] < ilcévlliﬁ—_m

t
xj E[Nlc* M2 (' A T%)] dt’ (5.24)
0
so that we have for any & < (2*"2af.) "
t
E[|lc*¥(t A T*)|2]1 <3 ||c{,V[|§+2Kaj E[Ic® N2 (2 A T*)]dr"  (5.25)
0

Applying Gronwall’s lemma completes the proof of the first step of the
lemma, since |[¢ ||, is uniformly bounded by ¢, |,.

Step 2: For any 7> 0, there exists a function K, ,(k) which goes to
0 as k — oo such that, for any family of % ®-adapted stopping times 7%

sup sup E| Y (1+p)* ez P (1 AT | <K, (k) (5.26)

P
NeN (0,1} Lp=k

For any ¢el} we denote ||c||2 , 1=, (1 + p)*[c,|*. Note that [|c], ;<
felaio1 < <o+ Slelly 0:=licll,. From the martingale property of Mf;N and
the estimates (5.10), (5.11), (5.12) and (5.13), we have for any
e< (2% f,,) 7"

¥
ECJe™ M2 (1 A T3 lleolZ oy + 2K, JO ELNes M2 eoa (£ A T?)]dl
(5.27)
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Iterating this inequality we get that, for any k = 2k, +

ELle™ MGk (1 A T9)]

2K, 1)k
<3leol oy + 6Kt leplZyst o +3 2R g2, oy
0'
2K, t)ko
+( «!) sup E[Je™N(s A T%)|12] (5.28)
k0~ s€[0,1]

Applying (5.19) then establishes that, for any e <(2**%xf.,) ~ ! and for any N:

2K, ) K,,,

ELNe™ M2 o (2 A T <362 o2 k-1 + o
0.

(5.29)

Let us fix 2 0. Let #>0. On the one hand there exists some &, such that:

2K 1Y K
( ak)' u,,gg_ (5.30)
0.

On the other hand there exists some &, such that, for any k> k,:
2 <l7_ —2K,¢ 5.31
||Co||a,k\6e (5.31)

Consequently, for any k >k, +2ky+ 1, we have E[||c>™|2 , (r A T*)] <#,
which yields (5.26).

Step 3: For any 6 >0, 1 >0, there exists a function K, , ,(N) which
goes to 0 as N — oo such that:

sup sup P ( sup [[¢®VN() =t V()= 0) S K5 o o /N) (5.32)

N'eN e€(0,1) se[0,¢]

Let us fix some Ty >0 and N’ = 3. Using the perturbed test function method
as in Step 1, we show that, for any p=0,. . N— 1, N+2,., N+ N' - L:

g, N, N’
MEN ()

e,N+N'_c;,N|2(t)__ |céV+N'

2
5 |

=|c p_cévp
2
+e Y (SN == M), (1) fo) =T (e N — i), £5(0))
j=1
2 .t
= %[ GH N N, (1) mi(e) f5(0) (5.33)
j=1
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is a & *-martingale. For p=N:

2 t
MMV () +(N+1) Y fo Re(c5™ (3™ —eiM)(T)
Jj=1

xm®(1') () fi(0)dr (5.34)

is a & *-martingale. For p=N+ 1.

2
MY+ (N1 Y | Re(ef? (e3 " = e3 M) (1)
j=1
m*(t') (') fi(¢) dr (5.35)
is a & *-martingale. For p=N+ N"

2
MEEX () —(N+ N +1) Zj SR P () mi (1) EE) S3(0) e
- (5.36)

is a % °martingale. Let 7% be a #*adapted stopping time such that
T*< T, almost surely. We then get from (5.10), (5.11), (5.12) and (5.13)
that, for any e < (2%+%f,) !

EL e VY — e M2 (1 A T*))

<3 eV —cl |2+ 2K, j E[ [ Y+ ¥ — e M2 (¢ A T#)] di
+20Co(2+ N)* j EL 5V 13V Y =N (1 A TTdr (537)

Applying the inequality ab < 1a®+1b? and (5.26) in the case k=N to the
last term of the right-hand side of this inequality yields:

EL e ¥+ — ¢ M2 (1 a T)]
<3 ey =2 +21<'j E[ e ¥V — ¢ M2 (1 A T7)] dr

K, (N)xa2*C, (5.38)
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where K, = K, + a2*C,. On the one hand, K, ,(N) goes to zero as N - .
On the other hand, by definition of ¢}’:

N+ N s
led ™M —cglz=" X (1+p)leg < X (1+p) leg P=llco—cF 112
p=N-+1 p=N+1 (539)

goes to zero as N — oo uniformly with respect to N'. Applying Gronwall’s
lemma consequently establishes:

limsup sup sup E[ || VTV (T?) —c=N(T)|2]=0 (5.40)

N—-ow ¢£€(0,1) NeN
If we take
T =inf{s< T, [¢® VTV (s) — > Y (s)|2 > 3} (5.41)

then we establish the statement of the third step.

Step 4: There exists a unique solution ¢® in C([0, oc), /%) of (3.4),
which also satisfies (5.4).

We can extract a subsequence ¢(N ) such that:

P( sup ¢V (s) — > 0NTD () =27 M)yg2 N (5.42)
selo, 1]

By Borel-Cantelli’s lemma, for almost every w, there exists N(w) such that
N = N(w) implies that:

sup [[¢® 9 M(s) — =N F D)) <27 (5.43)
se[0, 1]

Therefore, as N — oo, ¢®#0 — (&N = ZJ’.V;OI c® ) — = U+ Y converge in
C([0, 1], 12) to some element of this space that we express in the form
9 _ ¢ Since 4 and B¢ are continuous from [Zinto /2_,, ¢ is found to
be a strong solution of (3.4) in /2 Letting N — oo in (5.19), we get that ¢°
belongs to /2 and satisfies (5.4). Besides, if ¢% and ¢% are two solutions
in /2, then Step 1 establishes that {¢® —c5 |, (¢) =0 for every ¢, which yields
uniqueness. The second point of the lemma is proved by letting N' — oo in
(5.32). The third and last point is then straightforward since Re{ B°c, ¢) =0 for
any cel?. 1
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b.2. The Limit Process

We consider the system of linear differential equations (3.7) starting
from ¢(0) =c¢,:

de=./y Byc dW,,+./y Byc dWa, + yAc dt (5.44)

We also denote by ¥ e C([0, o), C¥*!) the processes which are defined
as the solutions of the finite-dimensional linear systems:

AV = Sy FYE AW\, + /y FY &N AW, +yGVeN dr
E;’(O)zcop, for 0<p<N (5.45)

where the linear mappings FY and GV are defined by FY =11y B;oI1 !
and G =ITyo A~ 115" respectively. We finally introduce the auxiliary pro-
cesses ¢ e C([0, ), I2) given by ¢ = ¢} for p< N and 0 otherwise.

Lemma 5.4, |. If¢ye li, o= 2, then there exists a unique solution
¢ in C([0, o), 12) of the system (5.44). Moreover, for any ¢ > 0, there exists
a constant K, , such that:

ELle(DIZ] <K, (5.46)

2. For any >0, t>0, there exists a function K; , () which goes
to 0 as N — oo such that:

P( sup [lc(s) —c(s)] o> 0) <Ky, 0, (N) (5.47)

se[0,¢£]

Proof. In the following we work with the natural filtration generated
by the g-algebra F ' =g( W), W2, s<u<t). The proof is similar to that of
Lemma 5.2

Step 1. There exists a constant k, such that, for any stopping time 7"

sup E[ V)2 (A T)I< leo 13 & (5.48)

NeN

For every p< N —1

MW =1 P (0~ g =2 [ (e, (1) (549)

p



Quantum Harmonic Oscillator 237

is a Z#-martingale, where A, has been defined in (5.6). For p=N, MY (1) —
29(N+1) f§ len? (') dt is a Z-martingale. Let T be a stopping time. We
then get from (5.11) and (5.13) that:

ELIeMZ(r A T el 124 (3?25 + 2% o) y jt ECUe™MIZ (¢ A T)] dt
0
(5.50)

which yields the desired result since ||cd [, < o lla-

Step 2: For any 6> 0, t>0 there exists a function K , (N} which
goes to 0 as N — oo such that:

sup P( sup [le¥(s) =NV ($))1, 2 0) < K o (N ) (5.51)

N'eN s€[0, 1]
For any p=0,.,. N—1,N+2,, N+ N —1:
NN (N [ N+N _ N2 N+N' _ .N{2
My (1) :=|e, -y (t)—|(‘0p COP!

(t'ydr {5.52)

t
—2p [ (hy(eVHV =My,
4]
is a #-martingale. For p=N, N+ 1, N+ N'—1 we must add some correc-
tions. The proof is then very similar to that of Lemma 5.2.

Step 3. There exists a unique solution ¢ in C([0, 0),/2) of the
system (5.44), which also satisfies (5.46).

The proof is very similar as in the Step 3 of Lemma 5.2. We can
extract a subsequence such that ¢#@ —c#™) =3 N7t D) — 40U+ D con-
verge in C([0, r],/2) to some element of this space that we express in the
form ¢#® —¢. Since 4 and B, are continuous from /2 into /2_, (we have
to assume that a >2) ¢ is found to be a strong solution of (3.4) in /2 The
end of the proof is the same as the one of Lemma 5.2. ||

Lemma 5.5. For any N, the processes ¢ " e C([0, o), /2) converge
in distribution to the process ¢” e C([0, ), /2) as ¢ — 0.

Proof. Applying Theorem IV-6-7 in ref. 18, the processes & Ve
C([ 0, w), CV*!) governed by the system (5.3) converge in distribution to
the process & e C([0, o), C¥*!) solution of the system (5.45). To be very
rigorous, we need to separate the real and imaginary parts, so that we
actually deal with processes in C([0, c0), R*¥+1) The corresponding
system then fulfils the hypotheses of Theorem 1V-6-7 in ref. 18, because m
is ¢-mixing with ¢ € LY3(R ). This yields the result. ||
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5.3. Tightness

We begin by stating some standard tightness criteria.('”)

Lemma 5.6. Let (E, d) be a Polish space, X* a process with paths
in D([0, Ty], E). If for every t in a dense subset of [0, 7] the family
(X*(1))se(o,1) is tight in E and X* satisfies the Aldous property.

For any >0, 1> 0, there exists § >0 such that

[A] limsupsup sup P(d(X(T+6), X{(T))>1)<y

e—0 T O0<f<d

where T is a stopping time and sup; is the sup over all such T<T,—J,
then the family (X*), o, is tight in D([0, T]), E).

If the processes X*® are continuous, then [A] is necessary for tight-
ness. ||

Lemma 5.7. Let H be a separable Hilbert space and Hy, be an
increasing sequence of finite-dimensional spaces in H such that, for any
heH, imy_, o=@ HNh =h. Let Y* be a H-valued process. Y* is tight if and
only if for any # >0 and 4> 0, there exists p, and a subspace H y, ;, such
that

sup P(IY*|=p,)<p and sup P(d(Y?, Hyy,, 2y) > A) <7(5.53)
£e(0, 1) ee(0,1)
Proposition 5.8. The process c* is tight in D([0, c0), /2).

Proof. We shall prove on the one hand that ¢(z) is tight in /2 for any
¢t and on the other hand that ¢® satisfies the Aldous property, which estab-
lishes the result by Lemma 5.6.

Step 1: ¢*(¢t) is tight in /2 for any ¢ >0.

From Lemma 5.2, we have:

K
sup P(lc*(Dll, = M) <=2 (5.54)
ee(0, 1) M
Since ¢ =0 for p > N+ 1, we have
d( (1), Hy)?= 3 (L+p)* e (P < ey —c=M())5  (5.55)
p=N+1

which implies that ¢“(¢) is tight in /2 by Lemmas 5.2 and 5.7.
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Step 2: ¢ satisfies the Aldous property.

Let T3>0 and 4> 0. Applying Lemma 5.2, we have for any 8 <1, for
any stopping time 7'< T, — 6 and for any £ € (0, 1):

Pe(T+0)—c(T)|.24)
SPle*M(T+0) = c* (T a > 42) + 2K s, o, 7,(N)  (5.56)
Let # be some positive number. We choose some N, such that K, , 7.(No)

< #/4. From Lemma 5.5, ¢® ™ is tight in C([0, T,], /2), so that there exists
some J > 0 such that:

limsupsup sup P(|c®M(T+60)—c>M(T)|,=42)<n/2 (557)

e=~0 T 0<8<d
which finally establishes that

limsupsup sup P{|cHT+80)—c(T)|, =A<y (5.58)

e—0 T 0<6<d

5.4. Convergence of the Finite-Dimensional Distributions

Proposition 5.9. The finite-dimensional distributions of (¢*(#)),5,
converge in distribution in /2 to the corresponding ones of (¢(?)), 5.

Proof. Let us fix some meN. Let F be a continuous and bounded
function from / i®"’ into R. Let ¢, < --. <t,, be m nonnegative real num-
bers. We want to prove the weak convergence of F(c*(t,),..., ¢*(¢,,)) (that
we denote by F(c®)) towards F(c(ty),..., c(¢,,)) (that we denote by F(c)).
Expanding the difference 4% := |E[ F(c*)] — E[ F(c)]| as follows:

A< |E[F(c*)] — ELF(c* )| + |E[F(c*™)]
—E[F(c™) 1]+ |E[F(c™)] = E[F(o)] (5.59)

and estimating the first and third terms of the right-hand member, we
obtain that, for any M > 0:

4°<2 sup |F(c) — F(c)| + [E[F(c*™)] — E[F(¢™)]|

lel €M, |lc—c'| <8

+2 [|Fl o P(sup [l —c* M| 20) +2 | Fll o P(sup fle — ||, >0)

t<t, t<t,

+2 1 F|l _Z PUle(t)lla= M) +2|1Fllo 3, Pt = M) (5.60)

j=1 Jj=1
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Taking the limsup as ¢ — 0 and using Lemmas 5.2, 5.4 and 5.5,

lim sup 4°<2 sup |[F(c)— F(c")|

e—0 le| <M, le—c'| <6

a, 7y,

K
T4 o Koo, (N) +H4m [ Fll o — 53 (5.61)

Taking first the limit N — oo in the right-hand member, then the limit
8- 0, and finally M — co, we establish the desired result. ||

APPENDIX A: PROOF OF PROPOSITION 2.2

From the recursion relations amongst the Hermite polynomials,®® we
get that:

af"’q"=—”’f1f+l +—{ﬁf x
ax 2 P 4 2 pP—hgr

NZE
Xf;”q"’: f/i ﬂ+1,q,r+%ﬂ—l,q,r

afp,q,r_ V9t f

1
ay - \/5 fp,q+1,r+\/gfp,q—l,r

(A.1)
¥t :q—ﬂf 1 +ﬁf 1
Par \/5 Jpoa+1l,r \/5 pg—1L.r
afp,q,r:_vr+1f +ﬁf
82 ﬂ g r+1 \/5 pogr—1
Jr+1 \/r
pr,q,r:7fp,q,r+l+zfp,q,r~l
Ify =3 c, 4 rfpqr then we have:
- (p+a) (g+a) (r+a)
2 , 2
”C“ashq,zr=o< P! + C]! + r! ]Cp,q,rl
1 a o 2
£zl
2% tetnra %
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Expanding ({—0/0{)* and using Minkowski’s inequality proves that:
lleh2< [l |l2. On the other hand,

1
||lﬂ||§=§; > > 1((=1)Y=0_y (+6,,)
Ce{x, y,z} &)...9,€{0,1}
0 e O((—1)5‘9_1,¢+91,¢)CII2 (A.3)

where (8, .¢), ., =/P+1¢,01,4, and (0_1_xc)p,q,,:=\/p?cp_l,q,,
and 0, , (resp. ;) acts on the g-index (resp. r-index). Straightforward
estimates then show that:

= (p+a) +a}! (r+a)
lwlz<2> 3 <pp, +}qq,)+ T ) en el < 2%l el

p.q.r=0 (A4)

REFERENCES

. A. Messiah, Quantum Mechanics (North Holland, Amsterdam, 1962).

. L. L Schiff, Quantum Mechanics (Mac Graw Hill, New York, 1968).

R. M. Hervé and M. Hervé, J. Math. Phys. 32:956 (1991).

M. Combescure, Ann. Inst. H. Poncaré A 47:63 (1987).

V. Enss and K. Veseli¢, Ann. fnst. H. Poincaré A 39:159 {1983).

G. A. Hagedorn, M. Loss, and J. Slawny, J. Phys. 4 19:521 (1986).

. C. A. Pillet, Commun. Math. Phys. 102:237 (1985).

. C. A. Pillet, Commun. Math. Phys. 105:259 (1986).

M. G. Nerurkar and H. R. Jauslin, J. Math. Phys. 35:628 (1994).

. L. Bunimovich, H. R. Jauslin, J. L. Lebowitz, A. Pellegrinotti, and P. Nielaba, J. Star.

Phys. 62:793 (1991).

11. W. Kohler and G. Papanicolaou, J. Math. Phys. 14:1733 (1973); 15:2186 (1974).

12. G. Papanicolaou, in: Ecole d’été de Probabilités de Saint-Flour, P. L. Hennequin, ed.
(Lecture Notes in Mathematics, Springer, Berlin, 1988).

13, J. Glimm and A. Jaffe, Quantum Physics, a Functional Integral Point of View (Springer,
New York, 1981).

14. C. Cohen-Tannoudji, B. Diu, and F. Lalo€, Mécanique Quantigue (Hermann, Paris, 1977).

15. D. Middleton, Introduction to Statistical Communication Theory (McGraw-Hill, New
York, 1960).

16. J. Jacod and A. Shiryayev, Limit Theorems for Stochastic Processes (Springer, Berlin,
1987).

17. T. G. Kurtz, Ann. Prob. 4:618 (1975).

18. H. J. Kushner, Approximation and Weak Convergence Methods for Random Processes
(MIT Press, Cambridge, 1984).

19. M. Meétivier, Stochastic Partial Differential Equations Infinite Dimensional Spaces
(Pubblicazioni della Classe di Scienze, Scuola Normale Superiore, Pisa, 1988).

20. 1. S. Gradshteyn and 1. M. Ryzhik, Table of Integrals, Series, and Products (Academic

Press, San Diego, 1980).

e e R

—



