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Abstract

In this paper we study the robustness of linear pulses, solitons, and dispersion-managed solitons, under the influence of random per-
turbations. First, we address the problem of the estimation of the outage probability due to polarization-mode dispersion. Second, we
compare the pulse broadening due to random fluctuations of the group-velocity dispersion. We use an original interacting particle system
to estimate the tails of the probability density functions of the pulse widths. A new adaptative Monte Carlo method is applied that
enforces the simulations to probe the regions of practical importance by selection and mutation steps.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Motivated by the growing need in massive and fast com-
munication systems, the long-distance transmission of
trains of short pulses through single-mode optical fibers
has been the subject of considerable attention. The pulse
candidate to be the elementary bit carrier should fulfill
drastic criteria, and in particular it should be robust to var-
ious types of random perturbations, such as polarization
mode dispersion (PMD) [16] or random group velocity dis-
persion (GVD) [25]. In modern optical telecommunication
systems, it is nowadays not exceptional to require the bit-
error-rate to be in the range 10�6–10�12 [7]. As a result,
the important question is not to compute the mean or the
variance of the physically relevant quantity, such as the
peak amplitude, the timing jitter, or the pulse width, but
to estimate the tail of the probability density function
(pdf) of this quantity. This issue has triggered recent work
focused on the simulations of rare events in systems mod-
eling the pulse propagation. Standard Monte Carlo (MC)
0030-4018/$ - see front matter � 2006 Elsevier B.V. All rights reserved.
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simulations are usually prohibited in these situations
because very few (or even zero) simulations achieve the rare
event. The general approach to speeding up such simula-
tions is to accelerate the occurrence of the rare events by
using importance sampling (IS) [32]. This method has been
implemented recently to deal with the timing jitter [26] and
the pulse broadening induced by random GVD [27] or
PMD [5,6,3]. In the IS strategy the system is simulated
using a new set of input probability distributions, and unbi-
ased estimates are recovered by multiplying the simulation
output by a likelihood ratio. The tricky part in IS is to
properly choose the biased distribution. The user is
expected to guess a more or less correct biased distribution
otherwise IS may completely fail. Recently other promising
biasing MC methods have been studied, such as sampling
importance resampling (SIR), sequential Monte Carlo
(SMC) [10], and multicanonical Monte Carlo (MMC) [2].
In particular MMC is an iterative method that produces
biased random walks that searches the state space for the
important rare events. All these methods involve biasing
the distributions of the input random variables to get the
tail of the pdf of the output variable of interest. They are
refined versions of the IS technique, in that the biased dis-
tributions are not assumed to be known a priori, but this
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knowledge is accumulated during the iterations. However,
these methods are intrusive. They require to modify the
code in that the distributions of the input random variables
have to be changed. Our goal is to propose a non-intrusive

technique, that does not require to twist the input vari-
ables. The principle is to substitute for the bias of the input
random variables selection steps based on the output vari-
able. The implementation of the method has the form of an
interacting particle system (IPS) with selection and muta-
tion steps [8]. It gives an unbiased estimator of the proba-
bility of the rare event, as well as an estimator of the error
variance. The interacting particle methodology is closely
related to a class of Monte Carlo acceptance/rejection sim-
ulation techniques used in physics and biology. These
methods were first designed in the fifties to estimate particle
energy transmission [19], self-avoiding random walks, and
macromolecule evolutions [31]. The present paper is
devoted to new applications towards rare event estimation
in optical telecommunications.

Our goal is twofold. First, we address two important
practical problems and we clarify the behaviors of the
pdf tails of the pulse widths induced by random GVD
and PMD. Second, we show that the IPS strategy can be
used to reduce the computational costs of generating pdf
tails in different configurations and regimes, and thus it is
most likely that it could be applied in other situations.
As we point out in the paper, the major advantage of the
IPS method compared to IS and MMC is that it is non-
intrusive and it does not require to simulate the system with
a biased distribution.

2. The interacting particle system

Let us consider a physical quantity X whose evolution
can be described by the random recursive equation

X kþ1 ¼ UðX k; ;hkÞ; ð1Þ
where (hk)kP0 is a sequence of independent random vari-
ables and U is a known function. A practical situation ad-
dressed in this paper is the propagation of a pulse in a
randomly perturbed optical fiber. In this case, Xk is the
pulse profile at the output of the kth (fictitious) fiber seg-
ment, hk describes the random perturbations of the kth fi-
ber segment (say, the spatial GVD fluctuations), and
U(X,h) is the output pulse profile driven by the perturba-
tion h when the input pulse profile is X. We may think that
the output profile is computed by a non-linear Schrödinger
equation with random coefficients described by h. The
problem consists in estimating the tail of the pdf of the ran-
dom quantity V(Xn) where V is a real-valued function and
n corresponds to a given final ‘‘time’’ n. In our example, the
‘‘time’’ corresponds to the label of a fiber segment and
V(X) is the width of the pulse profile X (it could be also
the peak power, or any scalar characteristic parameter of
the profile X).

The IPS consists of a set of N particles ðX ðiÞk Þ16i6N evolv-
ing from ‘‘time’’ k = 0 to k = n. The initial generation at
p = 0 is a set of copies of X0. The updating from the gener-
ation k to the generation k + 1 is divided into two stages.

(1) The selection stage

ðX ðiÞk Þ16i6N 7!ð�X
ðiÞ
k Þ16i6N

consists in choosing randomly and independently N

particles amongst ðX ðiÞk Þ16i6N as follows. For each
j = 1, . . . ,N, �X ðjÞk can take one of the N values
ðX ðiÞk Þ16i6N with probability

P �X ¼ X ðiÞk

� �
¼ GkðX ðiÞk ÞPN

l¼1GkðX ðlÞk Þ
for i = 1, . . . ,N. We discuss below the choice of the
weight function Gk (that depends on V). Roughly
speaking, Gk is increasing with V, so that particles
with low scores V ðX ðiÞk Þ are likely to be killed, while
particles with high scores are multiplied. Note that
the total number of particles is kept constant.

(2) The mutation step

ð�X ðiÞk Þ16i6N 7!ðX
ðiÞ
kþ1Þ16i6N

consists in mutating independently the particles
according to the recursive equation (1):

X ðiÞkþ1 ¼ Uð�X ðiÞk ; h
ðiÞ
k Þ;

where ðhðiÞk Þ16i6N are independent copies of hk. Note
that the true distribution of hk is applied, in contrast
with IS.

The description is rough in that the IPS actually acts on
the path level. The mathematical tricky part consists in
proposing an unbiased estimator of the pdf tail and analyz-
ing its variance. The variance analysis provides useful
information for a proper choice of the weight function of
the selection stage.

We now report the general results presented in an
abstract framework in Ref. [9] and we apply them to pro-
pose an efficient estimator of the pdf tail of V(Xn). The
quality of the estimator depends on the choice on the
weight function Gk that controls the selection stage of the
IPS. We have examined in Ref. [9] different weight func-
tions and a thorough analysis has proved that quasi-opti-
mal results can be obtained with the weight function

GkðX Þ ¼ exp½aðV ðX kÞ � V ðX k�1ÞÞ� ð2Þ

parameterized by a > 0. In particular we have shown that
weight functions of the type Gk(X) = exp[bV(Xk)] were less
efficient in the sense that the variances of the estimators
were larger. This is a manifestation of one of the most sur-
prising conclusions obtained in Ref. [9]: it is not efficient to
select the ‘‘best’’ particles at each generation (i.e. those with
the highest values V(Xk)), but it is much more efficient to
select amongst the particles with the best increments (i.e.
those with the highest values of V(Xk) � V(Xk�1)).

The practical implementation of the IPS is as follows.
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Initialization

We start with a set of N identical initial conditionsbX ðiÞ0 ¼ X 0, 1 6 i 6 N. This set is complemented with a set
of weights bW ðiÞ

0 ¼ 0, 1 6 i 6 N. This forms a set of N par-

ticles: ð bW ðiÞ
0 ;
bX ðiÞ0 Þ, 1 6 i 6 N, where a particle is a pair

ð bW ; bX Þ with bW 2 Rþ.
Now, assume that we have a set of N particles at time k

denoted by ð bW ðiÞ
k ; bX ðiÞk Þ, 1 6 i 6 N.

Selection

We first compute the normalizing constant

ĝN
k ¼

1

N

XN

i¼1

exp½aðV ðbX ðiÞk Þ � bW ðiÞ
k Þ�: ð3Þ

We choose independently N particles according to the
Boltzmann–Gibbs distribution for 1 6 i 6 N,

P ð �W ; �X Þ ¼ ð bW ðiÞ
k ; bX ðiÞk Þ

� �
¼ 1

N ĝN
p

exp a V ðbX ðiÞk Þ � bW ðiÞ
k

� �h i
:

This means that particles with low scores are killed, while
particles with high scores are multiplied. The new particles
are denoted by ð �W ðiÞ

k ; �X ðiÞk Þ, 1 6 i 6 N.

Mutation

For every 1 6 i 6 N, the particle ð �W ðiÞ
k ; �X ðiÞk Þ is trans-

formed into ð bW ðiÞ
kþ1;

bX ðiÞkþ1Þ by the recursive equationbX ðiÞkþ1 ¼ Uð�X ðiÞk ; h
ðiÞ
k Þ where the perturbations hðiÞk are inde-

pendent copies of the random variable hk. Finally we setbW ðiÞ
kþ1 ¼ V ð�X ðiÞk Þ.
Let us now focus our attention to the estimation of the

pdf tail of V(Xn). We use the estimator pN ðaÞ ¼
ðdaÞ�1P N

½a;aþdaÞ with a small da, where

P N
½a;aþdaÞ ¼

1

N

XN

i¼1

1½a;aþdaÞðV ðbX ðiÞn ÞÞexp �a bW ðiÞ
n

� �" #
�
Yn�1

k¼0

ĝN
k

" #
:

ð4Þ
As shown in Ref. [9] this estimator is unbiased in the sense
that

E½P N
½a;aþdaÞ� ¼ PðV ðX nÞ 2 ½a; aþ daÞÞ;

where E stands for the expectation with respect to the dis-
tribution of the (hk)06k6n�1. The central limit theorem for
the pdf estimator takes the formffiffiffiffi

N
p
ðpN ðaÞ � pðaÞÞ !N!1Nð0; p2

2ðaÞÞ;
where Nð0; p2

2ðaÞÞ is a zero-mean Gaussian random vari-
able with variance p2

2ðaÞ. The variance p2
2ðaÞ can be esti-

mated by ðdaÞ�1QN
½a;aþdaÞ, where

QN
½a;aþdaÞ ¼

1

N

XN

i¼1

1½a;aþdaÞ V bX ðiÞn

� �� �
exp �2a bW ðiÞ

n

� �" #
�
Yn�1

k¼0

ĝN
k

" #2

:

ð5Þ
The estimator of the variance is important because confi-
dence intervals can then be obtained. Performance compar-
isons based on the evaluation of the variance p2

2ðaÞ were
proposed in Ref. [9] between standard MC, IS and IPS.
These comparisons were carried out theoretically in an ab-
stract framework, and practically on a toy model where ex-
plicit but long computations were possible. The
conclusions were that IS with an appropriate biased distri-
bution and IPS with a suitable selection pressure function
(2) had similar error variances, in the sense that
p2(a) � p(a) in both cases. This shows a dramatic perfor-
mance improvement compared with standard MC, where
p2(a) � p(a)1/2. In fact, IPS performance is slightly below
IS, because of a multiplicative factor of the order of

ffiffiffi
n
p

for p2(a), where n is the number of generations, of the order
of 10–100. This shows that IPS cannot perform better than
IS if an efficient biased distribution is known a priori and
can be implemented. However, our main goal is precisely
to propose a non-intrusive method that does not require
such an implementation. Note also that the theoretical
analysis shows that the IPS method is efficient in the limit
of a large number of particles. A priori, it is not easy to pre-
dict the minimal number of particles that ensure a robust
estimation. However, a posteriori, the estimator (5) of the
variance can be used to check the accuracy of the predic-
tion. We shall illustrate this assertion in the next two sec-
tions, where we apply the IPS strategy to compute the
probabilities of rare events in problems relevant to fiber
optics.

3. Polarization mode dispersion in optical fibers

3.1. Introduction

The study of pulse propagation in a fiber with random
birefringence has become of great interest for telecommuni-
cation applications. Recent experiments have shown that
polarization mode dispersion (PMD) is one of the main
limitations on fiber transmission links because it can
involve significant pulse broadening [16]. PMD has its ori-
gin in the birefringence [37], i.e. the fact that the electric
field is a vector field and the index of refraction of the med-
ium depends on the polarization state (i.e. the unit vector
pointing in the direction of the electric vector field). Ran-
dom birefringence results from variations of the fiber
parameters such as the core radius or geometry. There exist
various physical reasons for the fluctuations of the fiber
parameters. They may be induced by mechanical distor-
tions on fibers in practical use, such as point-like pressures
or twists [30]. They may also result from variations of
ambient temperature or other environmental parameters
[5].

The difficulty is that PMD is a random phenomenon.
Designers want to ensure that some exceptional but very
annoying event occurs only a very small fraction of time.
This critical event corresponds to a pulse spreading beyond
a threshold value. For example, a designer might require



208 J. Garnier, P.D. Moral / Optics Communications 267 (2006) 205–214
that such an event occurs less than 1 min per year [7]. PMD
in an optical fiber varies with time due to vibrations and
variations of environmental parameters. The usual
assumption is that the fiber passes ergodically through all
possible realizations. Accordingly requiring that an event
occurs a fraction of time p is equivalent to require that
the probability of this event is p. The problem is then
reduced to the estimation of the probability of a rare event.
Typically the probability is 10�6 or less [7]. It is extremely
difficult to use either laboratory experiments or MC simu-
lations to obtain a reliable estimate of such a low probabil-
ity because the number of configurations that must be
explored is very large. Recently IS has been applied to
numerical simulations of PMD [5]. This method gives good
results, however it requires very good physical insight into
the problem because it is necessary for the user to know
how to produce artificially large pulse widths. We would
Rðw;/Þ ¼
cos2ðwÞ þ sin2ðwÞ cosð/Þ sinðwÞ cosðwÞð1� cosð/ÞÞ sinðwÞ sinð/Þ

sinðwÞ cosðwÞð1� cosð/ÞÞ sin2ðwÞ þ cos2ðwÞ cosð/Þ � cosðwÞ sinð/Þ
� sinðwÞ sinð/Þ cosðwÞ sinð/Þ cosð/Þ

0B@
1CA:
like to revisit this work by applying the IPS strategy. The
main advantage is that we do not need to specify how to
produce artificially large pulse widths, as the IPS will auto-
matically select the good ‘‘particles’’.

3.2. Review of PMD models

The pulse spreading in a randomly birefringent fiber is
characterized by the so-called differential group delay
(DGD) s ¼ ĵrj which is a function of the propagation dis-
tance z and frequency x. The three-dimensional vector r̂

is the so-called PMD vector, which is solution of

r̂z ¼ xXðzÞ � r̂þ XðzÞ; ð6Þ
where X(z) is a three-dimensional zero-mean stationary ran-
dom process modeling PMD. Simplified analytical models
have been studied. In the standard model [29,37,16] it is as-
sumed that the process X is a white noise with autocorrela-
tion function E½Xiðz0ÞXjðzÞ� ¼ r2dijdðz0 � zÞ, 1 6 i, j 6 3. It is
then easy to establish [15] that the DGD s is a diffusion pro-
cess. If r̂ð0Þ ¼ ð0; 0; 0ÞT, then s(z) obeys a Maxwellian distri-
bution with pdf

pðsÞ ¼
ffiffiffi
2
p

s2ffiffiffi
p
p
ðr2zÞ3=2

exp � s2

2r2z

� �
1½0;1ÞðsÞ:

The white noise model gives an analytical formula for the
pdf of the DGD, which in turns allows us to compute ex-
actly the probability that the DGD exceeds a given thresh-
old value. However it has been pointed out that the pdf tail
of the DGD does not fit with the Maxwellian distribution
in realistic configurations [4]. Various numerical and exper-
imental PMD generation techniques involve the concatena-
tion of birefringent elements with piecewise constant
vectors X [24]. Eq. (6) can be solved over each segment,
and continuity conditions on the segments junctions give
a discrete model for the PMD vector r̂. The total PMD vec-
tor at the output of the kth section can then be obtained
from the concatenation equation [17]

r̂kþ1 ¼ Rk r̂k þ rXk; ð7Þ

where r is the DGD per section. Assuming linearly bire-
fringent fibers, Xk lies in the equatorial plane of the Poin-
caré sphere [13]: Xk = X(wk) with

XðwÞ ¼ ðcosðwÞ; sinðwÞ; 0ÞT:

Rk is a matrix corresponding to a rotation through an angle
/k about the axis Xk [17]. Explicitly Rk = R(wk,/k) with
From the probabilistic point of view, the angles /k are
independent random variables uniformly distributed in
(0,2p). The angles wk are independent random variables
such that cos(wk) are uniformly distributed in (�1,1) [5].
The fiber is modeled as the concatenation of n segments
and we are interested in the pdf tail of the final DGD ĵrnj.
3.3. Estimations of outage probabilities

In Ref. [5] IS is used to accurately calculate outage prob-
abilities due to PMD. The outage event can be represented
as a set A of particular realizations of the random process
h = (hk)06k6n�1 = (wk,/k)06k6n�1, whose probability is
denoted by PA. The idea is to bias the distribution of h
so as to cause large DGD events to occur more frequently.
Let us denote by p the original distribution of h (a direct
product of uniform distributions as described above) and
by p* a twisted distribution chosen by the user. We can
carry out a set of N MC simulations with the twisted distri-
bution p* generating a set of independent (h(i))16i6N. An
estimator of the probability PA is

P N
A ¼

1

N

XN

i¼1

1AðhðiÞÞ
pðhðiÞÞ
p�ðhðiÞÞ

:

The key difficulty in applying IS is to properly choose p*.
The papers [5,21,22,11] present different twisted distribu-
tions and the physical explanations why such distributions
are likely to produce large DGDs. As a result the authors
obtain with 105 MC simulations good approximations of
the pdf tail even for probabilities of the order 10�12. The
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main reported physical result is that the probability tail is
significantly smaller than the Maxwellian tail predicted
by the white noise model.

We now apply our IPS method and compare the results
with those obtained by MC and IS. To get a reliable estimate
of the outage probability of the event, it is necessary to gen-
erate realizations producing large DGDs. The main advan-
tage of the IPS approach is that is proposes a non-intrusive
and blink method that does not require any physical insight.
Such a method could thus be generalized to more compli-
cated situations. Here the physical quantity Xk is the
PMD vector r̂k at the output of the kth fiber section, it takes
values in R3, the initial PMD vector is r̂0 ¼ ð0; 0; 0ÞT, the
random recursive equation (1) is described by Eq. (7), and
the energy-like function is V ðr̂Þ ¼ ĵrj. We estimate the pdf
p(a) of ĵrnj by implementing the IPS with the weight function
Gkðr̂Þ ¼ exp½aðĵrkj � ĵrk�1jÞ� parameterized by a P 0. In
Fig. 1a we plot the estimation of the DGD pdf obtained
by the IPS method. The fiber consists in the concatenation
of n = 15 segments. The DGD per section is r = 0.5. We
use a set of N = 2 · 104 interacting particles. This result
can be compared with the one obtained in Ref. [5], which
shows excellent agreement. The difference is that our proce-
dure is fully adaptative and does not require any guess of the
user. The ratio p2/p of the standard deviation of the estima-
tor of the DGD pdf over the DGD pdf is plotted in Fig. 1b.
This figure is actually used to determine the best estimator of
the DGD pdf. Indeed the IPS and the corresponding estima-
tor depends on the parameter a. We have actually simulated
three sets of particle systems, the first one being the usual
MC method, the two other ones being IPSs with two differ-
ent parameters a. For each set of particle systems we have
computed the empirical variances p2

2ðaÞ by formula (5).
For each value of s we have detected which particle system
gives rise to the smallest ratio p2/p(s). Then we report in
Fig. 1b the value of this ratio, and in Fig. 1a we report the
0 2 4 6 8
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IPS                                =2.0 

IPS =6.0 

(a)   

α

α

Fig. 1. (a) Segments of the DGD pdf obtained by the usual MC technique (squ
line stands for the Maxwellian distribution obtained in the white noise model. (
the IPS cases, the standard deviations are estimated via formula (5).
estimation p(s) obtained with the corresponding particle
system. This method allows us to get an accurate description
of the DGD pdf, from the central part to the far tail. We can
observe that the theoretical Maxwellian obtained with the
white noise model accurately describes the DGD pdf for
probabilities less than 10�6, but the pdf tail decays faster
than the Maxwellian for smaller probability levels.

4. Pulse broadening in presence of random dispersion

One of the main limitations of high-bit rate transmission
in optical fiber links is the chromatic dispersion. Two solu-
tions have been proposed to compensate for the pulse
broadening induced by dispersion. The first solution is
the soliton transmission, where the dispersion is balanced
by the Kerr non-linearity [20]. One of the main drawbacks
is that four-wave mixing has been shown to be detrimental
for wavelength-division multiplexing in a conventional sol-
iton transmission line [23]. The second solution is a direct
dispersion compensation for linear pulse propagation by
the use of a periodic concatenation of pieces of fibers with
opposite signs of dispersion [28]. However in any realistic
optical network it will not be possible to compensate for
all the dispersion in each element, so that there will remain
some residual dispersion. Furthermore the amplitude of the
signal is bounded from below to keep a reasonable signal-
to-noise ratio, so that the non-linearity should also be
taken into account. It was shown that the pulse propaga-
tion in such conditions was described by the non-linear
Schrödinger (NLS) equation with a distance-varying dis-
persion coefficient [12]. As a result the concept of disper-
sion-managed (DM) soliton in dispersion compensated
lines was proposed. It combines the advantages of the tra-
ditional fundamental soliton of the NLS equation, and the
dispersion-managed non-return-to-zero signal transmis-
sion. Both computational and experimental investigations
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α

ares) and by the IPS with a = 2.0 (triangles) and a = 6.0 (stars). The solid
b) Ratios p2/p. In the MC case, the standard deviation is p2(s) = p(s)1/2. In
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have shown the existence and the stability of this new type
of optical solitary wave (see [35] for a review). However it is
well known that the NLS equation does not completely
describe the pulse propagation in realistic fiber transmis-
sion links. In addition to the periodic dispersion manage-
ment and non-linearity, random fluctuations of dispersion
may occur [36]. Indeed measurements by a reflectometer
yield the significance of dispersion randomness [25,18].
These terms have been shown to involve dramatic effects
on the modulational instability of stationary waves because
of a stochastic parametric resonance phenomenon [1]. In
this section we shall analyze the stability of the DM soliton
with respect to random fluctuations of the dispersion. For
comparison we shall also analyze the stabilities of linear
pulses and NLS solitons. As discussed in the previous sec-
tion, the typical tolerance in telecommunication for the bit
error rate is very low, which shows that the pdf tail is the
interesting object. In a recent paper [27] importance sam-
pling has been applied for the determination of the pdf tail
of the pulse width driven by random dispersion. The
authors develop very clever ways to deduce biasing rules
for the application of IS strategy. Our goal in this section
is to show that an IPS strategy can be easily implemented
giving full access to the pdf tail of the pulse width in vari-
ous regimes.

The propagation in a non-linear optical fiber is governed
by the dimensionless NLS equation for the envelope of the
electric field

iuz þ
dðzÞ

2
utt þ cjuj2u ¼ 0; ð8Þ

where d(z) is the GVD coefficient and c is the non-linear
coefficient. We shall compute the pulse broadening in dif-
ferent regimes.
4.1. Pulse propagation in linear media

The pulse propagation in linear media is governed by
the Schrödinger equation (8) with c = 0. By going to the
Fourier domain, we get an explicit expression of the rms
pulse width. If the initial pulse has a Gaussian shape
u0ðtÞ ¼ exp½�t2=ð2T 2

0Þ� with rms width T rms0 ¼ T 0=
ffiffiffi
2
p

, then

T 2
rmsðzÞ ¼ T 2

rms0 1þ c2 DðzÞ2

T 4
0

" #
; ð9Þ

where c = 1 and DðzÞ ¼
R z

0
dðfÞdf is the cumulative disper-

sion. If the initial pulse has a sech shape u0(t) = sech(t/T0)
with rms width T rms0 ¼ pT 0=

ffiffiffiffiffi
12
p

, then we still have (9)
with c = 2/p. These closed-form formulae show that the
pulse width can only increase whatever the initial profile.
If the fiber is the concatenation of n segments with length
lc and GVD coefficients dj that obey independent Gaussian
statistics with zero-mean and variance r2, then D(z) obeys a
Gaussian distribution with zero mean and variance
R2 = r2lcn. The statistical distribution of the pulse broad-
ening can be readily estimated. The pdf of the ratio
R = Trms(z = nlc)/Trms0 is found to be

pðrÞ ¼
ffiffiffi
2
p

rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pr2

1ðr2 � 1Þ
p exp � r2 � 1

2r2
1

� �
1½1;1ÞðrÞ; ð10Þ

where r2
1 ¼ hðT rms=T rms0Þ2 � 1i is equal to 4R2=ðp2T 4

0Þ for
the sech pulse and r2

1 ¼ 36R2=ðp4T 4
0Þ for the Gaussian

pulse.
We have carried out numerical simulations to compare

the results given by the MC and IPS methods with the the-
oretical pdf. The fiber consists in the concatenation of
n = 40 segments with length lc = 0.1 and GVD coefficients
dj that obeys independent Gaussian statistics with zero-
mean and variance r2 = 0.1. We use a set of N = 2 · 104

interacting particles. Ten selection stages are performed
at regularly spaced distances. The initial pulse is a sech
pulse with T0 = 1. In Fig. 2a we plot the segments of the
pdf estimated by the MC method and by the IPS method.
The choice between the two estimators of p(r) is made by
the determination of the minimum of the values p2/p(r) cor-
responding to each method (Fig. 2b). For low values of r,
the MC estimator is the best estimator, but for high values
of r the IPS estimator has a much smaller variance.

Let us now address the full width at half maximum
(FWHM), which is another way to characterize the pulse
broadening. The relationship between the rms pulse width
and the FWHM for a Gaussian pulse is TFWHM =
cshapeTrms with cshape ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2
p

’ 2:35. The Gaussian shape
is preserved by random dispersion, so the pdf of the FWHM
can be deduced from the pdf of the rms width by a straight-
forward homotethy. As a consequence the pdf of the ratio
R = TFWHM(z)/TFWHM0 is exactly the same as the pdf (10)
of the ratio R = Trms(z)/Trms0. The relationship between
the rms pulse width and the FWHM for a sech pulse is
TFWHM = cshapeTrms with cshape ¼ 4

ffiffiffi
3
p

p�1 lnð1þ
ffiffiffi
2
p
Þ ’

1:94. However, in this case, random dispersion does not pre-
serve the sech shape, so it is not possible to deduce immedi-
ately the pdf of the FWHM from the pdf of the rms width.
In Fig. 3a we plot the pdf of the FWHM for a sech pulse
propagating in a random fiber of the same type as above.
The solid line corresponds to the theoretical pdf that would
be obtained if the output pulse was a sech pulse with the rms
width (9). A noticeable departure with the numerical results
can be observed, which is due to the fact that random disper-
sion imposes a shape deformation as described in Fig. 3b.
This deformation induces a small modification of the rms
pulse width, but a strong increase of the FWHM.

4.2. Soliton propagation in non-linear medium

We now address the propagation of a soliton in a ran-
domly perturbed optical fiber. We take into account a
non-linearity c = 1, and assume that the GVD coefficient
has mean 1: d(z) = 1 + d1(z). In absence of GVD fluctua-
tions d1 � 0 the NLS equation supports soliton solution
of the form u0ðtÞ ¼ T�1

0 sechðt=T 0Þ. We now study the
stability of the NLS soliton versus GVD fluctuations. The
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simulation scheme of the NLS equation is a split-step Fou-
rier method. We use the model for the random fluctuations
and the same numerical parameters as in the previous sec-
tion. In Fig. 4, we plot the pdf of the pulse broadening
R = Trms(z)/Trms0 estimated by the MC method and by
the IPS methods with two different weight parameters a.
We compare with the pdf (10) corresponding to the linear
propagation (in absence of GVD) which shows that the
NLS soliton looks poorly stable. However, when we plot
the pdf of the ratio R = TFWHM(z)/TFWHM0 in Fig. 5a, then
we can see that the soliton looks more robust than the linear
pulse. The opposite behaviors of the rms pulse width and
the FWHM can be explained by considering the typical
pulse profiles at the fiber output plotted in Figs. 3b and 5b.

(1) On the one hand, we can see in Fig. 5b that the sech
soliton shape is very robust, because of the self-trap-
ping induced by the non-linear potential. This stabil-
ity can also be observed by comparing Figs. 4a and 5a
since the pulse broadening measured in terms of the
FWHM or in terms of the rms width are almost
identical.

(2) On the other hand, random dispersion induces a sig-
nificant shape deformation of a sech pulse in a ran-
dom linear medium. As seen in Fig. 3b, the output
pulse shape in the linear regime is not a sech any-
more. This reshaping does not affect much the rms
pulse width, but strongly increases the FWHM.

4.3. Dispersion-managed soliton in non-linear medium

The dispersion management (DM) technique for short
pulse propagation in optical fibers has become a subject
of great interest for telecommunication applications
[34,33,12]. In dimensionless units the GVD coefficient d is
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of the form d(z) = d0(z) + dm + d1(z) where d0 represents
the zero-mean periodic variation with period lmap = l+ + l�

d0ðzÞ ¼
dþ if z 2 ½0; lþ=2Þ;
d� if z 2 ½lþ=2; lmap � lþ=2Þ;
dþ if z 2 ½lmap � lþ=2; lmapÞ:

8><>:
The so-called dispersion management (DM) strength is
DL:¼d+l+ = �d�l�. dm is the residual average dispersion
of the dispersion-management map. d1 models the random
GVD fluctuations.

A DM soliton in an unperturbed fiber can be determined
using the numerical routine prescribed in Ref. [28]. We con-
sider two dispersion maps with the parameters dm = 1,
l+ = l� = 0.1, DL = 10 and DL = 5. The map with
DL = 10 supports a DM soliton whose rms pulse width
at the middle of each span is Trms0 ’ 1.68, and whose
energy is

R
juj2 dt ’ 1:77. The map with DL = 5 supports

a DM soliton whose rms pulse width is also Trms0 ’ 1.68,
and whose energy is

R
juj2 dt ’ 1:30. The power enhance-

ment arising from increased map strength is noticeable. If
we consider in more detail the power profiles of the DM
soliton, then we find that the energy bearing parts of the
profiles are Gaussian-like, but the tails are not Gaussian
at all. We now examine the effects of random GVD fluctu-
ations. More exactly we consider a random process d1

which is stepwise constant over elementary intervals with
length lc = 0.1 and take values mj over the jth interval.
The mj’s are assumed to be independent Gaussian random
variables with variance r2 = 0.5. Note that the GVD vari-
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ance is five times larger than in the previous sections,
because the DM soliton turns out to be very robust and
large GVD fluctuations are necessary to get a non-negligi-
ble pulse broadening. The DM solitons are launched in the
middle of the first span. For each simulation we record the
rms pulse width Trms(z) at the middle of the last span,
where z = 4 corresponds to the concatenation of 40 maps.
In Fig. 6 we plot the pdf of the ratio R = Trms(z)/Trms0. We
compare it with the pdf (10) of the pulse broadening of a
Gaussian pulse in the linear propagation regime. We can
observe that the DM soliton is much more robust than
the equivalent Gaussian pulse in a linear medium. We also
note that the robustness increases with the map strength.
The same behaviors are observed when plotting the pdf
of the ratio R = TFWHM(z)/TFWHM0, which is another evi-
dence of the shape robustness of the DM soliton. These
results are in agreement with the theoretical predictions
using the variational approach [14] and with recent numer-
ical simulations using IS strategy [27].

5. Conclusion

We have shown that the IPS strategy is efficient for esti-
mating rare event probabilities on two examples: occur-
rence of large DGD driven by PMD, and occurrence of
critical pulse broadening driven by random dispersion. In
the first problem, we have shown that the DGD pdf tail
is not Maxwellian as predicted by the white noise theory.
In the second problem, we have compared the pulse broad-
ening of linear pulses, solitons, and DM solitons. The most
robust pulse if the DM soliton, as predicted by the varia-
tional approach. The comparison of the NLS soliton and
linear pulses is more delicate, and our conclusions should
help interpreting recent results [27]. When we compare
the rms pulse widths, we get the conclusion that the NLS
soliton is less stable than the equivalent sech pulse in the
linear regime. However, when we compare the FWHM of
the pulses, the NLS soliton appears to be robust because
it retains its sech shape, while in the linear regime the sech
shape is very rapidly modified and the reshaping induces a
significant increase of the FWHM.

The IPS method could be easily implemented in other
configurations modeled by random dynamical systems. In
contrast to IS and other biasing MC methods, the IPS
method does not require from the user to guess and imple-
ment a biasing strategy to estimate the pdf tail of an output
random variable. Instead, selection steps are implemented
where the performances of the particles are evaluated and
compared. The central brain of the IPS allows the good
particles to have many children in order to probe further
the state space, while it kills those particles that are not effi-
cient enough. As a result, the first advantage of the IPS
method is that the user has nothing to do, but to increase
(resp. decrease) the parameter a that controls the selection
pressure to probe the far (resp. near) tail of the pdf. The
second advantage is that the IPS strategy can be imple-
mented in a non-intrusive way, without modifying a pre-
existing code, because only the true, i.e. unbiased, system
is simulated.
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