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Abstract

A number of recent studies discuss the phenomenon of super resolution, that
is, the fact that a target can be localized with higher resolution than half a
wavelength as suggested by the classical diffraction limit. Here we discuss a
special type of super resolution corresponding to a high contrast in wave speed
at the location of respectively the point of observation and the one of the
target. We quantify the resolution achieved in this case and discuss image
stability. It turns out that the image is stable with respect to measurement noise
but very sensitive to medium uncertainty. The signal-to-noise ratio can in fact
be significantly enhanced by exploiting resonance frequencies and we discuss
this in detail, considering source as well as reflector broadband imaging.

Keywords: super-resolution, measurement noise, medium uncertainty

(Some figures may appear in colour only in the online journal)

1. Introduction

Time reversal of waves has been extensively studied in the last twenty years [6, 9-12]. A
time-reversal mirror consists in a set of transducers that can be used as receivers or as
transmitters. A classical time-reversal experiment consists of two steps. In the first step, a
source generates a wave that propagates through a medium and is recorded by the time-

0266-5611/14/085006+25$33.00 © 2014 IOP Publishing Ltd Printed in the UK 1


mailto:habib.ammari@ens.fr
mailto:garnier@math.univ-paris-diderot.fr
mailto:julien.derosny@espci.fr
mailto:julien.derosny@espci.fr
mailto:ksolna@math.uci.edu
http://dx.doi.org/10.1088/0266-5611/30/8/085006

Inverse Problems 30 (2014) 085006 H Ammari et al

reversal mirror used as a set of receivers. In the second step, the time-reversal mirror is used
as an array of transmitters, it re-emits the time-reversed recorded signals. It turns out that the
wave focuses back at the initial source position, as if the wave were being played backwards.
The refocusing properties have been studied experimentally, numerically and theoretically.
They are characterized by diffraction-limited focal spots, that is to say, the size of the time-
reversed focal spot is half the source carrier wavelength when the original source is point-like
and the time-reversal mirror surrounds the region of interest.

Enhanced refocusing is a remarkable property observed in many time-reversal experi-
ments and it can follow from several mechanisms. First, the diffraction limit can be overcome
if the source is replaced by its time-reversed image during the second step of the time-reversal
experiment. This requires to use an active sink that absorbs the time-reversed wave precisely
at the original source location and at the exact refocusing time [7]. Second it is possible to
obtain subwavelength focusing when the initial source is in the near field of the time-reversal
mirror and the propagating medium is homogeneous and isotropic [8]. Third, focusing
beyond the diffraction limit with far-field time reversal is possible, provided the medium in
the near field of the original source has a high effective index and can radiate in the far field
spatial information of the near field of the source. For instance a random distribution of
scatterers or small resonators placed in the vicinity of the source can achieve this goal and
locally reduce the effective wavelength [1, 13, 16-18].

Here we would like to analyze this last mechanism in the context of imaging, that is, in
the context where the object (source or reflector) to be imaged is imbedded in a high-index
(low-velocity) region. In such a case, the physical size of the object is small compared to the
homogeneous wavelength of the wave used to probe the medium, but large (or at least not
negligible) compared to the local wavelength evaluated in the low-velocity region. However
the work on time reversal cited above does not apply directly to imaging. Indeed, imaging is
different from time reversal. Similarly to time reversal, imaging consists of two steps, data
acquisition and data processing. But contrarily to time reversal, the data processing is
numerical and is based on the resolution of the wave equation in a fictitious medium (given
a priori or estimated itself). The data processing may consist of the minimization of the misfit
between the measured data and synthetic data obtained with the numerical solver (least-
squares imaging), or it may consist of backpropagation, adjoint or matched field processing,
that can be seen as simplified versions of least-square imaging [2, 3, 6, 20]. Experimental
subwavelength imaging has been achieved using high-contrast materials or arrays of reso-
nators [4, 15, 19]. In this case, the robustness of the procedure with respect to measurement
noise and with respect to medium uncertainty is in fact the key issue.

In this paper we consider a simple one-dimensional framework. Our first objective is to
estimate the location of a source that is in a section of anomalous low velocity. The picture
that we want to analyze in some detail is that this allows us to estimate the location of the
source with high accuracy. When the wave exits a section of low velocity its spatial support
will be expanded, conversely if it enters the section of low velocity it will be compressed.
This is what gives an apparent super resolution phenomenon. If one considers two nearby
sources in a section of low velocity then at an observation point outside the section one would
observe two pulses of relatively long wavelength, moreover, one would be able to resolve the
locations of the sources with an accuracy greater than that corresponding to the wavelength at
the point of observation. We want to analyze this phenomenon in some detail and quantify the
resolution enhancement, moreover, examine its robustness with respect to measurement noise
and medium uncertainty. Via our rigorous analysis we find that exploiting resonance fre-
quencies is important in order to achieve enhancement of the signal-to-noise ratio.
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Our second objective is to identify a reflector or inclusion in the section of low velocity
with a source located outside of this section. We show that again the contrast in speed gives a
resolution enhancement. We also set forth a detailed stability analysis incorporating both
effects of medium uncertainty as well as measurement noise and again point to the importance
of resonance frequencies.

In the analysis we shall use a mathematical framework similar to the one developed in
[12]. However, here the focus is on a high contrast background medium rather than on highly
oscillatory medium fluctuations.

The outline of the paper is as follows. We describe the medium and the acoustic pro-
pagation model in section 2 which articulates how the source is imbedded in a section of low
velocity. Based on the recorded wave at a point outside the anomalous section we construct
the image of the source point in section 3 with a focus on a discussion of resolution. In
section 4 we show that the presence of measurement noise does not hamper resolution as long
as a resolvability condition is satisfied, but that the imaging functions are very sensitive to
medium uncertainty. In section 5 we generalize our discussion regarding source imaging to
the case with reflector imaging. Finally, in section 6 we forward some concluding remarks.

2. Superresolution source imaging via medium contrast

2.1. Scalar wave model

We consider acoustic waves with conservation of momentum and mass for velocity u (x, )
and pressure p(x, 1):

polts + p, = 55 (x — T, (D
c‘zpt + pouy =0, 2

for p, being the assumed constant density, ¢ the local velocity, and { = c¢p,, the impedance.
Throughout the paper the subscripts stand for partial derivatives. An impulse source is
imposed at the spatial location y. We assume dimensionless coordinates and a constant
density so that we have

¢, =Py = —JEDOF (x —y),

with ¢ being piecewise constant:

) = {co/n ifxe[-L/2, L/2]' 3)

co  otherwise

We assume that n > 1 and standard radiation conditions. We assume that the source is located
in the section of low velocity: y € (—L/2, L/2). We shall also assume that we measure the
wave at the location y, € (L/2, o) and based on the recorded wave we aim to estimate the
location of the source, that is y.

2.2. Wave decomposition

Below we follow the strategy developed in [12, chapter 3]. We expand first the wave field into
right propagating modes (A) and left propagating modes (B) by the decomposition

3
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Figure 1. Wave amplitudes.
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Ax, 1) NEE)) p(x, 1)
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NEE)
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[p<x, t>] _1 @ _@ [Aoc, r)]. )
u(x, ) 2 W W B(x, 1)
Let the Fourier transforms be defined by
A, w) = f Ax, Ne@'dr,  B(x, w) = / B(x, Heds,
then we have from (1), (2):
A, - %A =5y, B+ %E = —5(x - ). (©)

for x # +L/2. We introduce the complex amplitudes a and b of the propagating waves
A, @) = a(x, )™, B(x, 0) = b(x, w)e™™, (7

with the travel time defined by

-

_ML  XHER <
2C() Co
T(x)=/x e s for —=L/2 < x < L/2.
0 c(x) Co
nk + x- L2 for L/2 < x
26‘0 Co

The travel time is defined with respect to the origin but any other point could have been used.
From (6) and (7) the amplitudes a, b are piecewise constant over the intervals where there is
no source and no jump in the medium parameter:

ap(w) forx < —L/2

aj(w) for —=L/2<x<y

a)(w) fory<x<L2’

asz(w) for L/2 < x

a(x, w) =

and similarly for b (x, w), see figure 1.
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Interface conditions. At the interface x = L/2, the local speed of sound ¢ and the local
impedence { jump, so the continuity of p and i:

[i]( (L/2)*) = [g]( (L/2)7)

gives jump conditions for the amplitudes of the left and right propagating modes in view of

(5):

NN I N4 P
B [4](<L/2)+)= R [4](@/2)‘), ®)
NN NN L

and similarly at the interface x = —L/2. If we introduce the interface coefficients r* and the
jump matrices J*:

then (8) reads

A 1A _
1wt =1 2@,
B(( ") [B](( ))

and similary

(L) = J+[f}]( (=L/2)).
| B] B
Therefore
[ i% i [ i% i
az(w)e 2c _J- ar(w)e 2
_;jonL - _;onL ’
_b3(a))e 260_ _bg(a))e 200_
eS| o st
aj(w)e 2 _ 14| @ol@)e 2co
ian - J iamL ’ (9)
| bi(w)e 20 ] | by(w)e 2c |

Radiation conditions. The radiation condition gives that
b3(w) = 0, ap(w) =0, (10)
that is, no energy is coming in from +oo.

Source conditions. Integrating (6) accross the source location y we get the jump relations

P

[ATj- = 1 and [B]it = —1, and therefore
wny
ar(w) = aj(w) + e "o, (11
.ony
by(w) = by(w) — e . (12)

The relations (9), (10), (11), and (12) now give eight equations for the eight unknowns
aj, bj, j =0, ..., 3. We assume that we observe the transmitted wave at y, > L/2 within the
frequency band of the measurement device, that is we measure asz(w)e®*®) for
w € o, — 2/2, w. + /2], where w. is the central (angular) frequency and £ is the
bandwidth, with 2 < 2@,. We next identify the explicit expression for the observation.
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2.3. Wave recordings

We have available the frequency response:
{ames(@), 0 € [0 — 2/2, 0 + 2/2]},

where dmes (@) is the measured complex amplitude az(w)e™™™) of the wave recorded at y,
from which a known phase is removed:

. .onl .o L
A mes (w) = as(w)e’“’"yv)e‘WT"?(yf"E) (13)

The phase QE + ) is known provided n is known and then it compensates exactly

for wt (3, )
We introduce the reflection and transmission coefficients associated with the interface at
L/2:
r- n—1 1 2Jn
R=—-—= , T=—-= . 14
r* n+1 rt 1+n (14
Note that 72 + R? = 1 and that the reflection coefficient is close to 1 when n > 1 and it can
be expanded as R = 1 — 2/n + O(1/n?).
From (9), (10), (11), and (12), the observed amplitude can be expressed as:

rm()+L/7)
oy ] — Re?
Ames (@) = Te™ ¢ —— (15)

— R%e2i%

It can be expanded as:

L on(y+L) & onL\J
Ames (@) = Te™! CU Z (RZ 21‘”” ) —TRe Z (Rze%%) s

j=0 j=0

with the first term (j = 0) in the first sum corresponding to the contribution of the right-going
wave generated by the source in (11) that is directly transmitted through the interface. The
other terms in this sum correspond to the contributions of the wave components that have
been reflected back and forth in the section several times before being emitted out of the
section, thus associated with a phase delay corresponding to the travel time back and forth
through the section. The terms of the second sum correspond to the contributions of the left-
going wave emitted by the source in (12).

3. Imaging functions

3.1. Matched field processing

The adjoint imaging function (or coherent matched field imaging function, inspired by the
known properties of time reversal refocusing) is defined by [6, 20]:

1

. w:. + 2/2 —
];l(y) = E ./w,—g/z ames(w)a(y, a))dw +c.c., (16)

where c.c. stands for ‘complex conjugate’ and the synthetic data a (¥, w) is defined as (15) but
with the search point y instead of y:
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,mu(f+L/2)
onj | — Re2 @
a(y, w)=7Te "o ————0—. (17)

1 — R2%%

Proposition 3.1. When Q2 > %, we have

L@Fgmpﬁg;ﬁymtw@—w]

2C0 Co

2R sinc(gn(y+y +L)]Cos[cocn(y+y +L) ), (18)

1+ R 2¢

where sinc is the function sinc(s) = sin (s)/s.

If y,y € (=L/2, L/2) and are far away from —L/2 (that is farther than / defined just
below in (19)), then the second term in (18) can be neglected. This shows that the imaging
function is a rapidly modulated function with a sinc envelope, and the width of the envelop
(i.e. the resolution) is

1= (19)

n
where Ap is the wavelength associated with the bandwidth

27cy
Ap = . 20
B o (20)
We stress that 15 is the wavelength associated to the bandwidth £2 at the observation point,
while / is the wavelength when evaluated at the location of the source, the slow medium

section.

Proof. Substituting (17) into (16) we find that 7, is the sum of four terms. They can be
addressed in the same way so we only compute the first of them:

2 on(§ -)
s : wp+9/27' cos( )
=G

Co
When Q > ',[—2’, the denominator in the integrand is a rapidly-varying periodic function in @

that is bounded from below by the positive constant (I — R?)?. Therefore the periodic
averaging theorem [14, chapter 4] gives

: e+ 82f2 won(y —
I(y) = T ! fw cos M dow,
Q \1+R"—2R?>cos(+) [ Jo-ap co

where ( - ) stands for an averaging over the periodic component. Since the value of the
average is 1/(1 — R* and 72 =1 — R?, we get

n(y - ﬁ)] cos (M]

1 - g

1
I(y) = i
1(y) T R smc( 2 o

The calculations of the three other terms give the desired result. O
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A conventional incoherent matched field imaging function is [6, 20]

1 W + 2/2 [, )
B()=5 [, @il o)f do. @

where the synthetic data d (¥, o) is defined by (17) (it is also known as incoherent broadband
Bartlett processor [5]).

Proposition 3.2. When Q2 > %, we have

4 on(y—§ 20.n(y - §
5(y)= Ll{(l + R2)2 + 27€2sinc[ n(y y)Jcos( wen(y y)]
72(1 + R?) o <

+2R3%sinc (

2R(1 + R*
2( Q)Z{Sm(;(ﬁ”(iyc*L))cos(“’c”(zcy”))
72(1 + R?) 0 0

+sinc( Qn(25 +1) ] cos ( wen(2 + 1) )} (22)

.Qn(y+)7+L)]COS(2a)Cn(y+)7+L))}

Co €o

2C0 Co

Here the last three terms vanish if y and y are far enough from —L/2 or L/2 (that is farther
than / in (19)). This incoherent imaging function has approximately the same resolution
properties as the coherent imaging imaging function 7, it has in fact better resolution by a
factor two. However it possesses a large background contrarily to 7,. This is quite problematic
in particular when there are several sources, as the overlap and interaction of the backgrounds
and peaks become complicated, while 7, presents the sum of the peaks by linearity of this
imaging function. This justifies the fact that we will focus our attention to J, and its variants
in the following.

Proof. The calculations follow the same lines as in the proof of proposition 3.1. When
Q> %, the periodic averaging theorem gives

4 e+ Q2/2
ZL(ﬁ)=T— 1 : fw+ /(1+R2)2
Q (1+R4—2chos(-)) we = 22

an(ﬁ - y)] N 2R200s[2wn(§ +y+ L)]

€o Co

+ 2R2 cos [

€o Co

2y +L
a1+ %) (w%(@] o,

where ( - ) stands for an averaging over the periodic component. Since the value of the
average is (1 + RY/(1 — R*? and 72 = 1 — R?, we get the desired result. O
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Modulation Function with n=5

VUL

94 -2 0 2 4
Modulation Function with n=20

=N

0.

[$;]

94 -2 0 2 4
Frequency

Figure 2. The modulation function [(1 — R?)/(1 — R%")| as function of dimensionless
frequency u for n = 5, 20.

3.2. Simplified adjoint imaging

In figure 2 we plot the modulation function

1 — R?

ronl

1 — RZ%¥

for n =5 and for n = 20 as function of the dimensionless frequency 2wL/c(. Note the singular
behavior in n. It means that, for large n, the adjoint imaging function only uses the
observations at the set of discrete frequencies where this factor is unity. This motivates the
introduction of a simplified version of the adjoint imaging function

Aw

2 Y fuopacon (|on])ane (@35 @), 23)

m=—0o0

IP(YA) =

where I is the indicator function on B and

7C) 2

@, = mAw, Aw = ) 24

nl T
with 7, being the two-way travel time of the low-velocity section.

Proposition 3.3. When Q2 > Aw and y is not within the distance [ (defined by (19)) of the
boundaries +L/2, then we have

1(9) = 1+R2sinc(9n(y_y)]cos(wcn(y_y)). 25)

7-'2 2C0 Co

The adjoint imaging function and simplified adjoint imaging function have the same
resolution, but the simplified version has an enhanced amplitude when n is large (since
(1 + R®/T% ~ n/2). This comes from the fact that the simplified version focuses on the
important contributions of the measured data at the resonant frequencies.

9
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Imaging Function

ﬂ |
05/ 'MM“"I'“] |
m ,f%““‘. l Hl'(l[\ i
= ol e
L
-0.5¢ L’l‘ll) IMI,M,

Search point offset: AY/L

Figure 3. Theoretical imaging function 7, given by (25) and normalized to one (blue
dashed line) for QnL/cy = 100 and w./2 = 10 as function of relative offset
Ay/L = (y — y)/L. Imaging function defined by (23) and normalized to one (red solid
line) for n = 5 and y = 0.

Proof. The expression of @ becomes simpler when evaluated at the resonant frequencies:

1 RO L@y ny
a(y, o,) = Fe" coy(l - (—1)MRe2lco’),

where we have used the fact that exp (iw,,nL/cy) = (—1)". Since

1 RO Wy ny
ames(wm) = ?e_l <o (1 - (-1)’"7362’ co ),

the imaging function has the form
[*)

Z ](wC—Q/2,01(+.Q/2) (|wm| ) a(.))7 wm)&()’)\’ wm)’

m=—0oo

Aw
I(y)=—

p(y ) 20
and it has several contributions:

Aw(1+R?) = o (5 =y
5(¥)= % Z lw—2p.0.4+0)2) (| @] ) cos (y]

m=—0oo

€o

AR

3 m' y +
“or: X I<wc—mz,wcm/z>(|w2mf|>C°S(W)
m'=—oo0 0
AoR < (9 a
+ [207)'2 m';ool(a}c_g/z’wc-'—g/z) ( | wz m'+1 | ) €08 ( %O(yy)]’

where the signs of the terms derive from the factors ( —1)". If Aw <« £ and y is not within
the distance [ (defined by (19)) of the boundaries +1/2, then we can use the continuum
approximation for the sums, we find that the second and third sums cancel each other and that
the first sum can be replaced by the expression (25). O

In figure 3 the blue dashed line is the theoretical imaging function (25) normalized to one
plotted as function of relative offset Ay/L = (y — y)/L for QnL/cy = 100 and w./2 = 10.

10
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The red solid line is the exact imaging function (23) (also normalized to one) in the case with
n=>5and y = 0 and is seen to almost coincide with the asymptotic form (25).

4. Stability and resolvability

We discuss in this section the robustness of the imaging function (23) with respect to additive
measurement noise and medium uncertainty.

4.1. Robusteness with respect to measurement noise

Assume that the measurements are corrupted by an additive noise so that we observe:
asz(w) + noise

Then we have the generalization of (15)

.wny .on(y+L/2) 9T
Ames (W) = e_lCo(l — ReZ o ) + W(w),

ronl
0

1 — RZ%H
where W (w) models the measurement noise. The observations at the set of discrete
frequencies w,, are:

Wy ny

I _jomn nny
Ames (W) = ?e_l o (1 - (_1)mRCZZT) + oWy,

where o is the standard deviation of the measurement noise and w,, is assumed to be an
independent and identically distributed sequence of zero mean and unit variance complex
circular random variables.

The expectation of the imaging function (23) is

_ 4o

[E[Ip(),’\)] Y I(wl—_Q/2,w(.+Q/2) (|wm|)a()’a wm)&(f, a)m)

m=—0oo

and it is given by (25). The variance is given in the following proposition.

Proposition 4.1. If Aw < 2, then

R Awc? 1 + R?

Proof. The fluctuations of the imaging function have the form

V($)=5(9) - E[ 5(5)]
_ Awo wm-n),} Wy ny
0

T 20T z I(w{.—g/z,wcm/z)(|wm|)wmeic(1 — (=1)"Re~*" )

m=—0o

Since the w,,’s are independent and identically distributed with mean zero and variance one,
we have

Z lo-ep.w+em (|on|) ‘ 1 - (—l)mRezi“’Zﬁ?ﬁ

m=—0oo

_ (w)’e?
40Q%7?

Var[fp()?)]
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By expanding the square modulus we can split the variance into several contributions:

_ (Aw) 2621 + R?

Var[fp()?)] Z lo—0p.049)2) (|60m|>

4> 7?2 =
@Qo)’’R 5 W2 1Y
— 20272 mlgm](w,.—Q/Z,wf+Q/2) ( | [OF) m’| ) cos [ T)

(A )2 ZR o0 o n}/}\
+2a_;2f;'2 Z I(w(.—Q/Z,mL.-;.Q/Z)(|w2m/+l|)cos(%).

m'=—oco

In the case that Aw < €2, the second and third sums cancel each other and we get the desired
result. O

As a result we find the signal-to-noise ratio (with R ~ 1 and 7 ~ 2//n):

E[L0] [

SNR = N2 T Awo?
Var[Ip(y)]

27

Note that the SNR increases with the number of periods in the modulation function (see
figure 2) and also with n. This gives the following result.

Corollary 4.2. In order to have a signal-to-noise ratio larger than unity for the imaging
function 1, defined by (23), we need

ng
. 2
o< - (28)

4.2. Robusteness with respect to medium uncertainty

In order to form the imaging function (23) we assumed a perfect knowledge of the medium,
that is to say of the index of refraction n. In this subsection we assume that the underlying
medium parameter 1/n is estimated with an error §: 1/ = (1 + §)/n. Then, denoting by @,
the estimated resonant frequencies:

ZZ):TiC():Aa)(I-Fé), 0’)m=mZZ)=0)m(1+5)»

n

and by R and 7~ the estimated reflection and transmission coefficients (with 7 instead of 7 in
the formulas (14)), the imaging function (23) is defined by:

20
m=—o0

Z\ © 1 ony n Wy Y
M=o lo-arsansa (0] ) s (00) 50 Co}(l — (~1)"Re? »)

Moreover, by (13), the phase removed in the measured amplitude as (@)e @) i

w AL 0] L.
w2 T =)
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5=107°
10 ‘
_‘& OWWMWMMMWW‘WWWMVMW
-10 . . .
-0.2 -0.1 0 0.1 0.2
5=1072
1 ‘ : :
= OWWWWWWMWMWNWN‘WWMMWMM
_1 L L L
-0.2 -0.1 0 0.1 0.2
Ay

Figure 4. The imaging function /,; as function of offset Ay =y — y(1 + 6) for
5 = 107> (top) and 1072 (bottom) when L = 1, n = 20, 2 = 10, w. = 100, ¢o = 1 in
the non-dimensionalized coordinates. This gives (nw,z;)~! = 1.25 X 1072 as a blurring
threshold for 6 and an optimal resolution corresponding to / = 0.03. Note that the
blurring gives damping in imaging amplitude and lateral smearing.

; ) _[ﬂ@_iﬂ( ,_L)
Ames (@) = az(w)e® e ey 2 "e\ %72 ),

[ E
co(1+08) 2 7~

which does not compensate exactly for w7 (y,), so that it remains a phase error

Proposition 4.3. The bias and blurring of the imaging function I, defined by (23) are
negligible if and only if

1

N7,

§< (29)

The condition (29) corresponds to an error in the estimate of the travel time 7, that is
smaller than 1/(nw.) with w,. being the carrier frequency of the source.

Proof. Recall that 7; = 2nlL/cy, and then the imaging function takes the form

. Z\ el . T im,,,ST—L
I,(9)= % Z I(m,.—.Q/Z,mC+.Q/2)(|wm| ) ‘f"(l _CRZCLM&L)

Aw,,,n()?—y(l+5)) Aw,,,n(f‘+y(l+5)) i 7L
x| e o — (=1)"Re’ o elmoy

L oan(PHyU48) wun(y(+8-P) | g
—(=1)"Re™" o + RRe' Co gionds

= Lu(9) + Bp2(F) + Lpa(9) + Lpa(9).
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b() b] blb b? b‘{ b‘%h = 0
ag =0 a Q1p a2 as asp,
‘—L/Q | ‘ y ‘L/Q |ys x
c=cp co/n acy  co/n co

Figure 5. Wave amplitudes with a source at y, and a thin reflector at [y — D, y].

We then get in particular

TAe & © (n(y—yaw))ﬂa ]
A @ ~ i 0w Aoy | — Ty,
Loa(¥)= 7o Z l(w.~2p.04+0)2) (| ] ) €™ ZR% 0
m=—=oo j=0
= nd; nAs
=7 2 R¥sinc =] G+ Uyt | |cos | @ | —= + G + Udyée. | |,
T j=0 2 Co co

with Ay = § — y(1 + ). Since R ~ 1 — 2/n for large n, the support of the sum extends over
Jj of the order of n, and therefore there will be no blurring of the imaging function if and only
if the term w.joér; does not blur the sum in j, that is to say, if (29) holds. Then the bias will
also be small in the sense that [yl6 < 4%. [

In figure 4 we show the imaging function for several values of the blurring parameter 6. If
6 > l/(nw.7.) we indeed see that we get blurring in the form of smearing of the image and
amplitude damping.

In conclusion the sensitivity to medium uncertainty increases with n. The results of this
section show that the imaging function is stable with respect to measurement noise but
unstable with respect to medium uncertainty.

5. Imaging of reflector

In this section we aim to image a reflector located at y € (—L/2, L/2) and with a source at
Y € (L/2, o). The medium is now modeled by

co/n ifxe[—L/2,y—- D)
_Jacy ifxey—D,y]
COV=N o ifx e @, L2 ' (30)

co  otherwise

The data are collected at the observation point y € (y,, o0) in the frequency band
[w. — 272, w. + 2/2], with Q < 2w,.

5.1. Wave decomposition

The wave amplitudes are defined by (7) with 7 (x) = /0 “le (x")dx’. The right propagating
mode amplitude is stepwise constant:
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[ ag(w) forx < —L/2

aj(w) for —L2<x<y-D
ap(w) fory—D<x<y
ar(w) fory <x < L/2 ’
az(w) forL/2 <x <y

a(x, ) = <

azy(w) fory <x

L

and similarly for the left propagating mode amplitude b (x, ), see figure 5.

The coupling relations of the wave components at the boundary of the slow medium
section are again given by (9). The analogues of the relations (10), (11), and (12) are now: (i)
the radiation conditions

bsp(w) =0, ap(w) =0, (€29)
that is, no energy is coming in from +oo, (ii) the source conditions
az (@) = az() + e, bap(@) = b3(w) — ™", (32)

In addition we now have the interface reflection relations at x =y — D and x = y:

[ an@eo ] a@ert | .
| blb (a))e—lmr(v—D) bl (w)e—m)f(y—D)
I a- (o eimr(y) a ) eimr(y)
2(w) | _ 1 (@) | ’ (34)
| bz (w)e—zwr(_\f) blb (w)e—tcur(y)
for
jio| o E L LR (35)
“ +r, 1 ’ @ 2\ vam ~ '
This gives a total of 12 equations for the 12 unknowns.
We introduce the notation
00, D) =1(y = D) — 7( — L/2) = nZ2FY =D (36)
Co
D
@y, D)=t(y)—-t(y -D)=—, (37
acy
(v D) = 2(L/2) — 7(y) = nZ2 =2 (38)
Co

with the inclusion supported in (y — D, y). Note first that the propagator matrix associated
with the inclusion can be expressed by

az(a))eimr(y) _ J+ eiwra(y,D) 0 = al(a))eimr(y—D)
b2 (w)e_i"”(-") S 0 e—iw‘rz(_v,D) @ bl (w)e—iaJr(y—D)
hl(w’ Y, D) hz(w, Yy, D) al(a))ei(‘”(y_D)
ho(@, y, D) hi(w,y, D) || by(w)e~i@0-D |
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for

hy(w, ¥, D) = (r;—)ze—iwfz(y,D) _ (ra—)2€iwrz(y,D)’ (39)

ha(@, y, D) = (1 r; )(e7@mD) — eion0:D)). 40)

This gives the following expression for the amplitude of the reflection as,(w) at an
observation point y, € (y,, ©0):

asy (@) = e~ @) 4 gio(7()-2:(L12)

CQ(CU, Y, D) - R2C2(w7 Y, D) - R(Cl((l), Y, D) - C](Cl), Y, D))

x - , @)
(@, y, D) — R (o, y, D) — R(c2(@, y, D) — c2(w, y, D))

for

¢ (w, y, D) — (eiwrz(y,D) _ Rge—iwrz(y,D))eiw(ﬂ()’,D)+T3(y,D)), (42)

o (w, y, D) = Ra(einZ('v'D) _ e—iwrz(y‘D))eiw(—‘rl(y,D)+r3(y,D))’ (43)
where we have defined the reflection coefficient

Yo
Ry = — 44)

5.2. Wave recordings

The observable quantity of interest is the complex amplitude az,(w)e®*™) observed at
Y, € (), ). We remove the original right-going wave and a known phase from this
observable quantity to get

Ames (@) = (a3b(w)ei“”<~‘?') - eig§<>h‘>f\))e‘igé(yﬁyx‘L). (45)

Note that we have
1
T(y,) —t(y) =—(, = %)
€o

1
7(y,) + 7(y) — 2t(L/2) = C—(ya +y - L),
0
so that a,e(w) is of the form

c(w, y, D) — R?c(@, y, D) — R(c1(w, y, D) - ¢, y, D))

Umes (0) = ———— — . (46)
(@, y, D) — R¥ei(w, y, D) — R(cx(w, y, D) — ca(w, y, D))
When the inclusion is small such that 2D < 1, we have
o
ioD
Ames (@) = do(@0) + —d(w)
€o
iwD ~i@ L\ ~2i % ny 2ai 2L ,2i 0
+ dz(w)(e egbe=2icy ™ + R2eicy e ’co”y), (47)
Co
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o)

1 — e2lcU nL
-w

1 — RZCZZWM‘

27%(1 - R2)e2t’%’¢

(1-%2) (1 - reertin)”

do(@) = R

di (@) = (n(l - R3) - é(l + Rg)), (48)

2Ra( 1 — R2)e2iirt
dy(w) = , (49)
(1-R2)a(1 - Ry’

2
up to terms of smaller order O (n>“<D?), as shown in the appendix. Note that
€o

- the leading-order term d, cancels at the set of discrete frequencies w,, = mAw,
m=1,2, ..., with Aw defined by (24),

- the third term (proportional to d,) in the expansion (47) contains the information about the
inclusion location y.

When D = 0 we get

7{(1 _ eZi%nL) .
_ _ @ _ g2 1420 2i & nL(1+))
nes(0) = —— e m =R =T Z(:)R e%ic : (50)

corresponding to the direct reflection from the interface of the section at L/2 and then
reflected signal components that have reverberated j times in the section ( —L/2, L/2). Note
that the reflected signal is zero if the frequency w is resonant (i.e. if the frequency is equal to
o, = mAw for some integer m). In this case the emitted wave probes in the most efficient
way the section in ( —L/2, L/2) as it is reflected back and forth coherently between the two
interfaces and it does not come back to the right-half space x > L/2.

5.3. Imaging functions

Assume from now on that there is an inclusion. The adjoint imaging function is

1

w. + 2/2 T A
= ) / ames(w)a(y, D, w)da) +c.c., 51

I(y. D) o
where 4 (9, D, w) is given by (46) with § and D in place of y and D. From the form (47) of
ames, We can see that the modulation functions d; and d, become highly concentrated at the
set of discrete frequencies w,, defined by (24) for large n. This means that, for large n, the
adjoint imaging function only uses the observations at the frequencies @,,,. As in the case of
source imaging addressed in the previous section, this motivates the introduction of a
simplified version of the adjoint imaging function:

[s0)

-[ras()?, DA) = I(wC—Q/2,w(.+.Q/2) (|wm| )ames(a)m)&()?’ 15, wm)- (52)

From the form (47) of a..s, we can see that, if we are only interested in the localization
problem, then we should use
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v A S W
Irl(y) = ﬁ Z (_l)ml(wc—_Q/Z,a)L.+_Q/2) (|a)m| )( - lac)—o]
X(ezi(ﬁ: ny + RZC_ZZ.(%‘H&) ames(wm)~ (53)

We analyze this imaging function in the following.

First imaging function. From the expression (50) in the absence of inclusion, it is
appropriate to observe the field at the resonant frequencies w,, so that the recorded reflected
wave associated to the inclusion is not buried in the reflected wave components asssociated to
the boundaries of the section. In the presence of a small reflector with n':—;D < 1 we have

2 (-1 mRa(e—Zf“c%”"y + Rzeﬁ“c’%"y) + 2R (1 - RZ) - %R(l +R2)

“ (=) %)

mD C
xiZ [1 +0(n10)].
Co Co

This is another (but analogous) motivation for the introduction of the imaging function (53).

When £2 is much larger than Aw, we can use the continuum approximation for the sums
in (53) and we find that, unless the inclusion is close to —L/2 or L/2 within a distance of the
order of [, the imaging function is given by

2R, wa[l R [Qn(ﬁ—y)]cos(chn(ﬁ—y)J

a(1-RY(1-R2) < co

Qn(y 2 y
+ stinc( n(¥ +) ] cos [ wen (3 +) ]], (54)

Ames (@p) =

I4(¥) =

€o

for y far enough from —L/2 or L/2 (ie farther than /).

This imaging function can localize the inclusion with the resolution / given by (19), but
there is a ghost image: there are two peaks at y = +y and it is not easy to decide which of
these two peaks corresponds to the position of the inclusion. Indeed the peak associated to the
inclusion has an amplitude that is larger than the ghost peak, by a factor (1 + R%/(2R?), but
this factor is close to one when n > 1.

When n is large, the amplitude factor 2R, /[a (1 — R%)(1 — R2)] in (54) is about n?/8.
This enhancement factor of the order of n? comes from the fact that the waves have been
reflected back and forth about # times within the section, and during each pass the interaction
with the inclusion generates small scattered waves that build up coherently to generate the
reflected signal. As a consequence this imaging function will be robust against measurement
noise but sensitive to medium uncertainty (knowledge of cy/n), as we will see in the next
section.

Second imaging function. Another imaging function can be formed by using only the
first arrivals of the recorded signals. Here we assume that y — D > 0, and that by a time
windowing technique, we record only the components of the observable quantity
azp (w)e™ %) that arrive before the time (y, + ), — L + nL)/cy at the observation point y,.
Note that the observable quantity asj, (w)e™™%) is a sum of components of the form ¢/ in the
frequency domain (this can be seen by writing the denominator in (41) as a series expansion),
or equivalently a sum of Dirac distributions 6 (r — 7) in the time domain. Therefore, the time
windowing selects the components whose phases are of the form @ with

18
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7 < (y +y — L+ nL)lcy. After the time windowing we remove the original right-going
wave e/®0=%)< and the known phase w (y, + y, — L)/cy as in (45), which gives the new data
set dmes(w). Compared to apes(w), the time windowing removes the components whose
phases are of the form € with 7 > nL/cy. In particular, it removes the components of the
recorded signals that arrive after the first echo from the boundary at —L/2. Indeed these
components have phases of the form e/* with 7 > t;:=2(nL — (n — 1/a)D)/cy, where ¢, is
the time for a round trip from L/2 to —L/2, which is larger than nL/cy provided D < L/2.

By writing the denominator of a,.s (@) as a series expansion, we get an infinite sum with
terms of the form €“*, and by keeping only those terms with 7 < nL/cy, we find

J 20iRIFR] sinj(ﬂﬁ)

7 coa O
Ames(@) = R — (1 - R2)Z : elc, (L 2y)’
AV,

=1 (e—zm% _ ﬂietm%)

where J is the integer such that (L — 2y)J < L < (L — 2y)(J + 1). The term R is the direct
reflection from the interface at L/2. The first term (j = 1) of the sum is the wave that has been
reflected by the inclusion and directly transmitted to the region x > L/2. The jth term of the
sum is the wave that has been reflected by the inclusion and then reflected j — 1 times
between the interface at L/2 and the inclusion before being transmitted to the region x > L/2.
When nf—;D < 1 the new data can be expanded as

- R(1 - R
Ames(@) = R + 2ioD a( )eié‘]—On(L—z_v) 1+ O(n&D) .
Co a(l - Ri) co

Additionally, if n is large then the amplitude factor [R,(1 — RH)]/[a(l — R2)] is
approximately one. This gives the motivation for the following imaging function:

7,(5) = L / IR @ ) eiln(-29)a, (@)dw + c.c. (55)
' 2Q Jo - op co mes

In the presence of a small reflector with n%D < 1 and with the inclusion farther than / from
the section boundaries it has the form

2R (1 = R?) 2 on(y - 2w.n(y -
1}2()7) = ( )wc Dsinc n(y y) cos @ n(y y) . (56)
a(l - R?,) c Co €o

The resolution of this imaging function is / given by (19) and there is no ghost in it
contrarily to the imaging function (53). Note, however, that the amplitude is n* times smaller
than the one of the previous imaging function (53), since the amplitude factor
2R, (1 — RHV[a (1 — 7{2)] is about 2 when n is large. This is because we only exploit the
first arrival in this imaging function, while the previous one exploited the full sequence of
reflected waves. As a consequence this imaging function will be less robust with respect to
measurement noise than the imaging function (53), but also less sensitive to medium
uncertainty.

Third imaging function. In the previous section we obtained an image without a ghost
as in the imaging function (53), however, at the expense of loosing a multiplicative factor of
n? in the amplitude, which makes the imaging function sensitive to measurement noise.
Moreover, this imaging function requires a time-windowing of the measured data. It is
possible to get rid off the ghost in the imaging function (53) in a simpler way, at the expense
of losing a multiplicative factor of the order of n only. The idea is to add appropriate weights

19
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Imaging Function Imaging Function

L L L 3 L L L L
-0.2 -0.1 0 0.1 0.2 -0.2 -0.18 -0.16 -0.14 -0.12 -0.1
Search point : y’ Search point : y’

Figure 6. The imaging function Z;(y) defined by (53) as function of search point y (red
solid line) and its theoretical value (54) (blue dashed line). The right picture is a zoom
of the left picture.

to the two terms in the imaging function (53) to cancel the ghost. Consider the imaging
function

_A S . m
Ta(3) = 43 Y (D"o—apasap) (|wm|)(_ lac)_o)
m=—oo
X(ez"%"”f - Rze‘”'f-*ﬁ'"f) mes (O). (57)

Here, the sign of the factor involving R? is chosen to cancel the ghost term. When £2 is much
larger than Aw, in the presence of a small reflector with n%D < 1 and with the inclusion
farther than / from the section boundaries, the imaging function is given by

1+ R2)Ry 2 Qn(y - 20.n(F —
L3(y)=( ) 02D o[ 210 =) [ 2on b =)} s
a(l - Ri) 602 Co Co

for y far enough from —L/2 or L/2.

This imaging function has the same resolution (19) as (53), it does not have any ghost
image, and it is better than the imaging function (55) because it uses all the reflected waves
and not only the first arrival. However, compared to (53), it has lost a multiplicative factor of
the order of n. Indeed, when 7 is large, the amplitude factor (1 + R)R/[a (1 — Ri)] is about
n. This shows that it has less robustness with respect to measurement noise than the imaging
function (53), as we will see in the next section.

Numerical illustrations. We illustrate the performance of the imaging functions ;1 (),
1,(¥), and I;3(y) for some values of the parameters. We choose in a non-dimensionalized
setting: n=15; 0w, =327, Q2 =w/2; L=10; D = 10*; a=1;¢ =1, moreover the
reflector is located at y = —0.15. This gives a resolution of [/ = 0.025.

In figure 6 we show the imaging function 7;1(¥) defined by (53) with the red solid line
and its theoretical value (54) by the dashed blue line.

In figure 7 we show the imaging function 7;,(y) defined by (55) with the red solid line
and its theoretical value (56) by the dashed blue line.

In figure 8 we show the imaging function 7;3(y) defined by (57) with the red solid line
and its theoretical value (58) by the dashed blue line. Note that the ghost is now suppressed,
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Imaging Function Imaging Function
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Search point : y’ Search point : y’
Figure 7. The imaging function Z,»(y) defined by (55) as function of search point y (red
solid line) and its theoretical value (56) (blue dashed line). The right picture is a zoom
of the left picture.
Imaging Function Imaging Function
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Figure 8. The imaging function Z5(y) defined by (57) as function of search point y (red
solid line) and its theoretical value (58) (blue dashed line). In the left picture D = 10~*.
In the right picture D = 107>,

albeit not completely removed. Indeed we have nw,D/cy ~ 0.05, which means that secondary
peak is not completely negligible. If we reduce the inclusion width further D = 107>, then
nw.D/cy ~ 0.005, and the ghost is not visible anymore (its relative amplitude compared to the
main peak has been reduced by a factor 10 compared to the case D = 107%), as seen the right
picture in figure 8.

5.4. Robustness with respect to measurement noise

In the presence of additive noise the measured data have the form
. i O, O
Ames (@) = (a3b(wm)elw"'r(y”) - ela(}”_}"))e_lm(}"*—}‘_ll) + oWy, (59

where w,, is an independent and identically distributed sequence of zero mean and unit
variance complex circular random variables. The expected value of the imaging function
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corresponds to the imaging function in the noise-free case. The variances are

2 2
Var[ 1.(5)] = Var[ Z5(5)] = %(1 + RY).
0

Therefore the signal-to-noise ratios for the two imaging functions (53) and (57) are

ElT 12, 1) 2
SNR, = [Z0)] _ - 2 “]’jZD"—,
Var[Irl()?)] codw %o 4
E Ir 172
SNR; = [ 3(Y)] _ Q oD

= n,

for large n, which confirms that the imaging function (53) is more robust than (57) with
respect to measurement noise.
If we assume that the integral in (55) is discretized over the grid w,,, then we find that

wlAwc?

Var[[rz()?)] = 2

Therefore the signal-to-noise ratio for the imaging function (55) is

E[Zo0)] _ @%D,

SNR; = 12 A
Var[]rz(Y)] 0

for large n, which confirms that the imaging function (55) is less robust than (53) and (57)
with respect to measurement noise.

5.5. Sensitivity with respect to medium uncertainty

As in the source case we assume uncertainty in the medium parameter and examine when this

uncertainty leads to a degradation in the image. If the medium parameter n is estimated with

an error 6: 1/i4 = (1 + 6)/n, then the criterium for the stability of the imaging function (55) is
1

o< —. 60
o (60)

From (55) it is seen that the medium uncertainty gives rise to a shift in the peak (by 6L/2)
which will be small compared to the image resolution under the above condition. For the
imaging functions (53) and (57) the medium uncertainty translates into a blurring of the peak.
Via an analysis as in the case with an internal source we find that this blurring will be
relatively small if

1

< .
nw,7y,

(61)

Thus, in conclusion the imaging functions 7;; and 73 are robust with respect to measurement
noise, but sensitive with respect to medium uncertainty, while 7, is robust with respect to
medium uncertainty, but sensitive with respect to measurement noise.
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6. Conclusions

We have discussed a situation which we believe in a very simple context explains a phe-
nomenon of super resolution as observed in a number of recent studies, including experi-
mental observations [4]. Here the simple mechanism that generates the relatively high
resolution is the contrast in wave speed. High resolution or super resolution here refers to
resolution better than half the wavelength as recorded by the observer. The main point is
indeed that what determines the resolution is the wavelength at the domain of the source or
the scatterer to be imaged and not the wavelength as observed in the domain of the recorder.
Thus if these have a high contrast we will observe super resolution. Here, we have also
analyzed the sensitivity and robustness to measurement noise and medium uncertainty. We
find that by exploiting resonance frequencies we can significantly reduce the sensitivity to
measurement noise at the expense of relatively high sensitivity to medium uncertainty.

We remark that a similar phenomenon could be observed if the observation point was
located in a section of anomalous high velocity, the source could then be localized with far
greater accuracy than what is suggested by the wavelength at the point of observation. Indeed,
what is important is the velocity contrast in between the source or reflector domain and the
domain of observation.

The results presented in this paper have been obtained for the scalar wave equation with a
one-dimensional, piecewise constant medium, so as to obtain explicit results that clarify the
mechanisms responsible for super-resolution. It is possible to extend the results to continuous
media by using the method developed in [12, chapter 4], and to vector waves (such as elastic
waves), since the formalism in terms of right- and left-going wave modes is still available in
these cases. Generalizations to three-dimensional media by the same technique are not
straightforward but they would be possible in some special geometries such as nested radially
symmetric or nested hypercube domains.
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Appendix A. The complex amplitude of the recorded field

In the presence of a small inclusion such that

,
n—D < 1,
Co

the expansion of ay,s(w) is given by:

Dines(@)
Nines(@)

Ames (@) =
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Dies(@) = R(1 = R2) (e—f%"L - ef%"L)
Ra o) LW
22 pZe (e‘z’a"y + ﬂZeZ’a”—V)
(&) a
1 y .
+ZDR(n(1 = R2) = L(1+R2)) (e 4 et
Co a
2
+0[n2w—2D2),
€o
Nones(@) = (1 = R2) (e-i%"L - Rzef%"L)

+2i2D—ﬂR” (e‘z’%"y + ez’%"»")
a

Co
1 . .
+iZD (n(l ~R2) - ~(1+ Rf,)) (emitont + REeityot)
Co a
2
+0(n2w—2D2J.
Co
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