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FOCUSING WAVES THROUGH A RANDOMLY SCATTERING
MEDIUM IN THE WHITE-NOISE PARAXTAL REGIME*

JOSSELIN GARNIER!' AND KNUT SOLNAF

Abstract. When waves propagate through a complex or heterogeneous medium the wave field
is corrupted by the heterogeneities. Such corruption limits the performance of imaging or communi-
cation schemes. One may then ask the question, Is there an optimal way of encoding a signal so as to
counteract the corruption by the medium? In the ideal situation the answer is given by time reversal:
for a given target or focusing point, in a first step let the target emit a signal and then record the
signal transmitted to the source antenna, time reverse this, and use it as the source trace at the
source antenna in a second step. This source will give a sharply focused wave at the target location
if the source aperture is large enough. Here we address this scheme in the more practical situation
with a limited aperture, time-harmonic signal, and finite-sized elements in the source array. Central
questions are then the focusing resolution and signal-to-noise ratio at the target, their dependence
on the physical parameters, and the capacity to focus selectively in the neighborhood of the target
point and therefore to transmit images. Sharp results are presented for these questions.
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1. Introduction. Wavefront-shaping-based schemes for focusing [19, 23, 24, 25]
and imaging [20, 17, 15] have proved very useful for focusing and imaging through
scattering media. The primary goal of the experiments reported in these papers is to
focus monochromatic light through a layer of strongly scattering material. This is a
challenging problem as it is known that multiple scattering of waves by the medium
inhomogeneities scrambles the transmitted light into random interference patterns
called speckle patterns [13]. However, if a spatial light modulator (SLM) is applied
before the scattering medium, then it is possible to focus light as first demonstrated
n [24]. Indeed, the elements of the SLM can impose phase shifts prescribed by the
user, and it is possible to choose (by an optimization scheme) the phase shifts so as
to maximize the intensity transmitted at one point in the target plane behind the
scattering medium (see Figure 1).

It turns out that the phase shifts obtained by the wavefront-shaping optimization
procedure are the opposite phases of the field emitted by a point source at the target
point and recorded in the plane of the SLM [17]. In other words, the wavefront-
shaping optimization procedure is equivalent to phase conjugation or time reversal.
The focal spot obtained at the target point by the wavefront-shaping-based scheme
is the focal spot of the time-reversed refocused wave obtained at the end of a time-
reversal experiment in which waves emitted by a source at the target point propagate
through the scattering medium, are recorded by an array of sensors in the plane of the
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Fic. 1. Focusing wave through a scattering medium. Without any control one gets a speckle
pattern (shown in the right picture) in the target plane (a). With an SLM one can focus on a target
point by imposing appropriate phase shifts (b).
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Fic. 2. Time-reversal experiment through a scattering medium. In the first step of the experi-
ment (a) a time-harmonic point source emits a wave that propagates through the scattering medium
and is recorded by the time-reversal mirror (TRM) used as an array of receivers. In the second
step of the experiment (b) the TRM is used as an array of sources, it emits the complex-conjugated
(i.e., time-reversed) recorded field, and the wave refocuses at the original source location. The right
picture is the transmitted field in the target plane, that is, the original source plane. The cross in
the right picture is the original source location. One can see that the transmitted field has a focal
spot that is centered at the cross.

SLM, are time-reversed, and are reemitted through the scattering medium toward the

plane of the target (see Figure 2). This time-reversal interpretation and the known

refocusing and stability properties of time reversal for waves in random media [16, 5]
explain the focusing properties of the wavefront-shaping-based scheme [17].

However, two questions can be raised in view of the experimental results:

e The elements of the SLM are much larger than the operating wavelength

(for instance, 20um for the SLM used in [24, 25]) and may even be larger

than the correlation radius of a field emitted from the target point and trans-

mitted through the scattering medium. This means that the phase shifts

imposed by the elements of the SLM are not the phases of the conjugated (or
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time-reversed) field but result from local averages of this field. Nevertheless
refocusing seems very efficient. We will see that indeed time reversal with a
smoothing kernel whose radius is larger than the correlation radius allows for
wave refocusing, that the radius of the focal spot at the target point does not
depend on the smoothing, but that the statistical stability of the focal spot
(i.e., the signal-to-noise ratio) depends on it.

e The SLM is used to correct the wavefront distortions of the diffused light.
After performing the correction for a target point, it turns out that the cor-
rection can also be used to make the wave focus on a prescribed neighboring
point, which allows for transmitting images. This is explained in the physical
literature by the memory effect for speckle correlations [4, 7, 15]. We will see
that indeed it is possible to focus selectively at any point in a neighborhood of
the target point, which allows us to transmit an image, and we will quantify
the extent of this neighborhood and the resolution and the stability of the
image obtained by this method.

We address in this paper these questions in the paraxial white-noise regime, as
described by the It6-Schrédinger model for the Green’s function. This model is a
simplification of the Helmholtz equation with random index of refraction; it gives
the correct statistical structure of the wave field when the propagation distance is
larger than the correlation length of the medium which is itself larger than the wave-
length and when the typical amplitude of the medium fluctuations is small. The
1t6-Schrodinger model can be derived rigorously from the Helmholtz equation by a
separation of scales technique in the high-frequency regime [8, 9, 10]. It is physi-
cally relevant and it models many situations, for instance, laser beam propagation
[1, 21], time reversal in random media [2, 18], or underwater acoustics [22]. The
1t6—Schrodinger model allows for the use of Itd’s stochastic calculus, which in turn
enables the closure of the hierarchy of moment equations [6, 14]. Until recently, the
equation for the fourth-order moments of the Green’s function could not be solved [14,
sect. 20.18]. However, in a recent paper [12] (with a preliminary version in [11]) the
behavior of the fourth-order moments of the random paraxial Green’s function could
be unraveled and our paper is based on this result that allows us to carry out a vari-
ance analysis of the time-reversed field (which indeed involves fourth-order moments
of the Green’s function).

The paper is organized as follows. We describe the transmission problem in section
2. In section 3 we extend the result obtained in [12] in order to get the fourth-order
moment that is of interest for our study. In section 4 we prove Propositions 4.1 and
4.2 that describe the mean and covariance of the refocused field around the target
point. In section 5 we show how to focus on a prescribed point in the neighborhood
of the target point and use this idea in section 6 to show that it possible to transmit
an image through a strongly scattering medium.

2. Time-reversal experiment. In this paper we denote the three-dimensional
spatial variable by (x,z) with & € R? the transverse variable and z € R the longitu-
dinal variable. A time-reversal mirror (TRM) is located in the plane z = 0. Its radius
is Ry and the radius of its elements is pg.

In the first step of the time-reversal experiment, a point source localized at (y, L)
emits a time-harmonic signal at frequency w. The TRM is used as an array of receivers
and records the wave emitted by the point source. The size py of the elements of the
TRM is taken into account in the form of a Gaussian smoothing kernel with radius pg.
By denoting Q(L, T, Y) the Green’s function from (,,,0) to (y, L) (which is equal
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to the Green’s function from (y, L) to (x,,,0) by reciprocity), the recorded field at
(zm,0) is therefore obtained via the smoothing over the Gaussian mirror element as

1 /G(L + 1 ) |CC/|2 d I
T x exp | — T
In the second step of the time-reversal experiment, the TRM is used as an array

of sources. It emits the time-reversed (or complex-conjugated) recorded field iyec.
The time-reversed field observed in the plane z = L at the point (x, L) has the form

(2-1) ﬂrec(gc'm; y) =

N N T 2 —F
(2.2) (x5 y) = /uem(:r,, Tp) €Xp <_|R2|) Groc(Tm; Y) AT,

Here we have assumed that the TRM has a radius R,, and can be modeled by a
Gaussian spatial cut-off function. Moreover, we again take into account the size pg
of the elements of the TRM by considering that from any point (x,,,0) the TRM
can emit from a patch with radius pg and with a Gaussian form, which generates the
following field at point (x, L):

) 1 R x' 2
(2.3) Uem (T; Tiy) = G /Q(L, Ty + ', ) exp (— 2p12) ) dz’.

The time-reversed field observed in the plane z = L can therefore be expressed as
(2.4)

7|2 /|12 R / R /
G (5 y) = 4k3Co //exp (—|f2| —|Z ‘2 ) G (L,w’—i—g,m) G (L,m’—g,y)dw’dy’
0 Po

with

o = Py 2 2 2
2.5 C = — re = R + .
( ) 0 167_‘_]{;(2“087,(2) ) 0 m T Po
Of course, when the size of the elements py goes to zero, we recover the standard
expression for the refocused time-reversed field with a TRM with a Gaussian aperture
with radius Ry,:

X 212\ - -
e ) o= [ (<51 610 ) G (L pie’
From now on we will take Cp = 1 as this multiplicative factor does not play any role
in what follows.

Remark 2.1. We have modeled the global shape of the TRM and the local shape
of the elements of the TRM by soft Gaussian cut-off functions, instead of hard cut-off
functions such as 1jg g,,)(|Zm|) or 1jg ) (|2’]), because this allows us to get simple
and explicit expressions in the following.

2.1. The Green’s function in the white-noise paraxial regime. In the
white-noise paraxial regime the Green’s function G is of the form [12]

G(L,w,y) = ——e™LG (La,y),
2ko

where ko is the homogeneous wavenumber and the function G is the solution of the
It6—Schrodinger equation

~ 1 ~

(2.6) dG(z,z,y) = ﬁAmG(z, x,y)dz + %G(z, x,y) o dB(z,x)
0
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with the initial condition in the plane z = 0: G(z = 0,z,y) = 6(x — y). Here
the symbol o stands for the Stratonovich stochastic integral, B(z, ) is a real-valued
Brownian field over [0,00) x R? with covariance

(2.7) E[B(z,z)B(z',2')] = min{z, 2'}C(x — z'),

and C is determined by the two-point statistics of the fluctuations of the random
medium (in particular the width of C is the correlation length of the medium fluctu-
ations). In It6’s form (2.6) reads

(2.8)
. i iko - k2 .
0

This equation was analyzed for the first time in [3] and it was derived from first
principles by a multiscale analysis of the wave equation in a random medium in [9].
In Appendix A we further discuss this model and the scintillation regime that we
introduce below in section 3. Note that in the white-noise paraxial regime, the time-
reversed field is

(2.9)

. x'|? /12 R / . /
e (T3 y) = //exp (— | r(2)| — |Zp|(2) ) G (L,w’ + y2,:c) G (L,a:’ - y2,y>da:’dy’.

In the white-noise paraxial regime one can derive transport equations for the moments
of the wave field. These moments are important since they allow us to characterize the
time-reversed and refocused field. The two first moments can be computed explicitly;
however, for the fourth moment there is no explicit expression in the general case. A
novel aspect of our analysis is that we here get an explicit characterization of the fourth
moment of the wave field in the scintillation regime introduced in section 3. This is
important since it allows us to compute a signal-to-noise ratio for the refocused field.
Next we characterize respectively the mean refocused wave and also its signal-to-noise
ratio that characterizes its relative fluctuations.

2.2. The mean refocused wave. The mean time-reversed field observed at
(z, L) when the original source is at (y, L) is

(2.10) My (L, ®,y) = E [ (x;y)],

and it can be expressed as

_ |£B/‘2 |y/|2 A / yl A / yl ! 3.
Ml(L,a:,y)—//exp< o E |G L,:c+2,a: G|L«x 5 Y dx'dy’.
M satisfies the system

oM i k2
(2.11) L— — (Ap — Ay) My + =2 (C(z — y) — C(0)) My,

82 2]60 4

starting from

Cletyl? Iw—y|2>

Ml(z = Oa mvy) = €xXp ( 47’(2) 4[)3
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After parameterizing the two points & and y as

qg=T—-Y,

this equation can be solved (after Fourier transforming in r):

2 21 ¢12 _eL )2
q q rH , 5l€| lg — &5z
(L7 o - 7) = : - - 2
My T+ 5T 5 47T/exp <z§ T 1 12

(2.12) +%3 /OL C (q - gé}) - C(O)dz) dé.

2.3. The fluctuations of the refocused wave. We consider the general second-
order moment for the time-reversed wave

My (L, @1, @2, Y1, y2) = E e (T1; Y1) e (y2; @2) ]

(2.13) E [t (15 1 ) e (®2; Y2)],

which depends on the fourth-order moment of the paraxial Green’s function:

x| |? + |zh|? T2 4 |y
Ms(L, 21, T2,Y1,Y2) Z//exp <—| 1 2| 2 - vil 2|y2|
) 4p5

/ /
G (Lw’l + y21,:c1) G (L,ac’z + y;,iL‘z)

xE

/ /
xG (L7w’1—y21,y1>G (L,ar:’2 - y22,y2)] dx' dydxydys,.
It satisfies

oMy _ i
0z N Qko

k‘2
(2.14) (A, + Ay — Ay, — Ay,) Ms + ZOUQ (T1, T2, Y1, Y2) Mo,

with the generalized potential

Us (x1, T2, y1,Y2) = C(x1 — y1) + C(T1 — y2) + C(x2 — Y1) + C(T2 — Y2)
(2.15) —C(x1 — 2) — C(y1 — y2) — 2C(0),

and it starts from

CE P e + gl
412

lz1 — y1]® + @2 — yol°
xXexp | — 12 .
0

M?(z = Oaxlaw27ylay2) = €Xp (

We parameterize the four points @1, €2, y1,y2 in (2.14) in the special way:

T +T2t+ g+ Qo T+ T2—q1 — @2

T = ) Yy = 9
2 2

T — T2+ g1 —q2 T —T2—q1+Qq2

Lo = 5 Yo = .

2 2
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In particular r1 /2 is the barycenter of the four points @1, T2, Y1, ys:

T+ T+ Y1+ Y2 T+ T2 — Y1 — Y2
rL = ) q1 = )
2 2
T T2+ Y1 — Y2 T~ T2~ Y1 Y2
T2 = ) q2 = .
2 2
In the variables (g1, g2, 71, 72) the function Ms satisfies the equation
OM, i k2
(2.16) 5 = (Ve Vg, + Vo, - Vg, ) My + zOU2(Q17Q277“1,T2)M2,
0

with the generalized potential
Ua(q1,q2,71,72) = C(@2 + q1) + Clg2 — q1) + C(ra + q1) + C(r2 — q1)
(2.17) —C(qz2 +12) — C(g2 — 72) — 2C(0).

Note in particular that the generalized potential does not depend on the barycenter
r1 as the medium is statistically homogeneous. The initial condition for (2.16) is

Pl el + Q2|2)

M;(z =0,q1,q2,71,72) = exp <

2rf 20}
The second moment of the refocused wave field can be expressed as
. 2
(218) E[|utr(way)| ] = MZ(Lle =x+y,r2=0,q1=0,¢2 = — y)a
and, more generally,
(2.19)

h h h h
E [atr <iE+2,y> Uty (w_zay)] =M, (L,T1:w+y>7‘2:2>Q1:27Q2:w—y> .

The Fourier transform (in gi, g2, 71, and 72) of the fourth-order moment of the
paraxial Green’s function is defined by

M2(27£17£2aC1aC2):/ MQ(qulaq27T17T2)

(220) X exp (—iq1 . 51 — iT1 . Cl — iQQ . 52 — irg . C2) d’l"ldT‘quldQQ.
It satisfies
OMy i k2

92 + kfo (51 ’ C1 Jrfz ’ CQ)Mz = 4(277)2/0("7) {MQ(Sl - kv€2 - k’C1’c2)

FA (&) — K, €5,C1,Co = k) + Mo (€y + K, &y — .1, Co)
+M2(£1 + ka£27C17C2 - k) - 2M2(£17£27417C2)

(221) V€116~ Gur Gy — )~ Vol €+ K. Gy, = )|,
starting from

A 2 2

Ms(z = 0,€1,€5,¢1,¢s) = (2mropo)* exp <—'020(|§1|2 + [&57) — %0(|C1‘2 + C2|2)) .

The solution of this transport equation would give the expression of the variance of
the refocused wave. However, in contrast to the second-order moment of the paraxial
Green’s function, we cannot solve this equation and find a closed-form expression.
Therefore we address in the next sections a particular regime in which explicit ex-
pressions can be obtained.
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3. The scintillation regime. In this paper we address a regime which can be
considered as a particular case of the paraxial white-noise regime: the scintillation
regime. The scintillation regime is valid if the transverse correlation length of the
Brownian field B (which is the correlation length of the medium) is smaller than the
radius of the TRM and the one of the smoothing kernel. If the correlation length is
our reference length, this means that in this regime the covariance function C¢, the
radius of the TRM r§, the smoothing kernel radius pg, and the propagation distance
L? are of the form

L
(3.1) C(x)=<Clz), rj="2. =", L7=_.

Here ¢ is a small dimensionless parameter and we will study the limit € — 0. We
discuss further the scintillation regime in Appendix A. Assuming the scintillation
regime let us introduce the rescaled function

(3.2) ( €1,€2,C1,C2) = ( £1a€27C1aC2>eXP(&(52(2"’51(1))-

In the scintillation regime the rescaled function MF¢ satisfies the equation with fast
phases

£ 2

% = 4(57;)2/0(16) _2ME(£17£27417C2)

+ M°

+ M°

+ M

+ M-

- Ma(ﬁpéz k,¢1,¢2— kK e’

(3:3) — M(&1.85 — .G G + )T

& — k& — Kk, (1, (o) eigh (Catey)
€ — k65, ¢y, Gy — k)T e
€+ k& — k,Cy, Cy)e' (e
3 )

)e!

—~ o~ —~

+k€2’C1aC2 k@fkok(gz ¢q)
(C2+£2)*|k|2)

—£5)+1k[?) dk,

—~

starting from

(3-4) M= (2 = 0,6,.€5,€1,G2) = (2m)°65, (€1) 05, (€2)65, (€1)45, (Ca),

where we have denoted

2 2
(3.5) 0(€) = 525 exp (;;;a?) :

and similarly for ¢7 . Note that ¢5 belongs to L' and has an L'-norm equal to one
and that it behaves like a Dirac distribution as € — 0. The following result shows
that M*® exhibits a multiscale behavior as ¢ — 0, with some components evolving at
the scale £ and some components evolving at the scale 1.
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PROPOSITION 3.1. The function Ms(z,El,SQ,Cl,CQ) can be expanded as

ME(2,€,,€5, 1. Co) = K(2)05, (€165, (€2)95, (€1) 65, (C,)

+ K, (S5 ) 61,0 0 (= 258, 210
+ K6, (2552 o, (cor, (ca (= 58 00

+ KGR, (B2 o, (005, (64 (5 2255, 220 )
+ K)oh, (B2 o7, (005, (604 (5, 2255, 220

< 2 €
( CGt+& &+ ¢ A Cz 51 & -G
2 7 ¢ 2 €

&+& C2+C1>A< & -6 €1 Co — C1>
) ) 2 c

+ K(2)7,(€1)95,(€2)A
(36) + RE(Z’€1a£27 Cl? C2)a

where
(3.7) — =

the functions K and A are defined by

(3.8) K(z) = (27)% exp (—?C(O)z) ,

59) 46601~ s [ oo (B[ (o0 €Y a) 1] oo i

and the function RE satisfies

< 0
(3.10) sup [|[R°(z,-, -, ')||L1(R2><R2><R2><R2) =0
z€[0,Z]

for any Z > 0.

This result is an extension of Proposition 6.1 in [12] in which the case ro = po is
addressed. It shows that if we deal with an integral of M¢ against a bounded function,
then we can replace M¢ by the right-hand side of (3.6) without the R term up to
a negligible error when ¢ is small. This substitution will allow us to get explicit and
quantitative results for the refocusing properties of the SLM scheme.

4. Refocusing at the original source location. In the scintillation regime the
mean refocused wave is given by (see (2.12) and take C — eC, 19 — 19/¢, po — po/&,
y —y/e, L— Lfe)
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2

21 ¢12 _ gL 2
e (Y E)} _ T e (y 3) _ 7‘0‘5' . |<€£E £k0|
E {utr (6 + x; )T deee /eXp (zg . + 5 122 v

k2e [T/e z
-s—%/o C (a: — £k0> - C(O)dz) dg§
2

2| ¢(2 x—EL?
:E exp <Z£ (y_i_g) _rolsl _52| ko‘

4 2 4 4p3
k2 [F z
(4.1) +2 | cC <w - g) — C(0)dz | dé.
4 0 ko

The following result is then straightforward.

PROPOSITION 4.1. The mean refocused wave converges as € — 0:

(4.2)
e=0 T . 31eP K [*
E[ﬁfr (%er; %” =9 Z—; /exp <z£ . y,7"0|4€| +ZO/0 C (m&ljo) C(O)dz) dg.

We can observe that if the number of elements of the TRM is large, i.e., pg < R,
then ro ~ Ry, and the profile of the mean refocused wave does not depend anymore
on the number and size of the elements but only depends on the radius of the TRM.
The expression (4.2) shows that, as a function of the offset x, the mean refocused
wave has the form of a peak centered at = 0. This peak has maximal amplitude

(4.3)
2 2 2 2 L
g e (Y. Y\]_"0 o o Tolél @/ EA
Ub,y—gl_%E{utr(Ev6)}—4ﬁ/exp<25 y-"T T [ o(er ) oz )

and it raises above the constant background

2 2
(4.4) Upy = lim limE [ﬁfr (g + x; g)] = exp (—'yl - kUC(O)L) .

|&| =00 e—0 TH 4

By (2.19), in the scintillation regime, the second moment of the refocused wave is

(Y h y\.. (v h y
E 3 dl _ .2 £ g _ .2
utr<€+m+2,8)utr(g+x 2’5)]
L 2 h h
:M2E 77r1:w+7y3r2:7;q1:*7q2:m
€ € 2 2

1 — 5 N
= G [ Tttt corem (i (o4 2 ) oG (G ) i)

(45)  xexp (—,jfg(&g ot cn) 08, d€,dCdC.
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By Proposition 3.1, we find that it converges as € — 0 to
e—0 K

i (Lrer bl )i (Y- 5 2) | 28 [ancoanac,
+ s [ Oh €00 [AEa. ¢y + €y v ey Earie o
b A€y Cy—C1) eQiny*iﬁ(Cz*(l)fz*ﬂfz'(m*%)} d¢1dC,dE,
+ s [[ 0006 [ + ¢y vty e i

A (G — €)Y GG g dc,de,

toe [ oo aa (255 core ) a (25 ¢ ¢
@n)

x eQiCl'y+i52'm—iﬁ(ﬁl'C1+52'C2)+l§1‘5dc d¢,de  de,

1 (€,)A (C2+£17£2+C> (CQ e, - g)

(4.6) % eQiCl'y—iﬁ(ﬁl'C1+€2‘C2)+1(C2+§1)'%dgldCzdsldsz

E

Using the explicit expressions (3.8) and (3.9) for K and A, we get
i (Y Ry e (Yoo P 29 o (LRCOL 20y
utr< +w+2 > tr<5+w 2,5)]—> exp( 5 5
2 2 L
"0 |2 i -y LN
+ l exp( 2 la]“+ia - y+ 1 /o C(:c+2 ako) C’(O)dz) da]
k2t h
[ ( 0|o¢|2 i y+—> / C (:L'——az> —C’(O)dz) da]

r2 — p2
# (B0) [enp (BB a6+ B B prita-p) -0

K2C(0)L k2
(4.7) x exp <_o2() n ZO/O C(h - akio) + C(ﬂkzo)dz> dadp.

E

As a consequence we can now describe the covariance function of the refocused field
at offsets  + h/2 and x — h/2 (relatively to the original source location y/¢) defined

by
~E Q EE 5E g 7&%
Cov(u“(ngerQ’g)’u“(ngw 2,5)>
o (Y h y\..(y h y
—Ela (2 . e [ £ _ 2.7
(B ree 32 (20212
h
—E[a;(yjtmjt;y)}za @
€ 2 ¢
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PROPOSITION 4.2. The covariance function of the refocused field satisfies

h h
on( (001 52) (1023

, 2 2
= ()" [f e (- L a4 182+ B p it - ) )

(4.8) xexp (’“302(0)> [exp @3 /O o (h a ko) e (ﬁZ()) dz> —1

Note that the covariance does not depend on the central off-set . This means in
particular that the variance of the refocused field is constant in the neighborhood of
the original source location.

The refocused wave x — 45, (y/e + x;y/e) therefore consists of a main peak
centered at = 0, of the form (4.2), with peak intensity (square difference between
the maximal amplitude and the background amplitude)

dadp.

Ioy = |ub,y _up,y‘

2 21412
T _ T
(@) 1o (M )
(4.9) X exp kOC(O) / C(& — 1| d¢
4 ko

over a zero-mean fluctuating background with intensity

. e (Y Y . (Y ANE: o (Y Y\
Ty =l Var (35 (% + 25 2)) = g B[Jad, (2 + i 2) [ -[efac, (2 +:2)]]

r2_ 2
7“0100 // ( 0+p0(|a|2—|—|ﬂ|) O4p°a~ﬁ+i(a—ﬂ)-y)
2 2

kaC(0)L epk/c Z) v () dz )| - 1| dads.

2
Let us assume that the covariance function C is isotropic and at least twice differen-
tiable at zero and write it in the form

2

(4.10) x exp (

(4.11) Clz) = o2 c<i')

with C(0) = 1, C'(0) = 0, and C”(0) = —1. In this framework C'(0) = 02l and the
correlation radius of the medium is /.. When the original source is at y = 0, then the

peak intensity is
/OC a2
ae ——
0 P 2

21.2 L
IP,O = exp <_U kolc )
o?k2l.L [t~ f L
(4.12) X lexp( 4 /0 C kol 7”0 ds| —1|da

2

2

)
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and the background intensity is

2 21.2 oo [ee) 2 2 2 2
2 kel L b —
Iho = ( 2r0p02) exp <—UO> / / abexp (_a + ) Iy (rg pgab>
To + Py 2 o Jo 2 To+00

(4.13)

o?k3l L /1~ 2L ~ 2L
x |exp [ —2Z [ C|a———Fi——xs | +C | b——“—5| ds | —1| dadb,
l ( 4 0 kole/T3+p3 koler/T3+p3

where Ij is the modified Bessel function of the first kind and order zero. As a conse-
quence we can now describe the SNR of the refocused field.

PROPOSITION 4.3. If the covariance function C is of the form (4.11), then the
contrast or signal-to-noise ratio of the refocused field defined by
e . . 2
|IE [utr(o; 0)] - hm\a:’|—>oo E[ufr(mlv 0)} ’
Var (i£,(x; 0))

(4.14) SNRy, = lim
e—0

does not depend on x and it is equal to

7
(4.15) SNRy, = =22,
Iho

where I, o s given by (4.12) and Ty, o is given by (4.13).

In order to make the discussion more explicit, we assume in the following that
scattering is strong in the sense that the propagation distance is larger than the
scattering mean free path o2k2l.L > 1. The scattering mean free path Ls., =
4/(0?k3l.) determines the exponential decay rate of the mean amplitude of a wave
propagating through the random medium, which decays as exp(—k3C(0)L/8) =
exp(—02k3l.L/8) = exp(—L/(2Lsca)) With Leca = 4/(0%k3l.), as can be seen from
the It6’s form (2.8)). Using (4.2) with y = 0, we then find that the main peak is a
Gaussian peak centered at 0,

O_2L3
i cg 1 * 2angn a?KGL o
(4.16) E[uir(w;O)]HWeXP _HT%% 8l SR

6r2l. 6r2l,

which is independent of py. The width of the peak is Ry, given by

o?L3
(417) R — e _Tult
o*hoL 1+ 22%1(,.
and the peak intensity is
1

(4.18) Tpo =

—.
o2L3

(1+58)

From (4.10) the background intensity is

1

(4.19) Tho = . .
’ o2 L3 o2L3
(1+e) 1+ 58)
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As a result the signal-to-noise ratio is given by
oL
+ 6p3lc
o213
67”31C

(4.20) SNR, =

and it depends on py.
We may identify three situations (remember we always have ro > pg, and we are
mainly interested in the case ro > pg):

2L3
1 if p2 > UT
o2L3 e 9 02153 9
(421) SNRtr ~ m if 2o < TZC < 7o,
2 2L3
%) if g < 72
Po Gle

This shows that stability increases when the number of elements of the TRM increases,
or equivalently when the radius pg decreases. As a function of ry the signal-to-
noise ratio is maximal when 72 < ¢2L3/(6l.), and then it is given by the number
of elements of the TRM 73/p2. We can explain the physical origin of the condition
ré < 02L3/(6l.) as follows. The field generated by the original source at the target
point (0, L), transmitted through the medium, and recorded by the TRM, has the
form of a diffuse beam with radius of the order of o2L3/l. [9]. If the radius of the
TRM is larger, then the elements of the TRM outside the support of the diffuse beam
do not record anything and cannot participate in the time-reversal process. They are
not used at all, which is why the SNR cannot reach its maximal value given by the
number of elements of the TRM r2/p3.

5. Focusing at a prescribed target point. It was noticed in the experiments
that wave focusing could be achieved with the optimized phases of the SLM in the
neighborhood of the target point and not only on the target point [15, 20]. In the
time-reversal context, this amounts to saying that, for a given original point source
at (y, L), it is possible to manipulate the field emitted by the TRM to focus on a
point prescribed by the user near (y, L). In this section we introduce and discuss this
manipulation and we explain and quantify the refocusing property on a prescribed
point (see Figure 3).

In order to shift the focal spot of the refocused wave the idea is to impose an addi-
tional linear phase at the TRM, so that the field in the plane z = L is instead of (2.2):

N Ty,?  ib-wmy, . —
(51) Ugr(il?,y) = /exp (|R2| + R2 )ucm(xvmm)urcc(mm;y)da:mv

) - S
> s

TRM Scattering medium

Fi1G. 3. Focusing on a prescribed point in the neighborhood of the original source location. The
TRM emits the complex-conjugated recorded field with an additional linear phase. The right picture
shows the transmitted field in the target plane. The cross in the right picture is the original source
location. The prescribed (target) point is above the source point. One can see that the transmitted
field in the target plane has a focal spot at the prescribed point.
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where 1. has been obtained with a point source at (y, L) and is given by (2.1). The

vector b determines the linear phase and we will see below how to choose it to focus
on a prescribed point. The time-reversed field can therefore be expressed as

2 /12 /12 /
~b 2 Po 2 |’ ly'| bz
cy) = 4k5C ————1|b — —
shtosn) = icoesy (<o) [ ew (5 -+

A ! A /
(5.2) xG <L7a:’ + Z,w) G (L, x — %, y) dz'dy’

with Cy and rg defined by (2.5). We will take Cy = 1 as in the previous sections.

We proceed as in the previous section. We consider the scintillation regime C' —
eC, rog = ro/e, po = po/e, Yy = y/e, L = L/e, b — b/e. The mean refocused wave
at offset x (relatively to the original source location y/e) is then of the form

2 2 2 2
“be (Y Yy e—=0 70 P0 2 . ) b
it (Loa 2)] =0 ey (o) [ (i60y - Ble- 2
Uy - +x - ar €xXp 47"%(7‘0 p0)| | €xXp Z£ Yy 4 6 7‘(2)

(5.3) X exp (lf /OL C <:c - 51:0) - C(O)dz) dé.

The variance function of the refocused field at offset @« satisfies

vor (a4 (2 + s 1)) = [ (2 + o 2] - [efat (E+ o 2) ][

2 2
=0 (T0p0 _ Po 2 kGC(0)L
- ( 4 ) P ( 2r¢(r2 — p3) ol” = 2

2 2
< [[ e (<25 Bar + 167+ B B pria-p) )

5.4)  x [exp (’10 /O C(alj())—i—C(ﬂ];)dz) —1] dadg.

Assume that the covariance function C'(x) has the form (4.11). When scattering
is strong in the sense that the propagation distance is larger than the scattering mean
free path 02k2l.L >> 1, the main peak is of the form of a damped and shifted Gaussian
peak

(5.5)

3
1 b2 [ T i & — b
Elug" (x;0 = O%exp —— + 0 expl|l—————1,
el e U g T o
ole

whose center is at

L

2korg(1+ 5p5)

(5.6) x® = apb, ap =

and the width Ry, is given by (4.17). This shows that the linear phase b in (5.1)
generates a shift in the focal spot that is deterministic, proportional to the linear
241 < 1, then oy = L/(2kord) and therefore the
hnear phase that one needs to impose to get focusing on a prescribed point is easy to
then oy, is given by (5.6) and therefore one should know the

24l
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statistics of the random medium to get focusing on a prescribed point. More exactly,
if one wants to focus at the target point (a, L), then one imposes the phase

1
(57) bt = @mt.

The shift that can be imposed is in fact limited by the SNR. Indeed, the peak intensity
Ig,o is damped when the shift becomes large,

2
0 = hm ’E a’s (xb 0)]‘

1 i I
5.8 = ——=exp + ,
" (1+2) 25\ + 50 8-

while the mean intensity of the background fluctuations is

2
I€70 = gl_r)n Var (utr (z; 0)) = hmE[ U (z; ] ‘E ale (x; 0)]‘
1 b|?
(5.9) = exp ( bt 2) )
(1 + C’QLS) (1 + 2L3) 2rg 15 — P}
which is independent of . As a result the signal-to-noise ratio of the shifted peak at
xb is
o213 523
SNRE — VAT e I . P G
o T 7h T ] 02L3 Xp 2.2 o?L°
b,0 +5 070t T,
‘ |2 2L3
(5.10) = SNRy, exp e,
i

where SNRy, is the signal-to-noise ratio (4.20) of the time-reversed refocused peak.
To observe refocusing, the SNRgr of the shifted peak should be larger than one, and
this means that one should limit the shift to |b| < byax with

g”L
247‘210 6p2l
(5.11) b2 = 218 (1 + =5 ) In ——20.
o°L 1+ 6T8lc

This result with (5.6) shows that it is possible to focus in a region around the original
source point whose radius Ryax = @rbmax iS given by

2L3
P 121, LI
ax o2 3
oL (e ) 1 ek
3R?
(5.12) = ——5—= InSNRy,.
1 6T0l

Thus, the focusing region increases as the logarithm of the SNRy, (4.20).
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TRM  scattering medium

F1G. 4. Transmission of an image, here a square that consists of a set of 16 target points. The
TRM emits the superposition of 16 fields. Each emitted field is the complez-conjugated recorded field
with an appropriate additional linear phase that creates a focal spot at one of the 16 target points
in the target plane. The right picture shows the transmitted field in the target plane. The cross in
the right picture is the original source location. The transmitted image (the square) can be clearly
seen in the transmitted field plotted in the right picture.

6. Imaging through a complex medium. The experimental observation that
wave focusing can be achieved with the optimized phases of the SLM in the neigh-
borhood of the target point and not only on the target point is essential because it
shows that an image can be transmitted once the phases of the SLM have been opti-
mized for a target point. This was achieved experimentally in [15, 20], for instance.
In this section we quantify the resolution and stability properties of the transmitted
image. In the previous section we discussed focusing to one prescribed point in the
neighborhood of the original source point as in Figure 3. This was accomplished by
adding a linear phase in the process of time reversal and reemission. The size of the
neighborhood to which we can stably transmit is limited as described by (5.12). In
this section we generalize this to transmission of images. One may think of this as
transmission of a set of pixels forming an image and where each pixel can be trans-
mitted as explained above. We illustrate this in Figure 4, where a set of points are
transmitted to form an image in the target plane. The figure shows clearly how we
can transmit an image in the form of a square, clearly visible on top of the background
speckle. Note that each point in the target plane can be associated with a particular
linear phase in the transmission. The procedure of forming the field that the TRM
should emit in order to transmit a general image can then conveniently be formulated
in terms of the Fourier transform of the image and we discuss this next.

In the time-reversal context, let 1(x) be a real-valued function that is the image
to be transmitted. It could be a discrete image, i.e., ¥ is a sum of Dirac distributions,
or a continuous one, i.e., ¥ is a bounded and compactly supported function. Let us
denote by 1/3 the Fourier transform of :

h(€) = /1/J(w)eXp(—iw-§)da:.

Let us emit the function ¢ (@, /R2,)irec(®m;0) from the TRM and consider the
refocused wave

. . T 2\ . T \——————
(6.1) uﬁ(w;o) = /ucm(:c,a:m) exp (— | R2| ) ) <Rz>urcc(wm;0)dwm,

where Gyec(€m; 0) has been obtained with a point source at (0,L). By noting that
the refocused wave can be expressed as

(6.2) i (2:0) = / (b), (; 0)db,
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with 42, defined by (5.1), the analysis of the image formation in the target plane z = L
follows from the results obtained in the previous section.

In the scintillation regime, C' — €C, ro — ro/c, po — po/e, L — L/¢e, Y(x) —
e29(ex), the refocused wave can be expressed as

(6.3) s (x;0) = /w )il (a; 0)db.

When scattering is strong o2k3l.L > 1 its expectation satisfies

. 1 z _ 2
E [ify® (a3 0)] OW/ gw( )exp( |x2ng|>

6r2l,

e (S P
(6.4) xexp | — + dx’
gl \rg+ e 7940 ’

and its fluctuations are relatively smaller than its expectation provided the support
of ¢ is within the disk with radius by,.x defined by (5.11). This gives an image of v
up to a dilatation by the factor a; which is supported within the disk with radius
Riax = @pbmax. The expression (6.4) also shows that the dilated version ¥(-/ay) is
imaged up to a radial attenuation and up to a convolution with a Gaussian kernel
with radius Ry,. From (5.12) we have

273
2 g L
2 _ 3Rtr n 1 + Gpglc
max ~ 02L3 o223 °
1+ 3 L+ &

The transmitted image is acceptable if Rtr < Rpax; otherwise the smoothing by
the Gaussian kernel with radius Ry, in (6.4) blurs the image. Therefore a favorable
situation is when the radius of the TRM is large so that 02L3/(673l.) < 1 and when
it has a large number of elements so that 0?L3/(6p3l.) > 1. In this situation Rpax >
R and the image is not significantly blurred, although the propagation distance
through the complex medium is much larger than the scattering mean free path. This
shows that image transmission can be achieved through a strongly scattering medium
by the SLM or time-reversal technique.

7. Conclusion. Time reversal allows for wave refocusing through a complex
medium. This is true even when the elements of the TRM are larger than the cor-
relation radius of the field that it records and that comes from a point source at a
target point on the other side of the medium. When refocusing on the target point,
the profile of the mean focal spot depends on the diameter of the TRM but it does
not depend on the number of elements of the TRM (provided it is large enough).
However the signal-to-noise ratio strongly depends on the number of elements of the
TRM. Moreover, we have shown that when the field emitted by a point source in the
target plane has been recorded by the TRM, then it is also possible to focus a wave
on a target point in the neighborhood of the original point source. It is even possible
to transmit an image. The transmission of an image is possible provided the radius of
the TRM is large enough and contains a large number of elements. All these results
are quantified in this paper in the white-noise paraxial regime, which is a regime rel-
evant for laser beam propagation in scattering media and in turbulent atmosphere in
particular.

Appendix A. Scintillation regime in the white-noise paraxial model.
The It6-Schrédinger model in (2.6), which is also referred to as the white-noise
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paraxial model, is widely used in the physical literature. It simplifies the full wave
equation by replacing it with an initial value problem in the half-space z > 0 with the
field at z = 0 given. It was studied mathematically in [3]. The proof of its deriva-
tion from the three-dimensional wave equation in a randomly scattering medium is
given in [9]. Note that in the context of laser beam propagation the propagation
phenomenon is often modeled in terms of the scalar wave equation, and moreover,
in terms of the paraxial equation, and this is the context that we want to consider
here [1]. Polarization effects may be relevant in certain situations, but here we do not
consider such effects.

The white-noise paraxial model (2.6) can be obtained from the three-dimensional
scalar wave equation by a separation of scales technique in which the three-dimensional
fluctuations of the index of refraction n(z, ) are described by a zero-mean stationary
random process v(z, ) with mixing properties: n?(z,z) = 1+v(z,x). The covariance
function C'(z) in (2.7) is then given in terms of the two-point statistics of the random
process v by

(A1) C(x) = /OO Ev(z' + z, 2" + z)v(7, 2')]dz.

— 00

The model (2.6) is valid when the wavelength is smaller than the radius of the beam
and the correlation radius of the medium, which are themselves smaller than the typi-
cal propagation distance. The moments of the field then satisfy closed-form transport
equations. If, additionally, the correlation radius of the medium is smaller than the
radius of the beam, then the situation corresponds to the scintillation regime and the
transport equation for the fourth-order moment can be solved as was shown in [12]
and as we state in section 3.

Acknowledgment. We thank Dr. Arje Nachman for suggesting the above
problem.
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