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‘Waves propagating through heterogeneous media experience scattering that can convert
a coherent pulse into small incoherent fluctuations. This may appear as attenuation
for the transmitted front pulse. The classic O’Doherty-Anstey theory describes such a
transformation for scalar waves in finely layered media. Recent observations for seismic
waves in the earth suggest that this theory can explain a significant component of seismic
attenuation. An important question to answer is then how the O’Doherty-Anstey theory
generalizes to seismic waves when several wave modes, possibly with the same velocity,
interact. An important aspect of the O’Doherty-Anstey theory is the statistical stability
property, which means that the transmitted front pulse is actually deterministic and
depends only on the statistics of the medium but not on the particular medium realization
when the medium is modeled as a random process. It is shown in this paper that this
property generalizes in the case of elastic waves in a nontrivial way: the energy of the
transmitted front pulse, but not the pulse shape itself, is statistically stable. This result
is based on a separation of scales technique and a diffusion-approximation theorem that
characterize the transmitted front pulse as the solution of a stochastic partial differential
equation driven by two Brownian motions.

Keywords: Waves in random media; diffusion-approximation; seismic attenuation;
anisotropy.
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1. Introduction

In this paper we analyze the propagation of shear waves in a randomly stratified
transverse anisotropic elastic medium. Our motivation is twofold:

- it has been known for a long time in the geophysical literature that the laminated
structure of the earth can explain apparent attenuation of seismic waves due to
multiple scattering [13, 16]. More recently it was suggested that, even in a medium
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where the density and velocities are constant, anisotropic heterogeneities could in-
duce elastic attenuation, and therefore it could be responsible for a significant part
of the observed attenuation of seismic waves [15].

- it is explained in the mathematical literature that a pulse traveling through a
randomly laminated medium undergoes two transformations: a random time shift
and a deterministic deformation.

The result that the transmitted pulse shape is deterministic (up to a random time
shift) is called pulse stabilization in the literature. It was predicted in geophysics
by O’Doherty and Anstey [13]. It was proved for the scalar wave equation using
a time-domain integral equation approach in [2,3] and using a frequency-domain
approach in [1, 5, 6]. The martingale representation established in [7] allowed to re-
visit and clarify the pulse stabilization in the frequency-domain approach. Finally
the frequency-domain approach was used again in [11] to extend the result to a
general hyperbolic system. However, an hypothesis is required in the case of the
general hyperbolic system, namely that the wave mode velocities are distinct [11].
This hypothesis is not fulfilled in the situation with anisotropic heterogeneities and
elastic waves addressed in this paper.

We therefore ask the question to what extent the O’Doherty-Anstey theory
generalizes when we consider anisotropic elastic waves corresponding to a situation
with wave velocities that coincide. It turns out that such wave scattering gives rise to
more complex effects: there is no pulse stabilization and the transmitted front pulse
exhibits a random deformation and not a deterministic one. Only a careful stochastic
and multiscale analysis reveal this behavior. The random shape of the transmitted
front pulse can be analyzed by diffusion-approximation theorems and its statistical
distribution can be characterized in terms of a stochastic partial differential equation
driven by two Brownian motions (Proposition 6.1 and Corollary 6.1). However the
pulse stabilization generalizes in the sense that the energy of the deformed front
pulse is deterministic and exhibits a deterministic apparent attenuation that is
related to the anisotropy level and to the correlation length of the fluctuations of
the symmetry axis (Proposition 7.1). Thus, there is coherent energy stabilization,
but not pulse stabilization. This corroborates the physical conjecture that scattering
may partly explain observed seismic attenuation.

The paper is organized as follows: In Section 2 we introduce the anisotropic
elastic wave equation. In Section 3 we introduce the mode decomposition for the
wave field. We describe the scaling regime addressed in this paper in Section 4.
We apply a diffusion-approximation theorem in Section 5 in order to describe the
asymptotic statistical distribution of the transmitted front pulse in Section 6. We
characterize the stability of the energy of the transmitted front pulse in Section 7.

2. Formulation

We consider linear elastic waves propagating in a three-dimensional anisotropic

medium. The spatial coordinates are denoted by = = (z;)?_;. The medium can
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be characterized by its density p and its elastic tensor c. They are x-dependent
quantities when the medium is heterogeneous. The elastic tensor ¢ = (cijkl)f j
in a transverse anisotropic medium has five independent components A, N, F,

and it can be written in the form [4, 18]

Gikl=1
C, L

Cijet = (A= 2N)8;;60 + N (81651 + 6ibj)
+(F —A+2N) (5ijsksl + 5klsisj)
+(L = N)(0isjsi + 6iusjsi + 6jisisi + 6j15:5k)
+(A+C —2F —4L)s;s;s,s1, (2.1)

where s = (s;)3_; is the unit vector representing the orientation of the symmetry
axis and ;5 is the Kronecker delta (6;; = 1 if i = j and 0 otherwise). Furthermore,
the five parameters can be expressed as A = C11, C = Cs3, L = Cyy, N = Cgg,
and F' = C13, in Voigt’s abbreviated notation, when the symmetry axis is parallel
to the z-axis [4, 18].

In this paper we assume that the anisotropy is heterogeneous, and that the
symmetry axis vector s is in the plane (x122) with an angle 1(x3) with the z1-axis:

s1 = cos)(xg), sg = sin(xg), s3 =0. (2.2)

All other parameters (A, N,F,C,L) are assumed to be constant (i.e. -
independent). This is a classical model in the geophysics literature [15, 16].
By Hook’s law the elastic tensor c(x) relates the symmetric stress tensor o (¢, ),

o= ((Tij)?)j:l, to the symmetric strain tensor e(t, z), € = (5ij)?,j:1:

3
Oij = Z Cijkl€kls (2.3)

k=1
where the strain tensor is defined by
1 /0uy Oy
_ = 2.4
EHl 2(89:1 +3xk) (2.4)

in terms of the displacement vector u(t, ), u = (u;)3_,. The conservation of the
linear momentum reads [9]

2, 3 _
aulzzaa’“ i=1,...,3, (2.5)
k=1

P o oy

where p is the density of the medium (assumed to be constant). We will consider a
shear plane wave propagating along the x3-direction, perpendicular to the laminated
structure. The wave equation for this shear wave is then:

82 uyy\ 0 013
P@ <U2> - aixg (0’23) ’ (26)
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with
o13 = [N + (L — N) cos® ¢(3)] g—;‘;
+[(L = N)sint(x3) cos tp(x3)] g—zj, (2.7)
023 = [N + (L — N)sin®p(z3)] g—ﬁ
duy

+[(L — N)sin¢(x3) cos¢(3)] (2.8)

O3’
In absence of anisotropy L = N = K (where K is the constant bulk modulus of the
medium), we get two independent scalar wave equations:

82ui 82u¢ .
PoE ~ 922 =0, i=1,2, (2.9)
which correspond to two shear waves propagating with the velocity ¢ = y/K/p.

In this paper we address the anisotropic case L # N and assume that the angle
1 (x3) is randomly varying and can be modeled by a stationary and ergodic process
whose stationary distribution is uniform over [0, 27]. Precise assumptions to ensure
that we can apply diffusion-approximation theorems are that i (x3) is a Markov
process on the torus with generator satisfying the Fredholm alternative [6] or that
Y(x3) is a ¢-mixing process with ¢ € L/2 [10] .

3. Mode Decomposition

From now on the longitudinal spatial variable x3 is denoted by z. We define the
Fourier transform of a function f(t) by:

f(w) = /f(t)eiwtdt7 f(t) = %/,}E(W)e_i‘*)tdw_

We introduce the two-dimensional vectors @ and v:

ﬁ(sz) = (g;) ,
. 1 10 cos2t sin2y\ 1 0 [
b(zw) = 2iw [(N +1L) (0 1) (L =N) (sin 21 cos 21/}) } 0z (ﬁg) '

The four-dimensional vector (1, da, 01, 02)" satisfies the linear system

DH-(HENE. o

where the superscript * stands for transpose, 0, I, and J(z) are the 2 x 2 matrices

0=(00) 1=(01):  IO= (o) Sewemn) 62
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and

1 N+L N-L
K~ 2N’ "TN+L
K is the bulk modulus and & is the anisotropy coefficient of the medium. Note that
the orthogonal operator J(z) can be interpreted as the composition of a reflection

operator and a rotation operator.

(3.3)

Let us introduce the impedance and velocity parameters

CZ\/[?7 CZg: 5’ (34)

p P
and the mode decomposition
a(z,w) = e "7 (M a(z,w) + CH0(2,w)), (3.5)
b(z,w) = ei%z( —(V%a(z,w) + 471/2,{](2700))7 (3.6)
so that
u(z,w) = %Cilﬂ (a(z,w)e"e* — I;(z,w)e*i%z), (3.7
v(z,w) = %Clﬁ (d(z,w)ei%z + i)(z,w)e*’%z). (3.8)

In absence of anisotropy £ = 0 the complex mode amplitudes a and b are constant
in z. Here a, resp. B, are the amplitudes of the wave modes that propagate towards
increasing, resp. decreasing, z.

In the presence of anisotropy x # 0 the complex mode amplitudes satisfy the linear

system:
2O - (TG

The complex mode amplitudes also satisfy the following boundary conditions:

A_WZszil(w) Az=w:O
a(z=0,0) = f() (h(w)), =)= (g). G0

which correspond to a shear wave incoming at z = 0 and radiation condition at
z=1L.

4. The Weakly Anisotropic Regime

We assume from now on that anisotropy is weak and that the correlation length of
the fluctuations of the symmetry axis and the typical wavelength of the incoming
wave are much smaller than the propagation distance L. We introduce the small
dimensionless parameter € to characterize this scaling regime:

Kk = €R, 711(2):1/’(;2)7 f(t):f(t)’

2
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and we drop the tilde in the following. We introduce the scaled Fourier transform
for a function f(¢):

fe(w) = siz/f(t)eis%tdt, flt) = %/f&(w)efie%tdw.

The transmitted wave at z = L observed around the expected arrival time L/c
is

L
ug (1) = u(z =Lt=— —1—527)
c
i w
2m
1

= W/ds(z = L,w)eii‘”dw, (41)

u(z =L, w)e_iEZLc e T dw

where the complex mode amplitudes a° and b° satisfy

9 (a%\ _  wk I(Z)  I(Z)e R [af
0z (i)s) _1260 <_J(Z2)ei522wcz _J(E%) i)s ) (4'2)

with the boundary conditions

@z =0,0) = fw), b (z=Lw) = (8) . (4.3)
Using (4.2) we find that the complex mode amplitudes a¢ and be satisfy
9 ~E 7€
5 (a7 (2, w)” = [[b°(z,w)II?) = 0, (4.4)

where |la]| = +/|a1]? + |a2|? is the Euclidean norm, which shows, using also the
boundary conditions (4.3), that

6% (L, w)[* + (1670, w)|I* = | f (@)1 (4.5)

This can be be interpreted as a conservation of energy relation: the sum of the
square moduli of the transmitted (a°(L,w)) and reflected (b°(0,w)) wave mode
amplitudes is equal to the sum of the square moduli of the incident (f(w)) wave
mode amplitudes.

We introduce the 4 x 4 propagator matrix P¢(z,w) that satisfies

z z\,—t 2“’Cz
BPE—iM< J(TBM J(Ez‘)je 2 )Ps’ (4.6)

0z T "2

with the initial condition:

P(z = 0,w) — ((I) (1)) . (4.7)
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Note that det P¢(z,w) = 1 for any z as the trace of the matrix in the right-hand side
of (4.6) is zero. Moreover, from the symmetry properties of the evolution equation
(4.6) it is easy to check that the propagator matrix has the form

e (M RED)

where the 2 x 2 matrices A®(z,w) and B¢(z,w) satisfy:

0 WK 2 WK ;2w z
—A°=i—J(=)A —e 27 J (= )B® 4.9
0z "9ec (52) (z,0) +22€ce (62) (2,w), (4.9)
0 . WK 2 WK 20 z

= i —J(= —i—e' 2P J () AS 4.1
8ZB 22€CJ(62 VB (z,w) i50.¢ J(EQ) (z,w), (4.10)

starting from A®(z = 0,w) = I and B°(z = 0,w) = 0. Note that, for any z
the matrix A®(z,w) is invertible. Indeed, if there exist L and f°(w) such that
Af(L,w)fOw) = (0,0)!, then we have

o (@) _ (0.0
P (foir) = (pein o)
However (4.4) implies || fO(w)]|2—0 = 0— || B (L, w) f(w)||?, which imposes f°(w) =

(0,0)%.
By linearity of the evolution equation (4.2) the complex mode amplitudes satisfy

() - (e T ()

b*(L,w)
From the boundary conditions (4.3) we get the expressions of the transmitted com-
plex mode amplitudes

af(z = L,w) = T°(L,w)f(w), (4.11)

where the transmission matrix T¢ is defined by

T (z,w) = A®(z,w) — Bé(2,w) (A%)~1(2,w)B*(2,w), (4.12)

for general z and corresponds to the transmission operator over the slab segment
(0, z) for a wave incoming from the left (see Figure 1):

TE(z,w) B AE(Z,OJ) @ v .
< 0 > B (BE(Z,w) AE(Z,w)) (R5(27w)>- (4.13)
By (4.9-4.10) this matrix satisfies

oTe WK _, 2« WK 2w 2 .
=i—J(=)T° +i—e'2:*Be(A8)~1J(=)T*® 4.14
(T i AN ()T, (4.14)

ec €2
starting from T¢(z = 0,w) = I. Note that, by (4.5), the elements of T¢(z,w) are
uniformly bounded by one.
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f(w) ) A
) ] T (2, w) f(w)
R (z,w)f(w)
0 z N
Homogeneous Random Homogeneous
medium medium medium

Fig. 1. Reflection and transmission matrices of a slab segment (0, z), corresponding to a wave
incoming from the left half-space.

. f(w)
T¢(z,w) f(w) )
R°(z,w) f(w)
0 z N
Homogeneous Random Homogeneous
medium medium medium

Fig. 2. Auxiliary reflection and transmission matrices of the slab segment (0, z), corresponding to
a wave incoming from the right half-space.

We can also introduce an auxiliary pair of 2 x 2 reflection and transmission
matrices for the slab segment (0, z) and a wave incoming from the right half-space
(see Figure 2):

R(z,w) = Bé(z,w) (A%)"1(z,w), T (z,w) = (A®)~1(z,w). (4.15)

They are such that

Re(z,w)\ [Af(z,w) Bé(z,w) 0 (4.16)
1 -\ Bf(z,w) As(z,w) ) \T¢(z,w)/ ’
By (4.9-4.10) these matrices satisfy the Riccati equations
OR®  wk

o = ZE(REJ(%) +I(5)R7) + z—e%%ZREJ(g%)RE
WK 2w, %
+Z% e2c J(?), (417)
0T wk,_ .. % (WK 20
_ R ~ Wh g «ZTEJ “I\RE 4.1
9z '2ec (52) T’ (52) ’ (4.18)

starting from the initial conditions
Rf(z =0,w) =0, T°(z =0,w) =L

Note that, by the analogue of (4.5), the elements of R®(z,w) and T¢(z,w) are
uniformly bounded by one.

The transpose matrix (R®)!(z,w) satisfies the same equation (4.17) as R°(z,w)
because J is symmetric. By uniqueness of the solution, we have (Rf)!(z,w) =
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R#(z,w). Moreover, the transpose matrix (T¢)(z,w) satisfies:

AT wk 2z WK 2w z
— i J(Z(Te)t R OEARET () (T
0z "ec (82)( ) et (62)( V5
starting from (T¢)!(z = 0,w) = I, and by uniqueness (compare with (4.14)) we
have
T (z,w) = (T°)(z,w). (4.19)

5. The Diffusion Approximation Theorem

Let us fix the frequency w. Applying the diffusion-approximation result of [6] (which
is a refined form of [14] ) to the random equations (4.17-4.18) we obtain that
(R%(z,w), T¢(z,w)) converge in distribution to (R(z), T(z)) as ¢ — 0 that is solu-
tion to the matrix-valued stochastic differential equation

0R = i5"/27.(0) [(05R + Rarg) 0 dW! + (1R + Roy) 0 dW?]
C

—l—% Ye(2w)[(03 — RosR) 0 dW? + (01 — Ro1R) o dW?]
c

+i¥\/%(2w) [(0'3 +Ro3R)odW? + (61 + RoR) o dWS]
c

w?K?

dT = z¥ 27.(0) [T 0 AW} + Ty 0 dW?]
C

—%H Ye(2w) [TosR 0 dW? + To 1R o dW}]
C
5" \/70(20) [TosR 0 dWF + To R o d?)
&
2,.2

—i%%(m)mz, (5.2)

starting from R(z = 0) = 0, T(z = 0) = I, where o, j = 1,2,3, are the Pauli

matrices
01 0—12 10
"1_(10)’ "2_<z’ o)’ ”3_<0—1)’ (5.3)

the W7, j =1,...,6, are independent Brownian motions, and
Ye(2w) = / E [ cos 24(0) cos 2¢(z)] cos (2w—z)dz, (5.4)
0 C

s (2w) = /OOO E [ cos 2(0) cos 2¢(2)] sin (2%)@. (5.5)

Note that v.(2w) is non-negative valued as it is equal to half the power spectral
density of the stationary random process cos 2¢(z). In Appendix A we show that the
limit processes R and T can also be characterized as the reflexion and transmission
operators of the limit propagator matrix P = lim._,q P¢.
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This diffusion-approximation result is the basis of the forthcoming analysis. It
holds for any fixed frequency w, however, below we will need to characterize the w-
dependence of the Brownian motions as the correlations between the transmission
matrices at different frequencies play a fundamental role.

6. The Convergence of the Front Pulse

The following proposition shows that there is no pulse stabilization but the trans-
mitted front pulse converges in distribution to a random shape that can be identified
as the solution of a stochastic partial differential equation driven by two Brownian
motions.

Proposition 6.1. If f € L', then the transmitted wave (u,(1)),er converges in
distribution as € — 0 in the space of continuous functions C(R,R?) to (uw(7))rer
given by

= Wllm/T(L,w)f(w)e_Mwa, (6.1)

utr(T)
where T(z,w) is the solution of
dT(z,w) = z% 27.(0)[o3T(2,w) 0 AW} + 01 T(2,w) 0 dW?]
c
w?k?
C2¢2

starting from T(z = 0,w) = L.

[re(20) + iy (20)] Tz, )z, (6.2)

Here W' and W? are two independent Brownian motions and the spectral pa-
rameters 7, and «y, are defined by (5.4-5.5). The space C(R,RR?) is equipped with
the topology of the supremum norm over the compact subsets.

Proof. We have by (4.1), (4.11), and (4.19):

= M%/? /(Ts)t(L’w)f(w)€_iWTdW. (6.3)

We first establish the tightness of the process (uf,(7))rer in the space of continuous
functions. It is bounded by

g 1 F
swp [ui, (1) < —i75 [ 1F@)ldo

ug, (7)

because |17 ;(L,w)| < 1. Here and below the norm |- || is again the Euclidean norm.
Furthermore the modulus of continuity

Me(6) = sup [lug(mi) — ug(72)||
[T1—72|<d

can be bounded uniformly in € by the deterministic quantity

1 . A
ME(9) < / sup |1 — 02| £(w) | dw.

- 1/2
7TC / |T17T2|S5
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This quantity goes to zero as § — 0 by dominated convergence theorem, which
proves the tightness (in the space of the continuous functions).

It remains then to show that the finite-dimensional distributions of (uf,.(7))rer
converge to those of (w4 (7))rer defined by (6.1). Since uf (7) is bounded, it is
sufficient to show that, for any n, (5;))7; € {1,2}", (7))}, € R", we have

E[ﬁu;m ()] = E[ﬁum—, (n)].
=1 =1

By (6.3) we have

E{ll_[luir,jz(’rl)} = W S /.../]E{l]'[lTijjl(L,wl)}

yeesin=1

< [ [ finlw)e ™ M duwy -+ dwn, — (6.4)
=1

and this shows that we need to study the convergence of the moments of products
of transmission coefficients at distinct frequencies.

The diffusion-approximation result stated in the previous section can be ex-
tended to the multi-frequency case. Let (wi)}_; be n distinct frequencies. Applying
the diffusion-approximation result of [6] to the random equations (4.17-4.18) we
obtain that

(Re(z,w1),...,R(z,wn), T (z,w1), ..., T°(2z,wn))
converge in distribution to

(RW(z),...,RM(2), TW(z),..., T™(2))
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as € — 0 that is solution to the matrix-valued stochastic differential equation

dR() = <R

15 V27(0) [(0sR® + R®or3) 0 dW]

+(@R® + RMay) 0 dW?]
+w2'“ ~ VreCu) (05 — RB a3 RM)) o aW3H)
+(o1 — RP g RF)) 0 g ih)]

+z‘% Heur) [(03 + RPasRE)) o0 aws®)

+(o1 +RM®aR* )OdW6 ]

2,2
. k"{'
i

s (2w ) RW) dz, (6.5)

ATk — ;YR
2c

Wik
2c

+i 2—\/%(2%) [T®ea;RE) o dWP® + T® g RK) 0 g K]

ik
—1
2¢2
where W}, W2, sz(k), j=3,...,6, k=1,...,n, are independent Brownian mo-
tions. Note that the evolution equations for the different frequency components
(R™), T(®) share the same Brownian motions W} and W2 and have independent
Brownian motions Wj( )7 j=3,...,6. This comes from the fact that the terms in
the right-hand sides of (4.17-4.18) that have rapid phases become independent in
the limit &€ — 0, while the terms that do not have rapid phases stay correlated.
The equation (6.6) can be written in It6’s form as

27.(0) [T(k)O'g, odW!+TWe o dW?]

Ye(2wi) [T®azRE) o dW3H) 4 T® g RE) o g 2(F)]

¥ (2w, ) T®) .z, (6.6)

dT®) = z% 27.(0) [TWMorzdW! + T® g dW?]
”2’* e (2w) [TW o s RE aW3E) 4 70 g RE 28]
+i 2—\/%(2%)[ TH e, R a2 ®) + Tk g RW i s™)
_ Wik ; (k)
502 [7e(0) + ve(2wi) + i7s(2wi) | T dz.

Applying Itd’s formula, for any iy, ...,0,, j1,...,Jn € {1,2}, we have

a n . 2 n ) ) n
SE[TI70,] =20 > wwn-apees [T 1]

=1 k#k'=1 1=1
7.(0)K? O k) (k')
- 4c2 Z wkwk/E[ H le i ig,3— Jlek/ 3— Jk/]
k#k'=1 l#£k, k'
2 n

— :? Z WI% [70(0) + 70(2(4119) s 2&)/@ {H Tl(ll]l}

k=1
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starting from ]E[Hl" L Tl(ll’)ﬂ( )} = [T, 1, (5i1)-
Then we observe that

n
Jk . .
( |: - U1seeeyin, 1, dn €{1,2}

satisfies the same closed linear system (6.7) as

(E[ H z(:)ak (2)} )il7.4.,in,,j1,...,jr,,e{l,Z}7

k=1
where T(z,w) is the solution of

dT(z,w) = zc;—c 27.(0) [T(z,w)agszl + T(z7w)0'1dWZ2]

w
2c?

starting from ’f‘(z =0, ) =1, or in Stratonovich form:

2H2

[76(0) + 7o (2w) + i (2w)] T(2, w)dz,

dT(z,w) = z— 27.(0) [’i‘(z,w)o'g odW} + T(z,w)o; o de]

o.)2/<;2

2
The system (6.7) has a unique solution. Therefore, for any distinct frequencies

[Ye(2w) + i (2w)] T2, w)dz.

(wi)}_y, we have

n

[H %szwk} [H i e (25 WE)

Note that this property holds only for the product of transmission coefficients at
distinct frequencies, it does not hold for E[|Tf  (z,w)|?] for instance.

The matrix T(z,w) = (T)!(z,w) is the solution of (6.2) and it satisfies for any
distinct frequencies (wy)}'_; and any set of indices i1, ...,in,j1,...,Jn € {1,2}:

[f[ kazwk}HE[HT“kzwk) (6.8)

Substituting (6.8) into the expression (6.4) of the moment gives the desired conver-
gence result. 0

We can now discuss the form of the transmitted front pulse. The limit transmis-
sion matrix T(L,w) can be written in the form

w2k?

2c2

T(L,w) = U(L,w) exp ( [Ye(2w) + i’ys(2w)]L>, (6.9)

where U(z,w) is a unitary matrix

T (s ) — a(z,w) —f(z,w)
U(z,w) (5(27@ a(z,w)) (6.10)
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with (a, 8) the solution of

WK

do(z,w) = i2—cx/2%(0) (a(z,w) 0 dW} + B(z,w) 0 dW?), (6.11)

df(z,w) = iz—:\/Z%(O)( — B(z,w) 0 dW} + a(z,w) 0 dW?2),  (6.12)

starting from a(z = 0,w) =1 and B(z = 0,w) = 0.
The exponential term in (6.9) describes a deterministic deformation of the trans-
mitted pulse

1 . w?K?

wulr) = oo /U(Lw)f(W) exp (= 55 [e(2w) + 7, (20)] L) e ™" d,

that is due to the coupling between forward and backward wave modes. The unitary
matrix U(L,w) in (6.9) describes a random deformation of the transmitted pulse
that is due to the coupling between forward wave modes. Contrarily to the usual
scalar case, this term cannot be reduced to a phase term of the form exp(iwTTy,),
that would give a random time shift 77, but no deformation. Here the presence of
the unitary matrix deforms the pulse and can give the shapes shown in Figure 3.
However, since the matrix U(L,w) is unitary, it does not modify the energy and
therefore the energy of the transmitted coherent wave is deterministic in the regime
€ — 0 as explained in the next section.
Moreover, the unitary matrix U(L,w) has a frequency coherence w, that is

kn/7e(0)L’

as explained in the following Lemma 6.1. As a result, if the bandwidth of the
incoming pulse is much smaller than w., then we have

(6.13)

We =

U(L7 wo)
47T§1/2 0

2K2

o0
U (7) = f(w)exp ( o [Ve (2w) + i, (2w)] L)eﬂ‘”dw +c.c.,
where wy is the carrier frequency of the incoming pulse, which shows that the trans-
mitted pulse shape experiences a deterministic deformation, but the transmitted

polarization state is random.

Lemma 6.1. For any w,wy, we have

E[| UYL, wo)U(L,w) — I|]%] = 4[1 —exp ( - M)}

2
2w?

Here || - || stands for the Frobenius norm.

Note that

(w—wp)?

2 )
wC

E[|U(L,w) = U(L,wo)|*] =E[|U(L,wo)U(L,w) — T[] <2

that is why we say that w, is the frequency coherence of the matrix U(L,w).
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Fig. 3. Incoming pulse shapes f;(t), j = 1,2 (dotted lines) and transmitted pulse shapes s, ;(t),
j = 1 (solid lines) and j = 2 (dashed lines). Here f1(t) = exp(—t?/2) (left column, Gaussian pulse)
and f1(t) = (1 — t?) exp(—t2/2) (right column, Ricker pulse), f2(t) = 0, E[cos 21(0) cos 2(z)] =
exp(—|z|/lc), lc =1, kK = 0.05, L = 50, ¢ = 1. This covariance function corresponds for instance
to the case where 1 (z) is stepwise constant over intervals that are independent and identically
distributed according to an exponential distribution with mean I., and the values taken by 1 (z)
over each interval are independent and identically distributed according to a uniform distribution
over [0, 2w]. The three rows correspond to three different realizations of the random medium.

Proof. We denote

V(2) = U(zw0)

.

“(z,w) — 1
It satisfies:

~ 27, ~ ~
dV = zw [(wo — w)(o3dW! + a1 dW2) + (woosV — wVas) o dIW]
&

+(woo1V —wVay) o de} ,
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starting from V(z = 0) = 0, or in It&’s form:

=~ v/ 27:(0 ~ ~
dVv = z% {(wo —w)(o3dW} +a1dW2) + (woo3V — wVas)dW}
+(w00'1\~/ — UJ\?O@)CZWE]

7(0)K?
2¢2

Using the fact that Tr(o;Veo,;) = Tr(a'?{/') = Tr(V) and Tr(I) = 2, we find that

[(w—wo)’T+ (w? + W)V — wwy(o3Vos + a'l\N/'a'l}dz.

E[Tr(V)] is the solution to the ordinary differential equation

-~ K2 (w — wp)? -~
4 p[n(¥)) = 2O o 4w (v)),
which gives
E[Tr(V(2))] = 2exp ( _ 2O (2‘;’2_ wo) Z) —2. (6.14)

Denoting by { the conjugate transpose, we also have

— /27.(0 ~ ~ ~ ~
dVVT = z# [(wo —w) (0’3VT —Vos3) o dW,} + (wo — w) (0'1VJr — Vo) odW?
+wo (0'3\7\7er — \~7\~/'T0'3) o dVVZ1 + wo (0'1\7\7er — \~7\~7To'1) o dWZQ] ,
or in It6’s form:

VY = Lg”) (w0~ ) (@39~ Vo)W + (w — w) (01 V' — Ve )dw?

“+wo ((7'3i7i7'r - \Nf\NfTa'g)szl + wo (0‘1’\7{/‘T - {/{/’le)dwg}

’YC(O)HQ
2c2

—wo(wo —w)o1 (V+ Vo1 + 203 VVT — i1 VVie, — wio;VVias]de.

[—2(w — wo)’ T+ (w§ — wQ)(\Nf + \~/'T) — wo(wp —w)os ({7 + \N/'T)O'g,

We find that E[Tr(\N/'{”)] is the solution to the ordinary differential equation

K% (w — wp)? V
7¢(0) ; 0) (24 Re{[Tr(V)]}),

d ~
%E[Tr(vvf)] =

which gives (using (6.14)):

Ye(0)k2 (w — wo)Qz)-

E[Tr({f{ﬂ(z))] =4 —4exp ( - 5.2

(6.15)

Since Tr(VV1(L)) = [|[V(L)||? and U(L,w) and U(L,wp) are unitary:

[0 (L, w0)O(L,w) — T = [O(L,w0)0 (L) — T2 = [V(D)],

we finally get the desired result. O
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By taking an inverse Fourier transform, we find an alternative (and equivalent)
way to characterize the transmitted front pulse (6.1), as described in the following
corollary.

Corollary 6.1. The limit (6.1) of the transmitted front pulse is given by
ue(7) = a(L,7), (6.16)

where a is the two-dimensional vector field solution to the stochastic partial differ-
ential equation

da — — %(0)/{ da o dW! — 7(0)  Oa

2 "7 2 T °

o dW?2, (6.17)

starting from
2,.2

a(z=0,7) = ﬁ / f(w)exp ( - % [Ye(2w) + i’ys(Qw)]L)e*i‘”dT.

We finally mention that there is no other wave that is transmitted through the
random medium with an amplitude of order one. This result is similar to the one
of the standard scalar case [6] . In other words, if tg # 0, then

ug (1) = u(z =Lt= % +to +627>
— i [T L) @y
471.<1/2 ?

converges in distribution to zero as € — 0. This can be shown by an analysis
similar to that for Proposition 6.1 which shows that the process (ug, (7))-cr (as a
continuous function in 7) vanishes as € — 0 due to the fast phase exp(—iwtg/c?)
in its integral representation. This implies that the incoherent waves that exit after
the front pulse (the so-called coda waves in the geophysics literature) have small
amplitude in the limit ¢ — 0 (but not vanishing energy, as shown in [6] in the
scalar case).

7. Stability of the Transmitted Coherent Energy

In this section we assume that f € L' N L2. We recall the definitions of energy
density and energy flux in Appendix B. The incoming energy flux is

Fie = K&Z / ineus 9 ““’“(o t)dt, (7.1)

0z

where
ui (2, 1) CI/Q /f ¢ dw. (7.2)
Here we have multiplied the flux by €2 so that it is independent of :

Foe=Fue = o [ 1) P (73)
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The total transmitted energy flux is

ous, ous,
£ 2 7k k
Fw = —Ke E / n > )dt. (7.4)

But in fact we are only interested in the energy of the transmitted front pulse, not
in the energy of the coda or small wave fluctuations that arrive after. The coherent
transmitted energy flux can be defined by

L

-2 8u5 ou,
coh - _KEZ Z/ 2 < (r%k 8; (L7 t)dtv (75)

where 9 is a smooth cut-off function, that is nonnegative, compactly supported,
and such that ¢(0) = 1. This means that we only collect the transmitted energy
around the expected arrival time L/c over a time window whose duration is of the
order of the initial pulse width.

Proposition 7.1. The coherent transmitted energy flux F:, converges in distri-
bution as € — 0 to Feon given by

coh 162//

xexp(

[70(2(*}2) + Z’)/g (2&)2)} L)

21; [’YC(le) — s (2w1)}L)

XG(L,WQ)]E((UQ) . G(L,wl)f(wl)wlwgiﬂ(wl — ng)dwldOJQ. (76)

Let us assume that the initial pulse f(t) has carrier frequency wo and bandwidth B.
If the width Ty, of the cut-off function 1 satisfies Ty B > 1 and Tyw. > 1, where
we is the coherence frequency defined by (6.13), then

1 .
Fon = g= [ DLl | £(w)|Pd (77)
is deterministic, with the damping coefficient
1 (w—h/2)?K> )
D(L,w) = o /e Xp ( a2 [Ye(2w — R) + iys(2w — h)]L)
(w+ h/2)2K2
2¢2
If, additionally, the scaled spectral coefficients 7. and s in (7.8) are almost
constant over frequency bands with width 1/7T, then

X exp ( - [e(2w + h) — i7s(2w + B)] L)zf;(h)dh. (7.8)

w2K?
D(L,w) = exp ( — CT%(QM)L). (7.9)
If, additionally, B < wy and the spectral coefficients are almost constant over the

frequency band [wy — B,wqy + BJ, then

w2/€2
Jrcoh = -7:inc €xp ( - 27276(2WO)L)7 (710)
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and this exhibits a deterministic apparent attenuation of the transmitted coherent
wave, whose decay rate

wiK?

—oz Ve(2w0) (7.11)

depends on the anisotropy x and on the power spectral density 7. of the fluctuations
of the anisotropy axis.

Proof. We have

2
coh = Z/ &Z(LaWQ)&i(val)W1w2¢(wl — wy)dwydws

T35 (Lyw2) TG (L w1)

Il
-
Mw
=

sz’ (w2)fj (w1)w1w21/3(w1 — wy)dw dws.

This quantity is bounded uniformly by Fi,. and its moments converge to those of
(7.6), which gives the first item of the proposition.

The second item can be obtained as follows. If Tyw, > 1, then (7.6) can be
simplified into

1 w3kK? )
Fon= 15 [ [ o0 (= B Del2e0) + i (20)]L)
2

WK??

L [e(2wr) — i, (261)] L)

Xf(wg) . f(wl)wlwgzﬁ(wl — wg)dwldwg,
because U is unitary. If T, B > 1, then this becomes (7.8). |

xexp(—

Remark. In the geophysics literature the so-called Q-factor (or anelastic atten-
uation factor, or seismic quality factor) quantifies the attenuation of elastic waves
[17]. Tt measures the relative energy loss per oscillation cycle, so that the energy
then decays as exp(—(wp/c)(2/Q)) as a function of the propagation distance z. In
our context, we find that the @ factor due to wave scattering by the anisotropy axis
fluctuations is

1
- %52%(%0), (7.12)

where 7, is defined by (5.4).

8. Conclusion

When a shear wave propagates through a finely layered weakly anisotropic medium,
the transmitted wave consists of a coherent front pulse followed by small incoherent
waves. The coherent front pulse arrives first in a time window around the expected
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arrival time (computed with the homogeneous background velocity) and its duration
is of the order of the initial pulse width. The shape of the coherent front pulse is
randomly perturbed by scattering, but its energy is deterministic and exhibits an
exponential decay with the propagation distance. The decay rate depends on the
power spectral density of the fluctuations of the anisotropy axis. Following the
coherent front pulse, incoherent wave components may also carry energy, but they
have small amplitude and arrive over a long time interval after the arrival of the
coherent front pulse.

These results show that pulse stabilization is not a universal behavior. The
transmitted pulse shape can be random contrarily to the prediction of the classical
O’Dohertey-Anstey theory. This happens when (at least) two transmitted wave
modes have equal (or very close) velocities. This result has been shown in this
paper in the context of shear wave propagation through a laminated anisotropic
medium. It could be extended to more general hyperbolic systems, for instance
electromagnetic waves [8].

This paper also confirms that diffusion-approximation theorems applied to the
wave equation in the frequency domain are a powerful tool to analyze wave propa-
gation in random media. The key issue, as revealed in this paper, is the correlation
properties of the propagator (or transmission operator) as a function of the fre-
quency.
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Appendix A. The Diffusion Approximation Theorem for the
Propagator Matrix

The evolution equation for the propagator matrix can be expanded as

QPE — 9P os 21/)(5%) (03 0 ) Pe

0z 2ec 0 —0o3

WK, z o; 0
+Z275C Sln2w(§) ( )PE

0 —01

whk Zyein (222 (0 93) p-
+om cos2w(62)s1n (2520) <0_3 o ) P

ﬁ . i . % 0 o, c
+2€c Sln21/)(82) sin (2520) (0_1 0 > P

R s 20(Z) cos (225 (@ 93 pe
+i 500 08 Zw(€2) cos (2520) <_03 o ) P

WK, z wz 0 o4
+ig__sin 21/)(6—2) cos (2£) (—0'1 A ) Pe. (A1)

Applying the result of [6] about limits of random matrix equations we obtain
that P¢(z,w) converge in distribution to P(z,w) as ¢ — 0 that is solution to the
matrix-valued stochastic differential equation

_ oK o5 0 LR o1 0 :
dP =i 50 27.(0) ( 0 0'3> PodW, +i 50 27.(0) ( 0 0’1) PodW;
WK 0 o3 3 WK 0 o 4
— (2 P — 2 P
+ 90 ve(2w) <0_3 0) odW; + 50 Ye(2w) <a’1 O) o dW}
wn 0 oy 54 or 0 o 6
tig, Ye(2w) (_0_3 0 > PodW; +i 50 Ve(2w) <—0'1 0 ) P odW;
w2k? -I0
———— (2 P A2
itz (1) P (A2)
where the W7, j = 1,...,6, are independent standard Brownian motions. The

propagator matrix is of the form
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where the matrices A(z,w) and B(z,w) are the limits in distribution of A¢(z,w)
and B¢ (z,w) in (4. 8) and they satisfy

dA = 22— 27.(0 )a3AodW1+z2— 27.(0)o1 A o dW?

+7\/%(2w)a’3B o dW3 + 2—\/%(Tw)0113 o dWh
+i ‘; V7e@a)osB o dW5 +i 5 /4 (2w)o B o dWS

2
—i%’ys(Qw)Adz, (A.4)
dB = —z‘;— 27.(0)o3B o AW} — i 2 27.(0)0 1B o dV2
+2—\/WU3A odW?3 + z—malA o dW
—22— Ye(2w)osA 0 dW? — Z% VAe(2w)o1 A o dWS
—&-i%%@w)de, (A.5)

starting from A(z = 0,w) =TI and B(z = 0,w) = 0. One can then check that
R(z,w) = B(z,w) A~1(z,w), T(z,w) = A7 1(z,w) (A.6)

satisfy (5.1-5.2) and are therefore the limits in distribution of the reflection and
transmission matrices in (4.15).

Appendix B. Energy Relations

The energy density of an elastic wave field u(¢, ) in a isotropic medium is defined

by [9]
3
1 Ouy,
%) Y
k=1 j
The energy flux F = (Fj)3_; such that
Oe
—+V .- F=0
ot "
is
=— fi——-
— ot

For a shear wave propagating along the z-axis, these equations read:
_r ouy, ouy,
o3 (G e B3 ()
and the associated flux F' (in the z-direction) such that

de OF

ata: =0
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is
2
8uk 8uk

F=-K —_— .
ot 0z
k=1
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